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FEM and Sparse Linear System Solving
L Survey on lecture
Y

Survey on lecture

» The finite element method

» Direct solvers for sparse systems
> lterative solvers for sparse systems

» Stationary iterative methods, preconditioning
Steepest descent and conjugate gradient methods
Krylov space methods, GMRES, MINRES
Incomplete factorization preconditioning
Multigrid preconditioning

Indefinite problems

vV vy vy VvVYy

FEM & sparse linear system solving, Lecture 8, Nov 10, 2017

2/54



FEM and Sparse Linear System Solving

LSurvey on lecture

Today's topic
Today, we restrict ourselves to symmetric positive definite (SPD)
problems.
1. Steepest descent minimization of the energy norm
2. Conjugate gradient minimization of the energy norm

3. Chebysheyv iteration
Literature

> O. Axelsson & V.A. Barker, Finite element solution of
boundary value problems, Academic Press, 1984.
Also: SIAM classics in applied mathematics, 2001

» Saad: [terative methods for sparse linear systems, SIAM, 2nd
edition, 2003. Available from
http://www-users.cs.umn.edu/~saad/books.html
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FEM and Sparse Linear System Solving

LEnergy norm minimization

Energy norm minimization
Theorem: For Ax = b, with A SPD, consider for a real constant
the functional i
o(x) = EXTAX —x"h+~.
> ¢ is continuously differentiable, with
grad p(x) = Ax — b = —r(x).
> If v := 3bTA=1b (our choice), then

o(x) = 5(Ax — b)T A (Ax — b) = _ ()
= %(x — A7'b)TA(x — A"b)
= 20— x)TAGx—x) = Slle()

> Notice that our choice of v makes the minimum of ¢ zero.
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FEM and Sparse Linear System Solving

LEnergy norm minimization

Energy norm minimization (cont.)

> ¢ has a unique minimum satisfying r(x) =0 < x = A~!b.
» Let A= UAUT be the spectral decomposition of A. Then

~ k 1 * * 1
B(2) 1= p(Uz +x7) = | Uz +x* = x4 = 5| Uzll3

1 1 1
=2zTUTAUz = 5zT/\z = 2ZIA;Z,2.

2
AX;
Zz
7 Level surfaces (n = 2) of a
quadratic functional ¢ with a
spd A.

P X
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FEM and Sparse Linear System Solving
LSteepest descent

Descent directions

Definition: Suppose that for a functional ¢ and vectors x, d there
is a o such that

o(x + ad) < p(x), 0<a<ap.

Then, d is a descent direction for ¢ at x.

For our quadratic functional we have
o(x +ad) = o(x) —ar(x )Td+ dTAd

Therefore, d is a descent direction if it has a positive component
in direction of —grad ¢(x) = r(x).
The descent is steepest if d is aligned with r.
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FEM and Sparse Linear System Solving
LSteepest descent

Local steepest descent minimization of ¢

Let x, be an approximation of x*. We want to improve x; in the
steepest descent direction.

Xk41 = Xk — akgrad go(xk) = X) + aprg

We choose ay such that ¢(xk1) is minimized (‘local line search’).
From

20(xk+1) = lexs1la = (x* = xir1) TAGX" = xich1)

= (X>‘< — XK — akrk)TA(x* — Xi — akrk)

2 T 2T
= |lex||a — 2akr re + aire Arg, Aex = r,
it follows that
. T
do(ok; Xi, i) 1 r, rg
AT Ly o =
dag rl Ar
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LSteepest descent
LThe method

Steepest descent algorithm

Choose xp.
Set ry = b — Axp and qg = Any.
k:=0.

until convergence do
oy = rkTrk/rkqu.
Xp41 1= X + k.
41 = g — Qpq.
Compute i1 = Aryq.
k:=k+1.

end do

This is very memory efficient, but how fast is the convergence?
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FEM and Sparse Linear System Solving
LSteepest descent

L Convergence

Convergence of steepest descent

Lemma: (Kantorovich inequality) Let A be any real SPD matrix
and Amin, Amax its smallest and largest eigenvalues. Then

(XTAX)(XTA_IX) < ()\max + >\min)2

(xTx)2 S A for all x # 0.
For a proof see Saad, p. 138.
Remark: From this we have
(XTX)2 4>\max)\min

>
(XTAX)(XTA_lx) B ()\max + )\min)2

and therefore

(XTX)2 1 4')\max)\min o (Amax — )\min)z

<
(XTAX)(XTA_IX) o ()\max + )\min)z (Amax + )\min)2
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FEM and Sparse Linear System Solving
LSteepest descent

L Convergence

Convergence of steepest descent (cont.)

