Chapter 12
Rayleigh quotient minimization

In this chapter we restrict ourselves to the symmetric/Hermitian eigenvalue problem
(12.1) Ax = AMx, A=A M=M">0.

We want to exploit the property of the Rayleigh quotient that

. x*Ax
(12.2) AL = g;;gp(X) px) = e

which was proved in Theorem 2.15. The basic idea of Rayleigh quotient minimization is
to construct a sequence {xj}r=12,. such that p(xj41) < p(xj) for all k. The hope is
that the sequence {p(xx)} converges to A\; and by consequence the vector sequence {xj}
towards the corresponding eigenvector.

The procedure is as follows: For any given x; let us choose a search direction py,
so that

(12.3) Xp11 = Xk + OxPk-

The parameter J, is determined such that the Rayleigh quotient of the new iterate xj11
becomes minimal,

(12.4) p(Xp+1) = min p(xy, + 0py).

We can write the Rayleigh quotient of the linear combination x; + dpy of two (linearly
independant) vectors x; and py as
(12.5)

1 x;Ax, xpApg| (1
x;;Axk—}-25XkApk+52pZApk B <5> [p,’:,Axk PZAPk] <5>
X Mxp + 20xp Mpy, + 62pyMpr — (1\" [xiMx;, xiMpyg] (1)
<5> [pZ;MXk psz;J (5>

p(Xk + 0pr) =

This is the Rayleigh quotient associated with the generalized 2 x 2 eigenvalue problem

(12.6) |:X}ZAX]€ x,’;Apk} <a> _)\[XZMxk XZMpk} <a>
' prAx;  PrAPK] \ S P Mx; ppMpir| \B)"

The smaller of the two eigenvalues of (12.6) is the searched value pg41 := p(xg41) in (12.4)
that minimizes the Rayleigh quotient. The corresponding eigenvector is normalized such
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214 CHAPTER 12. RAYLEIGH QUOTIENT MINIMIZATION

that its first component equals one'. The second component of this eigenvector is § = dj.
Inserting the solution [1,d;]* into the second line of (12.6) we obtain

(12.7) Pi(A — pry1M)(x; + 0xPr) = Pirr+1 = 0.

So, the ‘next’ residual ryy is orthogonal to the actual search direction pg.

There are various ways how to choose the search direction pi. A simple way is to
cycle through the coordinate vectors, a method that is called coordinate relaxation [3]. It
cannot compete with the methods we discuss next.

12.1 The method of steepest descent

Let us make a detour to solving systems of equations
(12.8) Ax = b,
where A is symmetric/Hermitian positive definite. Let us define the functional

!

(12.9) plx) =5

x"Ax — x*b + %b*Ailb = %(Ax —b)*A™1(Ax — b).

The functional ¢ is minimized (actually zero) at the solution x, of (12.8). The negative
gradient of ¢ is

(12.10) —Ve(x) =b — Ax =: r(x).

It is nonzero except at x,. In the method of steepest descent [2, 3] a sequence of vectors
{Xk}r=1,2,.. is constructed such that the relation

(12.3) Xp11 = Xg + OpPk-

holds among any two consecutive vectors. The search direction pj is chosen to be the
negative gradient —V¢(xy;) = rp = b — Axy. This is the direction in which ¢ decreases
the most. Setting xx11 as in (12.3) we get

Op(x .
0= So(agm = pi(Axy — b) + 6P} APk = —PiTk + 0k} APk
5=6y,
Thus,
(12.11) 5, — DALk
. k=

P APk

which, for steepest descent, becomes
riry
12.12 6 = &

( ) K ry Ary
Remark 12.1. Notice that
(12.13) rpr1 = b — Axpy1 = b — A(xg + 0kPr) = v — p AP

I The first component of this eigenvector is nonzero if it has a component in the direction of the ‘smallest
eigenvector’.
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Therefore, from (12.11) we have

(12.14) PiTk+1 = Pk — 0kPp APk = 0,

which corresponds to (12.7) in the linear system case. O
For the eigenvalue problem we can proceed similarly by choosing pj to be the negative
gradient of the Rayleigh quotient p,

2
x; Mxy,

Pr=—8r = —Vp(xx) = — (Axp — p(xx) Mxy,).

Notice that gi points in the same direction as the residual ry. (This is in contrast to the
linear system case!) Since in eigenvalue problems we only care about directions we can
equivalently set

(12.15) Pr = Iy = Axp — prMxy, pr = p(Xk).
With this choice of search direction we immediately have from (12.7) that
(12.16) rri1 = 0.

