Chapter 13

Rayleigh quotient and trace
minimization

13.1 Introduction

In this chapter we restrict ourselves to the symmetric/Hermitian eigenvalue problem
(13.1) Ax = AMx, A=A", M=M">0.

We want to exploit the property of the Rayleigh quotient that

. x*Ax
(13.2) A1 = min px)  p(x) = 7

which was proved in Theorem 2.30. The basic idea of Rayleigh quotient minimization is
to construct a sequence {xj}r—12,. such that p(x;+1) < p(xj) for all k. The hope is
that the sequence {p(x)} converges to A\; and by consequence the vector sequence {xy}
towards the corresponding eigenvector.

The procedure is as follows: For any given x; let us choose a search direction pg,
so that

(13.3) Xp+1 = Xi + OkPk-

The parameter J, is determined such that the Rayleigh quotient of the new iterate xj.11
becomes minimal,

(13.4) p(Xp+1) = min p(xy, + 0py)-

We can write the Rayleigh quotient of the linear combination xj + dpy of two (linearly
independant) vectors x; and py as
(13.5)

1 X Ax, xpApy| (1

x} Axy, + 20x; Apy, + 6°p} Apg, _\0 PiAX; PprAPL| \0
Xj Mxy, + 20x; Mpy, + 6*p; M pi <1> [x;;Mxk x;;Mpk] <1> '
) P Mx; p;Mpi| \0

p(xi + 0py) =

This is the Rayleigh quotient associated with the generalized 2 x 2 eigenvalue problem

(13.6) [XZAxk xZApk} <a> _)\[XZMXk xZMpk} <a>
' P Ax;  PrAPK] \S P Mx, pMpir] \B/)
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242 CHAPTER 13. RAYLEIGH QUOTIENT AND TRACE MINIMIZATION

The smaller of the two eigenvalues of (13.6) is the searched value pg11 1= p(xg4+1) in (13.4)
that minimizes the Rayleigh quotient. The corresponding eigenvector is normalized such
that its first component equals one'. The second component of this eigenvector is § = dy,.
Inserting the solution [1,d;]* into the second line of (13.6) we obtain

(13.7) Pi(A — prr1 M) (x + 0kPk) = PjTrt1 = 0.

So, the ‘next’ residual ryy is orthogonal to the actual search direction pg.

There are various ways how to choose the search direction pg. A simple way is to cycle
through the coordinate vectors, a method that is called coordinate relaxation [3]. It cannot
compete with the methods we discuss next; but it has some potential for parallelization.

13.2 The method of steepest descent

Let us make a detour to solving systems of equations
(13.8) Ax = b,

where A is symmetric/Hermitian positive definite. Let us define the functional

1 1 1
(13.9) o(x) = §X*AX —x"b+ §b*A_1b = §(Ax —b)*A™}(Ax — b).

The functional ¢ is minimized at the solution x, of (13.8). (With the above definition of
¢ the minimum is actually zero.) The negative gradient of ¢ is

(13.10) —Vp(x) =b — Ax =: r(x).

It is nonzero except at x,. In the method of steepest descent [2, 3] a sequence of vectors
{Xk }r=1,2,. is constructed such that the relation

(13.3) Xk+1 = Xk + Ok Pk

holds among any two consecutive vectors. The search direction py is chosen to be the
negative gradient —V¢(x;) = ry = b — Ax,. This is the direction in which ¢ decreases
the most. Setting x;4+1 as in (13.3) we get

8 X * * * *
0= % = pj,(Ax; — b) + 6kPLAPK = —PTk + 0kPLAPk-
5=3y,
Thus,
PiTk
13.11 Ok =

which, for steepest descent, becomes

r;ry
13.12 0 = —E£
( ) k rZArk
Remark 13.1. Notice that
(1313) Iyl =b— AXkJrl =b-— A(Xk + 5kpk) =1y — 0L Aps.

!The first component of this eigenvector is nonzero if it has a component in the direction of the ‘smallest
eigenvector’.
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Therefore, from (13.11) we have

(13.14) PiTk+1 = PTk — OxPp APy = 0,

which corresponds to (13.7) in the linear system case. O
For the eigenvalue problem we can proceed similarly by choosing pj to be the negative
gradient of the Rayleigh quotient p,

2
x; Mxy,

Pr = —8r = —Vp(Xx) = — (Axy, — p(xp) Mxg).

Notice that g points in the same direction as the residual r. (This is in contrast to the
linear system case!) Since in eigenvalue problems we only care about directions we can
equivalently set

(13.15) Pr =T, = Axp — ppMxp,  pr = p(xp).
With this choice of search direction we immediately have from (13.7) that
(13.16) rprie; = 0.

Not surprisingly, the method of steepest descent often converges slowly, as it does for
linear systems. This happens if the spectrum is very much spread out, i.e., if the condition
number of A relative to M is big.