Theorem: For the errors e, = x* — x; in steepest descent we have

)\max - )\min
er1lla < —————leklla.
lecsalla < T ey
Proof.
lexi1lla = el 1A et =l A ra (Aekt1 = ricy1)

= (rk — akArk)TA_l (rk — akArk)

=r/ A7 — s A)%re

_ r, L
= 1A n = (r ) r] A, (= 177,)
k
T 2
T a—1 (’k re)
=r' A 1— ]
Tk ’k( (rTAR)(rTA rk))
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FEM and Sparse Linear System Solving
LSteepest descent

L Convergence

Convergence of steepest descent (cont.)

From the theorem we have

leesala < AL o, < (EA VT
~ Kk(A)+1 ~\k(A)+1

» We always have convergence; but it can be very slow if
k(A) > 1. Then the contour ellipsoids are very elongated ,
that is stretched or squished <= some eigenvalues of A are
much smaller/larger than others.

» Steepest descent minimizes ¢ only locally (greedy algorithm).
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LSteepest descent

L Convergence

Slow convergence of steepest descent method

Picture: Martin Gutknecht
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FEM and Sparse Linear System Solving
LSteepest descent

L Convergence

lteration steps
How many iteration steps p = p(¢) are needed such that
leplla < elleol[a?
We write
1 (14+1/k(A)\"
e \1-1/k(A)

Taking logarithms and using
log[(1+s)/(L —s)] =2(s+s3/3+---) we get

k(A) log(1/e).

N =

p(e) ~
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Preconditioning steepest descent

Let M be SPD with Cholesky factorization M = LLT
Standard: instead of solving Ax = b, apply steepest descent to the
SPD problem

LA Ty =17, LT Ty=x

The above equation is obtained as follows: Since M~! = L=T L1 we have
M7 Ax=Mb<= L "L 'Ax=L"TL"'b
— ['Ax=L"'h
= L'AL"TLTx=L"'b
— L'AL Ty = L', y=1L"x.
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Preconditioning steepest descent (cont.)

Clever: replace all Euclidean inner products by M-inner product
(x,¥)m = xT My and solve system M~*Ax = M~1b.

Note: M~'A is SPD with respect to the M-inner product
(x, M Ay = x"M(M~Ay) = xT Ay
=x"AM~*My = (M~1Ax)" My
= (M_le7y>M
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Preconditioning steepest descent (cont.)
So, we can apply the steepest descent algorithm to
M~1Ax = M~1b

and replace the ordinary Euklidian inner product with the M-inner
product.

We want to retain the notation r, = b — Axy for the residual that we
actually care for. We define additionally the preconditioned residual by

zy = M_lrk = M_l(b — AXk).
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Preconditioning steepest descent (cont.)
So, in the steepest descent algorithm we simply have to replace
» Aby M71A,
> re by z, and
» Euklidian inner products by M-inner products.

So, qx = M~ 1Az, and

zIMz,  zln.  zZln

ag = = =k
z'Mqx  z]Az. z] g«

with 6k = Az.

We actually do not need the auxiliary vectors gx but only the qy.
Therefore, we omit the tilde in the following algorithm.
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Preconditioned steepest descent algorithm

Choose xg.
Set rg = b — Axp. Solve Mzy = ry. Set gy = Az.
k:=0.

until convergence do
Qi = szrk/szqk.
Xk+1 = X + o Zg.
Fi+1 = e — Qe Q.
Solve Mz, 1 = ri. 1.
Compute qx+1 = AZky1.
k:=k+1.

end do

Per iteration step we have to multiply a vector by A and solve a
linear system with M.
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FEM and Sparse Linear System Solving
LSteepest descent
L Preconditioning

Convergence of the Preconditioned Steepest Descent
Algorithm

We can easily adapt the convergence theorem to obtain

k(M~1A) —1
lextilla < (m) [exl|a-

(Notice that a direct translation of norms gives
el M(M~1Ae) = e/ Aex = |exll3.)

The preconditioner M again has the function to reduce the
condition of the original system matrix A.
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
L The method

The conjugate gradient (cg) method

Problem: Solve Ax = b with symmetric positive definite (spd) A.