Not surprisingly, the method of steepest descent often converges slowly, as it does for
linear systems. This happens if the spectrum is very much spread out, i.e., if the condition
number of A relative to B is big.

12.2 The conjugate gradient algorithm

As with linear systems of equations a remedy against the slow convergence of steepest
descent are conjugate search directions. So, let’s first look at linear systems [5]. There,
we define the search directions as?

(12.17) Pr = —8k + BkPr—1, k> 0.

where the coefficient 3 is determined such that py and pi_1 are conjugate, i.e.,

(12.18) PrAPK—1 = —gLAPk—1 + BkPr_1APr—1 =0,
such that
gZApkfl
12.19 By = A2kl
( ) pkflApkfl

Premultiplying (12.17) by g gives

(12.20) grPk = — 8,8k + Bk8rPr-1 =  —Li8k-
Furthermore,
(12.14) (12.17)
0 ="'"gr1Pr = —8ri18k + Or&li1Pr-1
(12.13)

= —g1118k + Be8iPr—1 + BrdrPLAPk-1.

2In linear systems the residual r = b — Ax is defined as the negative gradient whereas in eigenvalue
computations it is defined as r = Ax — p(x)Mx, i.e., in the same direction as the gradient. To reduce the
confusion we proceed using the gradient.
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From (12.14) we have that g;pr—1 = 0 and by construction of p;, and py_; being conjugate
we have that p; Apy—1 = 0. Thus,

(12.21) gk+18k =0,

as with the method of steepest descent. Still in the case of linear systems, using these
identities we find formulae equivalent to (12.19),

giAPk-1 (1213)  gi(gr —8k-1) (1214)  gi(8k — 8k—1)

Br = —

P Api_1 P (8K —gr1) —Pi_ 81
(12.92) (12.20) g;Z(%k — 8k-1)
g1 18k-1
(12.23) (22) _&igk
g1 18k-1

The equivalent identities (12.19), (12.22), and (12.23) can be used to define j the most
economic being (12.23).

We now look at how a conjugate gradient algorithm for the eigenvalue problem can
be devised. The idea is straightforward. The algorithm differs from steepest descent by
the choice of the search direction that are kept conjugate, p;,;Apx—1 = 0. are equivalent
only when solving linear systems.

The crucial difference to linear systems stems from the fact, that the functional that
is to be minimized, i.e., the Rayleigh quotient, is not quadratic anymore. The gradient of

p(x) is

g = Vp(xp) = x*i/[x (Ax — p(x) Mx).

So, in particular, the equation (12.14), does not hold:

Xpt1 = Xg +O0kPr 7~  8k+1 = 8k + Ok APk.

Therefore, in the context of nonlinear systems or eigenvalue problems the formals in (12.19),
(12.22), and (12.23) that define ) are not equivalent anymore! Feng and Owen [4] made
comparisons with the three formula and found that in the context of eigenvalue problems
the last identity (12.23) leads to the best results. So, we opt for this equation and define
the search directions according to

Po = — 8o, k — Oa
gy Mgy
g Mgk

(12.24)

Pt = —8k + Pk-1, k> 05

where we have given the formulae for the generalized eigenvalue problem Ax = AMx. The
complete procedure is given in Algorithm 12.1

Convergence

The construction of Algorithm 12.1 guarantees that p(xx+1) < p(xx) unless ry = 0, in
which case xj is the searched eigenvector. In general, i.e., if the initial vector xg has a
nonvanishing component in the direction of the ‘smallest’ eigenvector u;, convergence is
toward the smallest eigenvalue A1. This assumption must also hold for vector iteration or
the Lanczos algorithm.
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Algorithm 12.1 The Rayleigh-quotient algorithm

Let xo be a unit vector, [|xo|lar = 1.
vo := Axg, ug:= Mxq,
_ VoXo
PO L USX(],
g0 = 2(vo — pouo)
while ||gx| > tol do
if k=1 then
Pr = —8k-1;
else
Pk = —8k-1 1
end if
Determine the smallest Ritz value and corresponding Ritz vector xj, of (A, M) in
R([xk-1,Pk])
12: Vi = A,  uy = Mxg
130 pp =XV /Xpuy
4: gy = 2(vi — prug)
15: end while

gr 1Mgr_1

g]thMgk—Q pk—17

—_ =
— O

Let
(12.25) Xy = cosVpug + sin ¥,z =: cosIuy + wy,
where ||xk||ar = ||u1]lar = ||2k||ar = 1 and uj Mz, = 0. Then we have
p(xk) = cos? 9p 1 + 2 cos U, sin Jpui Az + sin? V25, Azy,
= A\ (1 —sin? 9, + sin® 9p.p(z4),
or,
(12.26) p(xi) — A1 = sin? 9, (p(z1) — A1) > (A2 — Ap) sin® 9y,

