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Markov chain
= over set of proper colorings

= uniform distribution as
unique stationary distribution

" rapidly mixing

t = tmix




Single-Site Glauber Dynamics



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper




Single-Site Glauber Dynamics

update color of a random node to a random color, if proper
pick node v uniformly at random




Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random




Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random




Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢




Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1 t + 2



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1 t + 2



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1 t + 2



Single-Site Glauber Dynamics

update color of a random node to a random color, if proper

pick node v uniformly at random
pick color c uniformly at random
if none of v's neighbors has color ¢, update v’s color to ¢

t t+1 t + 2 t+3
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Centralized

[Jerrum 1995]
update a single node O(nlogn) steps q=2A+1

Decentralized

[Feng, Sun, Yi 2017]
update an independent set O(Alogn) steps q = aA fora > 2

[Feng, Sun, Yi 2017]
update all nodes O(logn) steps q=>alfora>2++2

[F., Ghaffari 2018]
update an almost independent set O(logn) steps q=alAfora> 2
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Local Glauber Dynamics

update colors of a small-degree node set to random colors, if still proper

each node v
independently marks itself with probability y € (0,1)
if marked, picks a proposal ¢, uniformly at random
if ¢, does not lead to (potential) conflicts, updates color

[F., Ghaffari 2018]

Theorem

Local Glauber converges to uniform distribution over proper g-colorings
in O(logn) stepsif g = ad for a > 2.
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If there is a coupling so that for all pairs of adjacent states
the two Markov chains started in those two states come closer together in expectation,

then the Markov chain is rapidly mixing.
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Vo

naive coupling:
" same vertex
= same color

expected number of differing nodes:

1 A
1 _E(l _E) [node v,]
+A-=-2 ghb
g [neighbors of vy]
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Centralized

[Jerrum 1995]
Single-Site Glauber

[Vigoda 2000],
[Chen, Moitra 2018],
[Delcourt, Perarnau, Postle 2018]

Decentralized

[Feng, Sun, Yi 2017]
LubyGlauber

[Feng, Sun, Yi 2017]
LocalMetropolis

[F., Ghaffari 2018]
Local Glauber

O(nlogn) steps q=2A+1

poly(n) steps q = aA fora > %

fewer colors?
O(Alogn) steps q = alfora > 2
O(logn) steps q=>alfora>2++2

almost independent set suffices
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Centralized

[Jerrum 1995]
Single-Site Glauber

[Vigoda 2000],
[Chen, Moitra 2018],
[Delcourt, Perarnau, Postle 2018]

Decentralized

[Feng, Sun, Yi 2017]
LubyGlauber

[Feng, Sun, Yi 2017]
LocalMetropolis

[F., Ghaffari 2018]
Local Glauber

Thank you!
O(nlogn) steps q=2A+1
poly(n) steps q = aA fora > %

fewer colors?
O(Alogn) steps q = alfora > 2
O(logn) steps q=>alfora>2++2

almost independent set suffices
O(logn) steps q = alAfora > 2



