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Chapter 1Introdu
tionThis 
hapter is intended to give you an idea what dis
rete optimization is, by showing youthree problems from the area. You won't see any solutions here, only dis
ussions of variousaspe
ts of the problems under 
onsideration. This is quite natural, be
ause a thoroughunderstanding of a problem is a prerequisite for a solution. Also, I want to give you a
han
e to think about how you would solve the problems, before you learn how all thewise people in history have done it.1.1 TheWarehouse Problem { From an An
ient Com-petitionThe following problem does not quite go ba
k to the Greeks or the Romans, but in 
omputers
ien
e 
ategories, it is almost as old: it 
omes from the 5. Bundeswettbewerb Informatik - 2.Runde (Germany, 1987). We are given a re
tangular warehouse of dimensions 50m�80m,partitioned into squares of 1m2 ea
h (see Figure 1.1 for a small illustrating example of size9m� 9m).
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Figure 1.1: Warehouse with obsta
les, initial robot position and goal position4



Ea
h square is either empty or 
ompletely o

upied by an obsta
le (walls, palettes,et
.). In the warehouse, we have a 
ylindri
al robot, able to move along guide rails thatseparate the squares in a grid-like fashion. What we would like to have is a program thatis able to 
ompute a fastest robot trip from any given start position (interse
tion of guiderails) to any given goal position (small 
ir
le in Figure 1.1), along the guide rails. Be
auseof the size of the robot, guide rails in
ident to an obsta
le 
annot be used. Also, there areno guide rails along the boundary of the warehouse.In addition to its 
urrent position, the robot has a forward dire
tion (N(orth), S(outh),E(ast), or W(est)) in whi
h it 
an travel. At interse
tions, it may turn and 
ontinue ina di�erent dire
tion. Here is the exa
t list of 
ontrol 
ommands the robot understands,where it needs exa
tly one se
ond to exe
ute a single 
ommand (in bra
kets you �nd thedistan
e the robot travels during exe
ution of ea
h 
ommand).Command START MOVE(x)A
tion Start moving inforward dire
tion(0.5m) Continue to movein forward dire
tion(x = 1; 2; or 3m)Pre
ondition standstill movingPost
ondition moving movingCommand STOP TURN(dir)A
tion Slow downuntil standstill(0.5m) Turn by 900 in dire
tion dir(+ = 
ounter
lo
kwise, � = 
lo
kwise)(0m)Pre
ondition moving standstillPost
ondition standstill standstillAs an example for a robot trip, 
onsider the one drawn in Figure 1.2. It takes 23se
onds, after pro
essing the following (boring) list of 
ommands. Note that we requirethe robot to be in standstill at the goal position.1. START 7. STOP 13. STOP 19. START2. STOP 8. TURN(+) 14. TURN(+) 20. STOP3. TURN(+) 9. START 15. START 21. TURN(�)4. START 10. STOP 16. MOVE(3) 22. START5. MOVE(2) 11. TURN(�) 17. STOP 23. STOP6. MOVE(2) 12. START 18. TURN(+)
5
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Figure 1.2: Robot trip of 23 se
onds1.1.1 Upper and Lower BoundsWhat is the fastest possible robot trip from start to goal position in the warehouse ofFigure 1.1? We don't know yet. What we know, however, is that the fastest trip will takeat most 23 se
onds. This is obvious, be
ause we have already found a trip of that duration,so the fastest trip 
annot take longer. We have found an upper bound for the duration ofthe fastest trip, simply by exhibiting a trip.Of 
ourse, this was just some trip and we have no reason to believe that it is the optimalone. Staring at the warehouse somewhat longer, we indeed �nd a faster trip, taking only 19se
onds (see Figure 1.3; to �nd the 
orresponding 
ommand sequen
e is straightforward).
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Figure 1.3: Robot trip of 19 se
ondsIs this an optimal trip already? At least it seems diÆ
ult to improve it on the spot, sowe get stu
k with an upper bound of 19 for the moment. Already in the original problemstatement, this trip was given as an example, together with the 
laim that this is indeeda fastest possible trip. In other words, the 
laim is that 19 is also a lower bound for theduration of the fastest trip { no trip 
an be faster. Are we going to believe this 
laim?6



In trying to prove it, we are in a mu
h more diÆ
ult situation than we were with theupper bound. For the latter, it was suÆ
ient to exhibit some trip of duration 19. Now weneed to argue that there exists no trip of duration smaller than 19. How 
an you do this,ex
ept by going through all possible trips? The situation is familiar in daily life: assumeyou have used somebody else's key but subsequently lost it in the building; now you areasked to �nd it. If you su

eed, you simply give it ba
k, but if you fail, you must arguethat you have sear
hed the whole building without any su

ess.Thus, proving existen
e (of the key in the building, or a trip that takes 19 se
onds) iseasy (on
e you have it), while proving non-existen
e (of the key in the building, or a tripthat takes less than 19 se
onds) 
an be quite diÆ
ult.This of 
ourse, does not mean that �nding the key (or a reasonably fast trip) is easy.For example, if the trip of Figure 1.3 indeed turns out to be optimal, we were simply lu
kyin �nding it, but so far we have no systemati
 way of doing this in all 
ases.Finding and proving upper and lower bounds is the key issue in dis
rete optimization,and there is a host of te
hniques to do this. Lu
kily, we don't need to go through allpossible solutions in many 
ases. It turns out that most optimization algorithms �ndoptimal solutions by going through an iterative pro
ess in whi
h better and better upperand lower bounds are proved ; as soon as the bounds 
oin
ide, an optimal solution has beendis
overed.1.1.2 A Con
rete Lower BoundUnless we have an algorithm to solve the warehouse problem, we are for
ed to �nd a lowerbound `by hand', if we want to say something about how good our upper bound is. Re
allthat we are still not sure how far the 19-se
onds-trip is from the truly fastest trip (unlesswe believe the unsubstantiated optimality 
laim by the designers of the problem). If forexample, we 
ould easily show that every trip takes at least 10 se
onds, we would knowthat the trip we have found is at most twi
e as long as the optimal one. This might notsound like a great a
hievement in this 
ase, but often reasonably good approximations ofthe optimal solution are suÆ
ient in pra
ti
e. However, the point is that we 
an only besure to have su
h a reasonably good approximation, if we have a lower bound.Here is su
h a hand-made lower bound for the warehouse problem.Theorem 1.1 If the start position has 
oordinates (i; j), with the robot pointing in dire
-tion South, the fastest trip to the goal position (k; `) with k > i; ` > j, takes at least6 + �k � i� 13 �+ �`� j � 13 �se
onds.Applied to Figure 1.1 with (i; j) = (2; 2) and (k; `) = (7; 7), we get a lower bound of 10for the duration of the fastest trip. Thus we know that the fastest trip must take between7



10 and 19 se
onds. To verify the lower bound of 19, we will use the te
hniques of the next
hapter.Proof. The robot spends at least two se
onds to START at (i; j) and to STOP at (k; `).In addition, it needs to TURN at least on
e after it has left the start position and before itrea
hes the goal position (otherwise, it 
ould only go along a straight line, never rea
hingthe goal). This requires additional STOP and START 
ommands, be
ause turning requiresa standstill. At least one more TURN is ne
essary, be
ause the robot 
annot rea
h dire
tionNorth without turning at least twi
e. This already makes for 6 se
onds in total. In orderto travel the horizontal distan
e of k� i, the robot may use a START and STOP 
ommandalready 
ounted to go 1m. The remaining (k � i � 1)m 
annot be traveled faster than ind(k � i� 1)=3e se
onds, be
ause the robot's speed per se
ond is limited to 3m. The sameapplies to the verti
al distan
e.In our example, the lower bound seems to be quite weak. However, there are s
enariosin whi
h this bound a
tually gives the exa
t duration of the fastest trip. Namely, in 
asethere are no obsta
les blo
king the L-shaped path between start and goal position drawnin Figure 1.4), it is not hard to see that the 
ommands shown to be ne
essary in thelower bound proof are also suÆ
ient to 
arry out the trip. We say that the lower bound isworst-
ase optimal, be
ause there are s
enarios in whi
h it 
annot be improved.
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Figure 1.4: Robot trip whose duration mat
hes the lower bound1.1.3 A Mathemati
al ModelIn order to solve a general instan
e of the warehouse problem (of size 50� 80), we don'twant to resort to guessing trips { we need an algorithm. The input to the algorithm mustbe a formal des
ription of the warehouse, 
omplete with obsta
les, start and goal positionsand the initial orientation of the robot. Moreover, the algorithm needs to know what theallowed moves of the robot are in any given position.Su
h a formal des
ription is also 
alled a mathemati
al model. A suitable model inthis 
ase is a dire
ted graph: the verti
es are the possible states of the robot, given by8



its 
oordinates and dire
tion. Note that the information whether the robot is moving orin standstill 
an be dedu
ed from its 
oordinates: we have standstill if and only if both
oordinates are integer. The dire
ted edges leaving a state 
orrespond to the 
ommandsthat are allowed in this state. What we need then is to �nd a shortest dire
ted path inthis graph between the start state s and some goal state t (there are four possible goalstates, di�ering in the dire
tion the robot has), see Figure 1.5.s
t

s
tFigure 1.5: Dire
ted graph and shortest dire
ted path between s and tHere is a more formal des
ription of the graph G = (V;E). The set of verti
es (possiblestates of the robot) is given byV = f(i; j; dir) j 1 � i � 49; 1 � j � 79; dir 2 fN; S;E;Wgg:Here, the meaningful values of i and j are half-integral, i.e. of the form t=2 for someinteger t. The edges are straightforward to �nd from the des
ription of the 
ommands. Letus just 
onsider what happens in 
ase of START and TURN(+). The START 
ommandgives rise to the edges(i; j; N) ! (i; j + 1=2; N); j 2 f1; : : : ; 78g;(i; j; S) ! (i; j � 1=2; S); j 2 f2; : : : ; 79g;(i; j; E) ! (i + 1=2; j; E); i 2 f1; : : : ; 48g;(i; j;W ) ! (i� 1=2; j;W ); i 2 f2; : : : ; 49g;while TURN(+) indu
es(i; j; N) ! (i; j;W ); j 2 f1; : : : ; 79g;(i; j; S) ! (i; j; O); j 2 f1; : : : ; 79g;(i; j; E) ! (i; j; N); i 2 f1; : : : ; 49g;(i; j;W ) ! (i; j; S); i 2 f1; : : : ; 49g:

9



1.2 The Ora
le of Ba
on, or How Conne
ted is theWorld?Here, we 
onsider another s
enario whi
h gives rise to the problem of �nding shortest pathsin a graph.You may have heard 
laims of the form \Any two persons in the world are 
onne
ted viaat most 5 other people". What this means is that you know someone, who knows someone,who knows someone, who knows someone, who knows someone, who knows Ms. N. Obodyfrom Grand Rapids, Mi
higan. Mathemati
ally, we are talking about the stru
ture of thegraph G whose verti
es are all the persons in the world, and there is an undire
ted edgebetween two persons if they know ea
h other. (Of 
ourse, what it means to know ea
hother has to be de�ned; it 
ould mean, for example, that there has been a handshake, oreye 
onta
t, or some 
onversation,. . . ) The above 
laim 
an then be rephrased as follows:in G, the shortest path between any two persons has length at most 6.In pra
ti
e, the 
laim 
annot be veri�ed, be
ause the graphG is not known. But there isan interesting subgraph Gmovies ofG whi
h is well understood: the verti
es are movie a
torsand a
tresses, and there is an edge between two of them if they have appeared in a 
ommonmovie. The Ora
le of Ba
on (http://www.
s.virginia.edu/ora
le/) determines theshortest path in this graph between Kevin Ba
on and any given a
tor or a
tress. Thelength of this path is the so-
alled Ba
on number of the a
tor or a
tress. As it turns out,Ba
on numbers greater than 4 are rare, meaning that Gmovies is very well-
onne
ted.It is important to note that a Ba
on number output by the ora
le is in general onlyan upper bound for the real Ba
on number, be
ause it is unlikely that the movie databasethe ora
le is based on is 
omplete. Lower bounds are harder (if not impossible) to prove,but for a di�erent reason than in the warehouse problem. In the warehouse problem, wehave 
omplete information, and I have already indi
ated that there are eÆ
ient algorithmsto 
ompute true shortest paths (and therefore best possible lower bounds). Therefore, wehave failed to 
ome up with good lower bounds, just be
ause we don't know the algorithmsyet. The Ora
le of Ba
on, of 
ourse, knows and uses these algorithms, but still it subje
tto failure be
ause of in
omplete information.For example, the ora
le 
laims that Liselotte Pulver has Ba
on number 2. The `proof'is that she appeared with George Petrie in Swiss Tour (1949), while George Petrie ap-peared with Kevin Ba
on in Planes, Trains and Automobiles (1987). Still, it is 
on
eivable(although unlikely) that Liselotte Pulver has Ba
on number 1, be
ause the database doesnot 
ontain that forgotten B-movie from 1960 in whi
h 2-year old Kevin Ba
on plays thebewit
hed son of Liselotte Pulver.Still, the fa
t in 
ommon to the warehouse problem and the Ba
on ora
le is that upperbounds 
an simply be proved by example.
10



1.3 The Perfe
t Team { Planning for SOLA 2001Suppose you have registered a team of 14 people for the SOLA-Stafette, the biggest annualrunning event in the Zuri
h area. What you still need to do is to assign ea
h member ofyour team to one of the 14 
ourses. As you have plenty of time left, you de
ide to leteverybody run all 
ourses on
e, and note the respe
tive runtimes. You end up with a tablelike 1.1.Assuming that the runtimes are reprodu
ible during the day the SOLA-Stafette takespla
e, you are looking for an assignment of people to 
ourses that minimizes the totalruntime.As before, an upper bound is easily obtained from any assignment. For example, ifyou assign the members in the order of the table (Clara is running �rst, followed by Peter,then Heidi et
.), you get a total runtime of 9 : 57 : 10, slightly below 10 hours. Again, alower bound requires some arguing. Here is an argument: no matter how the assignmentlooks like, a 
ourse 
annot be run faster than it would be run by the team member whi
his fastest on that parti
ular 
ourse. This means, if we sum up the best runtimes for all 14
ourses, we get a lower bound for the total runtime.From the table we see that Heidi is the best runner on 
ourse 1, Barbara is the beston 
ourse 2, et
. Summing up all 14 best runtimes gives a lower bound of 8 : 26 : 11. Whyisn't this exa
tly the minimal total runtime that your team 
an a
hieve? It seems to makeperfe
t sense to give every 
ourse to the team member that runs it fastest. The 
at
h isthat you would have to assign several 
ourses to the same person: for example, Johannais fastest on 
ourses 8, 10 and 14, and also Ueli and Brunhilde are the fastest runners onmore than one 
ourse. So your simple strategy does not work.There are several mathemati
al models that would make sense in this situation, but aswe have talked about graphs before, let us try to model this as a graph problem as well:the verti
es are the team members and 
ourses, and an edge 
onne
ts any member withany 
ourse. This gives a 
omplete bipartite graph. The additional feature is that ea
hedge is labeled with a 
ost value, whi
h is the runtime a
hieved by the member in runningthe 
ourse, see Figure 1.6An assignment is any set of 14 edges whi
h do not share a 
ommon endpoint. Su
ha set is also 
alled a mat
hing, and be
ause all verti
es parti
ipate in the mat
hing, itis 
alled a perfe
t mat
hing in this 
ase. The best assignment is then the 
ost-minimalperfe
t mat
hing, where the 
ost of a mat
hing is the sum of its edge 
osts.1.4 OutlookAlready in the three problems we have dis
ussed above, we have seen some 
ru
ial featuresof dis
rete optimization that we will dis
over again and again throughout the 
ourse.� Dis
rete optimization deals with problems in whi
h we have a �nite (or at least
ountable) set of possible solutions, along with an obje
tive fun
tion that assigns11



1 2 3 4 5 6 7 8 9 10 11 12 13 14Clara 0:25:42 0:58:53 0:46:27 0:31:31 1:03:53 0:59:18 0:19:33 0:36:27 0:55:07 0:47:16 1:03:12 0:35:06 0:24:04 0:32:04Peter 0:25:10 1:02:46 0:53:06 0:30:15 1:22:11 0:53:41 0:24:38 0:35:07 0:55:44 0:47:10 1:20:16 0:39:19 0:20:23 0:32:16Heidi 0:19:20 1:05:01 0:35:00 0:25:45 1:14:44 0:55:26 0:22:35 0:30:24 0:51:28 0:42:43 1:00:27 0:36:37 0:22:34 0:28:09Ueli 0:20:03 1:07:29 0:38:15 0:26:26 0:59:16 1:06:49 0:18:30 0:38:02 1:06:30 0:44:52 1:02:31 0:39:59 0:28:11 0:29:46Barbara 0:23:46 0:52:43 0:37:22 0:27:39 1:16:57 0:54:00 0:28:32 0:33:07 1:00:37 0:50:37 1:14:31 0:36:06 0:22:36 0:31:18Hans 0:19:32 1:05:12 0:32:31 0:24:29 1:11:12 0:53:59 0:25:46 0:32:04 0:59:20 0:41:53 1:18:14 0:35:27 0:32:31 0:28:13Claudia 0:27:27 1:04:49 0:34:57 0:27:26 1:02:29 1:00:56 0:19:10 0:32:37 0:56:13 0:44:38 1:01:51 0:29:48 0:21:19 0:29:12Ludovi
o 0:20:19 1:02:34 0:39:08 0:28:06 1:11:37 1:01:17 0:22:44 0:33:15 1:08:58 0:48:08 1:00:43 0:33:13 0:24:41 0:31:20Brunhilde 0:27:17 1:04:55 0:36:05 0:26:15 1:15:12 1:05:03 0:24:59 0:32:15 0:46:00 0:52:31 0:52:42 0:38:26 0:24:53 0:28:30Siegfried 0:23:11 1:06:32 0:32:22 0:30:46 1:14:10 0:53:31 0:27:06 0:32:32 0:58:15 0:49:11 1:15:41 0:33:34 0:27:19 0:32:12Bernadette 0:21:22 1:11:32 0:50:48 0:34:34 1:14:18 0:57:40 0:21:40 0:32:32 0:58:15 0:49:11 1:15:41 0:33:34 0:27:19 0:32:12Friedri
h 0:26:38 1:02:01 0:40:57 0:31:20 1:07:53 0:52:44 0:30:29 0:32:32 0:58:15 0:49:11 1:15:41 0:33:34 0:27:19 0:32:12Johanna 0:23:04 1:09:02 0:40:47 0:30:58 1:12:47 0:53:09 0:29:34 0:28:19 0:50:40 0:41:39 1:05:11 0:36:43 0:23:53 0:27:56Wilhelm 0:24:34 1:03:35 0:36:54 0:33:17 1:15:15 0:53:22 0:22:32 0:32:22 0:54:34 0:41:42 1:25:38 0:39:55 0:29:27 0:35:36

Table1.1:SOLAruntimesforallteammembersonall
ourses
12



1 : 02 : 46 0 : 58 : 53ClaraPeter
Wilhelm

12
14� � �0 : 25 : 10 0 : 25 : 42

0 : 35 : 36Figure 1.6: The SOLA graphsome value to every solution. The goal is to �nd the solution with smallest (orlargest) obje
tive fun
tion value.In the warehouse problem, the possible solutions are all obsta
le-avoiding trips of therobot from the start to the goal position, and the obje
tive fun
tion is the durationof the trip. In 
ase of the Ora
le of Ba
on, the solutions are all paths between Kevinba
on and a given a
tor/a
tress in the graph Gmovies, and the obje
tive fun
tion isthe length of the path.In the SOLA problem, the solutions are the perfe
t mat
hings, and the obje
tivefun
tion is the sum of edge 
osts in the mat
hing.� For a theoreti
al understanding of a dis
rete optimization problem, but also for analgorithmi
 solution, bounds play an important role. For a minimization problem,upper bounds 
an easily be proved by exhibiting solutions, while lower bounds requiremore work in general. For maximization problems, it's just the other way around.In the warehouse problem (a minimization problem), we were able to prove an upperbound of 19 se
onds for the duration of the fastest trip, by simply drawing a tripwith this duration. We were not able to prove that 19 se
onds is also a lower bound,and even the weaker lower bound of 10 se
onds required some work. In the other twoproblems, upper bounds 
ould be proved by example as well; lower bounds requiredmore (and in ea
h 
ase di�erent) insights into the problem. A major goal of thetheory of dis
rete optimization is to develop te
hniques that are able to �nd or provelower bounds for a large 
lass of problems in the same uni�ed way.Often, dis
rete optimization te
hniques 
an be interpreted as iterative methods thatgo through a sequen
e of solutions, and at the same time obtain better and betterupper and lower bounds for the optimal solution. On
e these bounds 
oin
ide, anoptimal solution has been found. 13



� In order to atta
k any dis
rete optimization problem, either theoreti
ally or algorith-mi
ally, an exa
t mathemati
al model is needed. Preferably, the problem should beredu
ed to a standard problem, for whi
h solution methods are known.In the warehouse problem and for the Ora
le of Ba
on, the mathemati
al model isthat of a dire
ted (respe
tively undire
ted) graph, and the problem of �nding thefastest trip (respe
tively, the shortest sequen
e of 
onne
ting movies) is redu
ed tothe problem of �nding a shortest path between two verti
es in a graph. This is indeeda well-known (and well-solved) problem, as we will see in the next 
hapter.The problem of �nding the 
ost-minimal perfe
t mat
hing in a bipartite graph is a
lassi
 as well, and we will get to it in some later 
hapter.