The steepest descent algorithm is a greedy algorithm. It solves the
problem of minimization of ¢ only locally.

cg is also a descent method: In each iteration step we look for the
minimum of ¢ along a line xx + apk. Here, xi is the current
approximation of the solution x* and py is the search direction.

In order that the method is a descent method, p, has to have a
component in the direction of the residual ry = r(xx), meaning

p,;rrk > 0.

FEM & sparse linear system solving, Lecture 8, Nov 10, 2017 20/54



FEM and Sparse Linear System Solving
LThe conjugate gradient (cg) method
\—The method

We determine

’Xk+1 = Xk + QkPk (1)

such that ¢(xx41) is minimal. As

1
O(Xks1) = arpl Axi + Ea,z(kaApk — aypy b+ const

is a quadratic polynomial in ay with positive second derivative, its
minimum is unique.

1 Op(x
0= gi:) = py{ (Axk — b) + akp{ Apk = —p/ rc + cwpy Apx.
Thus -
Py
= —F— (2)
P/ Api
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FEM and Sparse Linear System Solving
LThe conjugate gradient (cg) method
\—The method

The residual can be computed recursively,

’ rei1 = b — Axpy1 = b — Axi — akApk = r — akApk ‘ (3)

Notice that Apy is needed already in the computation of ay in (2).
Multiplying (3) by p/] gives

2
Pl reis = pl e — ] Apk 2 0. (4)

That is, the new residual is orthogonal to the previous search
direction. This was true already with the steepest descent method.
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
L The method

How should we choose the p,?

Method of steepest descent: py = —grad p(xx) = r.
This choice leads to slow convergence if p(x) form long narrow
ellipsoids (i.e. if A has a big condition number).

We set
Po—="n (:b ifX():O).

(as we do not have anything better) and
Pk = rk + Bk—1Pk—1, k=1,2,... (5)

This makes py a descent direction independent of the choice of

Bk—1 because (4) implies r,;rpk © rkTrk > 0.
(Steepest descent: Sx_1 = 0.)
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FEM and Sparse Linear System Solving
LThe conjugate gradient (cg) method
\—The method

|lr|| -1 over some k dimensional subspace of R".

Strategy for determining Bx—_1: Minimize error ||x — x*||a =

3
We have n (:) ry — apApo = rp — apAn.

3
r ® rn — a1Apy

5

e ri — a1A(r + Bopo)

3

(:) (l’o — OzoAl’o) — alA(ro — OéoAl’o) — OélﬁoAro

=r — (ao + a1 + Oélﬂo)Aro + aoa1A2r0

: k—1
re=r + u(lk)Arg + ,ugk)Azro +---+ ﬂg(k)Akl’o, ,us(k) =+ H Q; 7£ 0.

So, r, is element in a k-dimensional affine subspace.

FEM & sparse linear system solving, Lecture 8, Nov 10, 2017

Jj=0

24/54



FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
LThe method

Let Sx = span{Ary, A%y, ..., Akry} be a k-dim. subspace of R”.
Let Tk =r0+Sk={reR"\r=r+h he S}
Then r, € Ty.

Theorem: If we impose the condition

I7illa-s = min [[r[la-

reTy
then .
/Bk — _rk-i-lApk.
P/ Api
Furthermore,
rlrn=0 k#L (6)
PLAPL =0,  k#L (7)
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
LThe method

Proof: re Ty=nrnn+Sx — r=rn+h, he S

[rill a2 = llro + hylla-2 = min [[ro + hl| 4
heS,

Interpretation: To have small norm, hy must be close to —ry.
Let h, be the projection of —ry onto Si.

Note that the projection is with the A~1 inner product.
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
LThe method

ro + hy is A~l-orthogonal on Sy

= (ro + hk)TA_lh =0, Vh € §,.

Let r € Ty_1. Then h:= Ar € 5.

— (ro + hk)TA_lAr =nr,r =0, Vre Ty 1.

From this we have (6) since r; € Ty C Ty for all £ < k.
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FEM and Sparse Linear System Solving
LThe conjugate gradient (cg) method
\—The method

We now want to establish (7). Let ¢ < k. Then

3
pl Ap = (Ap)Tp & —ap M (r1 — ) T pe
= —a; (1 — )T (o + Be—1pe-1)
)

= —a B 1(reer — ) T pe-1

Hence, by induction,

-1
T -1 T (6)
Apy = —« f re1—r = 0.
P, APy B (H)ﬁ) (res1 — 1) I:o
0

—

Now, the value of Gx_1 follows by setting ¢ = k — 1:

|
0= p] 1Apk = p_1A(rk + Br—1Pk—1)
Pi_1ATK
Pl 1 APk-1
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
LThe method

The rest is cosmetics. We want to get nicer expressions for some of
the quantities involved.