As seen earlier, in symmetric eigenvalue problems, the eigenvalues are much more accurate
than the eigenvectors.
Let us now suppose that the eigenvectors have already converged, i.e.,

p(Xk) = pr = A1,

while the eigenvectors are not yet as accurate as desired. Then we can write

(1227) re = (A - pkM)Xk = (A — )\1M)Xk = Z (}\] — Al)Mu]‘u;MXk
j=1

which entails ujry = 0 since the first summand on the right of (12.27) vanishes. From (12.25)
we have wj, = sin¥;z; L pyuq. Thus,

A—\ M =(A—-—\ M =r.l
(12.25) {( 1M)wy = ( 1M)xp =riplug

wZMul =0

If A is a simple eigenvalue of the pencil (4; B) then A — A\; M is a bijective mapping of
R(u1)™™ onto R(up)t. If r € R(u;)* then the equation

(12.29) (A-AMM)w=r
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has a unique solution in R(up)M.

So, close to convergence, Rayleigh—Quotient minimization does nothing else but solving
equation (12.29). Since the solution is in the Krylov subspace K’ ((4 — A1 M)g;) for
some j, the orthogonality condition wj Muy; is implicitly fulfilled. The convergence of the
Rayleigh—Quotient minimization is determined by the condition number of A — A\ M (as
a mapping of R(u;)*™ onto R(u;)*), according to the theory of conjugate gradients for
linear system of equations. This condition number is

Y
Ru)ty A —Ap’

(12.30) Ry = ]C(A — )\1M)

and the rate of convergence is given by
VKo — 1
(12.31) Vi =2
ko +1

A high condition number implies slow convergence. We see from (12.31) that the condition
number is high if the distance of A1 and Ay is much smaller than the spread of the spectrum
of (A; B). This happens more often than not, in particular with FE discretizations of
PDE’s.

Preconditioning

In order to reduce the condition number of the eigenvalue problem we change

Ax = AMx
in
(12.32) Ax = A\M%
such that
(12.33) k(A =M M) < K(A— M\ M).
To further investigate this idea, let C' be a nonsingular matrix, and let y = C'x. Then,
(1231 o) = X~ VEY XY gty
Thus,

A—\M=C*A-\M)C,

or, after a similarity transformation,
C™HA—-M\M)C = (C*C) Y (A = A\ M).

How should we choose C' to satisfy (12.33)7 Let us tentatively set C*C' = A. Then we
have

(C*C)il(A — )\1M)uj' = Ail(A — )\1M)llj = (I — )\1A71M)11j = <1 — i\\1> u;.
J

Note that \
0<1-2t <.
Aj
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Dividing the largest eigenvalue of A~*(A—\; M) by the smallest positive gives the condition
number

[ P U U VRPN
-3 k=M A

(12.35) K1 :i=k (Ail(A - >\1M)‘R(u1)¢M> =

If Ao < A, then the condition number is heavily reduced. Further, x; is bounded inde-
pendently of n,

=X/ 1

T e T

So, with this particular preconditioner, k1 does not dependent on the choice of the mesh-
width h in the FEM application.

The previous discussion suggests to choose C' in such way that C*C' = A. C could, for
instance, be obtained form an Incomplete Cholesky decomposition. We make this choice
in the numerical example below.

Notice that the transformation x — y = Cx need not be done explicitly. In partic-
ular the matrices A and M must not be formed. As with the preconditioned conjugate
gradient algorithm for linear systems there is an additional step in the algorithm where
the preconditioned residual is computed, see Fig. 12.1.

(12.36) K1

12.3 Locally optimal PCG (LOPCG)

The parameter 0 in the RQMIN und (P)CG algorithms is determined such that
(12.37) p(Xk+1) = p(Xk + OkPk); Pk = —8k + AkPr—1

is minimized. ay is chosen to make consecutive search directions conjugate. Knyazev [6]
proposed to optimize both parameters, oy and d, at once.