14



Chapter 2Shortest Paths in GraphsIn the introdu
tory 
hapter, we have dis
ussed the warehouse problem, and we have seenthat it 
an be formulated as the problem of �nding a shortest path from a start vertex toa set of goal verti
es in a dire
ted graph. Here, the length of a path is its number of edges.This 
hapter dis
usses two algorithms, breadth-�rst-sear
h and Dijkstra's algorithm, to�nd shortest paths in dire
ted and undire
ted graphs. Dijkstra's algorithm a
tually solvesthe moregeneral problem of �nding paths of minimum total weight in an edge-weighted graph.2.1 Breadth-First Sear
hWe are given a graph G = (V;E). The breadth-�rst sear
h algorithm (BFS) needs onedata stru
ture: a queue Q whi
h maintains at ea
h time a sequen
e(v1; : : : ; vr)of verti
es. The queue 
an be initialized by entering a single vertex (we write Q := fsgfor this), and we 
an test it for emptyness. Moreover, it supports the following threeoperations.head (Q) : returns the �rst element of Qenqueue (Q; v) : makes v the new last element of Qdequeue (Q) : removes the �rst element from QThe algorithm BFS 
omputes shortest paths from a sour
e vertex s to all verti
es thatare rea
hable from s by some path. (In the dire
ted 
ase, rea
hability is de�ned via dire
tedpaths, of 
ourse.) For this, it performs a systemati
 graph sear
h with the property thatfor any k, all verti
es of distan
e k from s are found before any vertex of distan
e k + 1 isseen. This explains the term breadth-�rst sear
h.Upon termination, the entry d[v℄ 
ontains the length of a shortest path from s to v,and for all v 6= s, �[v℄ 
ontains the prede
essor of v on some shortest path from s to v (orNIL, if no path exists).The pro
edure BFS also marks a vertex when it is dis
overed �rst.15



BFS(G; s):FOR u 2 V n fsg DOd[u℄ :=1�(u) := NILENDmark sd[s℄ := 0Q := fsgWHILE Q 6= ; DOu := head(Q)FOR all v adja
ent to u DOIF v not marked THENmark vd[v℄ := d[u℄ + 1�(v) := uenqueue(Q; v)ENDENDdequeue(Q)END
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d[1]=0

2 3

4

1

Q : 1

1

2 3

4

1

2 3

4

1

2 3

4

1

2 3

4

1

2 3

4

d[3]=1

d[4]=2

d[2]=1

Q : 1,2 Q : 1,2,3      2,3

Q : 2,3      3 Q : 3,4      4 Q : Figure 2.1: An easy example of BFSBefore we dive into the 
orre
tness proof, let us analyze the runtime of BFS. Every16



vertex is enqueued at most on
e (dire
tly after it has been marked), so there are at mostjV j iterations through the WHILE loop. Be
ause the queue operations 
an be implementedin 
onstant time per operation (we may maintain Q as a linked list, for example), we getO(jV j) runtime in total for all operations outside the FOR loop. In th FOR loop, we pro
essea
h pair (u; v) with v adja
ent to u at most on
e. This means, we 
onsider at most jEjsu
h pairs in the dire
ted and 2jEj su
h pairs in the undire
ted 
ase. The time spent perpair is 
onstant, so we get O(jEj) time for all operations in the FOR loop.Lemma 2.1 BFS takes O(jV j+ jEj) time.Now we want to prove that d[v℄ = Æ(s; v) upon termination of the algorithm, whereÆ(s; v) denotes the length of the shortest path from s to v.Fa
t 2.2 For all v, d[v℄ � Æ(s; v):The pro
edure BFS 
omputes some path of length d[v℄ from s to v, in reverse order givenby the verti
es v; �(v); �(�(v)); : : : ; s:This means, d[v℄ is an upper bound for the length of the shortest possible path. You are of
ourse right when you suspe
t that the path the algorithm 
omputes is a
tually a shortestpath. To prove this, we need to understand how the queue Q 
an look like at any pointduring the algorithm.Lemma 2.3 Assume that at some point, Q holds verti
es v1; : : : ; vr in this order. Thenthe following holds.(i) there is a value ` � 0(` 2) su
h that d[vi℄ 2 f`; `+ 1g, for i = 1; : : : ; r.(ii) d[vi℄ � d[vi+1℄; i = 1 : : : ; r � 1.This means, the queue looks like I have drawn it in Figure 2.2.
1 2 i i+1

d  :       l     l           l    l+1           l+1

Q :       v    v          v    v               vr

Figure 2.2: The queueProof. By indu
tion over the number of enqueue and dequeue operations. Initially, wehave Q = fsg, and the 
laims obviously holds. Now assume we are at some later stagein the algorithm, and Q satis�es the 
laims (i) and (ii), prior to an enqueue or dequeueoperation. We distinguish the 
ase where Q 
ontains verti
es with two distin
t d-valuesfrom the 
ase where only one value o

urs. The e�e
ts of the queue operations in both
ases are summarized in Figure 2.3, and this 
on
ludes the proof.Now we 
an prove the 
orre
tness of BFS.17



1 2 rQ :       v    v                               v

d  :       l     l                               l

1 2Q :       v    v                              v    vr r+1

d  :       l     l                               l    l+1

1 2 i i+1 rQ :       v    v          v    v               v      v

d  :       l     l           l    l+1          l+1  l+1
r+1

1 2 i i+1

d  :       l     l           l    l+1           l+1

Q :       v    v          v    v               vr

Case 2:

Case 1:

enqueue dequeue

2 rQ :            v                              v 

d  :             l                               l 

enqueue dequeue

2 i i+1 rQ :            v          v    v               v  

d  :             l           l    l+1          l+1

Figure 2.3: The e�e
ts of the queue operationsTheorem 2.4 Upon termination of BFS, d[v℄ = Æ(s; v) for all v 2 V .Proof. We pro
eed by indu
tion over Æ(s; v). If Æ(s; v) = 0, then v = s and d[s℄ := 0.Be
ause the d-value of a vertex remains �xed on
e it is set, we also have d[s℄ = 0 at theend.Now assume Æ(s; v) = k < 1, and suppose the 
laim of the theorem holds for allverti
es of smaller distan
e from s. There must be a vertex u su
h that (u; v) is an edgeand Æ(s; u) = k� 1. (Any prede
essor of v on a shortest path from s to v would qualify asthe vertex u.) Let u0 be the �rst su
h vertex whi
h appears in Q. This must happen forany u under 
onsideration, be
ause we know by the indu
tive hypothesis that d[u℄ = k�1,so its value has been set at some point, after whi
h u was enqueued.If v was not marked at the time where u0 be
ame head of Q, we are done, be
ause thend[v℄ = d[u0℄ + 1 = k. But is it possible that v is already marked? If so, v has been markedin pro
essing some vertex u1 su
h that (u1; v) is an edge, and u1 was head of Q earlier thanu0. From the lemma above about the stru
ture of the queue it follows that d[u1℄ � d[u0℄;in fa
t, we must have d[u1℄ = Æ(s; u1) < Æ(s; u0) = k � 1, be
ause u0 was 
hosen to be the�rst neighbor of v with distan
e k � 1 to s that appeared in Q. Then, however, we getd[v℄ = d[u1℄ + 1 < k, a 
ontradi
tion to the fa
t that d[v℄ is an upper bound for Æ(s; k).What if Æ(s; v) =1? Then there is no path from s to v, and the initial value d[v℄ =1never 
hanges.When we apply the BFS algorithm to �nd fastest robot tours in warehouse problem ofthe introdu
tory 
hapter, we indeed obtain an eÆ
ient algorithm. For the sake of generality,let us assume the warehouse dimensions are n � k (we a
tually had n = 50; k = 80).The resulting graph model has O(nk) verti
es. Namely, we have assigned four statesto every possible position of the robot, whi
h is a pair (x; y) of 
oordinates su
h that18



2x 2 f2; : : : ; 2(n � 1)g and 2y 2 f2; : : : ; 2(k � 1)g. Furthermore, there are also O(nk)edges, be
ause there is only a 
onstant number of legal 
ommands in a given state. Thismeans, the resulting graph is sparse: asymptoti
ally (in the O-notation), it has no moreedges than verti
es.From our runtime analysis above, we 
on
lude that BFS solves the warehouse problemin O(nk) time. This is in a 
ertain sense best possible, be
ause the input des
riptionalready has size �(nk) in the worst 
ase. This means, we may need �(nk) time simplyto read the input. As we have shown, we 
an solve the whole problem with the sameasymptoti
 time bound.2.2 Dijkstra's AlgorithmIn general, shortest paths problems are de�ned over edge-weighted graphs, and we measurepath lengths not in terms of the number of edges, but in terms of the sum of edge weightsalong the path (whi
h we also 
all the weight of the path). In this 
ase, BFS will obviouslynot work, see Figure ??. We would have obtained su
h an edge-weighted graph from thewarehouse problem if the robot 
ommands would have had di�erent exe
ution times.So let G = (V;E) be a graph and 
onsider a weight fun
tion w : E 7! R+0 that assignsnonnegative weights to the edges. We 
ould also allow negative weights, but then thesimple algorithm we are going to present below does not work.Just like BFS, the algorithm 
omputes values d[v℄ and verti
es �[v℄. Upon termination,d[v℄ is the weight of the shortest path from the sour
e vertex s to v, and �(v) is a prede
essorof v on some shortest path. Unlike in BFS, however, these values 
an 
hange several timesthroughout the algorithm for a single vertex v. However, d[v℄ will always be an upperbound for the weight of the shortest path.Again, the algorithm requires an extra data stru
ture, this time a priority queue Q,whi
h maintains a set of verti
es, sorted by their 
urrent d-values. It 
an be initialized bya set with their d-values (Q := (V; d)), and it 
an be tested for emptiness. In addition, itsupports the following operations.extra
t min (Q) : removes the element with smallest d-value from Q andreturns itde
rease key (Q; v; �) : sets the d-value of v to �. Pre
ondition: � < d[v℄Dijkstra's algorithm builds up a set S of verti
es (initially empty), for whi
h the shortestpaths have already been found. This set grows by one vertex in ea
h iteration.Dijkstra(G; s)FOR all u 2 V n S DOd[u℄ :=1�(u) := NILENDd[s℄ := 0S := 0Q := V 19



WHILE Q 6= ; DOu :=extra
t min(Q)S := S [ fugFOR all v adja
ent to u DOIF d[v℄ > d[u℄ + w(u; v) THENd[v℄ := d[u℄ + w(u; v)�[v℄ := ude
rease key(Q; v; d[v℄)ENDENDENDAs before, let us do some runtime 
onsiderations. If we implement the priority queuesimply as an array whi
h we sear
h and rearrange ea
h time we extra
t the minimum, wehave runtime O(jV j) in ea
h iteration, for all operations outside the FOR loop. This givesO(jV j2) in total. In the FOR loop, we pro
ess ea
h pair (u; v) with v adja
ent to u at moston
e. As in BFS, we therefore get O(jEj) time for all operations in the FOR loop. Forthis, note that the de
rease key operation 
an be done in 
onstant time with our arrayrepresentation of Q.We obtain an overall runtime of O(jV j2+ jEj). Using a more fan
y priority queue, this
an be redu
ed to O(jV j log jV j + jEj), still slower than BFS. This means, if we have anunweighted graph, BFS is the smarter algorithm, although we 
ould of 
ourse use Dijkstra'salgorithm after introdu
ing arti�
ial edge weights equal to one for all edges.In parti
ular, if the graph is sparse (like in the warehouse problem), BFS is a real saving;it runs in O(jV j) times in this 
ase, while Dijkstra's algorithm needs �(jV j log jV j), evenwith the best priority queue.Now we 
an prove the 
orre
tness of Dijkstra's algorithm.Theorem 2.5 At the time a vertex u is in
luded in S, d[u℄ = Æ(s; u), where Æ(s; u) nowdenotes the weight of the shortest path from s to u.It follows that upon termination, all verti
es have the 
orre
t d-values, be
ause all verti
esend up in S at some point, and d never 
hanges for verti
es in S.Proof. By 
ontradi
tion. Assume there exists some u with d[u℄ 6= Æ(s; u) when u is addedto S. Choose u0 as the �rst vertex of this type to be in
luded in S.We have two easy fa
ts.(i) u0 6= s(ii) there exists a path from s to u0(i) follows, be
ause by 
onstru
tion, s is the �rst vertex to appear in S, at whi
h pointd[s℄ = Æ(s; s) = 0. The path 
laimed in (ii) must exist, be
ause otherwise Æ(s; u0) =1 =d[u0℄ at the time u0v is added. 20



Now 
onsider the shortest path from s to u0. Be
ause s 2 S and u0 62 S yet, this pathmust have a �rst vertex y with y 62 S. Consider its prede
essor x 2 S. We must haved[x℄ = Æ(s; x);be
ause u0 was the �rst vertex for whi
h we have a 
ontradi
tion when it gets added to S.Moreover, d[y℄ = Æ(s; y):To see this observe �rst that some shortest path from s to y goes through x (otherwise thepath to u0 through x 
ould be shortened). This means thatÆ(s; y) = Æ(s; x) + w(x; y) = d[x℄ + w(x; y):Moreover, in the 
ourse of adding x to s, d[y℄ has been updated to d[x℄ +w(x; y) = Æ(s; y)if it did not already have this value.This implies that d[y℄ = Æ(s; y) � Æ(s; u0) � d[u0℄; (2.1)be
ause we have nonnegative weights, and be
ause d[u0℄ is always an upper bound forÆ(s; u0) (using the same argument as in 
ase of BFS). On the other hand, we haved[u0℄ � d[y℄; (2.2)be
ause both y and u0 are 
urrently not in S, but u0 was 
hosen from Q as the elementwith smallest d-value.(2.1) and (2.2) together imply thatd[u0℄ = Æ(s; u0)must hold, a 
ontradi
tion to our assumption.

21



Chapter 3Linear Programming
3.1 The SOLA problem revisitedAfter we have seen in the last 
hapter how to solve the warehouse problem (and how toimplement the Ora
le of Ba
on, if we have to), there is still one unsolved problem fromthe introdu
tion: the SOLA problem.Re
all that in this problem, we have 14 runners and 14 
ourses, and we know theruntime of ea
h runner on ea
h 
ourse. The goal is to �nd an assignment of runners to
ourses whi
h minimizes the total runtime.We have modeled this problem as a minimum-weight perfe
t mat
hing problem on aweighted 
omplete bipartite graph G = (V;E). In the general version of this problem, wehave 2n verti
es V = L[R, where jLj = jRj = n and n2 edges E = ffv; wg j v 2 L;w 2 Rg.In addition, there is a weight fun
tion ! : E 7! R:where we abbreviate !(e) by !e.An optimal assignment, or a weight-minimal perfe
t mat
hing, is a set of n edges Msu
h that� no two edges in M have a 
ommon vertex, and� the sum of weights Pe2M !e is minimized.3.1.1 Integer linear programming formulationIn order to atta
k the problem, we reformulate in a seemingly more 
ompli
ated way. Forea
h edge e, we introdu
e a numeri
al variable xe whi
h 
an take on values 0 or 1.Then we 
an en
ode the problem using these variables.� A set of edges F 
orresponds to a 0=1-ve
tor ~x of length n2, indexed with the edges,with the intepretation that e 2 F , ~xe = 1:22



� F 
orresponds to an assignment, if the following 
onstraints are satis�ed:Xe3v ~xe = 1; 8v 2 V:This means, that for every vertex, exa
tly one in
ident edge is 
hosen.� The weight of the assignment is given byXe2E !e~xe:This means, the problem of �nding the optimal assignment 
an be written as a mathemat-i
al program in n2 variables, 2n equality 
onstraints, and n2 integrality 
onstraints:(ILPMat
hing(G)) minimize Pe2E !exesubje
t to Pe3v xe = 1; 8v 2 V;xe 2 f0; 1g; 8e 2 E:This mathemati
al program is a
tually an integer linear program (ILP). Linear, be
auseboth the obje
tive fun
tion Pe2E !exe as well as the left-hand sides of all 
onstraints arelinear fun
tions in the variables. Integer, be
ause there is an additional requirement thatthe variables only take on integer values. Let opt(ILPMat
hing(G)) denote the minimumvalue of the obje
tive fun
tion, hen
e the weight of the best assignment.3.1.2 LP relaxationWhat does this reformulation as in ILP buy us? A lower bound! Re
all that for a mini-mization problem, an upper bound is easily proved by just presenting some solution, whilelower bounds always require some work. For an ILP in minimization form, a lower boundis obtained from the solution of the so-
alled LP relaxation, given as(LPMat
hing(G)) minimize Pe2E !exesubje
t to Pe3v xe = 1; 8v 2 V;0 � xe � 1; 8e 2 E:This is a linear program (LP), be
ause the integrality 
onstraints have been relaxed toplain linear inequality 
onstraints. Be
ause all the ve
tors that satisfy the 
onstraints ofthe ILP also satisfy the 
onstraints of the LP, we getopt(LPMat
hing(G)) � opt(ILPMat
hing(G)):The ni
e thing about an LP is that it is easy to solve, as we will see in the next se
tion.This is not true for a general ILP { the integrality 
onstraints usually make the problemdiÆ
ult. Still, the lower bound given by the LP 
an easily be 
omputed, and in quite anumber of 
ases, this lower bound is a good approximation of the true optimal ILP value.23



3.1.3 ILP versus LPIn the bipartite mat
hing 
ase, the situation is even ni
er, and that's what makes the LPte
hnique really useful here.Theorem 3.1 opt(LPMat
hing(G)) = opt(ILPMat
hing(G)):In other words, the LP does not only give us a lower bound, it gives us the optimumvalue of the assignment (and the proof below will show that we 
an also get the optimalassignment itself).Proof. We will show that there is an optimal solution ~x to the LP whi
h has integerentries. This does it, be
ause this solution must then also be an optimal solution to theILP, and both optima 
oin
ide. To formulate it di�erently: the LP 
an have a betteroptimum value than the ILP only if all its optimal solutions ~x have at least one fra
tionalentry; and we are going to ex
lude this situation.Let ~x be some optimal solution to the LP with asso
iated obje
tive fun
tion value
opt = Pe2E !e~xe. If all entries of ~x are integer, we are done. Otherwise, there must besome ~xe1 stri
tly between 0 and 1. This entry 
orresponds to some edge e1 = fv1; v2g.Be
ause we have the property that Xe3v2 ~xe = 1;there must be another edge e2 = fv2; v3g; v3 6= v1 su
h that 0 < ~xe2 < 1. Be
ause of thesame reason, we �nd a third edge e3 = fv3; v4g; v4 6= v2 su
h that 0 < ~xe3 < 1.This 
ontinues, as we �nd fra
tional values of ~x 
orresponding to edges on a longer andlonger path v1; v2; v3; v4; : : :. Be
ause there are only �nitely many verti
es, we must �nallyrea
h a vertex we have already seen before. Without loss of generality, assume that thisvertex is v1. This means, we have found a 
y
le of edgese1 = fv1; v2g; e2 = fv2; v3g; : : : ; et = fvt; v1g;su
h that 0 < ~xe < 1 for all e 2 fe1; : : : ; etg, see Figure 3.1.
Figure 3.1: Cy
le of edges with noninteger entries in ~x
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Be
ause we have a bipartite graph, the 
y
le has even length t. Let us for some small" > 0 de�ne ~x0e = 8<: ~xe � "; if e 2 fe1; e3; : : : ; et�1g~xe + "; if e 2 fe2; e4; : : : ; etg~xe; otherwise:For verti
es vi in this 
y
le, we haveXe3vi ~x0e =Xe3vi ~xe + "� " = 1; 8i 2 f1; : : : ; tg:For verti
es v not in the 
y
le, ~x0e = ~xe for all in
ident edges, soXe3v ~x0e = 1holds for all verti
es v 2 V . Moreover, if " is small enough, ~x0 still respe
ts the 
onstraints0 � ~x0e � 1, be
ause we have only 
hanged values stri
tly between 0 and 1. This showsthat ~x0 is a solution to the LP (a ve
tor whi
h satis�es all the 
onstraints) again.Moreover, Xe2E !e~x0e = 
opt + " tXi=1 (�1)t!ei:Be
ause 
opt was the smallest obtainable obje
tive fun
tion value, we must have � :=Pti=1(�1)t!ei = 0, otherwise we would get a smaller value by 
hosing " < 0 if � > 0, or" > 0 if � < 0. This means, ~x0 is still an optimal solution to the LP, for all " that lead toa solution at all.If we now 
hoose " to be the largest value su
h that ~x0 is still a solution, we get~x0e 2 f0; 1g for some e 2 fe1; : : : ; etg. This means, ~x0 has less fra
tional entries than ~x.Continuing in this way with ~x0, we �nally obtain an optimal solution where all fra
tionalentries have been eliminated. This solution is then also a solution to the ILP.3.1.4 ILP versus LP in other 
asesWe note that also the problem of �nding shortest paths in weighted graphs 
an be formu-lated as an ILP whose LP-relaxation has an optimal solution with integer entries (exer
ise).However, this ni
e behavior is the ex
eption, not the rule. Just to demonstrate that theILP and the LP 
an have radi
ally di�erent optimal solutions, we 
onsider the problem of�nding a largest independent set in an undire
ted graph G = (V;E). An independent setis a subset I of V with the property that I 
ontains no edge; in other words, no edge of Ehas both endpoints in I.Introdu
ing 0/1-variables xv for all v 2 V , every subset W of verti
es 
an be en
odedby a ve
tor ~x, with the interpretation thatv 2 W , ~xv = 1:25



The 
ondition thatW is an independent set 
an be enfor
ed by the 
onstraints xv+xw � 1for all edges fv; wg 2 E. Thus, the problem of �nding a largest independent set 
an beformulated as an ILP as follows.(ILPIndepSet(G)) maximize Pv2V xvsubje
t to xv + xw � 1; 8fv; wg 2 E;xv 2 f0; 1g; 8v 2 V:Here is its LP relaxation.(LPIndepSet(G)) maximize Pv2V xvsubje
t to xv + xw � 1; 8fv; wg 2 E;0 � xv � 1; 8v 2 V:Let G be the 
omplete graph on n verti
es. We haveopt(ILPIndepSet(G)) = 1;be
ause the 
omplete graph has only independent sets of size at most 1. On the otherhand, we get opt(LPIndepSet(G)) � n2 ;be
ause the ve
tor ~x = �12 ; 12 ; : : : ; 12�is obviously a solution of the LP. We see that the optimal values of LP and ILP are farapart; moreover, the solution ~x is always a solution, no matter how G looks like. Thismeans that the LP 
aptures too little of the stru
ture of G to be of any interest in solvingthe independent set problem over G.3.2 The Simplex MethodLinear Programming (LP) in a quite general form is the problem of maximizing a linearfun
tion in n variables subje
t to m linear inequalities. If, in addition, we require allvariables to be nonnegative, we have an LP in standard form. whi
h 
an be written asfollows. (LP) maximize Pnj=1 
jxjsubje
t to Pnj=1 aijxj � bi (i = 1; : : : ; m);xj � 0 (j = 1; : : : ; n); (3.1)
26



where the 
j, bi and aij are real numbers. By de�ningx := (x1; : : : ; xn)T ;
 := (
1; : : : ; 
n)T ;b := (b1; : : : ; bm)T ;A := 0B� a11 � � � a1n... ...am1 � � � amn 1CAthis 
an be written in more 
ompa
t form as(LP) maximize 
Txsubje
t to Ax � b;x � 0; (3.2)where the relations � and � hold for ve
tors of the same length if and only if they hold
omponentwise.The ve
tor 
 is 
alled the 
ost ve
tor of the LP, and the linear fun
tion z : x 7! 
Tx is
alled the obje
tive fun
tion. The ve
tor b is referred to as the right-hand side of the LP.The inequalities Pnj=1 aijxj � bi, for i = 1; : : : : ; m and xj � 0, for j = 1; : : : ; n are the
onstraints of the linear program. (Due to their spe
ial nature, the 
onstraints xj � 0 aresometimes 
alled nonnegativity 
onstraints or restri
tions).The LP is 
alled feasible if there exists a nonnegative ve
tor ~x satisfying A~x � b (su
han ~x is 
alled a feasible solution); otherwise the program is 
alled infeasible. If there arefeasible solutions with arbitrarily large obje
tive fun
tion value, the LP is 
alled unbounded;otherwise it is bounded. A linear program whi
h is both feasible and bounded has a uniquemaximum value 
T ~x attained at a (not ne
essarily unique) optimal feasible solution ~x.Solving the LP means �nding su
h an optimal solution ~x (if it exists).3.2.1 TableausWhen 
onfronted with an LP in standard form, the simplex algorithm starts o� by in-trodu
ing sla
k variables xn+1; : : : ; xn+m to transform the inequality system Ax � b intoan equivalent system of equalities and additional nonnegativity 
onstraints on the sla
kvariables. The sla
k variable xn+i 
loses the gap between the left-hand side and right-handside of the i-th 
onstraint, i.e. xn+i := bi � nXj=1 aijxj;for all i = 1; : : : ; m. The i-th 
onstraint is then equivalent toxn+i � 0;27



and the linear program 
an be written as(LP) maximize Pnj=1 
jxjsubje
t to xn+i = bi �Pnj=1 aijxj (i = 1; : : : ; m);xj � 0 (j = 1; : : : ; n+m); (3.3)or in a more 
ompa
t form as (LP) maximize 
Txsubje
t to Ax = b;x � 0; (3.4)where A is the m� (n+m)-matrix A := (AjE); (3.5)
 is the (n+m)-ve
tor 
 := 0BBB� 
0...0 1CCCA (3.6)and x is the (n+m)-ve
tor x = � xOxS � ;where xO is the ve
tor of original variables, xS the ve
tor of sla
k variables.Together with the obje
tive fun
tion, the m equations for the xn+i in (3.3) 
ontain allthe information about the LP. Following tradition, we will represent this information intableau form where the obje
tive fun
tion { denoted by z { is written last and separatedfrom the other equations by a solid line. (The restri
tions xj � 0 do not show up in thetableau but represent impli
it knowledge.) In this way we obtain the initial tableau for theLP. xn+1 = b1 �a11x1 � � � � �a1nxn...xn+m = bm �am1x1 � � � � �amnxnz = 
1x1 + � � � +
nxn (3.7)The 
ompa
t form here is xS = b � AxOz = 
TxO (3.8)An example illustrates the pro
ess of getting the initial tableau from an LP in standardform. 28



Example 3.2 Consider the problemmaximize x1 + x2subje
t to �x1 + x2 � 1;x1 � 3;x2 � 2;x1; x2 � 0: (3.9)After introdu
ing sla
k variables x3; x4; x5, the LP in equality form ismaximize x1 + x2subje
t to x3 = 1 + x1 � x2;x4 = 3 � x1;x5 = 2 � x2;x1; : : : ; x5 � 0: (3.10)From this we obtain the initial tableaux3 = 1 + x1 � x2x4 = 3 � x1x5 = 2 � x2z = x1 + x2 (3.11)Abstra
ting from the initial tableau (3.7), a general tableau for the LP is any systemT of m + 1 linear equations in the variables x1; : : : ; xn+m and z, with the properties that(i) T expresses m left-hand side variables xB and z in terms of the remaining d right-handside variables xN , i.e. there is an m-ve
tor �, a n-ve
tor 
, an m� n-matrix � anda real number z0 su
h that T (written in 
ompa
t form) is the systemxB = � � �xNz = z0 + 
TxN (3.12)(ii) Any solution of (3.12) is a solution of (3.8) and vi
e versa.By property (ii), any tableau 
ontains the same information about the LP but rep-resented in a di�erent way. All that the simplex algorithm is about is 
onstru
ting asequen
e of tableaus by gradually rewriting them, �nally leading to a tableau in whi
h theinformation is represented in su
h a way that the desired optimal solution 
an be read o�dire
tly. We will immediately show how this works in our example.3.2.2 PivotingHere is the initial tableau (3.11) to Example 3.2 again.x3 = 1 + x1 � x2x4 = 3 � x1x5 = 2 � x2z = x1 + x229