13.3 The conjugate gradient algorithm

As with linear systems of equations a remedy against the slow convergence of steepest
descent are conjugate search directions. So, let’s again first look at linear systems [5].
There, we define the search directions as”

(13.17) Pr = —8k + BkPi—1, k> 0.

where the coefficient ) is determined such that p; and pi_1 are conjugate, i.e.,

(13.18) PrAPL-_1 = —81APk—1 + BkPi_1APk—1 =0,
such that
g APL—1
13.19 B = K
( ) pk_lApkfl

Premultiplying (13.17) by g} gives

(13.14)

(13.20) 8iPk = —8i8k + Bk&iPr-1 = —&i8k-
Furthermore, since x; Mx; = 1 we have ry = —gj, and
(13.14) (13.17)
0 =8Pk = —8r118k+ Be8ii1Ph—1
(13.13)

= —85118k T Br8iPi—1 + BrokPrAPL—1-

2In linear systems the residual r = b — Ax is defined as the negative gradient whereas in eigenvalue
computations it is defined as r = Ax — p(x)Mx, i.e., in the same direction as the gradient. To reduce the
confusion we proceed using the gradient.
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From (13.14) we have that g;pr—1 = 0 and by construction of p, and pj_; being conjugate
we have that p; Apy—1 = 0. Thus,

(13.21) gi+18k =0,

as with the method of steepest descent. Still in the case of linear systems, using these
identities we find formulae equivalent to (13.19),

geAPk-1 (1313)  g(gr —8k-1) (13.14)  gi(8k — 8k-1)

Pr = p;;_lApk—l pz_1(gk — 8k-1) _pz_lgk—l
(13.22) (13.20) g?;(%k — 8k-1)
gr_18k—1
(13.23) (132) g8k
gr_18k—1

The equivalent identities (13.19), (13.22), and (13.23) can be used to define [3; the most
economic being (13.23).

We now look at how a conjugate gradient algorithm for the eigenvalue problem can be
devised. The idea is straightforward. The algorithm differs from steepest descent by the
choice of the search directions that are kept conjugate, i.e., consecutive search directions
satisfy p;Apr—1 = 0.

The crucial difference to linear systems stems from the fact, that the functional that
is to be minimized, i.e., the Rayleigh quotient, is not quadratic anymore. (In particular,
there is no finite termination property.) The gradient of p(x) is

g =Vp(x) = -y (Ax — p(x) Mx).

So, in particular, the equation (13.14), does not hold:

Xpt1 = Xp +O0kPr 7~  8k+1 = Sk + Ok APk-

Therefore, in the context of nonlinear systems or eigenvalue problems the formulae in (13.19),
(13.22), and (13.23) that define () are not equivalent anymore! Feng and Owen [4] exten-
sively compared the three formulae and found that in the context of eigenvalue problems
the last identity (13.23) leads to the fastest convergence. So, we opt for this equation and
define the search directions according to

Po = —8o;, k= 0,
(13.24) g Mgy,

Pr=-8+—>——Pir1, k>0,
g Mg

where we have given the formulae for the generalized eigenvalue problem Ax = AMx. The
complete procedure is given in Algorithm 13.1

Convergence

The construction of Algorithm 13.1 guarantees that p(xp11) < p(xx) unless ry = 0, in
which case xj, is the searched eigenvector. In general, i.e., if the initial vector xg has a
nonvanishing component in the direction of the ‘smallest’ eigenvector uy, convergence is
toward the smallest eigenvalue A;. This assumption must also hold for vector iteration or
the Lanczos algorithm.
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Algorithm 13.1 The Rayleigh quotient algorithm

1: Let x¢ be a unit vector, ||xo|[ar = 1.
2: vo:= Axqg, ug:= Mxg,
e YoXo
3t po = Uxo’
4: go = 2(V0 — pQUQ)
5. while ||gx|| > tol do
6: if k=1 then
T Pk = —8k-1;
8 else v
Br—1M8k-1
9: = —gL_1+ == ;
Pk 8k—1 g ,QMgkfzpk 1
10:  end if
11:  Determine the smallest Ritz value py and corresponding Ritz vector x of (A, M)

in R([xx—1, Px])
12: Vi = Axy,  uy = Mxy
13 pp = X VE/Xpuy
14: gg = 2(Vy — prug)
15: end while

Let
(13.25) X = cos ¥puy + sin¥,zy, =: cos Ypu; + wy,
where ||x||ar = ||w1]lar = ||2k||ar = 1 and uj Mz, = 0. Then we have
p(xk) = cos? Y\ + 2 cos ¥ sin Jpul Az + sin? Uiz, Az,
= A\ (1 —sin? 9, + sin® 9pp(z4,),
or,
(13.26) p(xi) — A1 = sin? 9, (p(zi) — A1) < (A — Ap) sin’ 9.,

As seen earlier, in symmetric eigenvalue problems, the eigenvalues are much more accurate
than the eigenvectors.
Let us now suppose that the eigenvalues have already converged, i.e.,

p(xx) = pr = A1,

while the eigenvectors are not yet as accurate as desired. Then we can write

(1327) re = (A - pkM)Xk = (A - )\1M)Xk - Z ()‘j — Al)MujujMxk,
j=1

which entails ujry = 0 since the first summand on the right of (13.27) vanishes. From (13.25)
we have wj, = sin ¥z, 1 yyuq. Thus,

A—\ M =(A—-—\\M =r.l
(13.28) {( 1M)wy = ( 1M)xp, =rpLug

wiMu; =0

If A\ is a simple eigenvalue of the pencil (4; B) then A — A\; M is a bijective mapping of
R(u1)*™ onto R(up)t. If r € R(u;)* then the equation

(13.29) (A-MM)w=r
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has a unique solution in R (up)+M.