(12.38) p(Xpt1) = Iglivn p(xi — 08k + YPr—1)
This results in potentially smaller values for the Rayleigh quotient, as
fgliwnp(xk — 08k + YPr-1) < m(;in (xi — 6(gk — wpr))-

Hence, Knyazev coined the notation “locally optimal”.
p(Xg41) in (12.38) is the minimal eigenvalue of the 3 x 3 eigenvalue problem

XJ o X7, «Q
(12.39) —gr | Alxk, —gr,Pr—1] | B =X | —g; | M[xk, —8r. Pr—1] | B
Pi—1 gl Pi—1 gl

We normalize the eigenvector corresponding to the smallest eigenvalue such that its first
component becomes 1,

[17 5k‘7 ’Yk] = [17 ﬂ/aa 7/04
These values of ¢, and 7, are the parameters that minimize the right hand side in (12.38).
Then we can write
(12.40)  Xpp1 =Xk — Ok8k + VuPr—1 = Xk + Ok (—8k + (Y6/0k)Pr—1) = X + O Py

=Pk

We can consider xj41 as having been obtained by a Rayleigh quotient minimization from
xi along pr = —gk+ (7k/0k)Pr—1. Notice that this direction in needed in the next iteration
step. (Otherwise it is not of a particular interest.)
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function [x,rho,log] = rqmini(A,M,x,tol,C)
%RQMIN1 [x,rho] = rgminl(A,M,x0,to0l,C)

)
)
h
)
)
)

h

< XQa e

cg-Rayleigh—-Quotienten-Minimization for the computation
of the smallest eigenvalue of A*xx = lambda*M*x,
A and M are symmetric, M spd. x0 initial vector
C’*C preconditioner
tol: convergence criterium:
| |2%(C?*C)\ (A*x - lam*M+*x) || < tol

PA 16.6.2000

= Mx*x;

= sqrt(x’*u);

= x/q; u = u/q;

= A*x;

rho = x’*v;

k

=0; g=x; gnorm = 1; log=[]; % Initialisierungen

while gnorm > tol,

k=k +1;
galt = g;
if exist(’C?),

g = 2x(C\(C’\ (v - rho*u))); % vorkonditionierter Gradient
else

g = 2%(v - rhoxu); % Gradient
end
if k == 1,

P =-g
else

p = —g + (g’*Mxg)/(galt’*xM*galt)*p;
end

[qq,11] = eig([x pl’*[v Axpl,[x pl’*[u M*pl);
[rho,ii] = min(diag(11l));
delta = qq(2,ii)/qq(1,ii);

x + deltaxp;

M*x ;

sqrt (x’*u) ;

= x/q; u = u/q;

= Ax*x;

gnorm = norm(g) ;

if nargout>2, log = [log; [k,rho,gnorm]]; end

ST RO I =]
1]

end

Figure 12.1: MATLAB code RQMIN: Rayleigh quotient minimization
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function [x,rho,log] = lopcg(A,M,x,tol,C)
%RQMIN1 [x,rho] = lopcg(A,M,x0,tol,C)

% Locally Optimal Proconditioned CG algorithm for

% computing the smallest eigenvalue of A*x = lambda*M#*x,f
% where A and M are symmetrisch, M spd.

A x0 initial vektor

% C’*C preconditioner

YA tol: stopping criterion:

T (C?*C)\ (A*x - lam*M*x) < tol

% PA 2002-07-3

n = size(M,1);

u = Mkxx;

q = sqrt(x’*u);

x = x/q; u = u/q;
v = Axx;

rho = x’*v;

k = 0; gnorm = 1; log=[]; % initializations

while gnorm > tol,
k=k+1;
g = v - rho*u; % gradient
gnorm = norm(g) ;
if exist(’C?),
g = (C\(C’\g)); % preconditioned gradient
end
if k == 1, p = zeros(n,0); end

(aa+aa’)/2;
(mm+mm’) /2;

aa = [x -g p]l’*[v Ax[-g pl]; aa
mm = [x -g pl’*[u Mx[-g pl]; mm
[qq,11] = eig(aa,mm);

[rho,ii] = min(diag(11));

delta = qq(:,ii);

[-g pl*delta(2:end);
delta(1)*x + p;
M*x ;
sqrt (x’*u) ;
x/q; u = u/q;
= A*x;
if nargout>2, log = [log; [k,rho,gnorm]]; end
end

< K e X'
I

Figure 12.2: MATLAB code LOPCG: Locally Optimal Preconditioned Conjugate Gradient
algorithm
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12.4 The block Rayleigh quotient minimization algorithm
(BRQMIN)

The above procedures converge very slowly if the eigenvalues are clustered. Hence, these
methods should be applied only in blocked form.

