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1 Notations

We recall the following definitions from the main paper. The original tight relaxation of multi-label problems
[Chambolle et al., 2008] reads as

Eccp-(u, q) 292 S+ Z(qi)TVui (1)
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s.t. u' Sus cud =0, ubt =1, 4l >0
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1D dlll, <07 ¥s.ig,
The corresponding version in terms of node-wise pseudo-marginals is given by

FEccop- H(iL’ p Zﬂlml + Z ps TV(E (2)
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s.t. Hps—p§”2§9”,wseA Vs, 1,7,

In the main paper we state the following primal energy of Eq. 2

Buigni(v,9) = Y 05w+ D 0711y |l 3)

S, s 1,5:9<g
s.t. Voo = g Yyl — g Yyl xs € A Vs, 1,
Jii<i Gii>i

as well as this one,

Zf) ity Y 09l + 2l (4)

s 1,j:<g
s.t. Vo'l = E zIt — E 2, xs € A2 >0 Vs, i.
J:g#i J:g#e

2 Switching Between Superlevel and Indicator Representations

In this section we show the equivalence between Eq. 1 and Eq. 2. In the main paper we subsequently focus
on Eq. 2.



We use u’ to denote the superlevel representation and % for the indicator representation of a label
assignment, i.e. x5 = O;us, where we use backward differences for 9; and u? = 0 as boundary condition.
With these definitions we obtain z! = ul and 2! = u® — «{~!, which is desired. We have (in 2 dimensions,

S

but this generalizes to any dimension)

o) = = () = g D) o
) - (uz - u;_l) (u;+(0,1) - u; - uzjr(oJ) - ué_l) L

Since we have x, = d;us,

gglgg(ps, Vats) = ggg(ps, V20ius) = ;?gg(ps, 0;Vaus) = gg}é(@fps, Vi),

where C' is the constraint set C' = {p : ||p’ — p?|| < 0Y}. Explicitly we have

Sk — ul itk=1
e uf —uft if 1<k < L.

For a 6-label problem the matrix corresponding to 9; is

For the adjoint operator 8] we have

pk if k=1L.

S

ank:{p{;—p’grl if1<k<L

The solution of 9 p, = g is of the form p* = Zf:k ¢! (like an antiderivative), and the constraints expressed
in terms of g5 are

g , ) L L i=1 1 i<
f)”zllpipi||Zinqé||{HZl‘l e i< (5)
=1

— ISizid ifi> g,

which are exactly the constraints used in the super-level representation Eq. 1.

3 The Primal of the Isotropic Tight Convex Relaxation

Since Eccp.i1r can be written as

Eccpai(r) = Z 0Ll + Z U;?XZ(pi)TVJJi (6)
EX) s s 7
s.t. prg fngQ <09, x5 €A,

we only need to consider the point-wise problem

PRV bject to ||p. — pl||, < 6. 7
H;’%Xzz-:(%) zy  subject to [|pl — plf, < (7)



We will omit the subscript s and derive the primal of

maxz TVx subject to le fpj||2 <09 Vi< j.

Fenchel duality (—f*(—ATp) — g*(p) ~ f(y) + g(—Ay)) leads to the primal
Z 0””3/””2 subject to Ay = V, (8)
§,j:i<j

since the conjugate of f = 1{||[|2 < 0} is |||z, and the conjugate of g = a’-is 2{- = a}. The matrix —A
(which has rows corresponding to p® and columns corresponding to y*) has a -1 entry at position (p?,y")
(for i < j) and a +1 element at (p?,y™) (i > j). Thus, the i-th row of —Ay reads as

DR DR 9)
jii<i jij>i
and the purely primal form of Eq. 7 is given by

min 3 07|y, (10)

Ys 1,7:14<J

s.t. Vol = Z ylt — Z Y.

Jig<i Jij>i

By replacing the inner maximization problem in Eq. 6 with this expression we obtain Figns.
We can express the primal energy also in terms of non-negative pseudo-marginals. We start with the
decoupled binary potentials from Eq. 4,

> 09|l 2, + D ofa¥ >0} (11)

4,3:1<7 ]
i _ ji _ ij
s.t. Vo, = E Tl E x?,
J:g#i J:g#e

and dualize E,. First, we note that every optimal solution satisfies complementarity constraints z% 1 z3%
ie. (x¥)g(xd ’) =0 (0therw1se one could strictly decrease the norm term by setting 2% « x% —mln{x” 2}
and 27! « 27" — min{z¥, %} without affecting the marginalization constraint). Hence, we have

o + 27, = \/((wij)l + (@) + (@2 + (2d)2)?
N \/((”“"ij)l)2 + (@02 + @)1(@)1 +H((@7)2)? + ((@d)2)? + (@¥)2(2)2
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Consequently, E; above can be restated as