So, close to convergence, Rayleigh quotient minimization does nothing else but solving
equation (13.29) by the conjugate gradient algorithm. The convergence of the Rayleigh
quotient minimization is determined by the condition number of A—\; M (as a mapping of
R(u;)*™ onto R(up)t), according to the theory of conjugate gradients for linear system
of equations. This condition number is

YT

13.30 =K(A-\M =
( ) "o ( 1M) Ru)tm Ay — A’

and the rate of convergence is given by
VEo— 1
(13.31) AL
/Ko + 1

A high condition number implies slow convergence. We see from (13.31) that the condition
number is high if the distance of A1 and Ay is much smaller than the spread of the spectrum
of (A; B). This happens more often than not, in particular with FE discretizations of
PDE’s.

Preconditioning

In order to reduce the condition number of the eigenvalue problem we change

Ax = AMx
into
(13.32) Ax = \MX,
such that
(13.33) K(A =X\ M) < k(A= \M).

To further investigate this idea, let C' be a nonsingular matrix, and let y = C'x. Then,

x*Ax  y*C*AC ly  y*Ay
1 . 4 = pr— P — f—
(13.34) PX) = Shix ~ y oMoy g iry )

Thus, B B
A—\M =C*A-\MC™,

or, after a similarity transformation,
CHA - MM)C = (C*C) YA = A\ M).

How should we choose C' to satisfy (13.33)7 Let us tentatively set C*C' = A. Then we
have

(C*C)_l(A — )\1M)11j = A_l(A — )\1M)llj = (I — )\1A_1M)u]' = (1 — %) u;.
J

Note that \
1

0<1—-—<1.
< v

J



13.4. LOCALLY OPTIMAL PCG (LOPCG) 247

Dividing the largest eigenvalue of A~'(A—\; M) by the smallest positive gives the condition
number
L= M- _ A

-2 Nh-d A

(13.35) K1:=K (Ail(A - AlM)‘n(ul)iM) -

If Ay <« A\, then the condition number is much reduced. Further, xq is bounded indepen-
dently of n,

=M/ 1

T e T

So, with this particular preconditioner, x; does not dependent on the choice of the mesh-
width A in the FEM application.

The previous discussion suggests to choose C' in such way that C*C = A. C could, for
instance, be obtained form an Incomplete Cholesky decomposition. We make this choice
in the numerical example below.

Notice that the transformation x — y = Cx need not be made explicitly. In partic-
ular, the matrices A and M must not be formed. As with the preconditioned conjugate
gradient algorithm for linear systems there is an additional step in the algorithm where
the preconditioned residual is computed, see Fig. 13.1 on page 248.

(13.36) K1

13.4 Locally optimal PCG (LOPCG)

The parameter 0 in the RQMIN und (P)CG algorithms is determined such that
(13.37) p(Xpt1) = p(X + 0kPk), Pk = —8k + Pr—1

is minimized. a4 is chosen to make consecutive search directions conjugate. Knyazev [6]
proposed to optimize both parameters, oy and d, at once.

(13.38) P(Xpt1) = ngivn p(Xk — 08k + YPr—1)
This results in potentially smaller values for the Rayleigh quotient, as
fgliynp(xk — 08k + YPi-1) < min (xk — 0(gK — wPr)).

Hence, Knyazev coined the notion “locally optimal”.
p(Xk11) in (13.38) is the minimal eigenvalue of the 3 x 3 eigenvalue problem

X7, o X7, «
(1339) _g;; A[Xk’ —8k> Pk—l] /8 =A _g;: M[Xka —8k; pk—l] 5
| Y P Y

We normalize the eigenvector corresponding to the smallest eigenvalue such that its first
component becomes 1,

[1’ 6ka r}/k] = [1’ 5/04, 7/04]'
These values of J§; and 7 are the parameters that minimize the right hand side in (13.38).
Then we can write

(13.40) X1 = Xi — 038k + MePrk—1 = Xp + Ok (—8k + (V/0k)Ph—1) = Xk + 0Pk

v/

=:py
We can consider x;1 as having been obtained by a Rayleigh quotient minimization from
xi along pr = —gr+ (7&/9k )Pr—1. Notice that this direction is needed in the next iteration
step. (Otherwise it is not of a particular interest.)
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function [x,rho,log]l = rqminl(A,M,x,to0l,C)
%RQMIN1 [x,rho] = rqminl(A,M,x0,t0l,C)