By setting the right-hand side variables x1; x2 to zero, we �nd that the left-hand sidevariables x3; x4; x5 assume nonnegative values x3 = 1; x4 = 3; x5 = 2. This means, theve
tor x = (0; 0; 1; 3; 2) is a feasible solution of (3.10) (and the ve
tor x0 = (0; 0) is afeasible solution of (3.9)). The obje
tive fun
tion value z = 0 asso
iated with this feasiblesolution is 
omputed from the last row of the tableau. In general, any feasible solutionthat 
an be obtained by setting the right-hand side variables of a tableau to zero is 
alled abasi
 feasible solution (BFS). In this 
ase we also refer to the tableau as a feasible tableau.The left-hand side variables of a feasible tableau are 
alled basi
 and are said to 
onstitutea basis, the right-hand side ones are nonbasi
. The goal of the simplex algorithm is noweither to 
onstru
t a new feasible tableau with a 
orresponding BFS of higher z-value, orto prove that there exists no feasible solution at all with higher z-value. In the latter 
asethe BFS obtained from the tableau is reported as an optimal solution to the LP; in theformer 
ase, the pro
ess is repeated, starting from the new tableau.In the above tableau we observe that in
reasing the value of x1 (i.e. making x1 positive)will in
rease the z-value. The same is true for x2, and this is due to the fa
t that bothvariables have positive 
oeÆ
ients in the z-row of the tableau. Let us arbitrarily 
hoose x2.By how mu
h 
an we in
rease x2? If we want to maintain feasibility, we have to be 
arefulnot to let any of the basi
 variables go below zero. This means, the equations determiningthe values of the basi
 variables may limit x2's in
rement. Consider the �rst equationx3 = 1 + x1 � x2: (3.13)Together with the impli
it 
onstraint x3 � 0, this equation lets us in
rease x2 up to thevalue x2 = 1 (the other nonbasi
 variable x1 keeps its zero value). The se
ond equationx4 = 3� x1does not limit the in
rement of x2 at all, and the third equationx5 = 2� x2allows for an in
rease up to the value x2 = 2 before x5 gets negative. The most stringentrestri
tion therefore is x3 � 0, imposed by (3.13), and we will in
rease x2 just as mu
h aswe 
an, so we get x2 = 1 and x3=0. From the remaining tableau equations, the values ofthe other variables are obtained as x4 = 3� x1 = 3;x5 = 2� x2 = 1:To establish this as a BFS, we would like to have a tableau with the new zero variablex3 repla
ing x2 as a nonbasi
 variable. This is easy { the equation (3.13) whi
h determinedthe new value of x2 relates both variables. This equation 
an be rewritten asx2 = 1 + x1 � x3;30



and substituting the right-hand side for x2 into the remaining equations gives the newtableau x2 = 1 + x1 � x3x4 = 3 � x1x5 = 1 � x1 + x3z = 1 + 2x1 � x3with 
orresponding BFS x = (0; 1; 0; 3; 1) and obje
tive fun
tion value z = 1. This pro
essof rewriting a tableau into another one is 
alled a pivot step, and it is 
lear by 
onstru
tionthat both systems have the same set of solutions. The e�e
t of a pivot step is that anonbasi
 variable (in this 
ase x2) enters the basis, while a basi
 one (in this 
ase x3)leaves it. Let us 
all x2 the entering variable and x3 the leaving variable.In the new tableau, we 
an still in
rease x1 and obtain a larger z-value. x3 
annot bein
reased sin
e this would lead to smaller z-value. The �rst equation puts no restri
tionon the in
rement, from the se
ond one we get x1 � 3 and from the third one x1 � 1. Sothe third one is the most stringent, will be rewritten and substituted into the remainingequations as above. This means, x1 enters the basis, x5 leaves it, and the tableau we obtainis x2 = 2 � x5x4 = 2 � x3 + x5x1 = 1 + x3 � x5z = 3 + x3 � 2x5with BFS x = (1; 2; 0; 2; 0) and z = 3. Performing one more pivot step (this time with x3the entering and x4 the leaving variable), we arrive at the tableaux2 = 2 � x5x3 = 2 � x4 + x5x1 = 3 � x4z = 5 � x4 � x5 (3.14)with BFS x = (3; 2; 2; 0; 0) and z = 5. In this tableau, no nonbasi
 variable 
an in
reasewithout making the obje
tive fun
tion value smaller, so we are stu
k. Lu
kily, this meansthat we have already found an optimal solution. Why? Consider any feasible solution~x = (~x1; : : : ; ~x5) for (3.10), with obje
tive fun
tion value z0. This is a solution to (3.11)and therefore a solution to (3.14). Thus,z0 = 5� ~x4 � ~x5must hold, and together with the impli
it restri
tions x4; x5 � 0 this implies z0 � 5.The tableau even delivers a proof that the BFS we have 
omputed is the unique optimalsolution to the problem: z = 5 implies x4 = x5 = 0, and this determines the values ofthe other variables. Ambiguities o

ur only if some of the nonbasi
 variables have zero
oeÆ
ients in the z-row of the �nal tableau. Unless a spe
i�
 optimal solution is required,the simplex algorithm in this 
ase just reports the optimal BFS it has at hand.31



3.2.3 Geometri
 InterpretationConsider the standard form LP (3.1). For ea
h 
onstraintnXj=1 aijxj � bi orxj � 0;the points ~x 2 Rn satisfying the 
onstraint form a 
losed halfspa
e in Rn . The points forwhi
h equality holds form the boundary of this halfspa
e, the 
onstraint hyperplane.The set of feasible solutions of the LP is therefore an interse
tion of halfspa
es, whi
his by de�nition a (possibly empty) polyhedron P . The fa
ets of P are indu
ed by (notne
essarily all) 
onstraint hyperplanes. The nonnegativity 
onstraints xj � 0 restri
t P tolie inside the positive orthant of Rn . The following 
orresponden
e between basi
 feasiblesolutions of the LP and verti
es of P justi�es the geometri
 interpretation of the simplexmethod as an algorithm that traverses a sequen
e of verti
es of P until an optimal vertexis found.Fa
t 3.3 Consider a standard form LP with feasible polyhedron P . The point ~x0 =(~x1; : : : ; ~xn) is a vertex of P if and only if the ve
tor ~x = (~x1; : : : ; ~xn+m) with~xn+i := bi � nXj=1 aij~xj; i = 1; : : : ; mis a basi
 feasible solution of the LP.Two 
onse
utive tableaus 
onstru
ted by the simplex method have n � 1 nonbasi
variables in 
ommon. Their BFS thus share n� 1 zero variables. Equivalently, the 
orre-sponding verti
es lie on n � 1 
ommon 
onstraint hyperplanes, and this means that theyare adja
ent in P . The feasible solutions obtained in the pro
ess of 
ontinuously in
reasingthe value of a nonbasi
 variable until it be
omes basi
 
orrespond to the points on the edgeof P 
onne
ting the two verti
es.Here we are 
ontent with 
he
king the 
orrelations in 
ase of Example 3.2. The LP
onsists of �ve 
onstraints over two variables, therefore the feasible region is a polygon inR2 . Every 
onstraint hyperplane de�nes a fa
et, so we get a polygon with �ve edges and�ve verti
es. In the previous subse
tion we were going through a sequen
e of four tableausuntil we dis
overed an optimal BFS. The pi
ture below shows how this 
orresponds to asequen
e of adja
ent verti
es. The optimization dire
tion 
 is drawn as a fat arrow. Sin
ethe obje
tive fun
tion value gets higher in every iteration, the path of verti
es is monotonein dire
tion 
 (Figure 3.2).
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BFS vertex z = x1 + x2(0; 0; 1; 3; 4) (0; 0) 0(0; 1; 0; 3; 1) (0; 1) 1(1; 2; 0; 2; 0) (1; 2) 3(3; 2; 2; 0; 0) (3; 2) 5
PSfrag repla
ements

x2 � 0
x2 � 2x1 � 3x1 � 0 �x1 + x2 � 1

(0; 0)(0; 1) (1; 2) (3; 2)
Figure 3.2: Geometri
 interpretation of the simplex method3.2.4 Ex
eption HandlingSo far our outline of the simplex method went pretty smooth. This is in part due to thefa
t that we have only seen one very small and trivial example of the way it works. On theother hand, the method is simple, and we will just in
orporate some `ex
eption handling'and do a little �ne tuning, again basi
ally by example.UnboundednessDuring a pivot step, we make the value of a nonbasi
 variable just large enough to get thevalue of a basi
 variable down to zero. This, however, might never happen. Consider theexamplemaximize x1subje
t to x1 � x2 � 1;�x1 + x2 � 2;x1; x2 � 0:with initial tableaux3 = 1 � x1 + x2x4 = 2 + x1 � x2z = x1

PSfrag repla
ementsx1 � x2 � 1x2 � 0
x1 � 0�x1 + x2 � 2

After one pivot step with x1 entering the basis we get the tableaux1 = 1 + x2 � x3x4 = 3 � x3z = 1 + x2 � x3If we now try to bring x2 into the basis by in
reasing its value, we noti
e that none ofthe tableau equations puts a limit on the in
rement. We 
an make x2 and z arbitrarilylarge { the problem is unbounded. By letting x2 go to in�nity we get a feasible hal
ine {starting from the 
urrent BFS { as a witness for the unboundedness. In our 
ase this is33



the set of feasible solutionsf(1; 0; 0; 3) + x2(1; 1; 0; 0) j x2 � 0g:Su
h a hal
ine will typi
ally be the output of the algorithm in the unbounded 
ase. Thus,unboundedness 
an quite naturally be handled with the existing ma
hinery. In the geo-metri
 interpretation it just means that the feasible polyhedron P is unbounded in theoptimization dire
tion.Degenera
yWhile we 
an make some nonbasi
 variable arbitrarily large in the unbounded 
ase, just theother extreme happens in the degenerate 
ase: some tableau equation limits the in
rementto zero so that no progress in z is possible. Consider the LP
PSfrag repla
ementsx2 � 0

�x1 + x2 � 0x1 � 1x1 � 0 maximize x2subje
t to �x1 + x2 � 0;x1 � 2;x1; x2 � 0; (3.15)with initial feasible tableaux3 = x1 � x2x4 = 2 � x1z = x2The only 
andidate for entering the basis is x2, but the �rst tableau equation showsthat its value 
annot be in
reased without making x3 negative. This may happen wheneverin a BFS some basi
 variables assume zero value, and su
h a situation is 
alled degenerate.Unfortunately, the impossibility of making progress in this 
ase does not imply optimality,so we have to perform a `zero progress' pivot step. In our example, bringing x2 into thebasis results in another degenerate tableau with the same BFS.x2 = x1 � x3x4 = 2 � x1z = x1 � x3Nevertheless, the situation has improved. The nonbasi
 variable x1 
an be in
reasednow, and by entering it into the basis (repla
ing x4) we already obtain the �nal tableaux1 = 2 � x4x2 = 2 � x3 � x4z = 2 � x3 � x4with optimal BFS x = (x1; : : : ; x4) = (2; 2; 0; 0).In this example, after one degenerate pivot we were able to make progress again. Ingeneral, there might be longer runs of degenerate pivots. Even worse, it may happen that34



a tableau repeats itself during a sequen
e of degenerate pivots, so the algorithm 
an gothrough an in�nite sequen
e of tableaus without ever making progress. This phenomenonis known as 
y
ling. If the algorithm does not terminate, it must 
y
le. This follows fromthe fa
t that there are only �nitely many di�erent tableaus.Fa
t 3.4 The LP (3.1) has at most �m+nm � tableaus.To prove this, we show that any tableau T is already determined by its basis variables.Write T as xB = � � �xNz = z0 + 
TxN ;and assume there is another tableau T 0 with the same basi
 and nonbasi
 variables, i.e.T 0 is the system xB = � 0 � �0xNz = z00 + 
0TxN ;By the tableau properties, both systems have the same set of solutions. Therefore(� � � 0)� (�� �0)xN = 0 and(z0 � z00) + (
T � 
0T )xN = 0must hold for all n-ve
tors xN , and this implies � = � 0;� = �0; 
 = 
0 and z0 = z00. Hen
eT = T 0.There is a standard way to avoid 
y
ling, by using symboli
 perturbation. One perturbsthe right-hand side ve
tor b of the LP by adding powers of a symboli
 
onstant " (assumedto be in�nitesimally small). The LP then be
omesmaximize Pnj=1 
jxjsubje
t to Pnj=1 aijxj � bi + "i (i = 1; : : : ; m);xj � 0 (j = 1; : : : ; n); (3.16)and if the original LP (3.1) is feasible, so is (3.16). A solution to (3.1) 
an be obtained froma solution to (3.16) by ignoring the 
ontribution of ", i.e. by setting " to zero. Moreover,any valid tableau for (3.16) redu
es to a valid tableau for (3.1) when the terms involvingpowers of " are disregarded.In 
ase of (3.15), the initial tableau of the perturbed problem isx3 = " + x1 � x2x4 = 2 + "2 � x1z = x2Pivoting with x2 entering the basis gives the tableaux2 = " + x1 � x3x4 = 2 + "2 � x1z = " + x1 � x3 (3.17)35



This is no longer a degenerate pivot, sin
e x2 (and z) in
reased by ". Finally, bringingx1 into the basis gives the tableaux1 = 2 + "2 � x4x2 = 2 + "+ "2 � x3 � x4z = 2 + "+ "2 � x3 � x4 (3.18)with optimal BFS x = (2 + "2; 2 + " + "2; 0; 0). The optimal BFS for (3.15) is re
overedfrom this by ignoring the additive terms in ". In general, the following holds, whi
h provesnondegenera
y of the perturbed problem.Fa
t 3.5 In any BFS of (3.16), the values of the basi
 variables are nonzero polynomialsin ", of degree at most m. The tableau 
oeÆ
ients at the nonbasi
 variables are una�e
tedby the perturbation.To �nd the leaving variable, polynomials in " have to be 
ompared. This is done lexi
o-graphi
ally, i.e. mXk=1 �k"k < mXk=1 �0k"kif and only if (�1; : : : ; �m) is lexi
ographi
ally smaller than (�01; : : : ; �0m). The justi�
ationfor this is that one 
ould a
tually assign a very small numeri
al value to " (dependingon the input numbers of the LP), su
h that 
omparing lexi
ographi
ally is equivalent to
omparing numeri
ally, for all polynomials that turn up in the algorithm.In the perturbed problem, progress is made in every pivot step. Cy
ling 
annot o

urand the algorithm terminates after at most �m+nm � pivots.In the asso
iated feasible poly-hedron, degenera
ies 
orrespond to `over
rowded verti
es', whi
h are verti
es where morethan n of the 
onstraint hyperplanes meet. There are several ways to represent the samevertex as an interse
tion of exa
tly n hyperplanes, and a degenerate pivot swit
hes betweentwo su
h representations. The perturbation slightly moves the hyperplanes relative to ea
hother in su
h a way that any degenerate vertex is split into a 
olle
tion of nondegenerateones very 
lose together.InfeasibilityTo start o�, the simplex method needs some feasible tableau. In all examples 
onsideredso far su
h a tableau was readily available sin
e the initial tableau was feasible. We saythat the problem has a feasible origin. This is equivalently expressed by the fa
t that theright-hand side ve
tor b of the LP is nonnegative. If this is not the 
ase, we �rst solve anauxiliary problem that either 
onstru
ts a BFS to the original problem or proves that theoriginal problem is infeasible. The auxiliary problem has an additional variable x0 and isde�ned as minimize x0subje
t to Pnj=1 aijxj � x0 � bi (i = 1; : : : ; m);xj � 0 (j = 0; : : : ; n):36



This problem is feasible (
hoose x0 big enough), and it is 
lear that the original problemis feasible if and only if the optimum value of the auxiliary LP is zero. Let us do an exampleand 
onsider the problemmaximize �x2subje
t to �x1 � x2 � �2;x1 � x2 � �1;x1; x2 � 0:with initial tableaux3 = �2 + x1 + x2x4 = �1 � x1 + x2z = � x2
PSfrag repla
ementsx2 � 0�x1 � x2 � �2x1 � 0x1 � x2 � �1This problem has an infeasible origin, be
ause setting the right-hand side variables tozero gives x3 = �2; x4 = �1. The auxiliary problem (written in maximization form toavoid 
onfusion and with the obje
tive fun
tion 
alled w in the tableau) ismaximize �x0subje
t to �x1 � x2 � x0 � �2;x1 � x2 � x0 � �1;x0; x1; x2 � 0:with initial tableau x3 = �2 + x1 + x2 + x0x4 = �1 � x1 + x2 + x0w = � x0The auxiliary problem has an infeasible initial tableau, too, but we 
an easily 
onstru
ta feasible tableau by performing one pivot step. We start in
reasing the value of x0, thistime not with the goal of maintaining feasibility but with the goal of rea
hing feasibility.To get x3 � 0, x0 has to in
rease by at least 2, and this also makes x4 positive. By settingx0 := 2 we get x3 = 0 and x4 = 1. Solving the �rst tableau equation for x0 and substitutingfrom this into the remaining equations as usual gives a new feasible tableau with x0 basi
and x3 nonbasi
. x0 = 2 � x1 � x2 + x3x4 = 1 � 2x1 + x3w = �2 + x1 + x2 � x3The simplex method 
an now be used to solve the auxiliary problem. In our 
ase, by
hoosing x2 as the entering variable, we a

omplish this in one step. The resulting tableauis 37



x2 = 2 � x1 + x3 � x0x4 = 1 � 2x1 + x3w = � x0Sin
e all 
oeÆ
ients of nonbasi
 variables in the w-row are nonpositive, this is anoptimal tableau with BFS x = (x0; : : : ; x4) = (0; 0; 2; 0; 1). The asso
iated zero w-valueasserts that the LP we originally wanted to solve is a
tually feasible, and we 
an even
onstru
t a feasible tableau for it from the �nal tableau of the auxiliary problem by ignoringx0 and expressing the original obje
tive fun
tion z in terms of the nonbasi
 variables; fromthe �rst tableau equation we get in our 
ase z = �x2 = �2 + x1 � x3, and this gives avalid feasible tableau x2 = 2 � x1 + x3x4 = 1 � 2x1 + x3z = �2 + x1 � x3with 
orresponding BFS x = (x1; : : : ; x4) = (0; 2; 0; 1) for the original LP. For this to work,x0 should be nonbasi
 in the �nal tableau of the auxiliary problem whi
h is automati
allythe 
ase if the problem is nondegenerate. (To guarantee this in the general situation,
hoose x0 as the leaving variable whenever this is a possible 
hoi
e.)If the optimum value of the auxiliary problem is nonzero, we 
an 
on
lude that theoriginal LP is infeasible and simply report this fa
t.3.2.5 Tableaus from basesWe have argued earlier that a tableau is uniquely determined by the set of basi
 variables.But how do we 
ompute the 
orresponding tableau? It will have the formxB = � � �xNz = z0 + 
TxN : (3.19)Formally, if G is some subset G = fj1; : : : ; jkg � [n+m℄of variable subs
ripts, then xG := (xj1 ; : : : xjk)T (3.20)is the ve
tor of all the variables with subs
ripts in G. Any tableau is therefore uniquelyspe
i�ed by its basi
 subs
ript set B. We will make this spe
i�
ation expli
it, i.e. we showhow the entries �; 
;� and z0 relate to B.Consider the LP in 
ompa
t equality form (3.4), whi
h is(LP) maximize 
Txsubje
t to Ax = b;x � 0; (3.21)38



with A and 
 de�ned a

ording to (3.5) resp. (3.6).Let Aj denote the j-th 
olumn of A. For subs
ript set G = fj1; : : : ; jkg letAG := (Aj1; : : : ; Ajk) (3.22)
olle
t the k 
olumns 
orresponding to the variables with subs
ripts in G. Then theequations of (3.21) read as ABxB + ANxN = b: (3.23)Sin
e (3.19) has by de�nition of a tableau the same set of solutions as (3.23), the formeris obtained by simply solving (3.23) for xB, whi
h givesxB = A�1B b� A�1B ANxN ; (3.24)and therefore � = A�1B b;� = A�1B AN : (3.25)By similar reasoning we 
ompute 
 and z0. For G = fj1; : : : ; jkg let
G := (
j1; : : : ; 
jk)T (3.26)
olle
t the entries 
orresponding to variables with subs
ripts in G. Then the equation forz in (3.4) reads as z = 
TBxB + 
TNxN : (3.27)Again by the tableau property, the last row of (3.19) is equivalent to (3.27), and theformer is obtained by simply substituting from (3.24) into (3.27), whi
h givesz = 
TBA�1B b + (
TN � 
TBA�1B AN)xN ; (3.28)and therefore z0 = 
TBA�1B b;
T = 
TN � 
TBA�1B AN : (3.29)These formulas show that it is not ne
essary to rewrite the whole tableau in everypivot step (this a�e
ts �(nm) entries). Rather, it is suÆ
ient to maintain and updatethe 
urrent BFS, the basi
 subs
ript set B as well as the inverse of the matrix AB. Allne
essary information 
an be retrived dire
tly from this. Note that before the �rst iteration,AB = A�1B = E. Be
ause this matrix has only m2 entries, this is a saving for large valuesof n.3.2.6 Pivot RulesA pivot rule is any s
heme for 
hoosing the entering variable in 
ase there is more thanone 
andidate for it (whi
h is the typi
al situation). The number of pivot steps that arene
essary to solve the LP 
ru
iallty depend on the pivot rule (this 
an already be veri�ed39



in our running example; depending on whether we 
hoose x1 or x2 in the �rst step, weneed 2 or 3 steps). The problem is of 
ourse that we don't know beforehand whi
h 
hoi
ewill turn out most pro�table in the end. Therefore, a pivot rule is always a heuristi
.Here are some 
lassi
al rules. The term `improving variable' refers to any nonbasi
variable with positive 
oeÆ
ient in the z-row.Largest 
oeffi
ient. Enter the improving variable with largest 
oeÆ
ient in the z-row. This is the rule originally proposed by Dantzig, the inventor of the simplex method.Largest in
rease. Enter the improving variable whi
h leads to the largest absoluteimprovement in z. This rule is 
omputationally more expensive than the largest 
oef-fi
ient rule but lo
ally maximizes the progress.Steepest edge. Enter the improving variable whi
h maximizes the z-improvement pernormalized unit in
rease of the entering variable (this is the in
rease ne
essary to translatethe 
urrent feasible solution by a ve
tor of unit length). Geometri
ally, this 
orrespondsto 
hoosing the steepest upward edge starting at the 
urrent vertex of the feasible polyhe-dron.Smallest subs
ript. Enter the improving variable with smallest subs
ript. This isBland's rule, and it is of theoreti
al interest be
ause it avoids 
y
ling, as mentioned inSubse
tion 3.2.4.Random edge. Enter an improving variable, 
hosen uniformly at random from all 
an-didates. This rule (and randomized rules in general) are of quite some relevan
e, when it
omes to the worst-
ase 
omplexity of the simplex method. We will 
ome ba
k to this ina later se
tion.3.3 DualityAssume the dis
otheque Kau
euten in Z�uri
h wants to organize a party, for whi
h it has2000 units of 
hampagne, 5000 units of beer, and 6000 units of mineral water in sto
k.There are two 
ategories of guests, VIPs and �llers, with di�erent drinking demands.Ea
h VIP drinks 3 units of 
hampagne, 3 units of beer, and 2 unit of mineral water; ea
h�ller 
onsumes one unit of 
hampagne, 4 units of beer, and 5 units of mineral water.Moreover, the Kau
euten 
harges entran
e fees of CHF 20 per VIP and CHF 10 per�ller, but the drinks are free.1Of 
ourse, the Kau
euten wants to maximize its pro�t; so it asks for the number v ofVIPs and the number f of �llers that must be admitted su
h that the entran
e fees aremaximized under the 
onditions that the drinks are suÆ
ient.1Knowing Z�uri
h pri
es, these entran
e fees are slightly unrealisti
, but this is a theory le
ture anyway.40



This 
an be formulated as a linear program in 2 nonnegative variables v and f , andthree inequality 
onstraints, see Figure 3.3.(LP ) maximize 20v + 10f (entran
e fee)subje
t to 3v + f � 2000 (enough 
hampagne)3v + 4f � 5000 (enough beer)2v + 5f � 6000 (enough mineral water)v � 0 (nonnegative VIP number)f � 0 (nonnegative �ller number)Figure 3.3: The Kau
euten LPStri
tly speaking, we have an ILP here, be
ause both v and f must be integer, but let'signore this issue for now.There is another way, the Kau
euten 
ould make its money, namely if it does not 
hargeentran
e fees but sells the drinks instead. Let C;B and M be the pri
es the Kau
euten
harges per unit of 
hampagne, beer and mineral water. As long as3C + 3B + 2M � 20 (3.30)and C + 4B + 5C � 10; (3.31)the pro�t made from selling drinks to VIPs and �llers 
ompensates the loss in entran
efees. It follows that under these 
onstraints, the Kau
euten will not make less money byselling drinks than it will make by 
harging entran
e fees. In parti
ular, as it 
annot sellmore drinks than it has, the value2000C + 5000B + 6000Mis an upper bound for the pro�t that is made by selling drinks at pri
es C;B;M ; thisagain is an upper bound for the pro�t that is made by 
harging entran
e fees, providedthe 
onstraints (3.30) and (3.31) hold. If we want to have a good upper bound for thepro�t we 
an make from 
harging entran
e fees, we should try to make the value 2000C +5000B + 6000M as small as the 
onstraints (3.30) and (3.31) allow it.The best upper bound we 
an obtain with these 
onsiderations is therefore given bythe optimal value of the LP in Figure (3.4).What we have just derived is the statementopt(LP) � opt(LP�): (3.32)(LP�) is 
alled the dual of (LP). In general, if we have a problem(LP) maximize 
Txsubje
t to Ax � b;x � 041