Ey(z) = Z 0% + Zz{x“ >0} (12)

st Val = Z xdt — Z x

J:igF JigFu

jv',
xS



which seems to be more convenient to work with. Using the fact that the conjugate of f(z) = 0||z||2+2{z > 0}
is f*(p) = +{[p]+ < 0} (see Section 4), we obtain the following dual of Fj,

B =200v s 2] <o (13)
= Z Vvt s.t. |[ph — H2 <6, (14)

which is exactly Eq. 7. Thus, we have shown the equivalence of the primal programs Eq. 3 and Eq. 4.

4 Dual Energies

If we consider the primal energy

Eugni(z,y) = Y 0iab+> Y 07|yl subject to

S,1 s 4,711<g
T § E
st y yg y Ls € A
Jig<t Jig>1

(15)

the dual energy is given by

tight-1(P) me{dlvpﬂr@’} > > Il —pllla <07},

s 4,711<g

Note that we have redundant constraints on the primal variables y% € [~1,1] x [—1,1] (since z¢ € [0,1]).
One could compute the dual of 6% ||y¥ |2 +2{||y% || < 1}, but because of its radial symmetry the constraint
ly7]]2 < /2 seems to be more appropriate. Via

(2 Olz| + 10,5 (2)" (y) = max {ay — flzf} = Bmax{0,]y| - 6}

and the radial symmetry of terms in % we obtain for the full dual energy in this setting

tight-11 (P Zmln{dlvpé+91}+z > V2min{0,67 — |lpl —plll2}.

s 1,519<]g

The first term in ¢ 11, >, min;{divp’ + 6%}, can also be replaced by penalty terms: if we move the

normalization constraint ) 2l =1 to the linear constraints and introduce a respective Lagrange multiplier
qs, we obtain via

(l’ = 0x + 19,4 (17))* (y) =y — 0]+ and
(Z{I:Az:b})*(y) = Zim(AT)(y) + bT)‘ for Y= AT)‘

the dual energy in p’ and g,:

Elignem (P g qu +Z divpl + 60, —qs] +>_ > vV2min {0,607 — |p} - pil2},  (16)

s 1,7:4<7g



5 Proof of Observation 1

This section shows that for graph-based MRFs with truncated smoothness costs a compact representation
is equivalent to the full one. We have the full model,

FErn = Z 9;%‘; + Z Z 9”%?,5

(s,t)EE 1,]

=S e+ S| Y e Y Al (17)

(s,t)e€ \i,j:li—j|<T i,5:li—j| =T

subject to the marginalization constraints > 2% =zt and Y, 2% = xi. We assume %9 = 0* for |i — j| > T
(where T is the truncation point) and 67 < 6*. The reduced program reads as

Bea=Y 0w+ Y [ X o0l T3l et (18)

LN (s,t)e€ \i,j:li—j|<T i
with the slightly different marginalization constraints
i ij ix i ij %5
Ty = g T+ Ty and xy = E T+ Ty
4,j:li—j|<T 4,5:li—j|<T

If we have a minimizer of Ey,);, we can easily construct a solution of E,..q with the same overall objective by
setting

dh= Y @q ad  wl= Y al
jili—j1>T itli—j|>T
since the pairwise truncated smoothness costs are the same
i i O 5 _ 0" i 0" i _ pr ij
5 TS SRS SID DIE-F1S DID DEF VNS DT SEIT)
i J i jili—j|>T Joasli—g|>T 4,g:li—4 2T

If we have a minimizer x of E..q, we have to construct a solution & of Fg,; with the same objective. We set
and Y =ay Vi, g li—j] <T.
Determining :L‘?t for 4,5 : |i — j| > T is more difficult. In the following we consider a particular edge

st and omit the subscript. We use the north-west corner rule-like to assign #% for i,j : |i — j| > T:

Zf*j — l,*j
while some £% is not assigned do
Choose ¢ and j (with |¢ — j| > T') such that &% is not assigned

39 — min{z*, 799} (# >0}
fi* - ,fi* _ i‘ij {ji* Z O}
T3 —3u {z* >0}

{‘TZQ = Zj:(i,j) assigned &+ EZ*}

{‘Tg = Zi:(i,j) assigned T+ j*j}
end while



The updates ensure that %, ** and Z*7 stay non-negative and that the following modified marginalization
constraints are still satisfied after each iteration:

:%é _ Z 79 4 Z N L Zi,z] 4z
J

i,:|i—j|<T jili—=j|>T
= E T+ E 0+ 3 = E T+ 3z,
ili—j|<T i:|i—j|>T i

We show that all z* and z*7 are 0 after termination of this algorithm. First, it cannot be that z* > 0 and
2*7 > 0 for some i and j: if this is the case for 4, j : |i—j| < T, we can increase 2% and simultaneously strictly
lowering the overall smoothness cost, thus contradicting that our initial solution was optimal. If z* > 0 and
7*9 > 0 for some 4,5 : |i — j| > T, this contradicts the instructions (£¥ « min{z™*, 7%/}, 7 « 7 — 39,
7 «— 7% — $Y) in the algorithm above, which sets one of Z* or Z*7 to zero. W.l.o.g. some of the Z** are
strictly greater than 0, but all 2*/ are 0. We have

1=l =) Y dv+z* =) a+a* =1+2",
i i j

which is a contradiction. Hence all ** and Z*/ have to be 0 at the end of the algorithm. We further have

g 9 =™ and g Y =g

J:li—j|=T i:li—j|>T

and the pairwise smoothness costs are the same for x and Z (similar to Eq. 19) and both overall objectives
for Eri(Z) and Eyeq(z) coincide. Thus, we have proved Observation 1.

6 Proof of Observation 2

We show that if we are given an optimal primal/dual solution pair generated by the refinement procedure
satisfying the assumption stated in the observation, a primal-dual pair of optimality certificates can be
constructed for the tight model, Eyigns.

Note that the only difference between the dual of the tight model,

IOEDY) min{divp] + 0} st Ip% = pill2 < 67, (20)

and the weaker model for truncated costs,

Ef(p) = Zmin{divpi +0.} (21)
s.t. |lph — plll2 < 6% Vs, Vi, j:li—j| < T
Ipi|l < 0% /2 Vs, i,

is the set of constraints. We assume that 6% = 6* of |i — j| > T in Eq. 20 and that 6* > 6% since we
consider truncated smoothness cost. Consequently we have that the constraints in Eq. 21 are a superset of
those in Eq. 20, due to |[p%| < 6*/2 implies |[pt — p?|| < 6*. The essential fact to prove observation 2 is,
that if only two phase transitions are active, i.e. yi1* # 0 and y%* # 0 for some i; and iy, it must hold

S S

that y1* = —y®* (the boundary normal of the entering phase must be opposite to the one of the leaving

phase). This can be easily seen and is intuitive for the Potts smoothness cost. Extending that fact to general



truncated smoothness priors can be seen as follows:

0=V) ai=) Vai=> | > yl'= > -

% Ju—T<j<i ju<j<i+T
_ E i § : i i1% 1ok
- Ys — Ys —Ys —Ys
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_ E ij E i i1 % Go%
- Ys — Ys —Ys —Ys
i,jii<j<i+T i,jii<j<it+T
— 1% i3
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Note that from the normalization constraint, >,z = 1, it follows that V), 2% = 0. Further, by assumption
we have y%* = 0 for i # iy,42. First order optimality conditions y%* € ou{||—pill2 < 6*/2} (i.e. yu* oc —pht
and y%* oc —p®2) imply that pit = —p2. Together with ||pit|| = |[p%2| = 6*/2 we obtain ||p — p%2| = 6*.

In the following we assume i; < 42 w.l.o.g. Given now the primal solution obtained from the refinement
approach, we construct a feasible primal solution for the tight energy, i.e. we have to determine y% for
i,j : i —j| > T. We set in this case y’1®? = yi1* and y¥ = 0 for 4,5 : |i — j| > T otherwise. It can be
easily checked that this choice for y%/ satisfies the marginalization constraints, i.e. one half of the optimality
conditions. The dual variables p are a certificate for optimality, since y?1%2 # 0 implies |[p% — piz| = 6* (i.e.
the inequality constraint is tight), and for 4,5 : |i — j| > T we have y¥ = 0 and ||p% — pZ|| < 6*. Overall,
the other half of optimality conditions, y% # 0 = ||p. — p’| = 6", and we have shown optimality of the
constructed solution with respect to the tight energy Fignt.