% cg-Rayleigh quotient minimization for the computation
% of the smallest eigenvalue of A*x = lambdax*Mx*x,

% A and M are symmetric, M spd. x0 initial vector

yA C’*C preconditioner

% tol: convergence criterium:

yA [ 12%(C’*C)\ (A*x - lam*Mx*x) || < tol

% PA 16.6.2000

u = Mxx;

q = sqrt(x’*u);

x = x/q; u = u/q;
v = A*x;

rho = x’*v;
k =0; g=x; gnorm = 1; log=[]; % Initializations

while gnorm > tol,
k=k+ 1;
galt = g;
if exist(’C?),
g = 2x(C\(C°’\(v - rho*u))); % preconditioned gradient
else

g = 2x(v - rhox*u); % gradient
end
if k == 1,

p =g
else

p = —g + (g’*Mxg)/(galt’*xM*galt)*p;
end

[qq,11] = eig([x pl’*[v A*p]l,[x pl’*[u Mxpl);
[rho,ii] = min(diag(1ll));
delta = qq(2,ii)/qq(1,ii);

= x + deltaxp;
M*x ;
sqrt (x’*u) ;
x/q; u = u/q;
Axx;
gnorm = norm(g) ;
if nargout>2, log = [log; [k,rho,gnorm]]; end
end

< KA e M
I

Figure 13.1: MATLAB code RQMIN: Rayleigh quotient minimization
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function [x,rho,log] = lopcg(A,M,x,tol,C)
%RQMIN1 [x,rho] = lopcg(A,M,x0,to0l,C)

% Locally Optimal Proconditioned CG algorithm for

% computing the smallest eigenvalue of A*x = lambdaxM*x,f
% where A and M are symmetrisch, M spd.

YA x0 initial vektor

yA C’*C preconditioner

yA tol: stopping criterion:

A (C’*C)\ (A*x - lam*M#x) < tol

% PA 2002-07-3

n = size(M,1);

u = Mxx;

q = sqrt(x’*u);
x = x/q; u = u/q;
v = A*x;

rho = x’*v;

k = 0; gnorm = 1; log=[]; % initializations

while gnorm > tol,
k=k+1;
g = v - rhoxu; % gradient
gnorm = norm(g) ;
if exist(’C’),
g = (C\(C’\g)); % preconditioned gradient
end
if k == 1, p = zeros(n,0); end

(aataa’)/2;
(mm+mm’ ) /2;

aa = [x -g pl’*[v Ax[-g pl]; aa
mm = [x -g pl’*[u Mx[-g pl]; mm
[qq,11] = eig(aa,mm);

[rho,ii] = min(diag(11));

delta = qq(:,ii);

= [-g pl*delta(2:end);
= delta(l)*x + p;
= Mxx;
= sqrt(x’*u);
= x/q; u = u/q;
= A*x;
if nargout>2, log = [log; [k,rho,gnorm]]; end
end

< HKQO e X'o
I

Figure 13.2: MATLAB code LOPCG: Locally Optimal Preconditioned Conjugate Gradient
algorithm
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13.5 The block Rayleigh quotient minimization algorithm
(BRQMIN)

The above procedures converge very slowly if the eigenvalues are clustered. Hence, these
methods should be applied only in blocked form.

Longsine and McCormick [8] suggested several variants for blocking Algorithm 13.1.
See [1] for a recent numerical investigation of this algorithm.

13.6 The locally-optimal block preconditioned conjugate gra-
dient method (LOBPCG)

In BRQMIN the Rayleigh quotient is minimized in the 2¢-dimensional subspace generated
by the eigenvector approximations Xj and the search directions P, = —Hj + Py_1 By,
where the Hj, are the preconditioned residuals corresponding to X} and By, is chosen such
that the block of search directions is conjugate. Instead, Knyazev [6] suggests that the
space for the minimization be augmented by the g-dimensional subspace R(Hj). The
resulting algorithm is deemed ‘locally-optimal’ because p(x) is minimized with respect to
all available vectors.

Algorithm 13.2 The locally-optimal block preconditioned conjugate gradient
method (LOBPCG) for solving Ax = AMx with preconditioner N of [1]

1: Choose random matrix Xo € R™Y with X' M Xy = I,. Set Q := [].

2: Compute (X&' AX)So = SO0 /* (Spectral decomposition) */
where ST Sy = I,, ©g = diag(dy,...,9,), V1 <...<9,.

3 X = XQSQ; Ry := AXy — MXQ@O; Py = H, k:=0.

4: while rank(Q) < p do

5:  Solve the preconditioned linear system N Hj = Ry

6:  Hy:=Hy— Q(QTMHy).