(LP�) minimize 2000C + 5000B + 6000Msubje
t to 3C + 3B + 2M � 20C + 4B + 5M � 10C � 0B � 0M � 0Figure 3.4: The dual of the Kau
euten LPin n nonnegative variables and m additional inequality 
onstraints, its dual is the problem(LP�) minimize bT ysubje
t to AT y � 
;y � 0inm nonnegative variables and n additional inequality 
onstraints. In the Kau
euten 
ase,we haveA = 0� 3 13 42 5 1A ; b = 0� 200050006000 1A ; 
 = � 2010 � ; x = � vf � ; y = 0� CBM 1A :Let's prove the statement (3.32) in the general 
ase. The proof also shows that nothingreally magi
 happens here.Theorem 3.6 Consider a linear program(LP) maximize 
Txsubje
t to Ax � b;x � 0and its dual (LP�) minimize bTysubje
t to ATy � 
;y � 0:For all feasible solutions ~x of (LP) and all feasible solutions ~y of (LP�),
T ~x � bT ~yholds.Proof. Let ~y � 0 and assume ~x feasible for (LP). Then we have~yTA~x � ~yT b;42



be
ause inequalities are preserved under multipli
ation with nonnegative numbers. If inaddition ~yTA � 
T holds (i.e. ~y is feasible for (LP�)), then we get~yT b � ~yTA~x � 
T ~x;as 
laimed.The amazing fa
t is that a statement stronger than (3.32) holds, namely that (undersuitable 
onditions) opt(LP) = opt(LP�):This means, the original (primal) LP has the same optimal value as the dual LP. Youmight want to 
he
k this in 
ase of the Kau
euten LP.Theorem 3.7 Consider a feasible and bounded linear program(LP) maximize 
Txsubje
t to Ax � b;x � 0:Then its dual (LP�) minimize bTysubje
t to ATy � 
;y � 0is feasible and bounded, and there are feasible solutions ~x of (LP) and ~y of (LP�) su
hthat 
T ~x = bT ~yholds. In parti
ular, ~x is optimal for (LP) and ~y is optimal for (LP�).Proof. If 
T ~x = bT ~y holds, then ~x and ~y must be optimal, be
ause 
T ~x � bTy holds forall feasible solutions y of (LP�) and 
Tx � bT ~y holds for all feasible solutions x of (LP) byTheorem 3.6. It remains to prove the existen
e of suitable ~x and ~y.For this, 
onsider (LP) after introdu
ing sla
k variables, where it appears in the form(LP) maximize 
Txsubje
t to Ax = b;x � 0;and let ~x be an optimal BFS 
omputed by the simplex method, B the 
orresponding setof basi
 indi
es, z0 = 
T ~x the optimal obje
tive fun
tion value of (LP). We 
laim that theve
tor ~y de�ned by ~yT := 
TBA�1Bis feasible for (LP�) and satis�es bT ~y = z0 { this proves the Theorem. As we know by(3.29) that z0 = 
TBA�1B b = ~yT b;43



the last part is easy. For feasibility, we must show that~yTA � 
T (, ~yTAj � 
j; j 2 f1; : : : ; ng); (3.33)and that ~y � 0 (, ~yTej � 0; j 2 f1; : : : ; mg): (3.34)Here, ej is the j-th unit ve
tor. After writing (3.34) in this strange way, it be
omes 
learthat (3.33) and (3.34) together are equivalent to~yTA � 
T (, ~yTAj � 
j; j 2 f1; : : : ; n+mg):Assume B = fj1; : : : ; jmg. If j = j` 2 B, then~yTAj = 
TBA�1B Aj = 
TBe` = 
j` = 
j:Here we have used A�1B AB = Em, the unit matrix of dimensions (m�m). If j 2 N , we get~yTAj = 
TBA�1B Aj = 
j � 
j � 
jby (3.29) and be
ause 
j � 0 (re
all that 
j is the 
oeÆ
ient of the variable xj in the z-rowof the �nal, optimal tableau). This 
ompletes the proof of the duality theorem.
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Chapter 4Complexity of the Simplex MethodIn the exer
ise we have seen that an LP with n variables and m inequality 
onstraintsmight have up to �n +mm �basi
 feasible solutions (BFS). Namely, ea
h 
hoi
e ofm variables out of the n+m (originalplus sla
k) variables might give us a basis. This 
an indeed happen in the degenerate 
ase,otherwise this bound is not attainable.In this 
hapter we will be 
on
erned with the 
ase m � n; you 
an a
tually imaginem to be a 
onstant, say 5. In this 
ase,�n+mm � = �(nm);and there are indeed LPs with this many BFS. (As an exer
ise, you might try to �nd anLP with 2 inequality 
onstraints whi
h has �(n2) BFS; if you fail, try to �nd an LP with1 inequality 
onstraint that has �(n) BFS.)For m = 5, for example, this means that the simplex method 
annot take more thanO(n5) pivot steps to solve the LP. Although this is a polynomial bound, it is far fromsatisfa
tory. Unfortunately, for most pivot rules (s
hemes to 
hoose the entering variablein 
ase there are several 
hoi
es, 
f. previous 
hapter), nothing better 
an be proved; thesituation is even worse: for some pivot rules, there are linear programs for whi
h thisnumber of steps is a
tually needed.Lu
kily, there is randomization. In this 
hapter we will dis
uss a randomized pivot rulewhi
h solves an LP with 
onstantly many 
onstraints in expe
ted time O(n), whi
h is bestpossible. A
tually, the runtime is of the form O(f(m) � n), where f is a fun
tion whi
hgrows exponentially with m. For any �xed m, however, f(m) is �xed as well, and we geta linear-time solution.
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4.1 An expe
ted linear-time algorithmConsider an LP in standard form; after introdu
ing sla
k variables, it assumes the form(LP) maximize 
Txsubje
t to Ax = b;x � 0; (4.1)where we have n + m variables indexed with Q = f1; : : : ; n + mg and m equality
onstraints. To solve the problem means to �nd an optimal basis B(Q) � Q, given somebasis B � Q. The simplex method does this by going through a sequen
e of bases, startingwith B, until some basis is found whi
h 
annot be improved anymore { this basis will beoutput as B(Q). For the 
omplete 
hpater, we assume that LP is nondegenerate, 
f.previous 
hapter. Below we will see why this assumption is ne
essary.We will do this in a randomized fashion now, using a re
ursive algorithm. This algo-rithm will solve subproblems of (4.1). Namely, for R � Q, 
onsider the restri
ted problem(LP(R)) maximize 
TRxRsubje
t to ARxR = b;xR � 0; (4.2)whi
h arises from (4.1) by removing all variables with indi
es not in R. We get thatLP=LP(Q); moreover, (4.2) 
an equivalently be written as(LP(R)) maximize 
Txsubje
t to Ax = b;xQnR = 0;x � 0: (4.3)How 
an we solve the restri
ted problem? In the formulation (4.3) it be
omes 
learthat we 
an do this with the simplex method again, provided we have a basis B � R. The
orresponding BFS is feasible for LP(R), be
ause all variables with subs
ripts not in Bhave value zero { in parti
ular the ones that are not in R. Moreover, we 
an do pivot stepsas we used to do them, as long as we never let any variable with index not in R be
omenonzero. But this is easy: we never admit su
h variables as 
andidates for the enteringvariable. Then, all variables in Q n R will stay nonbasi
 throughout and thus will havevalue zero. Therefore, any BFS we go through is feasible for LP(R).Doing this, we will rea
h at some point a basis B0 with tableauxB0 = � 0 � �0x0Nz = z00 + 
0Tx0N ; (4.4)where we get stu
k, be
ause we have
0j � 0 8j 2 R nB0:46



This means, there is no 
andidate for an entering variable, be
ause we ex
luded Q n Rfrom 
onsideration. Of 
ourse, we might have 
0j > 0 for some j 2 Q n R, but as we arenot allowed to make that variable basi
, we 
annot pro
eed.Lu
kily, this means that we have solved LP(R) to optimality:Claim 4.1 B0 = B(R), an optimal basis for LP(R). In other words, z00 is the optimalobje
tive fun
tion value for LP(R).Proof. Let ~x = (~xB0 ; ~xN 0) be any feasible solution to LP(R). The asso
iated obje
tivefun
tion value z = 
T ~x satis�es z = z00 + 
0T ~xN 0 (4.5)by de�nition of a tableau. Moreover,
0j~xj = � 0; if j 2 Q nR;� 0; if j 2 R nB (be
ause 
0j � 0; ~xj � 0): (4.6)(4.5) and (4.6) together imply z � z00;and it follows that z00 is the optimal obje
tive fun
tion value. As it is attained by the BFS
orresponding to B0, the 
laim follows.The impli
ation of this is that if we have a basis B � R, we 
an solve the restri
tedLP(R) just as easily as we would have solved LP = LP(Q). The following algorithmsolves LP(R), by employing a spe
ial pivot rule whi
h restri
ts the problem to a still morerestri
ted, randomly 
hosen, subproblem in a �rst step. solve(R;B) outputs an optimalbasis B(R) of R, given some basis B � R.Algorithm 4.2solve(R;B): (* R � Q, B � R some basis *)IF R = B THENRETURN BELSE
hoose j 2 R nB at randomB0 := solve(R n fjg; B)IF B0 = B(R) THEN  
0j � 0RETURN B0ELSEB00 :=pivot(B0; j)RETURN solve(R;B00)ENDEND
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Some 
omments are in order: if R = B, we need to solve the restri
ted problem LP(B),where B is the 
urrent basis. But then, no variable is allowed to enter the basis, and weare done { B is the optimal basis of this subproblem. Otherwise, we mark another variable(index) j as \forbidden" and re
ursively solve the subproblem LP(R n fjg). This gives usB0 = B(Rnfjg), an optimal basis for LP(Rnfjg). If B0 turns out to be optimal for LP(R)as well, we are done and 
an return B0. How 
an we test this? We need to 
he
k whetherthe previously forbidden variable j 
an still lead to an improvement, i.e. whether it is a
andidate for the entering variable now. In any 
ase, it is the only 
andidate, be
ause
0k � 0 for all k 2 R n (B [ fjg) with the notation of (4.4). So, the test `B0 = B(R)?'amounts to the test `
0j � 0?'In 
ase of 
0j > 0, we 
an still improve our solution, and we do so by entering j into thebasis. This is indi
ated by the statement `B00 :=pivot(B0; j)', whi
h returns the new andimproved basis. With this basis, we simply 
ontinue.From this des
ription, it should be 
lear, that solve is a plain simplex algorithm, witha spe
ial rule to 
hoose the 
andidate for the entering variable that is 
onsidered next inany given situation.It is also 
lear that solve terminates, be
ause in the �rst re
ursive 
all, the problemgets smaller, and in the se
ond one, we have an improved basis. Note, however, that thisrequires nondegenera
y, otherwise we 
annot argue that we make progress in the obje
tivefun
tion during the pivot step.For the analysis of the algorithm solve we need some de�nitions.De�nition 4.3(i) z(B) is the obje
tive fun
tion value asso
iated with the basis B. opt(R) := z(B(R))is the optimal obje
tive fun
tion value of LP(R).(ii) j 2 R is enfor
ed in (R;B) if z(B) > opt(R n fjg).(iii) dim(R;B) := m� jfj 2 R j j is enfor
ed in (R;B)gj is 
alled the hidden dimensionof (R;B).(iv) tk(r) is the maximal expe
ted number of optimality tests `B0 = B(�)' that o

ur insolve(R;B) (and all its re
ursive 
alls), over all sets R and bases B � R su
h thatjRj = r and dim(R;B) � k.What does it mean that an element is enfor
ed? Assume R is a set of people, and theB's are possible parties of m people. As you want to �nd the party whi
h provides themost fun, you rank all B's by some fun value z(B). Assume j = Franz. Then the 
onditionz(B) > opt(R n fjg)means that B is a party whi
h guarantees more fun than the best party to whi
h Franz isnot invited. This 
an only mean that Franz 2 B. But more is true: as you �nd still betterand better parties, Franz must always be on the guest list; in parti
ular, Franz must be48



invited to the optimal party. Franz is enfor
ed in (R;B), be
ause you must invite Franzto every party whi
h is at least as good as B.Then, dim(R;B) is simply the number of free slots you still have on your guest list:m � dim(R;B) guests are already enfor
ed, i.e. they must be invited. From this it isintuitive that the problem is easier to solve if dim(R;B) is small, and that's the reasonwhy we want to analyze a 
all to solve(R;B) in terms of its size r and its hidden dimensionk, by �nding good bounds for tk(r).Lemma 4.4 tk(m) = 0;t0(r) � t0(r � 1) + 1;tk(r) � tk(r � 1) + 1 + kr �mtk�1(r); r > m; k > 0:Proof. If jRj = m, we have R = B, so no optimality tests o

ur at all. If dim(R;B) = 0,you already have found the optimal basis, be
ause all elements in it are enfor
ed. Thismeans, there 
an never be another pivot step, equivalently, there 
annot be a se
ondre
ursive 
all in solve. This means, there are just the tests in the �rst re
ursive 
all(where we have hidden dimension 0 again), plus the one test we do to �nd out that B isindeed optimal. This explains the se
ond inequality of the lemma.At this point it should be pointed out why the parameter k is 
alled hidden dimen-sion: namely, the algorithm does not know it. In parti
ular, it does not know that the�rst re
ursive 
all and also the subsequent optimality test are not ne
essary in 
ase ofdim(R;B) = 0.If r > m and k > 0, the �rst re
ursive 
all solves a problem of size r � 1 and hiddendimension at most k again. This follows from the fa
t that if i 2 R n fjg is enfor
ed in(R;B), it is also enfor
ed in (R n fjg; B), be
ausez(B) > opt(R n fig) � opt(R n fi; jg):Put another way, if B is better than the best party without i = Susan, then B is of 
oursebetter than the best party without Susan and j = Franz. When we 
ome ba
k from the�rst re
ursive 
all, we perform one optimality test.In 
ase we a
tually get into the se
ond re
ursive 
all, we know that j is enfor
ed now,be
ause z(B00) > z(B0) = opt(R n fjg):This is obvious: we have just 
omputed (re
ursively) the best party B0 without j = Franz,and B00 is better. On the other hand, all elements enfor
ed in (R;B) are still enfor
ed in(R;B00), be
ause z(B00) > z(B) { enfore
ed elements 
an never leave the basis again. Thismeans, the se
ond re
ursive 
all has size r again, but hidden dimension at most k � 1.Moreover, the se
ond re
ursive 
all happens only with probability at most k=(r �m),and that's the pun
hline of the whole randomized approa
h here. Why? Let B(R) be the49



optimal basis (whi
h the algorithm doesn't know, of 
ourse). If the index j 
hosen in the�rst re
ursive 
all is not in B(R), then B(R) = B(R n fjg), be
ause then B(R) � R n fjgimpliesz(B(R)) = opt(R) � opt(R n fjg) � z(B(R)) ) z(B(R)) = opt(R n fjg):This means, the se
ond re
ursive 
all 
an only happen if j 2 B(R). Be
ause j was 
hosenrandomly from r �m elements, this probability is at most m=(r �m). But more is true:as we only have at most k free slots left in B(R) (m � k elements of B(R) are alreadyenfor
ed, i.e. they are in B and do not qualify as the index j), the probabilty is a
tuallyat most k=(r �m), and this explains the third inequality of the lemma.In this lemma, we have silently used some easy probability theory. The quantity tk(r)is a
tually the expe
tation of a random variable. In expressing it as a 
ombination ofother expe
tations, we have used the linearity of expe
tation. Moreover, the value tk�1(r)is a
tually a bound for the expe
ted performan
e of the se
ond re
ursive 
all, 
onditionedon the event that a j 
ausing su
h a 
all was 
hosen. Thus, it is a 
onditional expe
tation,and to get the true expe
tation, we have multiplied it with the probabilty that this evento

urs.Theorem 4.5 tk(r) � kXi=0 1i!k!(r �m) � ek!(r �m);where e is Euler's 
onstant e = 2:71828 : : :.Thus, solve only needs an expe
ted linear number of optimality tests to solve an LPwith a 
onstant number m of 
onstraints.Proof. By indu
tion, where the bound obviously holds for r = m (where we get 0) andk = 0 (where we get r �m). For r > m; k > 0 we indu
tively gettk(r) � tk(r � 1) + 1 + kr �mtk�1(r)� kXi=0 1i!k!(r � 1�m) + 1 + kr �m k�1Xi=0 1i! (k � 1)!(r �m)= kXi=0 1i!k!(r � 1�m) + 1 + k�1Xi=0 1i!k!= kXi=0 1i!k!(r � 1�m) + kXi=0 1i!k!= kXi=0 1i!k!(r �m):
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This bound 
an still be improved, by the following idea: so far we have used only thatj is enfor
ed in the se
ond re
ursive 
all, but on average, mu
h more new elements getenfor
ed. To see this, 
onsider the (at most k, as we know) elements j1; : : : ; jk whose 
hoi
eas j would lead to a se
ond re
ursive 
all. Assume we have ordered them su
h thatopt(R n fj1g) � opt(R n fj2g) � � � � � opt(R n fjkg):If j = j` is 
hosen, we get that not only j`, but also j1; : : : ; j`�1 are enfor
ed in (R;B00),be
ause z(B00) > z(B0) = opt(R n fj`g) � opt(R n fjtg);for all t = 1; : : : ; `. In this 
ase, dim(R;B00) � dim(R;B) � ` � k � `. This means, thethird inequality in Lemma 4.4 
an be repla
ed by the inequalitytk(r) � tk(r � 1) + 1 + 1r �m kX̀=1 tk�`)(r);and one 
an prove (again by an easy indu
tion) that this leads to an improved bound oftk(r) � 2k(r �m):Summarizing this se
tion, we get the followingTheorem 4.6 Any linear program LP = LP(Q) with n+m variables and 
onstantly manyinequalities 
an be solved in expe
ted time O(n), by a 
all to the algorithm solve(Q;B).Proof. Convin
e yourself that the overall number of steps done by the algorithm isproportional to the number of optimality tests. This holds for 
onstant m, be
ause thenalso a pivot step 
an be implemented in 
onstant time (O(m3), a
tually, or even O(m2)if one does it slighly more 
leverly and just updates the basis inverse A�1B upon a pivotstep). Then the runtime is bounded by O(tm(n+m)) = O(n).This result is remarkable, be
ause only in the eighties, an O(n) algorithm for LP was�rst dis
overed. This was a determinsti
 (and a
tually quite 
ompli
ated) algorithm whoseruntime is of the order 22mn;whi
h is really slow, even for small m. Only using randomization, it was possible to �ndan easier and also faster algorithm.As m grows, even the algorithm we have developed here be
omes slow, as we have anexponential fa
tor of 2m in the runtime. This is a general problem: no simplex variantis known whose runtime is polynomial in both parameters n and m. To �nd su
h analgorithm is a major open problem in the theory of linear programming.
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4.2 LP-type problemsRe
onsidering Algorithm 4.2, we �nd that not mu
h of the linear programming stru
turewas used. The party example we have been pulling out of the hat didn't have mu
h todo with LP, and yet we were able to explain some prin
iples with it. What we a
tuallyused was that we have a ground set Q, subsets R of whi
h have optimal values opt(R).We also have bases B, whi
h were small subsets, and we have bases of sets R, whi
h weresmall subsets B of R su
h that opt(B) = opt(R). Then we have an optimality test whi
h
erti�es whether a basis is the basis of some set, and a pivot step to �nd an improvedbasis, in 
ase the basis was not optimal yet. In fa
t, there are problems more general thanLP, for whi
h all these notions make sense, and for whi
h the algorithm solve will work.De�nition 4.7 Let Q be a �nite set, w : 2Q 7! R [ f�1g a fun
tion that assigns valuesto subsets of Q. The pair (Q;w) is 
alled an LP-type problem if the following axioms aresatis�ed.(i) Monotoni
ity: w(R) � w(S) for all R � S � Q(ii) Lo
ality: if we have B � R n fjg � Q su
h that w(B) = w(R n fjg) 6= �1, andw(R) > w(R n fjg), then also w(B [ fjg) > w(B).If we have an LP over variables with indi
es in Q, and we set w(R) = opt(R) for all Rsu
h that jRj � m and LP(R) has a solution (w(R) = �1 otherwise), we get an LP-typeproblem. The monotoni
ity property is quite obvious: LP(S) has less restri
tions thanLP(R), so its maximum obje
tive fun
tion value 
an only be higher.Lo
ality is more subtle. As its name indi
ates, this property guarantees that we 
an
he
k optimality lo
ally. To understand what this means, look at the algorithm solveagain. When we 
ome ba
k from the �rst re
ursive 
all, we have opt(B0) = opt(R n fjg),and we want to know whether opt(R) > opt(R n fjg). Lo
ality tells us that this 
an onlybe the 
ase if also opt(B0 [ fjg) > opt(B0). In fa
t, this is exa
tly what we exploited inthe algorithm: If B0 is not optimal for R, we �nd a new and improved basis B00 � B0[fjg,so B0 was not even optimal for B0 [ fjg. Equivalently, opt(B0 [ fjg) > opt(B).This means, we 
he
k whether B0 is optimal for R by 
he
king whether it is optimalfor B0 [ fjg. It might be obvious to you that this is the same thing { after all, that's howthe simplex algorithm is designed. However, if the LP is degenerate, lo
ality might fail!Namely, if entering j into the basis after the �rst re
ursive 
all does not lead to progress inthe obje
tive fun
tion, we get opt(B00) = opt(B0 [ fjg) = opt(B0), even though we mighthave opt(R) > opt(R n fjg). In order to make progress again, we need to 
onsider moreelements than just the ones in B0 [ fjg.Therefore, only a nondegnerate LP gives rise to an LP-type problem. What are otherLP-type problems? I promised that it does not stop with LP. Here are a few examples.Smallest en
losing ball. Given n points in Rd , �nd the ball of smallest volume 
overingall the points. 52



Æ � d+ 1Smallest en
losing ellipsoid. Given n points in Rd , �nd the ellipsoid of smallest volume
overing all the points.
Æ � d(d+ 3)=2Smallest en
losing annulus Given n points in the plane, �nd the annulus of smallestarea 
overing all the points.