7 Notes on smoothing-based optimization
7.1 A smooth version of 1h%(z) = v2[| z[]s — 6]+
By construction we know that the convex conjugate of h? is given by
(h%)* (@) = Ollz]l2 +oflz]| < V2}.
Thus, a smooth version of h? is the convex conjugate of
(h2)*(z) = Ollell2 + ofllz]]2 < V2} + %Hfﬂll%
Consequently,

€
Ro(z) = max x7z— 0|z — =|z|3.
2= max aTe el — 5ol

If we fix ||z||, then an z colinear with z is maximizing the expression, hence we can reduce the problem by
restricting x to be x = cz for some ¢ > 0. Hence, the above maximization problem is equivalent to

0 &
Wl(z)= max _cfz|3 = ezl — 523

c2>0:¢c|z]|2<V2

We have h?(0) = 0, and in the following we assume z # 0, i.e. ||z||2 > 0. We have to analyze three cases:

e c € (0,v/2/||z]|2): First order conditions on ¢ yield

!
1213 = Ollz]l2 — eclll3 = 0



i.e.

NE

1 2
d nl(z) = — —0
D an 2(2) = 52 Izl ~ )
in this case. Note that ¢ > 0 if ||z]|2 > 6.

e ¢ =0: This case is effective if ||z||2 < 6, and in this case we have

he(z) =0
e ¢ =1/2/||z||l2: In this case we obtain
h(2) = V2(||z]2 — 0) —e.
This case is in effect if ¢ = 12220 > ﬁ, ie. ||z]| > 60+ V2e.

Overall we obtain the smooth version of h? as stated in the main text.

7.2 Bound on the operator norm of A

To get the Lipschitz constant we again look at the A matrix and get an upper bound for ||A|s via ||A[]2 <
|A|l1]|Al|so- Note that ||Al|; is the maximum absolute column sum, and || A/« is the maximum absolute row
sum. The columns of A are indexed by the unknowns ((p’)1, (p?)2 and g,), and the rows of A correspond to
the terms in EYj,,, 1y (or its smooth version),

Efigni i (P g Zqﬁz divpl +6, —q]_+>_ > vV2min {0,609 — ||pi = plll2}-

s 4,7:1<7J

Since all occurrences of p% and gs have a +1 or —1 coefficient, it is sufficient to just count the occurrences of
each variable. Since at most 5 variables appear in one term (rows corresponding to div p% + 0% — qs] ), we
have ||Alloc = 5. ¢ appears in L + 1 terms (in ¢ and in Y, [divp} 4+ 02 — ¢,] ), and e.g. (p’); occurs also
at most in L + 1 terms (in the divergence terms with respect to s and s — (1,0) and in L — 1 expressions
Digi<i V2min {0,60% — ||pi — pZ|2}), hence |[Al|; = L + 1. Overall we have the bound ||A||3 < 5(L + 1).

7.3 Extracting the primal solution from the smooth dual

We recall the smooth dual energy and indicate the correspondence between the terms in the dual energy and
the respective primal variable,

Etlght 111, a(p7 ) E —(s + E - lep; - 9;]4_ e + E E : hg” (pg - pg) . (22)
s 1,70<] 5 ij
Lyi =Ys

First order optimality conditions require that the corresponding primal unknowns are given by

, d

st = a [Z - 0;] +’€|z:qs*diVPi

and

yd = V.l (2)]

z=pi—pl’

This allows to obtain primal estimates for iterative dual optimization methods, but the marginalization
constraints between x4 and y, will be only fulfilled after convergence.
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Figure 1: Energy evolution and distance to the final solution for the Tsukuba stereo pair.

8 Numerical Convergence and Visual Comparison Between Eijgnt

We use the standard Tsukuba stereo pair for illustration. The data term (unary potential) is

A (@) = Iz + d)|
ce{R,G,B}

In Fig. 1 the evolution of the energies and of the distance to a converged solution is depicted (with A = 20 and
the Potts smoothness prior). The graphs are shown for direct optimization of the full model Eq. 3 and for
the iterative refinement method (Section 4.1 in the main submission). Although there is very little difference
in the visual results after a few 100 iterations, numerical convergence is slow (as usual for first-order methods
applied on non-strict convex problems). Fig. 2 illustrates the visual difference between the tight and the
efficient model for truncated linear smoothness costs. The values of A are varying for the different truncation
values in order to have roughly the same visual appearance. In real situations the difference between the
tight and the efficient relaxations are smaller than for the triple junction inpainting example (due to the
presence of the unary data term).



Figure 2: Visual comparison between the efficient and the tight relaxation. Top row: FEf.g, bottom row:
Eyigne. 1st column: Potts model, A = 5. 2nd column: truncated linear with truncation at 2, A = 10. 3rd
column: truncated linear with truncation at 4, A = 15.
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