Multiplying (5) by r,;’— gives

T T T
ry Px =t te + Bk—1rg Pr—1-

4)

Yo
Thus,
_ pl;rrk _ rlz-rk _ ||rk||2 0 8
Ok = —F =7 =T > V. (8)
P APk P APk P AP
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FEM and Sparse Linear System Solving
L The conjugate gradient (cg) method
LThe method

Furthermore, we have

€) 1 © |l
"kT+1APk = ’l;r+1 (a_k(’k - ’k+1)) = —u-

Q
Thus,
By = _’kTJ;lApk _nall® @ el
Pl Apx kP Apk [[ric]|?
whence
Be="LRE =i (9)
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FEM and Sparse Linear System Solving
LThe conjugate gradient (cg) method
\—The method

Algorithm CG

The conjugate gradient algorithm thus becomes

Choose xg, set po = ro = b — Axp and po = |03
for k=0,1,... do

Gk = Apx.

ok =rl r/plax.

Xk+1 = Xk + QxPk.

Fe+1 = e — gk

prt1 = llresll3-

if P41 < € exit.

Bk = pr+1/Pk-
Pi+1 = rky1 + BrPr.
endfor

Remark: Here we used the auxiliary vector q, = Apy.
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L The conjugate gradient (cg) method

L Convergence

Finite termination property

Theorem: The cg method
applied to a spd n-by-n matrix
A finds the solution after at
most n iteration steps.

Proof. Direct consequence
of (6).
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FEM and Sparse Linear System Solving
Llntermezzo: Chebyshev polynomials
LDefiniticm and properties

Intermezzo: Chebyshev polynomials

» Family of orthogonal polynomials on [—1, 1] with respect to

weight function
1

V1—x2

w(x) =
> Define
Tj(x) = cos(j arccos(x)) = cos(jv}), x = cos(V).

» Clearly, the larger j the more oscillatory T;.
» Orthogonality:
1 07 .j # k7
| T T de = 15 = k>0,
7r
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Llntermezzo: Chebyshev polynomials
LDefiniticm and properties

Intermezzo: Chebyshev polynomials (cont.)
» Simple 3-term recurrence relation!
To(x) =1, T1(x) = x,
Tia(x) = 2xTj(0) — Tialx),  j21

» Polynomials satisfy | T;(x)| < 1, -1<x<1L

= To(x) == Ti(x) == To(x) == T3(x) = Ta(x) i
‘ Chebyshev polynomials
To,.., Ts
in interval [—1,1]

b Source:https://en.
o wikipedia.org/wiki/
Chebyshev_polynomials

-1.0 -05 0.0 05 1.0

'Remember: cos(j + 1)# + cos(j — 1)9 = 2 cos ¥ cos ji
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I—Intermezzcb: Chebyshev polynomials

LDefinition and properties

Intermezzo: Chebyshev polynomials (cont.)

Extrema of T are cos (ja/7),j=0,..., 7
0
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FEM and Sparse Linear System Solving
LIntermezzo: Chebyshev polynomials
LDefinition and properties

Intermezzo: Chebyshev polynomials (cont.)

Theorem (Chebyshev polynomials)

Of all polynomials p € P, with a coefficient 1 in the highest (x")
term the Chebyshev polynomial T,(x)/2"~1 has the smallest
maximum norm in the interval [—1,1].

Theorem (Chebyshev polynomials on interval (¢, 3))
Let (a, B) C R be nonempty and let v € R be outside [c, B]. Then,

min max X
PEPA,p(7)=1 a<X<ﬁ|p( )

is attained by the shifted Chebyshev polynomial

. To(1+2570)
)= 5
Ta(1+23=2)
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FEM and Sparse Linear System Solving
ntermezzo: Chebyshev polynomials
L Chebyshev polynomial
LShif'ted Chebyshev polynomials
:

Shifted Chebyshev polynomials

Let us now look at shifted Chebyshev polynomials py that
correspond to the interval [A1, A,] instead of [—1,1].