Æ = 4Largest disk in kernel. Given a starshaped polygon with n edges, �nd the largest diskin the kernel of the polygon.
Æ = 353



Distan
e of polytopes. Given two polytopes de�ned by overall n halfspa
es (or npoints), �nd the shortest distan
e between them.
Æ � d+ 2Angle-optimal pla
ement. Given a starshaped polygon with n edges, �nd the point pin its kernel su
h that the smallest angle in the graph 
onsisting of the polygon edges andthe 
onne
tions between p and the verti
es is maximized.

p

α

α

Æ = 3To explain what the Æ-value in these �gures mean, here is some more notation, moti-vated by the LP 
ase.De�nition 4.8 Let (Q;w) be an LP-type problem.(i) B � Q is a basis if w(B) > w(B n fjg) for all j 2 B. Thus, a basis is an in
lusion-minimal set whi
h de�nes some value.(ii) B � R is basis of R if B is a basis and w(B) = w(R).(iii) Æ := maxB Basis jBj is 
alled the 
ombinatorial dimension of (Q;w).The 
ombinatorial dimension of an LP with m 
onstraints is therefore m, be
ause allbases have size m. In other LP-type problems, bases 
an have di�erent sizes. If you lookat the smallest en
losing ball problem, a basis of a set is (in 
ase of general position ofthe points) exa
tly the set of points on the boundary of the smallest en
losing ball. Inthe pi
ture above, this number is three, but it 
an as well be two, if the two boundary54



points form the diameter of the smallest en
losing ball. In arbitrary dimension d, the
ombinatorial dimension is at most d + 1, be
ause this many points determine a uniqueball.For the other LP-type problems I have listed, we also have bounds for Æ whi
h arerelated to the dimension of the spa
e the problem `lives' in. The 
ru
ial insight here isthat usually, this dimension is 
onstant. After all, we are dealing with geometri
 problemshere whi
h mostly live in 2 or 3 dimensions. However, if the 
ombinatorial dimensionis 
onstant, we may use the algorithm solve for our LP-type problem, and we will getexpe
ted O(n) runtime.This presumes that we know how to perform the optimality test and the pivot step,whi
h are the only problem-spe
i�
 primitives that remain. For most problems mentionedabove, this is not diÆ
ult, and even if it is, we 
an still a�ord a brute-for
e solution. Theprimitive operations only involve 
onstant-size problems, so they 
an be implemented in
onstant time.Lu
kily, there are usually even eÆ
ient solutions. Let me dis
uss just one example.How do we perform the optimality test in 
ase of smallest en
losing balls? The situation isthat we have re
ursively found the smallest en
losing ball of the set R n fjg, and we wantto know whether the ball will get larger when we add j. It is intuitively 
lear (but mustbe proved, of 
ourse), that this is the 
ase if and only if point j lies outside the smallesten
losing ball determined by R nfjg. This test is very simple to exe
ute in all dimensions.Summarizing the dis
ussion here, we obtain the followingTheorem 4.9 An LP-type problem of 
onstant 
ombinatorial dimension Æ over an n-element set Q 
an be solved in expe
ted time O(n) using the algorithm solve. In parti
ular,we obtain O(n) algorithms for all the problems mentioned above.A little 
are is in order: while the fa
t that bases may have di�erent sizes does nota�e
t the 
orre
tness of the algorithm solve it a�e
ts the runtime (Why? Exer
ise!). Westill get a linear bound, though, only the dependen
e of the bound on the 
ombinatorialdimension Æ 
hanges. If Æ is 
onstant, this makes no di�eren
e.Theorem 4.9 is even more remarkable than the 
orresponding Theorem 4.6 for LP.Namely, for many LP-type problems (in
luding smallest en
losing ellipsoids, for example),the algorithm solve was the �rst algorithm to a
hieve linear runtime. Given the fa
tthat this algorithm uses hardly any problem-spe
i�
 stru
ture, this be
omes even moreamazing. The 
ru
ial insight here is that randomization really helps.
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Chapter 5The Primal-Dual MethodWhen we started out with Linear Programming, this was motivated by the SOLA problem;in fa
t, we had observed (or, rather, proved) that the problem of �nding a weight-minimalperfe
t mat
hing in a weighted 
omplete bipartite graph over 2n verti
es 
an be formulatedas a linear program in n2 variables (one for ea
h edge) and 2n equality 
onstraints (onefor ea
h vertex). Solving this problem using the simplex method will give us a solution,but the runtime is not satisfa
tory, at least from a theoreti
al point of view. The resultsof the previous 
hapter don't help mu
h, be
ause the number m of equality 
onstraints isnot 
onstant. Using the pro
edure solve, we 
ould 
ompute an optimal asignment withan expe
ted exponential number of roughly22nn2steps. This is not what we were looking for.This 
hapter introdu
es a method, the primal-dual method, whi
h is 
apable of solvingthe assignment problem (and many other problems whi
h 
an be formulated as LP) eÆ-
iently. Just like simplex, the primal-dual method is a general method for solving LP, but
ertain substeps may be
ome mu
h easier when the LP has some stru
ture we understandwell.Assume we have a minimization LP in equality form, with n variables and m equality
onstraints, given as (LP) minimize 
Txsubje
t to Ax = b;x � 0: (5.1)The primal-dual method 
an a
tually be des
ribed for LP in any form, but this form ispra
ti
al, be
ause it is the one assumed by the assignment problem. Its dual is given by(LP�) maximize bT ysubje
t to AT y � 
: (5.2)This is not the standard form duality we have derived earlier, but it 
an easily be provedfrom it (as we have done in an exer
ise already).56



The primal-dual method is based on the 
omplementary sla
kness theorem, whi
h wehave also addressed in an exer
ise already, for the 
ase of standard form LP. Let us redoit here for our formulations of (LP) and (LP�).Theorem 5.1 Let ~x; ~y be feasible solutions to (LP) and (LP�). ~x and ~y are optimalsolutions to (LP) and (LP�), respe
tively, if and only if the following 
omplementarysla
kness 
ondition holds:~xj = 0 or (AT ~y)j = 
j; 8j = 1; : : : ; n:This means, if the j-th variable in the primal problem \has sla
k" (meaning that ~xj > 0),then the j-th inequality in the dual must not have sla
k ((AT ~y)j > 
j), and vi
e versa.This explains the name of the Theorem.Proof. If ~x and ~y are feasible, it follows that
T ~x � ~yTA~x = ~yT b: (5.3)Moreover, the inequality holds 
omponentwise, i.e.
j~xj � ~yTAj~xj = (AT ~y)j~xj: (5.4)Now it is easy to see that we have equality in (5.4) for all j (equivalently, equality in (5.3))if and only if the 
omplementary sla
kness 
ondition holds. But 
T ~x = ~yT b is equivalentto simultaneous optimality of ~x and ~y. It is ne
essary, be
ause the optimal solutions ofprimal and dual must be equal, but it is also suÆ
ient: 
Tx � ~yT b and 
T ~x � yT b holdsfor all feasible solutions x and y to the primal and dual, respe
tively, so ~x and ~y are bestpossible solutions in both 
ases.5.1 Des
ription of the MethodAssume we have some feasible solution ~y(0) to (LP�). Then de�neJ := fj j (AT ~y(0))j = 
jg:J 
ontains the inidi
es of the dual inequalities whi
h have no sla
k at ~y. By the 
omple-mentary sla
kness theorem, if we �nd a feasible solution ~x to the primal su
h that ~xj = 0for all j 62 J , then both ~x and ~y are optimal for their respe
tive problems. Su
h an ~x existsif and only if the system AJxJ = b;xJ � 0 (5.5)has a solution, where AJ 
ontains the 
olumns of A (and xJ the entries of x) 
orrespondingto the variables xj; j 2 J . To test this, we solve the restri
ted primal(RP) minimize Pmi=1 �isubje
t to AJxJ + E� = b;xJ � 0;� � 0: (5.6)57



Here, � = (�1; : : : ; �m)T is an auxiliary ve
tor of m variables, one of whi
h appears inevery equality 
onstraint (E is the (m � m) unit matrix). Assuming that b � 0 (whi
hwe 
an a
hieve by multiplying equalities in (LP) by �1 if ne
essary), we see that (RP) isfeasible. Moreover, it has optimal solution 0 if and only if the system (5.5) has a feasiblesolution.This means, if we solve (RP) and �nd that its optimal value is 0, our original problems(LP) and (LP�) are solved. If opt(RP ) > 0, we have failed. Then, however, we 
animprove our original dual solution ~y(0) and repeat. To see this, 
onsider the dual of (RP),(RP�) maximize bT ysubje
t to (AT y)j � 0; j 2 Jyi � 1; i = 1; : : : ; m (5.7)We have opt(RP ) > 0, opt(RP�) > 0:Let ~y be an optimal solution to (RP�) su
h that bT ~y > 0, and let us de�ne an updateddual solution ~y(1) by ~y(1) = ~y(0) +�~y; � > 0:We get bT ~y(1) = bT ~y(0) +�bT ~y > bT ~y(0);so ~y(1) has indeed a better obje
tive fun
tion value in (LP�) than ~y(0). It remains to showthat ~y(1) is feasible for (LP�), and this holds at least for small values of �. Namely,(AT ~y(1))j = (AT ~y(0))j +�(AT ~y)j � = 
j +�(AT ~y)j � 
j; j 2 J; by (RP�);� 
j j 62 J;� small enough.(5.8)The se
ond inequality holds for � small enough be
ause (AT ~y(0))j < 
j for j =2 J .The value � is 
hosen as large as possible subje
t to the requirement that ~y(1) is feasiblefor (LP�). It may happen that there is no upper bound for �, in whi
h 
ase (LP) mustbe infeasible: if there is no upper bound for the obje
tive fun
tion value in (LP�), (LP)
an have no feasible solution ~x, be
ause then 
T ~x would be an upper bound for the dualobje
tive fun
tion value.If there is a bound for �, we get at least one index j = jnew =2 J su
h that AT ~y(1)j = 
j,so we have a new dual inequality without sla
k. We repeat the above steps (whi
h we 
allan iteration of the method), this time starting withJ := fj j (AT ~y(1))j = 
jg:Theorem 5.2 The primal-dual method terminates in a �nite number of iterations, if some
are is taken.\Some 
are" means that we 
annot just take any optimal solution ~y of (RP�) to performthe update, in 
ase this optimal solution is not unique. The fa
t that the dual obje
tive58



funtion value stri
tly in
reases in every iteration does not mean that we are done after�nitely many iterations. For example, if (LP�) is unbounded, it is 
on
eivable that we areable to in
rease the value in�nitely often. But even if (LP�) is bounded, it may happenthat the dual solution 
onverges to a value stri
tly smaller than the true optimal value.Although su
h pathologi
al examples require irrational 
oordinates, we 
annot ignore themin theoreti
al 
onsiderations. After these words of warning, the reader may appre
iate the
are we are going to take to make Theorem 5.2 true.Proof. We will argue that we 
an always 
hoose an optimal solution ~y to (RP�) in su
ha way that no set J appears twi
e during the algorithm. Be
ause there are only �nitelymany sets J , this proves the Theorem.For this, 
onsider the unique lexi
ographi
ally largest optimal solution ~y to (5.7).1Be
ause all variables yi are bounded by 1, ~y exists. Equivalently, ~y is the unique optimalsolution to the perturbed problem where we repla
e b withb̂ = b + ("; "2; : : : ; "m)T ;" standing for an arbitrarily small positive 
onstant. Re
all that in the des
ription of thesimplex method, we have used the same manouvre to get rid of degenera
ies in the primalproblem (RP).Now de�ne B := fj j (AT ~y)j = 0g:Then ~y is also the lexi
ographi
ally largest optimal solution to the problem(RP�(B)) maximize bT ysubje
t to (ATy)j � 0; j 2 Byi � 1; i = 1; : : : ; m; (5.9)be
ause inequalities with sla
k at the optimal solution 
an be removed without a�e
tingthe optimum. (Equivalently, if ~xj = 0 at an optimal solution in (RP), the variable 
an beremoved from the problem without a�e
ting the optimum.)Now 
onsider the next set J 0 we get after the dual solution update ~y(0) ! ~y(1). Wehave J 0 � B, as we easily dedu
e from (5.8). This implies bT ~y0 � bT ~y, for ~y0 the optimalsolution of (RP�) in the next iteration, be
ause we will have at least the 
onstraints of(5.9). But J 0 also 
ontains the new index jnew =2 J . By 
onstru
tion of jnew, we have(AT ~y)jnew > 0;whi
h means that ~y is not feasible for (RP�) in the next iteration. This again impliesb̂T ~y0 < b̂T ~y, be
ause either bT ~y0 < bT ~y already holds, or ~y0 is lexi
ographi
ally smaller than~y. The 
on
lusion is that b̂T ~y stri
tly de
reases in every iteration, whi
h means that noset J 
an appear twi
e.A 
ouple of questions remain:1~y is lexi
ographi
ally larger than ~y0 if the �rst index i where they di�er satis�es ~yi > ~y0i.59



1. How do we solve (RP), or (RP�)? It seems that we have redu
ed (LP) to anotherlinear program, so where is the gain? The gain is that (RP) is substantially simpler:it usually has less variables, and it does no longer depend on the original obje
tivefun
tion ve
tor 
. In the appli
ations, (RP) typi
ally has a ni
e interpretation as aproblem we already know how to solve without using LP te
hniques.2. How many iterations does the method take? We have only shown that these are�nitely many. Again, in the 
on
rete appli
ations we ususally get a quite goodbound on the number of iterations. The next se
tion will show the method in a
tionand answer these questions at least for the (by now notorious) SOLA problem.Also, there is another important observation: In 
ertain types of problems, in order toupdate the dual solution, we may not ne
essarily need an optimal solution to (RP�) { asuitable solution with obje
tive fun
tion value larger than 0 will do. Su
h a solution mightbe mu
h easier to �nd than the a
tual optimal one.5.2 The SOLA problem revisited againLet us apply the primal-dualmethod to the assignment problem now and see what happens.We have the following primal and dual linear programs, given the 
omplete bipartite graphG = (V;E). (LP) minimize Pe2E !exesubje
t to Pe3v xe = 1; 8v 2 V;xe � 0; 8e 2 E:The 
onstraints xe � 1 we originally had are redundant be
ause of Pe3v xe = 1. Re
allthat !e is the weight of the edge e, and that an optimal (0/1)-solution to the problem isa weight-minimal perfe
t mat
hing (assignment).(LP�) maximize Pv2V yvsubje
t to yv + yw � !e; 8fv; wg = e 2 E:For a feasible solution ~y to (LP�), we de�neJ := ffv; wg 2 E j ~yv + ~yw = !eg;labeling the inequalities dire
tly with their de�ning edges. We then get(RP) minimize Pv2V �vsubje
t to PJ3e3v xe + �v = 1; 8v 2 V;xe � 0; 8e 2 J:and the dual problem(RP�) maximize Pv2V yvsubje
t to yv + yw � 0; 8fv; wg 2 J;yv � 1; 8v 2 V:60



Now we already see an important feature of the primal-dual method: when we applyit to a 
on
rete problem, we often have a ni
e interpretation of (RP) or (RP�). This isalso the 
ase here.Lemma 5.3(i) Both (RP) and (RP�) have integer optimal solutions.(ii) opt(RP ) = opt(RP�) is the number of free (unmat
hed) nodes in a mat
hing oflargest 
ardinality in (V; J).This means, the primal-dual method in this 
ase redu
es a weighted mat
hing problem toa series of unweighted ones.Proof. The fa
t that we have optimal integer solutions 
an again be proved `manually',as we �rst did it for (LP) ba
k in Chapter 3. However, this time we simply invoke the fa
tthat the 
onstraint matri
es of both problems are TUM (totally unimodular), see exer
isesand solutions to them. This guarantees the integer solutions. As the matri
es are in both
ases vertex-edge in
iden
e matri
es of a bipartite graph (with some extra 
olumns or rowswhi
h 
ontain only one entry), the TUM property is parti
ularly easy to 
he
k.An optimal solution (~x; ~�) to (RP) is then obviously a 0/1-ve
tor. The edges M with~xe = 1 de�ne a mat
hing, be
ause every vertex is in
ident to at most one of them by the
onstraint XJ3e3v ~xe � XJ3e3v ~xe + ~�v = 1:Moreover, exa
tly the verti
es with ~�v = 1 are free; there is no mat
hing with less freeverti
es, be
ause Xv2V ~�vis minimal under the given restri
tions. Therefore, M is a largest mat
hing, and theobje
tive fun
tion value is the number of free verti
es with respe
t to M .We see that if M is a perfe
t mat
hing, our problem is solved. In this 
ase, M is aweight-minimal perfe
t mat
hing. Otherwise, we have to update our dual solution.In the proof of Theorem 5.2, we have seen that it matters whi
h optimal solution ~y to(RP�) we will use in the update. We will use a spe
ial one whi
h we 
an dire
tly read o�,on
e we know the largest mat
hing M . For this, we need some more terminology.De�nition 5.4 Let M � J � E be a mat
hing.(i) A path P � J is 
alled alternating with respe
t to M , if it alternates between edgesin M and in J nM (or vi
e versa), and if one of its endpoints is a free vertex.(ii) An alternating path P is 
alled augmenting if both its endpoints are free verti
es.Then we have the following 61



Lemma 5.5 Let M be a largest mat
hing with edges in J and v a mat
hed vertex. Eitherall alternating paths starting at v have even length, or all these paths have odd length.Proof. Assume that for some vertex, we have paths P1 of even and P2 of odd length. P1starts with a mat
hing edge, while P2 does not. Moreover, the paths share no vertex wother than v, be
ause su
h a 
ommon w would have two edges of M in
ident to it, unlessit is the last (free) vertex on one of the paths. Then, w must also be the last vertex on theother path, be
ause it has no edge of M in
ident to it. Then, however, P1 and P2 wouldhave the same length modulo two, be
ause we have a bipartite graph.Now, 
ombining P1 and P2 gives an augmenting path P . This path has one moreedge in J n M than in M , and by \inverting" the path (inter
hanging mat
hing- andnon-mat
hing-edges), we obtain a larger mat
hing than M , a 
ontradi
tion.Now we 
an de�ne our spe
ial optimal solution ~y to (RP�).Lemma 5.6 Let M be a largest mat
hing with edges in J and de�ne `(v) as the lengthof a shortest (or of some) alternating path starting at v (`(v) := 1 in 
ase no su
h pathexists). Then the ve
tor ~y de�ned by~yv = � 0; if `(v) =1(�1)`(v); otherwise (5.10)is an optimal solution to (RP�).Remark: Here `(v) = 0 is also allowed. Therefore a free vertex v always has ~yv = 1.Be
ause even if it is isolated in J , it has an alternating path of length 0 to itself.Proof. From Lemma 5.5, we know that ~y is well-de�ned. To prove that ~y is feasible,
onsider an edge e = fv; wg 2 J . If ~yv; ~yw � 0, the inequality for e is satis�ed, so assumewithout loss of generality that ~yv = 1. This means, from v, there is an alternating path Pof even length, starting with a mat
hing edge (or v is a free vertex).Case (a) e 2 M . Then P n feg is an alternating path of odd length, starting at w, sowe get ~yw = �1, and the inequality for e holds.Case (b) e 62 M . Then P [ feg is an alternating path of odd length, starting at w, soagain we get ~yw = �1.Optimality of ~y is easy now: for every free vertex v, we get ~yv = 1. For every mat
hing-edge fv; wg, we either have no alternating paths from both verti
es, or alternating pathsof even length from one of them and odd length from the other. In any 
ase, we get~yv + ~yw = 0. Let F be the set of free verti
es. Be
ause every vertex is either free ormat
hed exa
tly on
e, we obtainXv2V ~yv =Xv2F ~yv + Xfv;wg2M(~yv + ~yw) =Xv2F ~yv = jF j = opt(RP ) = opt(RP�):62



Now 
onsider the update ~y(0) ! ~y(1), and let e = fv; wg 62 J be some edge su
h that~y(1)v + ~y(1)w = we = (~y(0)v + ~y(0)w )| {z }<we +�(~yv + ~yw)| {z }�1 :There are two 
ases:Case (a) ~yv = 1; ~yw = 1. Then, alternating paths P1 and P2 of even length start atboth v and w. As above, these paths 
an be 
ombined to an augmenting path P using thenew edge fv; wg. Moreover, all edges e = ft; ug 6= fv; wg on P satisfy ~yt + ~yu = 0 (thesigns alternate along P1 and P2), whi
h means that P � J 0, J 0 the edge set of the nextiteration. This follows from (5.8). Also, M , the 
urrently largest mat
hing is 
ontained inJ 0, be
ause we have derived ~yv + ~yw = 0 for all mat
hing-edges. In other words, the nextset J 0 
ontains M and an augmenting path P for M , so the largest mat
hing M 0 in thenext iteration will have one more edge. This means, the optimal obje
tive fun
tion valuesof (RP) and (RP�) will de
rease by two in the next iteration.Case (b) ~yv = 1; ~yw = 0 (or vi
e versa). In this 
ase, the new edge joins some vertexwith a vertex that was not 
onne
ted to any free vertex along an alternating path. Inparti
ular, the new edge 
annot be part of any augmenting path. This, however, meansthat the largest mat
hing will not 
hange in the next iteration (exer
ise). This is the
ase that we have found to be potentially dangerous in the previous se
tion. Namely,if opt(RP�) does not de
rease throughout the iterations, the whole method might notterminate. In this 
ase, however, there is no danger of 
y
ling, be
ause the number ofzeroes in the solution ve
tor ~y will stri
tly go down (by two at least), so that we must bein 
ase (a) after at most n iterations.It may happen that more than one new edge will appear in J 0. Then we 
an pro
essthem one at a time in any order.It follows that the method will take at most n2 iterations: the mat
hing 
an getlarger only n times, and between two su
h augmentation steps, we 
an have up to nnon-augmenting iterations. To analyze the 
ost of a single iteration, let us summarize thesteps we have to do. We may assume that all weights !e are positive and that our initialdual solution is ~y(0) = 0 whi
h entails J = ;;M = ; and ~yv = 1; v 2 V , for the solution~y to (RP�) in the �rst iteration. Then we have to perform the following 
omputations inea
h step.(i) Compute �, update the dual variables, and 
ompute the set J 0 of edges for the nextiteration. If J 0 
ontains an augmenting path for M , augment M along this path.(ii) Compute the solution to (RP�) a

ording to (5.10).Figure 5.1 shows how the primal-dual method works for a small example. To the left, wesee the input graph. The left 
olumn of the table shows the varying optimal solutions to63



(RP�) throughout the iterationss, also indi
ating the edges of the 
urrent set J (edges inthe mat
hing M appear in bold).
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Figure 5.1: The primal-dual method for the assignment problemOn the right, we always see the updated dual solution, along with the next set ofedges J 0 (new edges dashed), and its obje
tive fun
tion value (stri
tly in
reasing in everyiteration). The value � used for the update, along with the resulting in
rease in the dualobje
tive fun
tion value is indi
ated for all iterations. The top entry in the right 
olumnshows the initial dual solution ~y(0), while the bottom entry in the left 
olumn 
orrespondsto the �nal instan
e of (RP�) with obje
tive fun
tion value 0 (all verti
es are mat
hed).Step (i) above 
an be obviosuly performed in O(n2) time, by going through all edges(for �nding � and J 0) and all verti
es (for updating the dual solution). Augmenting themat
hingM , if possible, 
an also be done within these time bounds, be
ause we 
an easily�nd the augmenting path, by tra
ing it to both its ends from v and w, the two verti
essu
h that ~xv = ~xw = 1. 64



To implement step (ii), we must 
ompute ~y a

ording to (5.10), given the (possiblyupdated) mat
hing M . This means, for every vertex we need the shortest (or any, infa
t) alternating path starting at that vertex. This 
an be found by a graph sear
h in anauxiliary graph. To �nd the shortest alternarting paths to free verti
es on the left, weintrodu
e a new vertex s, whi
h is 
onne
ted by dire
ted edges to all free verti
es on theleft. Every edge in J 0 also re
eives a dire
tion: it points to the right for non-mat
hingedges, and to the left for mat
hing edges. Then all dire
ted paths in this dire
ted graphthat start at s 
orrespond to alternating paths with respe
t to M . Using breadth-�rstsear
h (BFS), we 
an �nd the shortest alternating paths (and in parti
ular their lengths)to all verti
es in O(n2) time. Repeating the same pro
edure with an additional vertex t
onne
ted to all free verti
es on the right, we �nd the overall shortest augmenting pathsfor all verti
es. This gives us the desired solution ~y in time O(n2).This means, we have at most n2 iterations, ea
h of whi
h 
an be performed in O(n2)time, so that we getTheorem 5.7 The primal-dual method 
an be used to solve the assignment problem overa 
omplete weighted bipartite graph with 2n verti
es in time O(n4).An improvement to O(n3) is possible, by observing that a non-augmenting iteration
an a
tually be implemented in O(n) time, using some data stru
tures to �nd � faster,and showing that the next ~y 
an be obtained in amortized time O(n), be
ause 
oordinatesof value zero that have been pro
essed in a non-augmenting step disappear afterwards.The resulting method is known as the Hungarian Method for the assignment problem.
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Chapter 6ComplexityThroughout this le
ture, we have been talking about \eÆ
ient" algorithms, and about\ineÆ
ient" ones, where we have never formally de�ned what we mean by this. Forexample, the �rst algorithm we had for the SOLA (assignment) problem was just thesimplex algorithm applied to the LP formulation of the problem, whi
h has n2 variablesand 2n 
onstraints. Unfortunately, the 
omplexity result we have proved for simplex isonly good if there are few 
onstraints; in this 
ase, we get a runtime of at least22nn2steps, whi
h is not eÆ
ient. On the other hand, the primal-dual method of the previous
hapter allows us to solve the problem in timeO(n4);whi
h might not be utterly eÆ
ient, either, but mu
h better than the exponential bound.In this 
hapter, we want to give a de�nition of eÆ
ien
y; we will 
all an algorithmeÆ
ient, if its runtime is bounded by a polynomial fun
tion in the input size. Whetherthis agrees with the 
on
ept of pra
ti
al eÆ
ien
y that you may have in mind, is anotherissue we are not going to dis
uss here. Under this de�nition, the primal-dual method forsolving the assignment problem is eÆ
ient, and we would also 
all an O(n1000) algorithmeÆ
ient. Lu
kily, typi
al eÆ
ient algorithms we en
ounter in pra
ti
e have small exponentsin their runtime bound (see for example breadth-�rst sear
h or Dijkstra's algorithm, andeven the improvement to O(n3) that is possible in 
ase of the assignment problem).We also want to 
onsider the question whi
h problems allow eÆ
ient algorithms andwhi
h don't.6.1 The 
lasses P and NPEvery optimization problem has an asso
iated de
ision problem. For example, the problemof �nding a largest independent set in a graph has the following de
ision variant.66