T A= [Xk,Hk,Pk]TA[Xk,Hk,Pk]

8 M =X}, Hy,, P|T M Xy, Hy, Py).

9:  Compute AS), = MSka /* (Spectral decomposition) */

where STMSk = ng, Gk = dlag(ﬁl, e ,293(1), 191 <...< 19311'
10: Sy = Siler,.. ,€q|, © :=diag(vy,...,7).
11: Pk+1 = [Hk,Pk] Sk2; Xkr1 = XpSk1 + Preg1
12: Rk-i—l = AXk-i—l — MXk-i-l@k-
13: k:=k4+1.
14: fori=1,...,qdo

15: /* (Convergence test) */

16: if HRkeZH < tol then

17: Q = [Q, Xre;]; Xye;:=t, with t a random vector.
18: M-orthonormalize the columns of Xj.

19: end if

20: end for
21: end while

Ifd; [dF{], dgj, dT] , d;; € RY, is the eigenvector corresponding to the j-th eigenvalue

of (13.1) restricted to R([Xk, Hy, Py_1]), then the j-th column of X} is the corresponding
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Ritz vector
(13.41) Xk+1ej = [Xk,Hk, Pk—l] dj = Xkdlj + Pkej,

with
Pkej = degj + Pk_ldgj.

Notice that Py is an empty matrix such that the eigenvalue problem in step (8) of the
locally-optimal block preconditioned conjugate gradient method (LOBPCG), displayed in
Algorithm 13.2, has order 2q only for k£ = 0.

The algorithm as proposed by Knyazev [6] was designed to compute just a few eigen-
pairs and so a memory efficient implementation was not presented. For instance, in addi-
tion to Xy, Ry, Hy, Pi., the matrices M X;,, M Hy., M P, and AX},, AH}., AP, are also stored.
The resulting storage needed is prohibitive if more than a handful of eigenpairs are needed.

A more memory efficient implementation results when we iterate with blocks of width ¢
in the space orthogonal to the already computed eigenvectors. The computed eigenvectors
are stored in ) and neither M@ nor AQ are stored. Hence only storage for (p 4+ 10¢)n +
O(q?) numbers is needed.

Here, the columns of [X}, Hy, Px] may become (almost) linearly dependent leading to
ill-conditioned matrices A and M in step (9) of the LOBPCG algorithm. If this is the case
we simply restart the iteration with random X} orthogonal to the computed eigenvector
approximations. More sophisticated restarting procedures that retain X but modify Hy
and/or Py, were much less stable in the sense that the search space basis again became
linearly dependent within a few iterations. Restarting with random X}, is a rare occurrence
and in our experience, has little effect on the overall performance of the algorithm.

13.7 A numerical example

We again look at the determination the acoustic eigenfrequencies and modes in the in-
terior of a car, see section 1.6.3. The computations are done with the finest grid de-
picted in Fig. 1.9. We compute the smallest eigenvalue of the problem with RQMIN and
LOPCG, with preconditioning and without. The preconditioner we chose was the incom-
plete Cholesky factorization without fill-in, usually denoted IC(0). This factorization is
implemented in the MATLAB routine ichol.

>> [p,e,t]=initmesh(’auto’);

>> [p,e,t]=refinemesh(’auto’,p,e,t);
>> [p,e,t]=refinemesh(’auto’,p,e,t);
>> p=jigglemesh(p,e,t);

>> [A,M]=assema(p,t,1,1,0);

>> whos
Name Size Bytes Class
A 1095x1095 91540 double array (sparse)
M 1095x1095 91780 double array (sparse)
e 7x188 10528 double array
P 2x1095 17520 double array
t 4x2000 64000 double array

Grand total is 26052 elements using 275368 bytes

>> n=size(A,1);
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>> R=ichol(A)’; % Incomplete Cholesky factorization
>> xO=rand(n,1)-.5;

>> tol=le-6;

>> [x,rho,log0]
>> [x,rho,logl]
>> [x,rho,log2]
>> [x,rho,log3]
>> whos logk

rgminl (A,M,x0,tol);
rgminl (A,M,x0,tol,R);
lopcg(A,M,x0,tol);
lopcg(A,M,x0,t0l,R);

Name Size Bytes Class

log0 346x3 8304 double array
logl 114x3 2736 double array
log2 879x3 21096 double array
log3 111x3 2664 double array

Grand total is 4350 elements using 34800 bytes

>> L = sort(eig(full(A),full(M)));
>> format short e, [L(1) L(2) L(n)], format

ans =
-7.5901e-13 1.2690e-02  2.6223e+02

>> k0= L(n)/L(2);
>> (sqrt(k0) - 1)/(sqrt(k0) + 1)

ans =
0.9862

>> 10=1og0(end-6:end-1,2) .\log0O(end-5:end,2) ;
>> 11=logl(end-6:end-1,2) .\logl(end-5:end,2);
>> 12=1log2(end-6:end-1,2) .\log2(end-5:end,2) ;
>> 13=1log3(end-6:end-1,2) .\log3(end-5:end,2);
>> [10 11 12 13]

ans =
0.9292 0.8271 0.9833 0.8046
0.9302 0.7515 0.9833 0.7140
0.9314 0.7902 0.9837 0.7146
0.9323 0.7960 0.9845 0.7867
0.9320 0.8155 0.9845 0.8101
0.9301 0.7955 0.9852 0.8508

>> semilogy(log0O(:,1),1log0(:,3)/1og0(1,3),log1(:,1),10g1(:,3)/1logl1(1,3),...
log2(:,1),1l0g2(:,3)/1og2(1,3),1l0g3(:,1),1l0g3(:,3)/1log3(1,3),’LineWidth’,2)
>> legend(’rgmin’,’rgmin + prec’,’lopcg’,’lopcg + prec’)

The convergence histories in Figure 13.3 for RQMIN and LOPCG show that precon-
ditioning helps very much in reducing the iteration count.