Longsine and McCormick [7] suggested several variants for blocking Algorithm 12.1.
See [1] for a recent numerical investigation of this algorithm.

12.5 The locally-optimal block preconditioned conjugate gra-
dient method (LOBPCG)

In BRQMIN the Rayleigh quotient is minimized in the 2¢-dimensional subspace generated
by the eigenvector approximations Xj and the search directions P, = —Hy + Py_1 By,
where the Hj are the preconditioned residuals corresponding to X and By, is chosen such
that the block of search directions is conjugate. Instead, Knyazev [6] suggests that the
space for the minimization be augmented by the ¢-dimensional subspace R(Hj). The
resulting algorithm is deemed ‘locally-optimal’ because p(x) is minimized with respect to
all available vectors.

Algorithm 12.2 The locally-optimal block preconditioned conjugate gradient
method (LOBPCG) for solving Ax = AMx with preconditioner N of [1]

1: Choose random matrix Xo € R™? with X! M Xy = I,. Set Q := [].
Compute (XTI KX)Sy = Sp09 /* (Spectral decomposition) */
where SISy = I;, ©g = diag(d1,...,9,), V1 <...<,.
X() = X()S(); R() = KX() — MX()@(); P() = H, k:=0.
while rank(Q) < p do
Solve the preconditioned linear system N Hyp = Ry,
Hy, := Hy, — Q(QT M Hy,).
K := [X, Hg, Py)" K[ X, Hy, Py).
M := [Xy, Hy, Py]" M[Xy, Hy, Py).
Compute KSk = MSkG)k /* (Spectral decomposition) */
where Sk MSk = I3q, @k = dlag(ﬁl, NN ,193(1), 191 <...< 193q.
10 Sp =Sk le1,...,e4], © :=diag(d,...,0).
11: Pk+1 = [Hy, P] Sk,2; Xp41:= XeSk,1 + Peg1-
12: Rk—I—I = KXk+1 — MXk—I—l@k:'
13: k:=k4+ 1.
14: fori=1,...,qgdo

»

15: /* (Convergence test) */

16: if ||Rre;|| < tol then

17: Q= [Q, Xre;]; Xpe;:=t, with t a random vector.
18: M-orthonormalize the columns of X.

19: end if

20: end for
21: end while

Ifd; [dr{], dgj, dT ]T, d;; € RY, is the eigenvector corresponding to the j-th eigenvalue

of (12.1) restricted to R( [ X%, Hy, Pi—1]), then the j-th column of X} is the corresponding
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Ritz vector
(12.41) Xpr1€5 = [(Xk, Hg, Pr—1] d; = Xidy; + Prej,

with
Pkej = degj + Pk,1d3j.

Notice that Py is an empty matrix such that the eigenvalue problem in step (8) of the
locally-optimal block preconditioned conjugate gradient method (LOBPCG), displayed in
Algorithm 12.2, has order 2q only for k = 0.

The algorithm as proposed by Knyazev [6] was designed to compute just a few eigen-
pairs and so a memory efficient implementation was not presented. For instance, in ad-
dition to Xy, Ry, Hy, P, the matrices M X, M Hy, M P, and KXy, KHy, KP, are also
stored. The resulting storage needed is prohibitive if more than a handful of eigenpairs
are needed.

A more memory efficient implementation results when we iterate with blocks of width ¢
in the space orthogonal to the already computed eigenvectors. The computed eigenvectors
are stored in @) and neither M@ nor K( are stored. Hence only storage for (p + 10g)n +
O(q?) numbers is needed.

Here, the columns of [X}, Hy, P;] may become (almost) linearly dependent leading to
ill-conditioned matrices K and M in step (9) of the LOBPCG algorithm. If this is the case
we simply restart the iteration with random X} orthogonal to the computed eigenvector
approximations. More sophisticated restarting procedures that retain X but modify Hy,
and/or Py, were much less stable in the sense that the search space basis again became
linearly dependent within a few iterations. Restarting with random X}, is a rare occurrence
and in our experience, has little effect on the overall performance of the algorithm.