(IS) Given a graph G = (V;E) and a number k, does G have an independentset of size k?The signi�
an
e of de
ision problems lies in the fa
t that they 
an be written as formal lan-guages; this allows us to 
onsider a de
ision problem as a rigorously de�ned mathemati
alobje
t.For us, a formal language will be a set of �nite bitstrings. Let f0; 1g� denote the set ofall bitstrings of �nite length. Then any L � f0; 1g� is a language. To de�ne the languageasso
iated with (IS), we agree on some en
oding of graph-number pairs (G; k) in form ofbitstrings. Then LIS is the set of synta
ti
ally 
orre
t en
odings of pairs (G; k) with theproperty that G has an independent set of size k. In view of this, we 
an also refer tolanguages as de
ision problems.An algorithm A for a de
ision problem L is then a Turing ma
hine (or a C++ program,Oberon program, assembler 
ode, . . . ) with the following input/output behavior:A :Input: w 2 f0; 1g�Output \yes", if w 2 L, \no" otherwise.De�nition 6.1 P is the 
lass of all languages L for whi
h a Turing ma
hine A and a
onstant 
 exist su
h that the runtime of A is of the order O(jwj
) for all w 2 f0; 1g�.Here, jwj is the length of w, and an O(jwj
) Turing ma
hine is said to run in polynomialtime.If you don't know what a Turing ma
hine is, you may repla
e the term with C++ program,Oberon program, assembler 
ode, or any other 
on
rete 
ode, and you will get the same
lass P. This is be
ause a Turing ma
hine 
an simulate any program of any programminglanguage, and to simulate a single step of the program, the Turing ma
hine only needspolynomial time. In the following, we will simply refer to Turing ma
hines as algorithms.For us, P is the 
lass of eÆ
iently solvable de
ision problems. Is (IS) in P? Until today,nobody knows the answer, but there is a strong suspi
ion that this is not the 
ase.At least, (IS) is in a larger 
lass of problems whi
h are the ones that have eÆ
ientveri�ers.De�nition 6.2 A veri�er for a language L is an algorithmV Input: w 2 f0; 1g� and b 2 f0; 1g� (a \proof" for w 2 L)Output: V (w; b) 2 f\yes"; \no"g,with the following two properties:(a) for all w 2 L, there exists a proof b su
h that V (w; b) =\yes",(b) for all w =2 L, V (w; b) =\no", for all b.67



A veri�er 
an therefore 
ertify w 2 L, provided an appropriate proof b is available, butno proof 
an fool V into a

epting a word w =2 L.This leads us to the 
lass NP.De�nition 6.3 NP is the 
lass of all languages L for whi
h a veri�er V and a 
onstant
 exist su
h that V (w; b) is 
omputed in time O(jwj
), for all w; b 2 f0; 1g�.In parti
ular, su
h a veri�er 
an only look at polynomially many bits of the proof b.Theorem 6.4 (IS)2 NP.Proof. We need to establish a polynomial-time veri�er. On input w; b, the veri�er �rst
he
ks whether w is a synta
ti
ally 
orre
t en
oding of a graph-number pair (G; k), andwhether b is a synta
ti
ally 
orre
t en
oding of a vertex set U of size k. Finally, it 
he
kswhether U is an independent set and delivers the answer. If w 2 LIS, su
h an independentset U exists, and its en
oding is a proof b whi
h leads to a \yes" answer. If w =2 L, b 
annever be the en
oding of an independent set of size k, and the answer will always be \no".The largest open question in theoreti
al 
omputer s
ien
e is whether P = NP. Weobviously have P � NP, be
ause a polynomial-time algorithm to solve a problem 
an be
onsidered as a polynomial-time veri�er whi
h simply ignores b.6.2 Polynomial-time redu
tionsHere we want to develop statements of the form: problem X is at least as hard as problemY . The tool is the followingDe�nition 6.5 Let L1; L2 � f0; 1g� be languages and R an algorithm whi
h for every in-put bitstring w produ
es an output bitstring R(w). R is 
alled a polynomial-time redu
tionfrom L1 to L2 if the following two properties hold.(a) w 2 L1 , R(w) 2 L2, and(b) R runs in polynomial time.If a polynomial-time redu
tion from L1 to L2 exists, we write L1 �P L2.The signi�
an
e of this de�nition is expressed by the followingLemma 6.6 If L2 2 P and L1 �P L2, then L1 2 P.Proof. Given some w for whi
h we want to de
ide membership in L1, we 
ompute R(w)in polynomial-time, and then de
ide membership of R(w) in L2, whi
h we 
an also do inpolynomial-time sin
e L2 2 P. By property (a) above, we then have the desired answer forw. Sin
e the 
omposition of polynomial-time algorithms is a polynomial-time algorithm,it follows that L1 2 P.As an example for polynomial-time redu
ibility, we show that (3-SAT)�P (IS), where(3-SAT) is the following problem. 68



(3-SAT) Given a boolean formula � in 
onjun
tive normal form, where every
lause has exa
tly three literals 
oming from distin
t variables, de
ide whether� has a satsifying truth assignment.Su
h a formula 
ould look like this:� = (x1 _ x2 _ x3) ^ (x1 _ x4 _ x2) ^ (x1 _ x4 _ x2):In this 
ase, a satisfying truth assignment 
an be obtained for example by setting x1 =x2 = true and the other two variables in an arbitrary way.Lemma 6.7 (3-SAT)�P (IS).Proof. We need to 
onstru
t a polynomial-time redu
tion from (3-SAT) to (IS). Thismeans, given a formula �, we need to 
onstru
t a graph-number pair (G; k) su
h that �has a satisfying truth assignment if and only if G has an independent set of size k.G 
onsists of triples of verti
es, one triple for ea
h 
lause of �. The verti
es withinone triple are pairwise 
onne
ted and labeled by the literals in the 
orresponding 
lause.Between verti
es in di�erent triples, we have an edge if and only if the vertex labels areopposite literals 
oming from the same variable. Figure 6.1 shows how G looks like for ourexample formula �.
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Figure 6.1: Redu
tion from (3-SAT) to (IS)Finally, the number k will be the number of 
lauses of �; in our example we get k = 3.Now assume � is satis�able. Then there is one literal in every 
lause whi
h is set totrue in some satisfying assignment. The 
orresponding verti
es in G (one from ea
h triple)form an independent set of size k: no edge 
an 
onne
t two of them, be
ause we 
annothave both xi and xi equal to true for some i. On the other hand, if G has an independentset U of size k, this set must have exa
tly one vertex from every triple: there are only ktriples, and no two verti
es 
an be in the same triple, be
ause then there would be an edgebetween them. Ea
h vertex in U has an asso
iated literal in �, and when we set all of69



them to true, we obtain a satisfying assignment. Namely, the assignment is well-de�ned,be
ause we will never try to set both xi and xi to true, and it will have one satis�ed literalin every 
lause.The 
onsequen
e of this redu
tion is that if we 
ould prove (IS)2 P, we would auto-mati
ally get (3-SAT)2 P . For both problems, no polynomial-time algorithms have everbeen found.6.3 NP-
ompleteness and NP-hardnessThe most diÆ
ult problems in NP are those to whi
h all other problems in NP arepolynomial-time redu
ible.De�nition 6.8 A language L 2 NP is 
alled NP-
omplete if L0 �P L for all languagesL0 2 NP.Assuming that there exists someNP-
omplete problems L at all (whi
h is not obvious),it has the property that if somebody �nds a polynomial-time algorithm for L (i.e. provesL 2 P), then we get P = NP, i.e. all problems in NP are solvable in polynomial-timethen. This follows dire
tly from Lemma 6.6. In this sense, the NP-
omplete problems areindeed the most diÆ
ult ones in NP.It has been shown by Cook and Levin in the seventies that there are NP-
ompleteproblems.Theorem 6.9 (3-SAT) is NP-
omplete.The proof is not too diÆ
ult (on
e you have the idea), but quite te
hni
al. It employsan alternative (a
tually, the original) de�nition of NP as the 
lass of problems that 
an besolved in polynomial time using a nondeterministi
 turing ma
hine. Then it proves thatany su
h ma
hine 
an be \implemented" as a boolean formula.To show that other languages are NP-
omplete is now mu
h easier. In fa
t, we havealready proved the followingCorollary 6.10 (IS) is NP-
omplete.Namely, we know that (IS) 2 NP. Moreover, every language L 2 NP satis�es L �P (IS),be
ause L �P (3 � SAT ) by Cook and Levin's Theorem, and (3 � SAT ) �P (IS) byLemma 6.7. Moreover, the polynomial-time redu
ibility relation is transitive (as before:
omposition of polynomial-time algorithms is polynomial-time), so we get L �P (IS) forall L 2 NP, as desired.This means, to prove that a problem is NP-
omplete, you have to show that it is inNP, and that there is some NP-
omplete problem whi
h is polynomial-time redu
ible toit. 70



This has in fa
t been done for a host of problems (a few thousands, if you want anon-edu
ated guess). For none of these problems, a polynomial-time algorithm 
ould befound. The general belief is that no su
h algorithms exist and that P 6= NP.So far, we have been talking about de
ision problems, but this 
ourse deals with op-timization problems. How 
an we 
lassify these with respe
t to P and NP? There is a
ouple de�nitions, di�ering in details. For our purposes, the following will do:De�nition 6.11 An optimization problem is NP-hard if all problems inNP are polynomial-time redu
ible to the 
orresponding de
ision problem, and this de
ision problem is 
alledNP-hard, too.Note that this does not require the 
orresponding de
ision problem to be NP-
omplete.There are some subtleties here whi
h we might address later in the 
ourse. In any 
ase,by this de�nition, the problem of �nding the largest independent set in a graph is NP-hard, be
ause its 
orresponding de
ision problem (IS) is NP-
omplete; in parti
ular, therequired polynomial-time redu
tions from all problems in NP exist.6.4 Integer Linear Programming is NP-hardMu
h of dis
rete optimization (in parti
ular later parts of this 
ourse) are 
on
erned withinteger linear programs (ILP). ILP is NP-hard, so we 
annot expe
t to �nd a polynomial-time algorithm that 
an solve any ILP instan
e.Theorem 6.12 (ILP) is NP-hard.Proof. We need to �nd a polynomial-time redu
tion from some NP-
omplete problemto the de
ision variant of (ILP). But we have already done this in Se
tion 3.1.4.Namely, any instan
e (G; k) of (IS) 
an be mapped to an (ILP) instan
e (I; k) su
hthat G has an independent set of size k if and only if the ILP I has a feasible solution ofvalue k. For G = (V;E), we have used the following ILP:(ILPIndepSet(G)) maximize Pv2V xvsubje
t to xv + xw � 1; 8fv; wg 2 E;xv 2 f0; 1g; 8v 2 V:
6.5 How to deal with NP-hard problemsThe fa
t that an optimization problem is NP-hard is no reason to give up, and in pra
ti
e,one simply 
annot a�ord to give up. The world of today demands solutions to many
hallenging NP-hard problems. They arise in the design of 
ight s
hedules, in mi
ro
hiplayouts, fa
tory design, route planning, et
. So what 
an we do? There are basi
ally twolines of atta
k: 71



(1) Approximation algorithms. These are eÆ
ient algorithms that do not ne
essarily�nd the optimal solution for all problem instan
es, but in any 
ase a solution thathas some provable quality. Below we will see su
h an algorithm for a spe
ial 
lass ofILPs. This means, in order to gain eÆ
ien
y, one is willing to sa
ri�
e optimality.Often, the quality gurantees a
hieved by approximation algorithms are not goodenough for pra
ti
al appli
ations.(2) Heuristi
s. These are algorithms that try to �nd a (near) optimal solution, knowingthat this might take long (or even too long). The art here is to 
arefully analysethe problem and the 
on
rete instan
es at hand, and to �nd ways to exploit theirstru
ture in su
h a way that the solution is obtained fast. After all, the fa
t that aproblem is NP-hard does not mean that every instan
e of it is hard. Heuristi
s tryto make the 
lass of instan
es that 
an be handled eÆ
iently in pra
ti
e as large aspossible. Heuristi
s don't 
ome with an a priori quality guarantee, but they typi
allydeliver upper and lower bounds for the optimal solution that are very 
lose togetheror even equal. We will dis
uss heuristi
s later in the 
ourse.6.6 Approximation algorithmsLet us 
onsider the hitting set (HS) problem: we are given a ground set H and a set Tof subsets T1; : : : ; Tm � H. The elements of H have positive weights wa; a 2 H. We arelooking for a subset A � H su
h that- A \ Ti 6= ;; i = 1; : : : ; m, and- Pa2A wa is minimalSu
h a set A is a weight-minimal hitting set, be
ause it \hits" all subsets Ti.This problem is a generalization of many known problems. Let us just give two exam-ples:1. Vertex 
over. Given a graph G = (V;E), �nd a smallest subset C � V su
h that ea
hedge e 2 E has one of its verti
es in C. To formulate this a a hitting set instan
e,we set H := V , T := E and all weights equal to one.2. Minimum spanning tree. Given a 
onne
ted graph G = (V;E) with positive edgeweights we; e 2 E, �nd a spanning tree with minimal sum of edge weights. In hittingset language, we are looking for a weight-minimal subset of H := E whi
h hits all
uts in the graph. A 
ut is de�ned by a subset S � V of verti
es, and 
onsists ofall the edges that 
onne
t elements of S with elements of V n S. If a set of edgeshits all 
uts, it de�nes a 
onne
ted, spanning subgraph. Minimizing the sum of edgeweights ensures that we a
tually get a tree { the minnimum spanning tree.72



Here is an ILP formulation of (HS). We have xa = 1 if a appears in the hitting set,xa = 0 otherwise. (ILPHS) minimize Pa2H waxasubje
t to Pa2Ti xa � 1 i = 1; : : : ; m;xa 2 f0; 1g; 8a 2 H:It 
an be shown that (HS) is NP-hard. We 
an even sket
h the proof here. Let (VC)be the vertex 
over problem (de
isision version) as de�ned above. Obviously, we have(VC)�P (HS), be
ause (VC) is a spe
ial 
ase of (HS). Moreover, (IS)�P (VC), be
ause inany graph, the 
omplement of an independent set is a vertex 
over, and vi
e versa. Be
ause(IS) is NP-
omplete, it follows that (HS) is NP-hard.We will develop an approximation algorithm for (HS) now. It will run in polynomialtime, but will not ne
essarily deliver a weight-optimal hitting set. The algorithm is avariant of the primal-dual method that we already know. The primal-dual method is quiteuseful in approximation algorithms in general, and this is the reason why we dis
uss thisappli
ation here. Spe
i�
ally for the vertex 
over problem, there are simpler approximationalgorithms with the same provable quality.Let us 
onsider the LP-relaxation of the ILP above.(LPHS) minimize Pa2H waxasubje
t to Pa2Ti xa � 1 i = 1; : : : ; m;xa � 0; 8a 2 H:The 
onstraints xa � 1 are redundant: if we want to minimize Pa2H waxa, it makesno sense to have xa > 1 for some element. Now 
onsider the dual of this LP.(LP�HS) maximize Pmi=1 yisubje
t to Pi:Ti3a yi � wa a 2 H;yi � 0; i = 1; : : : ; m:Assume ~y is a feasible solution for this dual. Primal-dual-like, we then 
onsider the setof 
onstraints whi
h are satis�ed with equality at ~y. These are 
onstraints 
orrespondingto elements a 2 J with J := fa 2 H j Xi:Ti3a ~yi = wagand 
onstraints 
orresponding to indi
esI := fi 2 f1; : : : ; mg j ~yi = 0g:In the \
lassi
al" primal-dual method, we would now sear
h for a feasible solution ~x to theprimal problem su
h that~xa = 0; a =2 J; (primal sla
kness 
onditions)Xa2Ti ~xa = 1; i =2 I; (dual sla
kness 
onditions)73



If su
h a ve
tor ~x exists, ~x and ~y are both optimal in their respe
tive problems, by 
omple-mentary sla
kness. Unlike in our previous des
ription of the primal-dual method, primaland dual LP are in standard form here, so we need to apply the 
omplementary sla
knesstheorem for standard-form LP (see exer
ise 5-2).The problem is that we are not looking for a solution ~x to (LPHS) but to (ILPHS). Inan attempt to satisfy at least the primal sla
kness 
onditions, we de�ne a 0/1-ve
tor ~x by~xa := � 0; if a =2 J1; if a 2 J:Lemma 6.13 If ~x is not feasible for (ILPHS), then no feasible solution ~x0 to (LPHS)satis�es the primal sla
kness 
onditions.The test whether ~x is feasible for (ILPHS) plays the role of the restri
ted primal here. If~x is not feasible, we know that the restri
ted primal has nonzero optimum (by the Lemma),and therefore we 
an improve the dual solution ~y. On the other hand, if ~x is feasible, wehave no information about the solution of the restri
ted primal. However, it turns outthat we 
an still stop in this 
ase (like we would have done it in 
ase the restri
ted primalsolves to 0), and ~x will be an approximation of the true optimal solution to (ILPHS). Butlet us prove the lemma �rst.Proof. If ~x is not feasible for (ILPHS), there exists a set Tk whi
h is not hit, i.e.Xa2Tk ~xa = 0:We must have Tk \ J = ;, be
ause ~xa = 1 for a 2 J . Now let ~x0 be any feasible solutionfor (LPHS). Then Xa2Tk ~x0a � 1holds, whi
h implies ~x0a > 0 for some a 2 Tk � H n J , so the primal sla
kness 
onditionsdo not hold.To improve the dual solution, we pro
eed as follows: we only 
hange (in
rease) theentry ~yk 
orresponding to the set Tk whi
h was not hit:~y(1)k := ~y(0)k +�:We need to argue that this is still dual feasible for � small enough. For a 2 J we haveXi:Ti3a ~y(1)i = Xi:Ti3a ~y(0)i = wa;be
ause a 62 Tk, so the entry that 
hanged does not appear. In parti
ular, the set J willnot get smaller in the next iteration. For a 62 J , we getXi:Ti3a ~y(1)i � wa74



for � small enough, be
ause the inequality was stri
t before. If we 
hoose � as large aspossible without violating any dual 
onstraints, we will end up with a set J 0 := J [ F inthe next iteration, where F is the new set of elements whose dual 
onstraints are satis�edwith equality at ~y(1).After at most jHj iterations, ~x must be feasible, be
ause eventually, all elements willappear in J . The �rst J whi
h leads to a feasible solution will be output as the set A. Let~y(`) be the dual solution at that time. We know thatw(A) :=Xa2Awa =Xa2A Xi:Ti3a ~y(`) = mXi=1 jA \ Tij~y(`)i �M mXi=1 ~y(`)i ; (6.1)where M := maxi jTij is the largest set that appears. On the other hand,mXi=1 ~y(`)i � opt(LP�HS) = opt(LPHS) � opt(ILPHS): (6.2)(6.1) and (6.2) together implyw(A) �Mopt(ILPHS):This means, the algorithm 
omputes a hitting set A whose weight is at most M times theweight of an optimal hitting-set. This is the kind of quality guarantee that approximationalgorithms usually deliver: the solution is worse than the optimal solution only by a
onstant fa
tor. In 
ase of the vertex 
over problem, we get M = 2, be
ause all sets to hitare edges of a graph. This implies the following theorem whi
h 
on
ludes this 
hapter.Theorem 6.14 For any graph G, the primal-dual method as des
ribed above 
omputes avertex 
over whose size is at most twi
e the size of a smallest vertex 
over.

75



Chapter 7Integer PolyhedraIn the last 
hapter, we have shown that the ILP problem is NP-hard, i.e. there is probablyno polynomial-time algorithm that is able to solve any ILP instan
e. Still, there are easyinstan
es, and we have already 
ome a
ross them. Namely, if the LP relaxation has anoptimal integral solution ~x, this solution ~x is at the same time an optimal ILP solution,and in this 
ase, the solution is obtained in polynomial time. An example was the ILPfor the assigment problem, where we have seen that for any obje
tive fun
tion, there is anoptimal integral solution.In this 
hapter, we want to investigate this issue in some more depth and develop
onditions under whi
h a system of linear inequalities has integral optimal solutions forevery obje
tive fun
tion. One su
h 
ondition has already been given (and proved) in theexer
ises.Fa
t 7.1 Consider the system fAx � b; x � 0g, where A and b are integral, and A istotally unimodular (TUM). Then every basi
 feasible solution ~x of(LP) maximize 
Txsubje
t to Ax � b;x � 0;has integral 
oordinates.It follows that the simplex algorithm will return an integral solution ~x wheh applied to(LP).However, the TUM property is only suÆ
ient for integrality, but not ne
essary. Inthe sequel we will dis
uss another suÆ
ient 
ondition (total dual integrality (TDI)), underwhi
h we get integral solutions. To motivate this notion, let us 
onsider the problem ofmaximum weighted mat
hings in general graphs, whi
h we will not be able to handle usingthe TUM property.
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7.1 Maximum weighted mat
hingLet G = (V;E) be a graph with nonnegative edge weights we; e 2 E. The goal is to �nda mat
hing M in G (set of edges with no 
ommon verti
es) su
h that the sum of edgeweights in M is as large as possible. This is one of the hardest easy problems, meaningthat there exists a polynomial-time algorithm (whi
h is not obvious), and that alreadyslight generalizations of the problem be
ome NP-hardIntrodu
ing 0/1-variables xe for the edges, the mat
hing problem 
an be formulated asan ILP as follows. (ILP) maximize Pe2E wexesubje
t to Pe3v xe � 1; v 2 Vxe 2 f0; 1g; e 2 E:In this formulation (and also in the following) we will regard an edge as a set of twoverti
es. We already know this system from the bipartite 
ase. Here, however, the LPrelaxation (ILP) maximize Pe2E wexesubje
t to Pe3v xe � 1; v 2 Vxe � 0; e 2 Emay have fra
tional optimal solutions, and opt(LP ) 6= opt(ILP ) in general. This is dueto the fa
t that the graph is not ne
essarily bipartite and therefore 
ontains 
y
les ofodd length. For example, if the graph is a triangle (all three edge weights being 1), themaximum mat
hing has weight 1, be
ause only one of the three edges 
an be in anymat
hing. The LP relaxation, however, has optimum value 3=2, be
ause we may set allvariable values to 1=2.To �x this problem, we will add a family of inequalities to the system whi
h are re-dundant in the ILP formulation (meaning that they are automati
ally satis�ed by allmat
hings), but make a di�eren
e in the relaxation.Observation 7.2 Let A � V be a set of odd size and 
onsider the set EA � E of edgeswith both verti
es in A (equivalently, the set of edges e su
h that e � A). Then everymat
hing 
ontains at most (jAj � 1)=2 edges of EA.This is 
lear: if the mat
hing would 
ontain more than (jAj � 1)=2 edges of EA, it wouldmat
h more than jAj � 1 verti
es of A; this means, restri
ted to the graph indu
ed byA, it would be a perfe
t mat
hing 
overing all jAj verti
es. This is impossible if A hasodd size. This means, we 
an add the following \odd-set inequalities" to the ILP abovewithout a�e
ting its solution, obtaining(ILP') maximize Pe2E wexesubje
t to Pe3v xe � 1; v 2 VPe�A xe � jAj�12 ; A � V; jAj oddxe 2 f0; 1g; e 2 E:77