In Figure 13.4 the convergence histories of LOBPCG for computing ten eigenvalues is
shown. In 43 iteration steps all ten eigenvalues have converged to the desired accuracy (e =
1079). Clearly, the iteration count has been decreased drastically. Note however, that each
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10°

= rgmin
= rgmin + prec
lopcg

lopcg + prec

norm of residual
i
o

0 100 200 300 400 500 600 700 800 900
iteration number

Figure 13.3: Convergence of variants of Rayleigh quotient minimization

iteration step requires solving ten systems of equation resulting in 430 system solves. (In
fact, if converged eigenvectors are locked, only 283 systems had to be solved.) Nevertheless,
when comparing with Fig. 13.3 one should remember that in the LOBPCG computation
ten eigenpairs have been computed. If a single eigenpair is required then a blocksize of 10
is too big, but a smaller blocksize may reduce the execution time. If a small number of
eigenvalues is desired then a blocksize equal or slightly bigger than theis number is certainly
advantageous. Not that in step (5) of Algorithm 13.2 ¢ linear systems of equations are
solved concurrently. An efficient implementation accesses the preconditioner N only once.
The MATLAB code does this naturally. A parallel implementation of LOBPCG can be
found in the software package Block Locally Optimal Preconditioned Eigenvalue Xolvers
(BLOPEX) [7].

13.8 Trace minimization

Remember that the trace of a matrix A € F"*" is defined to be the sum of its diagonal
elements. Similar matrices have equal trace. Hence, by the spectral theorem 2.14, we have

(13.42) trace(A) = Z aj; = Z i
i=1 i=1

The following theorem [11] generalizes the trace theorem 2.33 for the generalized eigenvalue
problem

(13.1) Ax = AMx, A=A", M=M">0.

Theorem 13.1 (Trace theorem for the generalized eigenvalue problem) Let A
and M be as in (13.1). Then,

(13.43) M+X+-+ A= min trace(X*AX)
XefFnxp, X*MX=I,
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Figure 13.4: Convergence of 10 eigenvalues with LOBPCG preconditioned by I1C(0)

where Ay, ..., A, are the eigenvalues of problem (13.1). Equality holds in (13.43) if and
only if the columns of the matriz X that achieves the minimum span the eigenspace cor-
responding to the smallest p eigenvalues.

Sameh and coworkers [11, 10] suggested an algorithm to exploit this property of
the trace, following the lines of Rayleigh quotient minimization. Let X € F"*P with
X;MX,, = I, and

X AX =% = diag(agk), .. ,O'(k)).

We want to construct the next iterate Xy, by setting

(13.44) Xps1 = (X5 — Ap)Sk
such that
(13.45) X; MXjyr = I,
. k
(13.46) X1 AX i1 = gy = diag(e" L o D),
(13.47) trace(X; 1 AXp 1) < trace(X;AXy).

S in (13.44) is needed to enforce the orthogonality of Xj1. We choose the correction Ay,
to be orthogonal to X,

(13.48) ALMX, = 0.

Similarly as in Jacobi-Davidson [13] this choice of Ay is no loss of generality. We first
assume that we have found the A, that minimizes

(13.49) trace((Xy — Ap)*A(Xg — Ag))

under the constraint (13.48). Let Zxi1 = X — Ay be the solution of (13.49). Then, by
construction,
trace(Z;, 1 AZy1) < trace(X;AXy).



13.8. TRACE MINIMIZATION 255
Furthermore,

Zp 1 M Zjya — XpMXy + AL MA, > Xp M Xy = I,

From this it follows that Zj,1 has maximal rank and that all eigenvalues of Z; M Zy 1,
are > 1. Therefore, the spectral decomposition of Z;; ;| M Zy 1 can be written in the form

Zi M Zyy = UD?U™, U*U =1I,, D =diag(éy,...,6,), & >1.

This implies that the columns of Z; UD~! are M-orthogonal. Let the spectral decom-

position of D*IU*Z,’L_lle/zQHUD*1 be given by

DU Z;  AZ  UD ™ = VS 4V, VYV =1,

Then,

(13.50) V*D U ZE M Zy,UD™MV =1,
I,

(13.51) V*DU*Z  AZp UD TV = By,

So, if we have found Zy 1 = X — Ay then Sy in (13.44) is given by
S, =UD™'V.
Thus, with Xy11 = Z;11S; we have

trace(Xj 1 AXy, ) = trace(Sg41) = trace(V*D'U*Z; 1 AZp UD'V)
= trace(D ' U*Z; 1 AZp U DY)
w

p
i=1
p
< Z Wy
i=1

= trace(U*Z;, 1 AZp41U)
< trace(X;AXk)

Equality can only hold if Ax = 0.
To solve the minimization problem (13.49) we write

trace((Xk — Ak)*A(Xk — Ak)) = ef(Xk — Ak)*A(Xk — Ak)el

M-

@
Il
—_

(Xi - dl)*A(Xz - d,)

Il
.M"@

@
Il
—_

where x; = Xpe; and d; = Age;. Interestingly, these are p individual minimization
problems, one for each d;!