We assume that 0 < A; and normalize the polynomials: p,(0) = 1.
We define the map

AM+A—2

A
AL, An] 2 A — x = P € [-1,1].

and

A1+ Ap A=A\ - B )
9 5 s 0= 5 s O'kzpk(O)—Tk<5)

3-term recurrence for o's
Uk+1:2go'k_0k—1; oo =1, o1= 5 (10)
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ntermezzo: Chebyshev polynomials

L Chebyshev polynomial
LShif'ted Chebyshev polynomials

Three-term recurrence for py

Then,

Ok

O T = O RS RO

The 3-term recurrence for py's is given by

1
Pr+1(A) =

Ok+1
1

Ok+1 |

Ok

Ok+1 L

(= A [9— A 9 -\
2 (5) - (5]

D
2 okpi(A) — Uk—lpk—l(/\)]

9 —A

2— Pk()‘)_ag_;lpk—l(A)]'
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Llntermezzo: Chebyshev polynomials
LShif'ted Chebyshev polynomials

Three-term recurrence for py (cont.)
Defining
pe= K k=12,
Ok+1

The 3-term recurrence (10) for the o's gives

1

pr = 5—————.
201 — pk-1

The 3-term recurrence for pi's then becomes

Pr+1(N) = pk [2 (01 - %) Pi(A) = pr—1Pk—1(N)|

A

po(N) =1, p(A)=1-5.
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FEM and Sparse Linear System Solving
LCG convergence

Convergence of CG

Convergence rate:

VE(A) -1 “ (11)
V(A +1)

The number of iterations p(e) to reduce the error ||x — xi||a by a
factor ¢ is

[x — xklla < [|x — xolla <

p(e) ~ 5 /(A log(2/).

This is in general a huge reduction in comparison with steepest
descent.
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LCG convergence

Convergence of CG (cont.)

Irlla-s = min L4
A typical element of T has the form
k .
r=ry+ ZMJAJro = pk(A)n,
j=1

where p, € P} is a polynomial of degree k normalized such that
pk(0) = 1. So,

Irlla-s = min [[pe(A)rolla-r = min [ry” A~ pi(A)ro] /2.
PkePk PkGPk
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L CG convergence

Convergence of CG (cont.)

Let again A= UAUT be the spectral decomposition of A and let
z=U"r. Then

il a1 = min, [rd A7 pk(A) ]2 = min >~ 220 pi(Ai)°
Pk k

If |pk(Ai)| < M for all eigenvalues \; then

n 1/2
1%k = x7[|a = l[rl[a-r <M (ZZ?A;_1> = M|rof[ a1
i=1

To get at a value for M, we now select a set S that contains all
the eigenvalues and seek a polynomial px(\) such that
M = maxyes | pk(A)| is small.
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LCG convergence

Convergence of CG (cont.)
It is straightforward to set S = [A1, An] = [Amin, Amax]. Then we
look for a polynomial px(\) with the property that

5i(A)] = mi Al
amax [Pe(M) it max k()

The solution to this problem is known to be the shifted Chebyshev
polynomial of degree k

Ti((An + A1 = 2X0)/(An — A1)
Ti((An + A1)/ (A — A1)

that increases rapidly outside the interval S. We have that

Pr(A) =

1
5.\ = — —
W22, P = ey
n—Al
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LCG convergence

Convergence of CG (cont.)
From a particular representation of Chebyshev polynomials one
obtains (see Saad, p. 204f)
1 . 1 . An + )\1
Tk(i:%i\\i) Tk(n) 7 An— A1

k
1 k
<2 ————=] =(n-Vin*-1
<n+ /772+1> ( >
IS YED Y NN
N A — M1
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LCG convergence

Representative values for Ty(1 + 27)

[~ | 10* | 10° [ 102 [ 10! |
Tio(1+27) 1.02 1.21 3.75 252
T100(1 + 27) 3.76 2.79-10% | 2.35-10% | 5.34-10%
Taoo(1 + 27) 27.3 1.55-10° | 1.10-10'7 | 5.71-10%
T1000(1 4+ 27) || 2.43-108 | 1.45-10%7 | 2.59-108 | 9.72 . 10%%°

LA W

An+ A1 An— A1+ 2\ 2\

YD VIS W W oD
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LCG convergence

L Preconditioning

Preconditioning CG with SPD M

As with steepest descent we apply the conjugate gradient
algorithm to the SPD problem

M 1Ax = M~ 1b

and replace the ordinary Euklidian inner product with the M-inner
product.