With the LP relaxation(LP') maximize Pe2E wexesubje
t to Pe3v xe � 1; v 2 VPe�A xe � jAj�12 ; A � V; jAj oddxe � 0; e 2 E;one 
an prove the following Theorem, due to Edmonds.Theorem 7.3 opt(ILP 0) = opt(LP 0). In parti
ular, (LP') has an integral optimal solu-tion for all weight values we; e 2 E.Before we do this, using the notion of TDI-systems, let us remark that this does not leadto a polynomial-time mat
hing algorithm right away. It is true that the mat
hing problem
an be written as an LP, but the pri
e to pay is an exponential number of 
onstraints, onefor every odd set. In this situation, even a polynomial-time method for LP will only giveus an exponential-time algorithm for the mat
hing problem. At the end of this 
hapter,we will 
ome ba
k to this issue.7.2 Total dual integralityThis 
on
ept has been introdu
ed to prove integrality of LP solutions, and it is motivatedby the mat
hing appli
ation.De�nition 7.4 The inequality system fAx � bg is 
alled TDI (total dual integral), if thelinear program (LP�) minimize bTysubje
t to ATy = 
;y � 0has an integral optimal solution ~y for all integral ve
tors 
 for whi
h (LP�) is bounded andfeasible.Before we dive into the dis
ussion of the signi�
an
e of this de�nition, let us add a wordof warning: the TDI property is not very robust. This means, if we for example s
aleevery 
oordinate in the original system fAx � bg by the same value � � 0, we obtain anequivalent system but it might no longer be TDI. For example, the system fx � 1g is TDIbe
ause minimize ysubje
t to y = 
;y � 0has optimal solution ~y = 
 for all 
 su
h that the problem is feasible. On the other hand,the equivalent system f2x � 2g is not TDI be
auseminimize 2ysubje
t to 2y = 
;y � 078



has no integral optimal solution ~y if 
 is odd. Another pitfall is the following: assume youwant to know whether a system in standard form fAx � b; x � 0g is TDI. It might betempting to apply standard form duality and 
he
k whether the LPminimize bT ysubje
t to AT y � 
;y � 0has integral solutions ~y for all integral 
. However, if you apply the original de�nition ofTDI, you see that you must also require that the values of the sla
k variables are integral,i.e. that ~y is integral and AT ~y � 
 is integral. If A happens to be integral, this extra
ondition is not needed, but in general, it is. Consider the system fx1+ 12x2 � 1; x1; x2 � 0g.Although the linear program minimize ysubje
t to y � 
1;12y � 
2;y � 0always has an integral solution ~y = max(
1; 2
2; 0) for integral 
1; 
2, the system fx1+ 12x2 �1; x1; x2 � 0g is not TDI. For example, if 
1 = 3; 
2 = 1, the optimal solution is ~y = 3, but12 ~y � 1 = 12 62 Z.The 
on
lusion is that if you want to prove a system to be TDI, it is quite important inwhi
h way it is represented. In the exer
ises, you are asked to prove that even the removalof redundant inequalities might destroy the TDI property (or, to formulate it positively,the addition of redundant inequalities might give you a TDI system).Here is the main result of this se
tion.Theorem 7.5 If fAx � bg is TDI, where A is rational and b is integral, then the linearprogram (LP) maximize 
Txsubje
t to Ax � bhas an integral optimal solution ~x for all (not ne
essarily integral or rational) obje
tivefun
tion ve
tors 
 whi
h de�ne a bounded and feasible problem.To simplify the presentation, we only state the following lemma (whi
h we will needbelow), and postpone its proof to the end of the se
tion.Lemma 7.6 Let A; b be rational. The system fAx = bg has an integral solution ~x if andonly if for all rational y, the following impli
ation holds:yTA integral ) yT b integral:79



This lemma 
an be seen as an integer version of Farkas' Lemma (see exer
i
es).Proof. (of Theorem 7.5.) Assume there exists some ve
tor 
 su
h that (LP) has nointegral optimal solutions. From this we will dedu
e that the system is not TDI.Let ~x be a basi
 optimal solution, meaning an optimal solution whi
h satis�es a maximalnumber of inequalities of fAx � bg with equality. Let fA0x � b0g be this maximalsubsystem su
h that A0~x = b0. We have the following two properties.(a) all solutions to A0x = b0 satisfy 
Tx = 
T ~x. Namely, all solutions to A0x = b in somesmall neighbourhood of ~x are feasible for the (LP), whi
h means that 
Tx � 
T ~x forall solutions in that neighborhood, be
ause ~x was optimal. This implies that 
Txmust be 
onstant over the system fA0x = b0g. (Why? Work it out, using the fa
tthat 
Tx is a linear fun
tion.)(b) all solutions to A0x = b0 are feasible for Ax � b. Assume there is some ~x0 su
hthat A0~x0 = b and ~x0 is infeasible. Going along a straight line from ~x to ~x0, ween
ounter another optimal solution (by (a)) whi
h satis�es one more inequality offAx � bg with equality, whi
h is a 
ontradi
tion to the maximality of the susbsystemfA0x � b0g.In 
ase of systems fAx � b; x � 0g, a basi
 optimal solution is the unique solution toits subsystem fA0x = b0; xi = 0 (i 2 I)g in whi
h 
ase (a) and (b) are obvious.Using these two properties, we 
an 
on
lude the proof as follows. As we have assumedthat (LP) has no integral optimal solution, the whole system fA0x = b0g has no integralsolution (be
ause su
h a solution would be optimal by (a) and (b)). Using the lemmaabove, we 
on
lude that in this 
ase, there must exist some ve
tor ~y su
h thatdT := ~yTA0 integral; ~yT b0 not integral:Without loss of generality, we may even assume that ~y � 0; for this, let � be the least
ommon multiple of all denominators of the entries in A (re
all that A is a rational matrix).By adding mutliples of � to the entries of ~y, we don't 
hange the fa
t that ~yTA is integral(�A is an integer matrix), but we also don't 
hange the property that ~yT b is not integral(be
ause we add integers to the original non-integer value of ~yT b). Choosing suitablemultiples, we 
an then a
hieve ~y � 0.Now we 
laim that ~x is an optimal solution to the linear program(LP') maximize dTxsubje
t to Ax � b:Feasibility is obvious, and to argue that ~x is optimal, we �rst 
omputedT ~x = ~yTA0~x = ~yT b0:Moreover, all feasible solutions satisfy A0x � b0 and thereforedTx = ~yTA0x � ~yT b0;80



where we have used ~y � 0. Sin
e ~yT b0 62 Z is the optimal value of (LP'), it is also theoptimal (nonintegral) value of its dual,(LP'�) minimize bT ysubje
t to AT y = d;y � 0:This means, we have found an integral ve
tor d su
h that (LP'�) has no integral optimalsolution ~y (be
ause otherwise the optimal obje
tive fun
tion value would have to be integralas well, re
alling that b was assumed to be integral). In other words, the system fAx � bgis not TDI.We still need to show Lemma 7.6.Proof. If fAx = bg has an integral solution ~x, then yTA integral implies that yT b = yTA~xis integral, so one dire
tion is easy. Now assume that yTA integral implies yT b integral forall y. Be
ause this property also holds for all subsystems fA0x = b0g (set the variables in y
orresponding to the removed equalities to zero), we may assume that fAx = bg 
ontainsno redundant equalities. This means, whenever yTA = 0 for some y 6= 0, then yT b 6= 0.First we show that the rows of A must be linearly independent. Assume, this does nothold; then there is some ~y 6= 0 su
h that ~yTA = 0. This implies~y0TA = 0; ~y0T b = 12 ; for ~y0 := ~y2~yT b ;a 
ontradi
tion to the requirement that ~y0T b must be integral.Given that A has full row rank, we 
an use elementary 
olumn operations to get A intothe form (B 0);where B is an invertible lower-triangular matrix. This 
an even be done using so-
alledunimodular transformations, whi
h are� swapping of two 
olumns� multipli
ation of 
olumns with �1,� subtra
tion of one 
olumn from another.This is an exer
ise. It is easy to see that a unimodular transformation applied to A
orresponds to a multipli
ation with a square matrix U (from the right), where U arisesfrom the unit matrix by� swapping of two 
olumns, or� repla
ement of a 1 by a �1, or� insertion of a single �1 somewhere. 81



In all three 
ases, U is integral and det(U) 2 f1;�1g, so U is a unimodular matrix. It is
lear that the produ
t of unimodular matri
es is again unimodular, and the same is truefor the inverse of a unimodular matrix. Now, let W be the unimodular matrix su
h that(B 0) = AWand let yT be any row of B�1. Be
ause ofB�1AW = B�1(B 0) = (E 0);E the unit matrix, the ve
tor yTAW is a unit ve
tor. Moreover, W�1 is unimodular(in parti
ular, W�1 is integral), so the ve
tor yTAWW�1 = yTA is integral, too. Byassumption, yT b must then also be integral. Doing this for all rows of B�1, we get thatthe ve
tor B�1b is integral. De�ne ~x := W � B�1b0 � :~x is an integral ve
tor, be
ause it is a produ
t of an integral matrix and an integral ve
tor.The 
laim is that ~x is a solution to Ax = b whi
h 
ompletes the proof. To show this, we
ompute A~x = AW � B�1b0 � = (B 0)� B�1b0 � = BB�1b = b:
7.3 The mat
hing system is TDILet's 
ome ba
k to mat
hings. If we 
an prove that the inequality systemXe3v xe � 1; v 2 VXe�A xe � jAj � 12 ; A � V; jAj oddxe � 0; e 2 Eis TDI, we have proved Edmond's Theorem 7.3, using Theorem 7.5 from the previousse
tion. The proof I will give below is not the one I presented in the le
ture; the prooffrom the le
ture (a
tually the one from the book Combinatorial Optimization by BernhardKorte and Jens Vygen, Theorem 11.15) su�ers from the problem that it already uses thefa
t that the mat
hing polytope is integral. Be
ause we want to derive this integrality fromthe TDI property, this proof is pointless in our 
ontext. The proof below is an alternativeversion whi
h (hopefully) makes no further assumptions.To start, let us develop the following equivalent formulation of the TDI property.82



Lemma 7.7 The system fAx � bg (A rational, b integral) is TDI if and only ifmaxf
Tx j Ax � b; x 2 Zng = minfbT y j ATy = 
; y � 0; y 2 Zmg (7.1)holds for all integral 
 for whi
h the minimum exists.Proof. Assume fAx � bg is TDI, 
 integral Then we know by de�nition thatminfbTy j ATy = 
; y � 0; y 2 Zmg = minfbT y j ATy = 
; y � 0g;and by Theorem 7.5 thatmaxf
Tx j Ax � b; x 2 Zng = maxf
Tx j Ax � bg:Then (7.1) follows by LP duality.For the other diretion, assume (7.1) holds. Using weak duality, we getmaxf
Tx j Ax � b; x 2 Zng � maxf
Tx j Ax � bg� minfbTy j AT y = 
; y � 0g� minfbTy j AT y = 
; y � 0; y 2 Zmg:By (7.1), equality must hold, whi
h proves the TDI property.The plan now is to show that (7.1) holds for the mat
hing system. For this, let us
onsider the dual problem; it has a variable yv for ea
h vertex v (
orresponding to the vertex
onstraints of the mat
hing system), and a variable zA for every odd set (
orresponding tothe odd set inequalities). If A denotes the set of subsets of V of odd size, the dual problem
an be written as (LP�) minimize Pv2V yv +PA�A jAj�12 zAsubje
t to Pv2e yv +PA�e zA � 
e; e 2 E;yv; zA � 0; v 2 V;A 2 A:We have written the dual in standard (inequality) form, although the de�nition of TDIrequires a dual problem in equality form (whi
h we would get after adding sla
k variables);however, in this 
ase it holds that if we �nd an integral solution ~y; ~z to the standard formdual, we have veri�ed the TDI property. Namely, the 
onstraint matrix and right-handside are both integral, in whi
h 
ase the values of the sla
k variables at an optimal integralsolution will be integral, too. This has already been observed in the dis
ussion followingDe�nition 7.4.This means, in order to verify (7.1) we need to prove that for every integral 
, theoptimum value of (ILP) maximize Pe2E 
exesubje
t to Pe3v xe � 1; v 2 VPe�A xe � jAj�12 ; A � V; jAj oddxe 2 f0; 1g e 2 E (7.2)83



equals the optimum value of(ILP�) minimize Pv2V yv +PA�A jAj�12 zAsubje
t to Pv2e yv +PA�e zA � 
e; e 2 E;yv; zA � 0; yv; zA 2 Z; v 2 V;A 2 A: (7.3)In other words, opt(ILP�) must be equal to the weight of an optimal mat
hing. Somenotation: treating 
 as a paremeter, ILP(
) and ILP�(
) denote the problems (7.2) and(7.3). w(
) denotes the weight of an optimal mat
hing with respe
t to the weight fun
tion
, i.e. w(
) = opt(ILP (
)). For any given mat
hing M , w
(M) is the weight of M withrespe
to to 
. Finally, �(
) := opt(ILP�(
)). By weak duality, w(
) � �(
) always holds,and we need to prove w(
) = �(
).To streamline the presentation, we will make some 
laims in the following whi
h wewill prove only later.Now assume (7.1) does not always hold. From this, we are going to derive a 
on-tradi
tion. Let (G = (V;E); 
) be a graph-weights pair su
h that w(
) < �(
), andjV j + jEj +Pe2E j
ej is as small as possible. We refer to (G; 
) as a minimal 
ounterex-ample. The minimality implies 
e � 1 for all e 2 E, be
ause if 
e � 0, the 
orrespondingdual 
onstraint is redundant; this means, e 
an be removed from G without 
hanging w(
)and �(
). Be
ause (G; 
) was a minimal 
ounterexample, this is impossible. Moreover,we 
an assume that G is 
onne
ted, otherwise some 
onne
ted 
omponent of G de�nes asmaller 
ounterexample. For this, one has to observe that w(
) and �(
) are the sum ofthe 
orresponding optimal values of the subgraph ILPs and ILP�(
)s, respe
tively. Nowthere are two 
ases.(a) G 
ontains a vertex v whi
h is mat
hed in every optimal mat
hing. Let 
0 arise from
 by de
reasing the weights of all edges e 3 v by one.Claim 7.8 w(
0) = w(
)� 1.Be
ause (G; 
) was a minimal 
ounterexample, (7.1) must hold for (G; 
0), so w(
0) =�(
0) holds, where �(
0) is assumed by an integral solution ~y; ~z to ILP�(
0). In
reas-ing ~yv by one gives an integral feasible solution to ILP�(
), of value w(
0)+1 = w(
).But this means, w(
) � �(
), a 
ontradi
tion to the assumption w(
) < �(
). Hen
e,this 
ase 
annot o

ur.(b) No vertex of G is mat
hed in every optimal mat
hing. Then let 
0 arise from 
 byde
reasing all weights by one.Claim 7.9 w(
0) � w(
)� j jV j2 k :
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Again, (G; 
0) 
annot be a 
ounterexample, so w(
0) = �(
0), with an optimal solution~y; ~z to ILP�(
0). If jV j is odd, we 
an in
rease the value of ~zV by one, giving us afeasible solution to ILP�(
), of valuew(
0) + jV j � 12 = w(
0) + � jV j2 � � w(
);showing that w(
) � �(
), a 
ontradi
tion. If jV j is even, 
onsider some subsetA := V n fvg of odd size. In
reasing ~zA and ~yv by one gives a feasible solution toILP�(
), of valuew(
0) + 1 + jV j � 22 = w(
0) + jV j2 = � jV j2 � � w(
);leading to a 
ontradi
tion again. This means, 
ase (b) 
annot o

ur either, so theoriginal assumption that a 
ounterexample (G; 
) exists leads to a 
ontradi
tion.Therefore, (7.1) must hold for all pairs (G; 
).It remains to prove the two 
laims.Proof. (Claim 7.8) Every optimal mat
hing with respe
t to 
 has weight w(
) � 1 inILP(
0), be
ause it 
ontains an edge in
ident to v. This shows w(
0) � w(
) � 1. On theother hand, if w(
0) > w(
)�1 would hold, this would already imply w(
0) � w(
) (be
auseall the weights are integral).Let M be an optimal mat
hing with respe
t to 
0. We havew
(M) � w
0(M) = w(
0) � w(
) � w
(M);and w
(M) = w
0(M) = w(
) follows. This means, M is optimal for ILP(
); this is a
ontradi
tion to the fa
t observed above, namely that w
0(M) = w(
) � 1 must hold forevery optimal mat
hing with respe
t to 
.Proof. (Claim 7.9) Assume that w(
0) > w(
)�bjV j=2
 and letM be an optimal mat
hingwith respe
t to 
0, 
hosen in su
h a way that w
(M) is as large as possible. M must haveless than bjV j=2
 edges, otherwisew(
) � w
(M) � w
0(M) + � jV j2 � ;where we have just assumed the 
ontrary. It follows that M mat
hes less than jV j verti
esif jV j is even, and less than jV j � 1 if jV j is odd. In both 
ases, there are two unmat
hedverti
es, say u and v. Assume M;u; v have been 
hosen su
h that the length Æ(u; v) of ashortest path between u and v is as small as possible (su
h a shortest path exists in all
ases, be
ause we have shown above that G 
an be assumed to be 
onne
ted). Be
ausefu; vg 
annot be an edge (otherwise this edge 
ould be added to M , improving w
(M)),we have Æ(u; v) > 1, and there is some vertex t 6= u; v on the shortest path.85



Be
ause we are in 
ase (b) of the main proof, there is an optimal mat
hing M 0 withrespe
t to 
 su
h that M 0 does not mat
h t. Now let us 
onsider the symmetri
 di�eren
eM4M 0 (the set of edges whi
h are in exa
tly one of M and M 0). Be
ause every vertex isin
ident to at most one edge from ea
h M and M 0, M4M 0 de�nes a graph where everyvertex has degree at most two. Su
h a graph 
onsists of a 
olle
tion of paths and 
y
les(isolated verti
es, i.e. paths of length zero, may o

ur). Let P be the 
omponent that
ontains t. P must be a path (starting at v), be
ause t has at most one in
ident edge(from M) in M4M 0. Moreover, u and v have also degree at most one in M4M 0, with apossible in
ident edge 
oming from M 0. Then P 
annot 
ontain both u and v, be
ause it
an have only one more degree-one vertex, at its other end. Say P does not 
ontain u.
u v

t

u v

t

M    M’

P

M
M’

the shortest path from u to v

Figure 7.1: Sket
h of the proofNow 
onsider the symmetri
 di�eren
e M4P . We have the following two properties.(i) M4P is a mat
hing. Namely, if some vertex w is in
ident to two edges in M4P ,one from M and one from P , then the P -edge must 
ome from M 0. But then theM -edge must also be in P (P is a 
onne
ted 
omponent of M4M 0), so the M -edgeis not in M4P , a 
ontradi
tion.(ii) jM4P j � jM j. This holds be
ause jM4P j > jM j 
an only hold if P is an augment-ing path. If P is empty, this surely is not the 
ase; if P is nonempty, it starts with tand an in
ident edge from M . This means, t is not a free vertex with respe
t to M ,so P 
annot de�ne an augmenting path. In parti
ular, M4P does not 
over t.We are 
lose to the end now. Be
ause 
0 has been obtained from 
 by de
reasing allweights by one, we havew
0(M4P )� w
0(M) = (w
(M4P )� jM4P j)� (w
(M)� jM j)= (w
(M4P )� w
(M)) + (jM j � jM4P j)� w
(M4P )� w
(M) ,by property (ii):86



To 
ontinue, observe thatw
(M) + w
(M 0) = w
(M4P ) + w
(M 04P ): (7.4)This holds, be
ause on the left-hand side of the equation, the weight of every edge inM4M 0 is 
ounted exa
tly on
e, while all edges in M \M 0 
ontribute twi
e their weight.The same is true on the right-hand side: an edge e 2 M nM 0 is in M4P if e 62 P and inM 04P if e 2 P , but not in both. The same holds for edges in M 0 nM . Edges in M \M 0are not in P and therefore in both M4P and M 04P .Plugging (7.4) into the previous derivation, we 
an 
on
lude thatw
0(M4P )� w
0(M) � w
(M4P )� w
(M) = w
(M 0)� w
(M 04P ) � 0;be
ause M 0 was an optimal mat
hing with respe
t to 
. It follows that M4P must beoptimal with respe
t to 
0 (be
ause it is no worse thanM). However, M4P does not 
overu (be
ause neither M nor P 
over u), and it also does not 
over t (be
ause either both Mand P or none of them 
over t; see the argument for property (ii) above). This means,we have found an optimal mat
hing with respe
t to 
0 whi
h does not 
over u and t andhas w
(M4P ) � w
(P ). Be
ause the shortest-path distan
e between u and t is stri
tlysmaller than between u and v, this is a 
ontradi
tion to our original 
hoi
e of M;u; v.7.4 The integer hull of a polyhedronThe notions of TUM and TDI establish suÆ
ient 
onditions for a system fAx � bg tohave integral optimal solutions for all linear obje
tive fun
tions. However, they are notne
essary. In this se
tion, we want to 
hara
terize the 
lass of systems fAx � bg for whi
hintegral solutions always exist.De�nition 7.10(i) Let fAx � bg be a system of linear inequalities in n variables. The set fx 2 Rn jAx � bg is 
alled a polyhedron.(ii) Let V � Rn be a �nite set. The 
onvex hull of V , de�ned as
onv(V ) := fXv2V �vv j �v � 0 8v;Xv2V �v = 1g;is 
alled a polytope.Here is the main theorem of polytope theory.Theorem 7.11 Every bounded polyhedron is a polytope and vi
e versa.87



This means, every bounded polyhedron has two des
riptions, one in terms of halfspa
es(linear inequalities), and one in terms of verti
es. This is not unfamiliar to us. For example,a 
ube is the 
onvex hull of its eight verti
es, but at the same time the interse
tion of thehalfspa
es bounded by its six fa
ets.De�nition 7.12 Let P be a polyhedron in Rn . The setPI := 
onv(P \ Zn)is 
alled the integer hull of P .In this de�nition, we might have to take the 
onvex hull of an in�te set of points. Likefor linear 
ombinations, this is de�ned exa
tly as above, where every sum ranging overin�nitely many terms is restri
ted to a �nite number of nonzero terms. If P is bounded,it 
ontains only �nitely many points from Zn, and then PI is a polytope. If P is rational,then PI will always be at least a polyhedron.Theorem 7.13 If A; b 
onsists of rational entries and P is the polyhedron de�ned byfAx � bg, then PI is a polyhedron, too.This be
omes false if irrational entries are allowed (exer
ise).Here 
omes the main de�nition of this se
tion.De�nition 7.14 A polyhedron su
h that P = PI is 
alled an integral polyhedron.As it turns out, integral polyhedra are exa
tly the polyhedra over whi
h any linear fun
tionassumes its maximum at an integral solution (provided an optimal solution exists at all).We will not prove this here (although it would not be too diÆ
ult with the ma
hinery wehave developed). Therefore, we just 
on
lude with the formal statement.Theorem 7.15 P = fx j Ax � bg 6= ; is an integral polyhedron if and only if the linearprogram (LP) maximize 
Txsubje
t to Ax � bhas an integral optimal solution ~x for all 
 for whi
h the maximum exists.For example, given a graph G = (V;E), the bounded set of solutions satisfyingXe3v xe � 1; v 2 VXe�A xe � jAj � 12 ; A � V; jAj oddxe � 0; e 2 E;is an integral polytope by this Theorem, the so-
alled mat
hing polytope.88



Chapter 8Cutting PlanesWe have seen in the last 
hapter that the mat
hing system(LP') maximize Pe2E wexesubje
t to Pe3v xe � 1; v 2 VPe�A xe � jAj�12 ; A � V; jAj oddxe � 0; e 2 E;has the TDI property. This implies that the polyehedron P of feasible solutions to thissytem equals its integer hull PI . The verti
es of the latter polyhedron 
orrespond to the(
hra
teristi
 ve
tors of) mat
hings. In other words, we have an expli
it des
ription of PIin terms of a set of linear inequalities. Although this set is exponentially large in the sizeof the graph, the fa
t that an expli
it des
ription 
an be given at all is quite strong. Infa
t, an optimal mat
hing 
an be found eÆ
iently, as �rst shown by Edmonds.Theorem 8.1 The mat
hing of maximum weight in a weighted graph 
an be found inpolynomial time.The algorithm follows the primal-dual method; below we will en
ounter a powerfulgeneral method to derive results of this type.In other 
ases, an expli
it des
ription is not known. An example is the travelling sales-person problem (TSP): we are given the 
omplete graph Kn on n verti
es, with nonnegativeedge weights. The goal is to �nd a tour whi
h minimizes the total weight of the edges thatare used. Here, a tour is a 
y
le whi
h goes through every vertex ex
atly on
e.As an ILP, we 
an formulate the problem as follows. We introdu
e variables xe forevery edge, with the meaning thatxe = � 1; if e is in the tour;0; otherwiseThen the problem is(TSP) minimize Pe2E wexesubje
t to Pe3v xe = 2; v 2 VPe�A xe � jAj � 1; A � V;A 6= ;; Vxe 2 f0; 1g; e 2 E:89



The 
onstraintsPe2v xe = 2 ensure that exa
tly two edges go through every vertex, whi
his obviously needed to get a tour. However, this would still allow subtours, i.e. a set ofseveral disjoint 
y
les. To rule out these subtours, we need to add the subtour inequalitiesPe�A xe � jAj � 1 for A 6= ;; V . For a �xed A, the inequality just says that no subtour
an be formed by the verti
es in A, be
ause su
h a subtour would have jAj edges.Repla
ing the 
onstraints xe 2 f0; 1g by 0 � xe � 1, we get the 
anoni
al LP-relaxation.However, although the TSP system looks similar to the mat
hing system, the situation isquite di�erent here: the LP relaxation does have fra
tional optimal solution in general, sothe subtour polytope P := 8<:x ������ Pe3v xe = 2; v 2 VPe�A xe � jAj � 1; A � V;0 � xe � 1; e 2 E 9=; (8.1)is not integral, meaning that P 6= PI (PI is 
alled the TSP-polytope). Even worse, TSPis one of the problems for whi
h no expli
it des
ription of PI is known. To be pre
ise:for any �xed n, one 
an of 
ourse 
ompute the �nite inequality des
ription of PI. Thestatement is that no 
lass of inequalities (parameterized with n) exists su
h that this 
lassyields a des
ription for all n. It is even NP-hard to de
ide whether a given inequality isnonredundant for PI .In order to optimize a linear fun
tion over PI (and that's what needs to be done to solveTSP), we 
an therefore not rely on PI dire
tly. The method of 
utting planes des
ribed inthis 
hapter provides a way around this.8.1 Outline of the MethodWe are given a general ILP of the form(ILP) maxmize 
Txx 2 PI ; (8.2)where P = fx j Ax � bg:Then we perform the following steps.1. Set Q := P ;2. Compute an optimal solution ~x to(ILP) maxmize 
Txx 2 Q:3. If ~x is integral, we are done; 90