(13.52) Minimize (x; —d;)*A(x; —d;) subject to X;Md; =0, i=1,...,p.
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To solve (13.52) we define the functional
f(d,]) == (x; —d)"A(x; —d) + I" X Md.

Here, the vector 1 contains the Lagrange multipliers. A necessary condition for d to be a
solution of (13.52) is

3df=0 = A(Xi—d)—i-MXkl:O,

Ohf=0 <« X;Md=o.

0 () =(7)

We can collect all p equations in one,

(13.53) [X;M MOX k} <ALk> B (A())(k)

Using the LU factorization

In matrix form this is

I 0] [4 MX,

A MX,)
T XiMATY I |0 —X{MATIMX,

XiM O

we obtain

A MX;, AN I 0] (AXy\ [ AXy
O —X;MA''MX,|\ L) |[-X;MA™' I|\ O ) \-X;MX;)"

Since XM X}, = I,,, L in (13.53) becomes
L=(X;MA'MX;)™ L.
Multiplying the first equation in (13.53) by A~! we get
A+ A TMXLL = X,
such that
Zpo1 = Xp — Ny = AT 'MX L= AP M X (Xg MAT M X)L

Thus, one step of the above trace minimization algorithm amounts to one step of
subspace iteration with shift ¢ = 0. This proves convergence of the algorithm to the
smallest eigenvalues of (13.1). Remember the similar equation (12.13) for the Jacobi-
Davidson iteration and Remark 12.2.

Let P be the orthogonal projection onto R(M X})*,

(13.54) P =1—(MX)(MXp)*(MX)) "(MX)* =1 - MX,(X;M*X) ' X} M.
Then the linear systems of equations (13.53) and
(13.55) PAPA, = PAXy,  XiMA, =0,

L
of (13.53). Then, from XM A, =0 we get PA, = Ag. Equation (13.55) is now obtained

. . . A .
are equivalent, i.e., they have the same solution Aj. In fact, let < k> be the solution
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Algorithm 13.3 Trace minimization algorithm to compute p eigenpairs of Ax =
AMx.

1: Choose random matrix V3 € R™4 with VI MV = Iy, g > p.

2: for K =1,2,... until convergence do

3:  Compute Wy, = AV}, and Hj, := V)W,

4:  Compute spectral decomposition Hy, = U0, Uy,

with O, = diag(@®", ..., 9'), o < . <ol
5. Compute Ritz vectors X = V.U and residuals Ry = WU, — M X0y
. Fori=1,...,q solve approrimatively

PA-o®aypd® = pr;,  a® 1y x,

by some modified PCG solver.

7. Compute Vi1 = [Xp — Ag, Ri], Ag = dgk), ..
Gram-Schmidt procedure.

8: end for

,d((lk)], by a M-orthogonal modified

by multiplying the first equation in (13.53) by P. On the other hand, let Ay be the
solution of (13.55). Since P(APA — AX}) = 0 we must have APA, — AX = M X L for
some L. As X MA =0 we get PAy = Ay and thus the first equation in (13.53).

As PAP is positive semidefinite, equation (13.55) is easier to solve than equation (13.53)
which is an indefinite system of equations. (13.55) can be solved by the (preconditioned)
conjugate gradient method (PCG). The iteration has to be started by a vector zy that
satisfies the constrains X; Mzy. A straightforward choice is zg = 0

reducion factor | 10~% 1072 0.5
#its A mults | #its A mults | #its A mults
59 6638 59 4263 7 4030

Table 13.1: The basic trace minimization algorithm (Algorithm 13.3). The inner systems
are solved by the CG scheme which is terminated such that the 2-norm of the residual is
reduced by a specified factor. The number of outer iterations (#its) and the number of
multiplications with matrix A (A mults) are listed for different residual reduction factors.

In practice, we do not solve the p linear systems

(13.56) PA—oc®apd® = pr;, a1y X,
to high accuracy. In Table 13.1 the number of outer iterations (#its) are given and the
number of multiplications of the matrix A with a vector for various relative stopping

criteria for the inner iteration (reduction factor) [10].

Acceleration techniques

Sameh & Tong [10] investigate a number of ways to accelerate the convergence of the trace
minimization algorithm 13.3.

1. Simple shifts. Choose a shift o1 < Ay until the first eigenpair is found. Then proceed
with the shift oo < Ao and lock the first eigenvector. In this way PCG can be used
to solve the linear systems as before.
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2. Multiple dynamic shifts. Each linear system (13.56) is solved with an individual
shift. The shift is ‘turned on’ close to convergence. Since the linear systems are
indefinite, PCG has to be adapted.