12.6 A numerical example

We again look at the determination the acoustic eigenfrequencies and modes in the in-
terior of a car, see section 1.6.3. The computations are done with the finest grid de-
picted in Fig. 1.9. We compute the smallest eigenvalue of the problem with RQMIN and
LOPCG, with preconditioning and without. The preconditioner we chose was the incom-
plete Cholesky factorization without fill-in, usually denoted I1C(0). This factorization is
implemented in the MATLAB routine cholinc.

>> [p,e,t]=initmesh(’auto’);

>> [p,e,t]=refinemesh(’auto’,p,e,t);
>> [p,e,t]=refinemesh(’auto’,p,e,t);
>> p=jigglemesh(p,e,t);

>> [A,M]=assema(p,t,1,1,0);

>> whos
Name Size Bytes Class
A 1095x1095 91540 double array (sparse)
M 1095x1095 91780 double array (sparse)
e 7x188 10528 double array
p 2x1095 17520 double array
t 4x2000 64000 double array

Grand total is 26052 elements using 275368 bytes
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>> n=size(A,1);

>> R=cholinc(A,’07); % Incomplete Cholesky factorization
>> xO=rand(n,1)-.5;

>> [x,rho,log0] rqminl (A,M,x0,tol);

>> [x,rho,logl] rgminl (A,M,x0,tol,R);

>> [x,rho,log?2] lopcg(A,M,x0,tol);

>> [x,rho,log3] lopcg(A,M,x0,tol,R);

>> whos log*

Name Size Bytes Class

log0 346x3 8304 double array
logl 114x3 2736 double array
log2 879x3 21096 double array
log3 111x3 2664 double array

Grand total is 4350 elements using 34800 bytes

>> L = sort(eig(full(A),full(M)));
>> format short e, [L(1) L(2) L(n)], format

ans =
-7.5901e-13 1.2690e-02  2.6223e+02

>> k0= L(n)/L(2);
>> (sqrt(k0) - 1)/(sqrt(k0) + 1)

ans =
0.9862

>> 10=1log0(end-6:end-1,2) .\1log0O(end-5:end,2) ;
>> 11=1logl(end-6:end-1,2) .\logl(end-5:end,2);
>> 12=log2(end-6:end-1,2) .\log2(end-5:end,2) ;
>> 13=1log3(end-6:end-1,2) .\log3(end-5:end,2) ;
>> [10 11 12 13]

ans =
0.9292 0.8271 0.9833 0.8046
0.9302 0.7515 0.9833 0.7140
0.9314 0.7902 0.9837 0.7146
0.9323 0.7960 0.9845 0.7867
0.9320 0.8155 0.9845 0.8101
0.9301 0.7955 0.9852 0.8508

>> semilogy(log0(:,1),1log0(:,3)/1log0(1,3),1l0og1(:,1),log1(:,3)/logl1(1,3),...
log2(:,1),1l0g2(:,3)/1log2(1,3),log3(:,1),10g3(:,3)/1og3(1,3), ’LineWidth’,2)
>> legend(’rgmin’,’rgmin + prec’,’lopcg’,’lopcg + prec’)

The convergence histories in Figure 12.3 for RQMIN and LOPCG show that precon-
ditioning helps very much in reducing the iteration count.

In Figure 12.4 the convergence histories of LOBPCG for computing ten eigenvalues is
shown. In 43 iteration steps all ten eigenvalues have converged to the desired accuracy
(¢ = 1079). Clearly, the iteration count has been decreased drastically. Note however,
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—— rgmin
= rgmin + prec
lopcg

lopcg + prec

norm of residual

. . . . . . . .
0 100 200 300 400 500 600 700 800 900
iteration number

Figure 12.3: Convergence of variants of Rayleigh quotient minimization

that each iteration step requires solving ten systems of equation resulting in 430 system
solves. (In fact, if converged eigenvectors are locked, only 283 systems had to be solved.)
Nevertheless, when comparing with Fig. 12.3 one should remember that in the LOBPCG
computation ten eigenpairs have been computed. If a single eigenpair is required then
a blocksize of 10 is too big, but a smaller blocksize may reduce the execution time. If
a small number of eigenvalues is desired then a blocksize equal or slightly bigger than
theis number is certainly advantageous. Not that in step (5) of Algorithm 12.2 ¢ linear
systems of equations are solved concurrently. An efficient implementation accesses the
preconditioner N only once. The MATLAB code does this naturally.
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