Here is how the crucial equations (1), (3), (8), and (9) change. On
the left are the formulae with the straightforward changements, on
the right you see how we actually use them.

Xk11 = Xk + QP = Xpr1 = Xk + Py unchanged
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LCG convergence

L Preconditioning

Preconditioning CG with SPD M (cont.)

We want to retain the notation r, = b — Axy for the residual that
we actually care for, so we define the
preconditioned residual by z, = M~ 1r,.

-1
Zi41 = 2z — oM™ Ap = r 1 = e — o Apy,

z,;r Mz, rszk

Q= —F+——— — Q) = ——
p} MM~ Apy P/ Api

T T
Pk = Zx Mzy = px = zy

Notice that there is just one additional set of vectors, {zx}.

FEM & sparse linear system solving, Lecture 8, Nov 10, 2017 47/54



FEM and Sparse Linear System Solving
LCG convergence
L Preconditioning

Algorithm PCG

Choose xg, set rp = b — Axp. Solve Mzy = ry. po = 2§ ry. Set po = 2.
for k=0,1,... do

qx = APx.

g = Zkak/PkTQk-

Xkt+1 = Xk + Ok Pk-

Fe+1 = e — Q.

Solve Mz 1 = riy1.

Pk+1 = Z;Z—+1fk+1-

if pre1 < € exit.

Bk = pr+1/Pk-
Pi+1 = Zks1 + PP
endfor

There is one new statement in the algorithm in which the
preconditioned residual z, is computed.
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Chebyshev iteration

» In each iteration step, CG determines x, such that
llexlla = ||x* — xk|la or ||rk||a-1 is minimized in some
k-dimensional subspace of R".

> In the proof of convergence we employ Chebyshev polynomials
to establish some upper bounds for ||rg|[4-1,

1
r a1 < M|lrgl| a- M = ok (N)| = —~——
Iilas < Milro]Las, 85, B = s
where

Be(A) = Ti((An + A1 —2X0) /(A — A1)
Tk((An + A1)/ (An = A1)
is the shifted Chebyshev polynomial of degree k corresponding

to the interval [A1, A5] normalized such that p,(0) = 1.
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Chebyshev iteration (cont.)

» The upper bound is “realistic”. Therefore it seems to be
natural to define the Chebyshev iteration such that

r. = pr(A)r, k > 0.

> Because of the 3-term recurrence for Chebyshev polynomials,
this iteration can be executed efficiently.

» Why should this be useful? CG gives the best we can hope for.
We can avoid computing the coefficients o and (i at the
expense of upper/lower bounds for the spectrum.

» The computation of ay and Sy requires inner products which
may be costly (in particular in a parallel computation).

» Bounds for |px(A)| independent of ry.
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Chebyshev iteration (cont.)

How do we get at x,?
Try to find a recurrence relation for x.

re = pk(A)ro, pc ]P)/k <~ pk()\) =1+ )\Sk()\), s€ePr_q.
So,
rer1 — te = Alexr — ) = —A(xk1 — k), € =x" — x;.

= Per1(A) = Pe(A) = =A(sk41(A) = sk(A))-
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Chebyshev iteration (cont.)

Using the 3-term recurrence for the py's and 1 = pi (201 — pi—1)
(see slide 37) gives

Pr+1(A) = Pk(A) = prt1(A) — pr(201 — pr—1)Pi(A)
= 00|20+ pia(pul) - pa (V)
and after division by —\
s (V) — sk (V) = [pk_l(sku) () + §pk<A)} .

Defining dx = xx4+1 — Xk with get

2
di = py [Pkldkl + gfk} :
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Algorithm: Chebyshev iteration

Choose xg, set rg 1: b — Axg; 01 = 19/5. No inner products

po =1/0o1; do = 5ro. but knowledge of

for k =0,1,... until convergence do (bounds for) A; and
Xic1 = Xk + di. A required.

rgy1 = rg — Adk.
prr1 = (201 — p) L.
di 1 = prripidic + 2p§“ ryt.

endfor

For details see Saad, Section 12.3.2.

See also
https://en.wikipedia.org/wiki/Chebyshev_iteration.
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Exercise 8:

http://people.inf.ethz.ch/arbenz/FEM17/pdfs/ex8.pdf
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