3. Preconditioning. The linear systems (13.56) can be preconditioned, e.g., by a matrix
of the form M = CC* where CC* ~ A is an incomplete Cholesky factorization. One
then solves
(13.57) PA—-oManpd® =Py,  Xpmd®™ =o
with A = c7'AC~*, M = 'm0, d" = c+dV, X, = 0 X,z = o,
and P=1— MX(X;M?*Xy) 1 X} M.

In Table 13.2 results are collected for some problems in the Harwell-Boeing collec-
tion [10]. These problems are diffcult because the gap ratios for the smallest eigenvalues
are extremely small due to the huge span of the spectra. Without preconditioning, none of
these problems can be solved with a reasonable cost. In the experiments, the incomplete
Cholesky factorization (IC(0)) of A was used as the preconditioner for all the matrices of
the form A — oB.

Problem  Size Max #  Block Jacobi-Davidson Davidson-type tracemin
inner its #its A mults time[sec] F#its A mults time[sec]

BCSST08 1074 40 34 3954 4.7 10 759 0.8
BCSST09 1083 40 15 1951 2.2 15 1947 2.2
BCSST11 1473 100 90 30990 40.5 54 20166 224
BCSST21 3600 100 40 10712 35.1 39 11220 36.2
BCSST26 1922 100 60 21915 32.2 39 14102 19.6

Table 13.2: Numerical results for problems from the Harwell-Boeing collection with four
processors (reproduced from [10])

The Davidson-type trace minimization algorithm with multiple dynamic shifts works
better than the block Jacobi-Davidson algorithm for three of the five problems. For the
other two, the performance for both algorithms is similar.

Bibliography

[1] P. ArRBENZ, U. L. HETMANIUK, R. B. LEHOUCQ, AND R. TUMINARO, A comparison

of eigensolvers for large-scale 3D modal analysis using AMG-preconditioned iterative
methods, Internat. J. Numer. Methods Eng., 64 (2005), pp. 204-236.

[2] O. AXELSSON AND V. BARKER, Finite Element Solution of Boundary Value Prob-
lems, Academic Press, Orlando FL, 1984.

3] D. K. FADDEEV AND V. N. FADDEEVA, Computational Methods of Linear Algebra,
Freeman, San Francisco, 1963.

[4] Y. T. FENG AND D. R. J. OWEN, Conjugate gradient methods for solving the smallest
etgenpair of large symmetric eigenvalue problems, Internat. J. Numer. Methods Eng.,
39 (1996), pp. 2209-2229.



BIBLIOGRAPHY 259

[5]

[6]

[13]

M. R. HESTENES AND E. STIEFEL, Methods of conjugent gradients for solving linear
systems, J. Res. Nat. Bur. Standards, 49 (1952), pp. 409-436.

A. V. KNYAZEV, Toward the optimal preconditioned eigensolver: Locally optimal
block preconditioned conjugate gradient method, STAM J. Sci. Comput., 23 (2001),
pp. H17-541.

A. V. Knvazev, M. E. ARGENTATI, [. LASHUK, AND E. E. OVTCHINNIKOV, Block
locally optimal preconditioned eigenvalue Xolvers (BLOPEX) in hypre and PETSc,
SIAM J. Sci. Comput., 29 (2007), pp. 2224-2239.

D. E. LONGSINE AND S. F. McCoRMICK, Simultaneous Rayleigh—quotient mini-
mization methods for Az = ABx, Linear Algebra Appl., 34 (1980), pp. 195-234.

A. RUHE, Computation of eigenvalues and vectors, in Sparse Matrix Techniques, V. A.
Barker, ed., Lecture Notes in Mathematics 572, Berlin, 1977, Springer, pp. 130-184.

A. SAMEH AND Z. TONG, The trace minimization method for the symmetric gener-
alized eigenvalue problem, J. Comput. Appl. Math., 123 (2000), pp. 155-175.

A. H. SAMEH AND J. A. WISNIEWSKI, A trace minimization algorithm for the gen-
eralized eigenvalue problem, STAM J. Numer. Anal., 19 (1982), pp. 1243-1259.

H. R. SCHWARZ, Rayleigh—Quotient—Minimierung mit Vorkonditionierung, in Nu-
merical Methods of Approximation Theory, Vol. 8, L. Collatz, G. Meinardus, and
G. Niirnberger, eds., vol. 81 of International Series of Numerical Mathematics (ISNM),
Basel, 1987, Birkh&auser, pp. 229-45.

G. L. G. SLEJPEN AND H. A. VAN DER VORST, Jacobi—Davidson method, in Tem-
plates for the solution of Algebraic Eigenvalue Problems: A Practical Guide, Z. Bai,
J. Demmel, J. Dongarra, A. Ruhe, and H. van der Vorst, eds., STAM, Philadelphia,
PA, 2000, pp. 238-246.