4. If ~x has fra
tional 
oordinates, then x =2 PI (why?). In this 
ase, there exists aninequality whi
h is satis�ed by all x 2 PI but not by ~x. This means, there are d; fsu
h that dTx � f; x 2 PI ;dT ~x > f:Set Q := Q \ fx j dTx � fgand repeat with step 2.Some 
omments are in order. Q is des
ribed by a �nite set of inequalities throughout thealgorithm. This is true in the beginning (where Q 
orresponds to the system fAx � bg),and ea
h round adds one more inequality. Thus, we 
an in prin
iple optimize over Qby known methods; keep in mind, however, that Q might have a very large inequalitydes
ription even in the beginning, so that it is not 
lear whether step 2 
an be performedeÆ
iently. We will 
ome ba
k to this below.The existen
e of a separating hyperplane dTx = f in 
ase ~x 62 PI follows from 
onvexitytheory. In general, if C is some 
onvex set and p a point not in C, then there exists ahyperplane whi
h separates C from p, see Figure 8.1.)
p

CFigure 8.1: A separating hyperplaneBe
ause PI is a polyhedron, it is in parti
ular 
onvex, so we 
an apply the generalstatement.Thus, what happens in the outline above 
an be des
ribed as \
utting o�" fra
tional op-timal solutions by adding another inequality whi
h prevents this solution from reappearingin the next iteration, see Figure 8.2.Two questions remain:� How do we �nd the separating inequality dTx � f (a 
ut), and� does this method ever terminate?We will answer these questions by providing a 
on
rete implementation of the outline abovein the next se
tion. 91



Figure 8.2: Cutting o� fra
tional solution8.2 Gomory CutsLet us address ILP of the general form (8.2), with the additional assumption that thepolyhedron fAx � bg is bounded, i.e. it is a
tually a polytope. Moreover, we assume thatthe system is in standard form, i.e. that it in
ludes the 
onstraints x � 0, so that we 
andire
tly apply the simplex method to it. All this 
an be done without loss of generality, seethe exer
ises. In addition, we 
an assume that A; b; 
 all have integer entries (by s
alingthem with suitable multiples, if they have rational entries at all).Then we perform the following pro
edure, whi
h explains how 
uts are found; termi-nation will be adressed later. The 
uts used by the method below are 
alled Gomory 
uts.The method maintains the invariant that Q 
ontains all integral solutions of the systemfAx � bg.1. Q := fx j Ax � bg.2. �nd the lexi
ographi
ally largest basi
 feasible solution ~x to(LP) maxmize 
Txx 2 Q:This 
an be done by the simplex method, after symboli
ally perturbing the obje
tivefun
tion: instead of 
Tx, maximize
Tx + nXi=1 "ixi;where " > 0 is a symboli
 
onstant. This results in the lexi
ographi
ally largestoptimal solution ~x, meaning that among all optimal solutions, ~x has maximal x1-
oordinate, and among those, ~x has maximal x2-
oordinate, et
.3. If the basi
 part ~xB is integral, we are done (be
ause the nonbasi
 part satis�es~xN = 0, whi
h is integral in all 
ases).4. If ~xB has fra
tional 
oordinates, we distinguish between two 
ases.92



(a) z0 =2 Z, where z0 is the optimal obje
tive fun
tion value z0 = 
T ~x of the LPsolved in step 2. Then we 
onsider the z-row of the optimal tableau, whi
hreads as z = 
Tx = z0 � 
TxN ; 
 � 0:This implies z � z0 � b
T 
xN ;where b
T 
 arises from 
T by rounding down ea
h 
oordinate to the nearestinteger. Moreover, if x is any integral solution, then the asso
iated obje
tivefun
tion value z is integral. Therefore,z + b
T 
xN � z0) z + b
T 
xN � bz0
, z � bz0
 � b
T 
xNholds for all x 2 Q \ Zn. This means, the inequalityz0 � 
TxN � bz0
 � b
T 
xN , �
T � b
T 
� xN � z0 � bz0
holds for all integral solutions in Q, but not (and this is the point!) for thesolution ~x we have 
omputed in step 2. Namely, for that solution, ~xN = 0,hen
e �
T � b
T 
� ~xN = 0 < z0 � bz0
;be
ause z0 was not integer. This means, we have found an inequality whi
hseparates QI from ~x. Adding this inequality to Q (\
utting o�" ~x) makes Qsmaller, without 
utting o� any point from QI . Thus, we setQ := Q \ fx j �
T � b
T 
� xN � z0 � bz0
gand go ba
k to step 2.(b) z0 2 Z. Then let j be the smallest index su
h that ~xj 62 Z. Su
h an index mustexist be
ause we have assumed that ~x is not integral. Moreover, j 2 B, the setof basi
 indi
es, be
ause ~xN = 0. Then we 
an 
onsider the tableau equationfor xj whi
h reads as xj = �j � �TxN ;and as before we see that all integral solutions satsifyxj � b�j
 � b�T 
xN :In this 
ase, we set Q := Q \ fx j xj � b�j
 � b�T 
xNgand return to step 2. 93



The termination of this method is summarized by the followingTheorem 8.2 The above algorithm terminates within a �nite number of iterations withan optimal solution ~x to the system fAx � b; x 2 Zng, or it asserts that no su
h solutionexists.Proof. The non-existen
e of an integral solution is noti
ed when the LP that is solvedin step 2 be
omes infeasible, meaning that Q = ;. Be
ause we always guarantee thatQ � fAx � b; x 2 Zng, this means that there are no integral solutions.Now assume that infeasibility does not o

ur. We will �rst show that after �nitelymany iterations, z0 rea
hes a �xed integral value. This shows the main idea of the proof,and the fa
t that also the 
oordinates of the solution \stabilize" after �nitely many stepsis easy to derive then.Consider the sequen
e (z(k)0 ); k 2 N, of the z0-values that are generated in the mainloop. The sequen
e is monotone de
reasing (we add a 
onstraint to the LP ea
h time, sothe optimum value 
annot get larger) and bounded from below, be
ause we have assumedthe system fAx � bg to be bounded. It follows that the sequen
e 
onverges to a value w.Be
ause w < bw
+ 1, there is a value ` su
h thatz(`)0 < bw
+ 1:If z(`)0 = bw
 = w, we are done, be
ause then z0 must be integral and remains �xed.Otherwise, we have z(`)0 =2 Z, and in this iteration we add the inequalityz � bz(`)0 
 � b
T 
xN ; 
T � 0:It follows that in the next iteration, this inequality is satis�ed, so that we getz = z(`+1)0 � bz(`)0 
 = bw
;be
ause of b
T 
 � 0; xN � 0. This means, z0 is a �xed integer from that iteration on.Now we prove by indu
tion that also the 
oordinates x1; : : : ; xn stabilize, one afteranother. Assume that after iteration `d�1, z; ~x1; : : : ; ~xd�1 are already �xed integers thatdo not 
hange anymore (the 
ase d = 1 has just been handled with iteration `0 = `).Then, the sequen
e (~x(k)d ); k > `d is monotone de
reasing, be
ause the solutions only getlexi
ographi
ally smaller throughout the iterations. Be
ause ~x1; : : : ; ~xd�1 are already �xed,this means that ~xd 
an only de
rease. Be
ause ~xd is bounded from below by 0, the sequen
e(~x(k)d ) 
onverges to a value u < bu
 + 1. Consequently, there is an index `d su
h that~x(`d)d < bu
 + 1:If ~x(`d)d = bu
 = u, we are done, as before, otherwise, ~x(`d)d 62 Z, and the algorithm adds the
ut xd � b�1
 � b�T 
xN ;94



where xd = �1 � �TxN is the tableau row of the variable xd. Let ~x0 be the next optimalsolution, obtained after adding this 
ut. This solution is a feasible solution to the previousproblem and therefore still satis�es ~x0d = �1 � �T ~x0N :Be
ause of ~x0d � ~xd = �1, we must have �i � 0 for all i su
h that ~x0i > 0. Be
ause of this,~x0d � b�1
 � b�T 
~x0N � b�1
;and ~x0d has rea
hed its �nal integer value b�1
8.3 Separation Ora
lesThe method of Gomory 
uts might be useful for general ILP, for whi
h no extra informationis given. In this 
ase, the Gomory 
uts are \minimal" 
uts whi
h are always guaranteed towork. However, the method is quite slow in pra
ti
e, and it is more of theoreti
al interest.The approa
h of 
utting planes is more general, and better 
uts 
an be used for spe
ialILP like the TSP (we will get to su
h 
uts below).In these methods (and even in the Gomory 
ut method) we have one problem left, whi
hwe have already mentioneded above: if the initial inequality des
ription of Q is alreadyvery large (for example, exponential in the size of the input instan
e, like in TSP), step 2already takes exponential time. However, there is a very general result whi
h provides away out.Assume, we have a separation ora
le with the following spe
i�
ation.Given Q and ~x, either 
ertify that ~x 2 Q, or �nd a separating inequalitydTx � f , meaning that dTx � f; x 2 Q;dT ~x > f:The reason to 
all this an ora
le is that we assume to obtain an answer immediately, butwe don't really 
are how this answer is found. Instead, we bound the runtime of algorithmsin terms of the number of ora
le 
alls that are needed. Given a 
on
rete runtime bound forthe implementation of an ora
le, we then get a 
on
rete runtime bound for an algorithmusing the ora
le. The following result is due to Gr�ots
hel, L�ovasz and S
hrijver.Theorem 8.3 Let Q be a 
onvex set. An optimal solution to the problemmaxmize 
Txx 2 Q:
an be found with a polynomial number of 
alls to the separation ora
le.95



I won't spe
ify what this \polynomial number" a
tually means here; it is not 
lear whatthe input really is. Think of this theorem as saying that separation and optimization over
onvex sets are equally diÆ
ult with respe
t to polynomial-time solvability.The Gomory 
uts des
ribed above do not implement a separation ora
le, be
ause theyonly provide 
uts for spe
ial solutions ~x. In order to be able to optimize, 
uts must inprin
ipal be provided for all possible ~x, be
ause the optimizing algorithm might just askfor it.Using this theorem, the following lemma shows that one 
an optimize over the subtourpolytope (8.1) in polynomial time, although it is de�ned by exponentially many inequali-ties.Lemma 8.4 There exists a polynomial-time separation ora
le for the subtour polytope; thismeans, we 
an de
ide in polynomial time, whether a given ve
tor ~x satis�es all (in)equalitiesof the system in (8.1), and return a separting inequality if this is not the 
ase.Proof. Given ~x, we �rst 
he
k whether 0 � ~xe � 1; e 2 E and Pe3v ~xe = 2; v 2 V .As these are only polynomially many 
onstraints (polynomial in the size of the graphunderlying the TSP problem), this 
an be done in polynomial time, and every violated(in)equality dire
tly leads to a separating hyperplane.Now assume ~x satis�es the above 
onstraints; it is easy to see (exer
ise) that in this
ase, the inequalities Xe�A ~xe � jAj � 1; A 6= ;; Vare equivalent to Xe:je\Aj=1 ~xe � 2; A 6= ;; V:Interpreting the ~xe as edge weights, the latter 
lass of inequalities is equivalent to thestatement that all 
uts in the graph have total weight at least 2. To see this, observe thatthe edges e su
h that je \ Aj = 1 are exa
tly the edges that 
ross the 
ut de�ned by A.Thus, all these inequalities are ful�lled if and only if the minimum 
ut in the graph(under edge weights ~x) has weight at least 2. Be
ause minimum 
uts under nonnegativeedge weights 
an be 
omputed in polynomial time (see also Exer
ise 5, Problem 1), weeither 
ertify in polynomial time that all inequalities hold, or we �nd a 
ut A (namelythe minimum 
ut) of weight smaller than 2. The 
orresponding inequality is a separatinginequality.
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Chapter 9The Travelling Salesperson ProblemThe TSP problem we have already dis
ussed in the previous 
hapter to some extent isone of the most important problems in dis
rete optimization. Many new te
hniques havebeen developed with the goal of �nding better solutions to large TSP instan
es. Therefore,this problem deserves its own 
hapter. I will introdu
e two important te
hniques (
uttingplanes beyond Gomory 
uts, Bran
h & Bound) for the TSP problem, where it will be
ome
lear how they are applied in the general situation. I will start with an approximationalgorithm for the TSP problem in the spe
ial 
ase where the weights satisfy the triangleinequality.9.1 Christo�des' Approximation AlgorithmWe are given a weighted 
omplete graph on n verti
es V , where the weights we satisfy thetriangle inequality. This means, if p; q; r are verti
es of the graph, then the weights satsifywfp;qg � wfp;rg + wfr;qg:Interpreting the weights as edge lengths, the triangle inequality stipulates that thedire
t way from p to q is at least not longer than the detour via a third vertex r. Theimportant 
ase of Eu
lidean TSP is 
overed by this. Here, the verti
es are points in theplane, end the edge weights are a
tual eu
lidean lengths.Here is Christo�des' algorithm to �nd a provably good tour.1. Compute the minimum-spanning tree (MST) T of the graph with respe
t to thegiven edge weights. This is a tree whose total weight is as small as possible. It iswell-known that an MST 
an be found in polynomial time (a
tually, in O(n2) time),see Figure 9.1.2. Let V 0 be the verti
es whi
h have odd degree in T . Be
ause the number of odd-degreeverti
es is even in every graph, jV 0j is an even number. In the 
omplete subgraphindu
ed by V 0, 
ompute a minimum-weight mat
hing M . We have already indi
ated97



T

Figure 9.1: Minimum spanning tree T .
T
M

Figure 9.2: T and M .that this 
an be done in polynomial time as well, although we have only dealt withthe bipartite 
ase in the le
ture. Figure 9.2 shows both T and M .3. Interpreting T and M as edge sets, every vertex has even degree in the graph(V; T [M) (whi
h might have multiple edges). It follows that there exist an Eu-ler tour, a tour through the edges of the graph whi
h traverses ea
h edge exa
tlyon
e. Moreover, su
h an Euler tour 
an be found in polynomial time (exer
ise).4. Traverse the Euler tour and report the verti
es in order of apperan
e along the Eulertour. This order de�nes the output tour of Christo�des' algorithm, see Figure 9.3.Theorem 9.1 Let opt be the length of the shortest tour and C the length of the tour
omputed by Christo�des' algorithm. ThenC � 32opt:Proof. It holds that C � w(T ) + w(M), where w(T ); w(M) denote the total weight ofT and M , respe
tively. Namely, w(T ) + w(M) is the length of the Euler tour, and theoutput tour makes only short
uts with respe
t to that Euler tour (here we need the triangleinequality). We now show that w(T ) � opt; (9.1)w(M) � opt=2; (9.2)98
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Figure 9.3: Euler tourwhi
h implies the theorem. For this, let S be the edges of an optimal tour and e 2 S.S n feg is a path and in parti
ular a spanning tree. Be
ause T was the minimum-spanningtree, we get w(T ) � w(S n feg) � w(S) = opt;using the assumption that we have nonnegative edge weights. This shows (9.1). Now, letS 0 be the edge set of an optimal tour in the 
omplete subgraph indu
ed by V 0, the setof odd-degree verti
es in T . Be
ause jV 0j was even, S 0 has even length and de
omposesinto two mat
hingsM1;M2 whi
h alternate along S 0. Be
ause M was the minimum-weightmat
hing, we getw(M) + w(M) � w(M1) + w(M2) = w(S 0) � w(S) = opt;be
ause the optimal tour in V 0 
annot be longer than the optimal tour through all verti
es.This shows (9.2).I want to remark that the triangle inequality is 
ru
ial for this result. For generalweighted graphs, the length of the optimal tour 
annot be approximated up to a 
onstantfa
tor, unless P = NP.9.2 Beyond Gomory CutsGomory 
uts are the weakest possible 
uts, be
ause they don't make use of any spe
ialproblem stru
ture. For most 
on
rete problems like TSP, mu
h better 
uts are known.Intuitively, a 
ut is better if it 
uts o� more fra
tional solutions. The following lemmades
ribes a 
lass of 
uts spe
i�
 to the TSP, whi
h is a better approximation of TSP-polytope than subtour polytope.Lemma 9.2 Let ~x be the 
hara
teristi
 ve
tor of a tour (meaning that ~xe = 1 i� e is inthe tour), A � V , F � Æ(A) := fe 2 E j je \ Aj = 1g, jF j odd. Then ~x satsi�es thefollowing, so-
alled 2-mat
hing inequality.Xe�A xe +Xe2F xe � jAj+ jF j � 12 :99



The proof is simple and given as an exer
ise. This means, if we are given a fra
tionalsolution ~x and are able to �nd a violated 2-mat
hing inequality, we 
an add this inequalityto our 
urrent set of known inequalities (whi
h initially are just the subtour inequalities),and reoptimize. In fa
t, if ~x violates some 2-mat
hing inequality, su
h an inequality 
anbe found in polynomial time. In other words, there is a polynomial-time separation ora
lefor the 
lass of 2-mat
hing inequalities.There are many more known 
lasses of inequalities whi
h are satis�ed by every tour,but whi
h are not implied by other inequalities. Only at the point where a fra
tionalsolution is obtained whi
h satis�es all these inequalities, the method of 
utting planes getsstu
k, unless one resorts to the very ineÆ
ient Gomory 
uts. In this situtaion, the sera
hfor the optimal tour usually 
ontinues with bran
h & bound.In general, mu
h of the work invested into solving real-life problems nowadays is spentin �nding 
lasses of inequalities whi
h 
an be separated in polynomial time (meaning thata polynomial-time separation ora
le exists for the polyhedron des
ribed by all inequalitiesin the 
lass).9.3 Bran
h & BoundThe bran
h & bound approa
h �nally does what you might do if you were fa
ed with anILP: it enumerates all possible integral solutions to pi
k out the best one. However, ittries to do this in a 
lever way, so that many solutions need not be 
onsidered at all. This
lerveness is wasted in the worst 
ase, but in typi
al situations that o

ur in pra
ti
e, itworks quite well.Given the problem (ILP) maximize 
TxAx � b;x � 0;x 2 Zn; (9.3)we �rst solve the LP relaxtaion by dropping the 
onstraint \x 2 Zn". If the resultingsolution ~x is integral, we are done, otherwise there exists a 
oordinate i su
h that ~xi =2 Z.Then we bran
h, meaning that we re
ursively solve the subproblems(ILP)1 maximize 
TxAx � b;xi � b~xi
;x � 0;x 2 Zn;and (ILP)2 maximize 
TxAx � b;xi � b~xi
 + 1;x � 0;x 2 Zn;100



and return the better of the two solutions. The 
ru
ial observation that makes this work isthat every integral solution is feasible in exa
tly one of the two subproblems, so it 
annotbe missed. When we do this, we obtain a 
omputation tree, where every node 
orrespondsto an ILP, and the edges 
onne
ting a node to its 
hildren 
orrespond to a bran
hing step.The 
omputation inside a node terminates if the LP relaxation that is being solved inthat node is infeasible or returns an integral solution. The whole 
omputation is guaranteedto terminate if the polyhedron fx j Ax � b; x � 0g is bounded, like in 
ase of TSP.Up to now, this is not really 
lever. What makes the di�eren
e is the following boundstep. Assume we traverse the 
omputation tree in some order, and we have already solvedthe LP relaxations at 
ertain nodes. Then we 
an maintain the quantityzI ;whi
h denotes the best obje
tive fun
tion value of any integral solution that has beenfound in solving the LP relaxations. In the beginning, we have zI = �1, but throughoutthe tree, zI will in
rease.Whenever we solve the LP relaxation at a new node v, we obtain an optimal obje
tivefun
tion value zLP (v), in the general 
ase assumed by a fra
tional solution.Fa
t 9.3 If zLP (v) � zI , then no integral solution to the ILP at node v 
an be optimal forthe original ILP (9.3).To see this, observe that any integral solution has obje
tive fun
tion value at most zLP (v),whi
h is already worse than the best integral solution found in some other bran
h of the
omputation. It follows that node v 
an be killed, i.e. we do not need to bran
h in v.The hope is that the 
omputation tree stays small, be
ause many nodes are killed earlyin the 
omputation. Of 
ourse, there are important fa
tors that in
uen
e the eÆ
ien
y ofthis s
heme in pra
ti
e. Among them are� the order in whi
h tree nodes are pro
essed, and� the 
hoi
e of the index i su
h that ~xi 62 Z, where ~x is the solution to the LP relaxationin the node.It is also important to start o� with a value of zI whi
h is already large. This 
an ususallybe done by 
omputing a good integral solution to start with by some other method. Forexample, running Christo�des' algorithm as a preprosessing stage for a bran
h& bound
omputation in the 
ase of TSP leads to a good initial value of zI already.9.4 Bran
h & Bound for the TSPBran
h & Bound is a method whi
h goes beyond ILP. It is appli
able whenever we have aproblem whi
h 
an be partioned into subproblems in su
h a way that the optimal solutionto the whole problem is found among the optimal solutions to the subproblems. Moreover,101



we need upper bounds for the optimal obje
tive fun
tion values in the nodes. In 
ase ofILP, we 
an obtain them by using the LP relaxation, but this is not the only method whi
his available, even in 
ase of ILP. For example, in 
ase of TSP, the LP relaxation 
an besolved in polynomial time, but this is not very eÆ
ient in pra
ti
e. If slightly weaker upperbound are obtainable by mu
h simpler methods, this is preferrable. In general, there is atrade-o� between the time it takes to 
ompute the upper bound and its quality.In the following, we outline an appli
ation of Bran
h & Bound for TSP whi
h makesuse of the fa
t that the assignment problem has a simple and fast algorithm. The algorithmis independent from the previous 
utting plane approa
h, and it is even not 
lear how to
ombine it with the 
utting-plane method dire
tly. Note that the TSP is a minimizationproblem, so we need lower bounds for the optimal obje
tive fun
tion values in the nodes,whi
h we 
ompare to a global upper bound zI on the length of a best tour found so far.Given a tour, we 
an en
ode it as a 0=1-ve
tor in a way di�erent from the one that hasled us to the subtour polytope. Namely, we 
an introdu
e variables x(p;q) for order pairsof nodes, with the interpretation thatx(p;q) = � 1; if q is su

essor of p in the tour;0; otherwise:If ~x is the 
hara
teristi
 ve
tor of a tour, it must satisfy the equationsXq x(p;q) = 1; 8p; Xp x(p;q) = 1; 8q; x(p;q) 2 f0; 1g; 8p; q; (9.4)be
ause every vertex has exa
tly one su

essor and one prede
essor in the tour. Therefore,if we minimize Xp6=q wfp;qgx(p;q)over the 
onstraints given by (9.4), we obtain a lower bound for the length of the optimaltour. It is only a lower bound, be
ause the 
onditions of (9.4) are only ne
essary for atour, but not suÆ
ient: we might get subtours.In return, the ILP we get has a ni
e stru
ture: it is a
tually an assignment problem overa bipartite graph, where both vertex sets are 
opies of the vertex set of our original 
ompletegraph. Edge weights are the given edge weights, with the ex
eption that w(p;p) =1 whi
hmeans that in a minimum-weight assignment, this edge will never be 
hosen.Thus, we solve the assignment problem and then bran
h; again, we do not do it asindi
ated in the outline above for ILP, but a

ording to some di�erent rule whi
h 
reatesmore than two bran
hes. Namely, if the solution to the assignment problem does not giveus a tour, there exists a proper subtour of length k < n, involving edges ei = (pi; qi); i =1; : : : ; k. Then we bran
h o� into k subproblems, where problem i introdu
es the additonal
onstraint xei = 0. Be
ause the globally optimal tour 
annot 
ontain all edges of thesubtour, it must be feasible for at least one of the subproblems. The subproblems 
an be
onsidered as TSP problems again, after resetting wfpi;qig =1 for the i-th subproblem.102



9.5 Bran
h & CutI have remarked above that Bran
h& Bound is usually invoked after all known 
uts areexhausted, i.e. if a fra
tional solution has been obtained whi
h 
annot be 
ut o� by anyinequality from the 
lasses of inequalities one has at hand for the 
on
rete problem. How-ever, in the subproblems generated during the bran
hing, the 
uts may be
ome e�e
tiveagain. Thus, Bran
h& Cut interleaves Bran
h steps with Cut steps, applying the latter�rst whenever possible. With additonal tri
ks, Bran
h & Cut 
odes for the TSP are ableto solve very large instan
es with several tenthousand 
ities.
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