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Abstract
A graph is k-planar if it can be drawn in R2 such that every edge has at most k crossings; such
a drawing is called k-plane. The local crossing number lcr(G) of a graph G is the smallest k Ø 0
such that G is k-planar. The (global) crossing number cr(G) of a graph G is the minimum number
of crossings over all drawings of G. Counting the number of crossings per edge in any lcr(G)-plane
drawing of G yields 2 · cr(G) Æ m · lcr(G), where m denotes the number of edges in G. We are
interested in graphs for which this inequality holds with equality. As a main result we show that
such graphs exist. More precisely, for any given k œ N, we construct an infinite family of graphs
that admit a minimum-crossing drawing in which every edge is crossed exactly k times.

1 Introduction

Are there drawings of graphs where every edge is crossed? Indeed, such drawings of Kn

were first mentioned by Ringel [17] and later systematically studied by Harborth and
Mengersen [11]. However, their drawings have many “unnecessary” crossings. So, what if
we restrict to minimum-crossing drawings, that is, drawings with a minimum number cr(G)
of edge crossings among all drawings of a graph G? Surprisingly, the answer remains the
same: Ábrego, Aichholzer, Fernández-Merchant, Ramos, and Vogtenhuber [1] describe a
family of drawings of Kn, for odd n Ø 11, where every edge is crossed and the total number
of crossings is
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According to the famous (Guy-Harary-)Hill Conjecture [10], we have H(n) = cr(Kn) and
thus the aforementioned drawings are minimum-crossing. Despite supporting evidence
(e.g., [4]), the conjecture is proven for n Æ 14 only [3]. Still, this leaves us with minimum-
crossing drawings of K11 and K13 in which every edge is crossed. Taking any number
of disjoint copies of these graphs and drawings, we obtain an infinite family of graphs with
minimum-crossing drawings where every edge is crossed. In this work, we study the problem
under the lens of k-planarity and give a general answer for any number k of crossings.
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I Theorem 1. For every k, n0 œ N there exists a graph G on n Ø n0 vertices such that G
has a drawing with cr(G) crossings, in which every edge is crossed exactly k times.

In particular, in every k-plane minimum-crossing drawing of G every edge has exactly k
crossings. Our motivation is to shed some light onto the relationship between the local
and the (global) crossing number of graphs. To explain this relationship we introduce some
standard terminology. A drawing of a graph G = (V, E) is a map “ : G æ R2 that
maps each vertex v œ V to a point “(v) œ R2 and each each edge uv œ E to a simple
(injective) curve “(uv) with endpoints “(u) and “(v), such that: (1) “ is injective on V ;
(2) “(uv) fl “(V ) = {“(u), “(v)}, for all uv œ E; and (3) for all e0, e1 œ E with e0 ”= e1, the
curves “(e0) and “(e1) have at most finitely many intersections, and each such intersection
is either a common endpoint or a proper, transversal crossing between exactly two edges.
A drawing is simple if every pair of edges has at most one common point (which is either a
crossing or a common endpoint). The zoo of crossing numbers [18] is a very lively part of
combinatorial geometry and graph drawing. The crossing number cr(D) of a drawing D is
the number of edge crossings in D. The crossing number cr(G) of a graph G is the minimum
of cr(D) over all drawings D of G. The local crossing number lcr(D) of a drawing D is
the maximum number of crossings on any edge in D. The local crossing number lcr(G)
of a graph G is the minimum of lcr(D) over all drawings D of G. A graph G is k-planar
if lcr(G) Æ k. The k-planar crossing number crk-pl(G) is the minimum of cr(D) over all
drawings D of G with lcr(D) Æ k; or crk-pl(G) = Œ if no such drawing exists. By definition,
for every graph G we have

cr(G) Æ crk-pl(G). (I1)

Further, as every graph G admits a drawing D with lcr(D) = lcr(G), we have

cr(G) Æ cr(D) Æ mlcr(D)
2 = m

2 lcr(G) , (I2)

where m denotes the number of edges in G. It is natural to wonder if and for what graphs
these two inequalities are tight. Theorem 1 answers the if-part of this question by providing
an infinite family of graphs for which both inequalities are tight. Chimani, Kindermann,
Montecchiani and Valtr [7, 8] explored the opposite end of the spectrum for (I1) and con-
structed a family of 1-planar graphs G with cr1-pl(G) œ �(n) and cr(G) = 2, where n denotes
the number of vertices in G. Similar results have also been obtained for other beyond-planar
graph classes [6, 20]. The maximum number of edges in a simple k-planar graph on n vertices
is known to be at most ck(n ≠ 2), where c0 = 3, c1 = 4 [5], c2 = 5 [15, 16], c3 = 5.5 [13, 14],
c4 = 6 [2], and ck Æ 3.81

Ô
k, for general k Ø 5 [2]. So we could plug these bounds into (I2)

to obtain an upper bound on cr(G) in terms of n, the number of vertices in G. However, the
graphs that maximize m might be quite di�erent from the graphs for which (I2) is tight. For
instance, for a 1-planar graph G it is known (see, e.g. [19, Proposition 4.4]) that it admits
a drawing D such that

cr(G) Æ cr1-pl(G) Æ cr1-pl(D) Æ n ≠ 2 , (I3)

which beats the bound we get by plugging m Æ 4n into (I2) by a factor of two. The bounds
in (I2) and (I3) are somewhat conflicting. In fact, we show that if a graph G admits a
drawing D for which both (I2) and (I3) are tight, then G is planar and thus cr(G) π cr(D).

I Theorem 2. Let D be a simple drawing of a graph G on n vertices where every edge
is crossed exactly once. Then: (1) If cr(D) = n ≠ 2, then G is planar and disconnected;
(2) If cr(D) = n ≠ 3, then G is planar.
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2 Preliminaries and Outline

Before we delve into the proof of Theorem 1, let us note that the statement for k = 1 can
be obtained using edge subdivisions.

I Lemma 3. The following statements are equivalent: (1) There exists a minimum-crossing
drawing of a graph in which every edge is crossed; (2) There exists a minimum-crossing
drawing of a graph in which every edge is crossed exactly once.

Proof. The implication (2)∆(1) is trivial. So it remains to prove (1)∆(2). Let D be a
minimum-crossing drawing of a graph G in which every edge is crossed. For every edge e
in D and every pair c, cÕ of consecutive crossings along e in D we insert a new vertex between c
and cÕ on e and also subdivide the corresponding edge in G. As a result, we obtain a graph GÕ

and a drawing DÕ of GÕ such that GÕ is a subdivision of G and DÕ is a subdivision of D.
By construction every edge in DÕ is crossed exactly once and cr(D) = cr(DÕ). As edge
subdivisions have no e�ect on the crossing number of a graph, we have cr(GÕ) = cr(G) =
cr(D) = cr(DÕ) and thus DÕ is a minimum-crossing drawing of GÕ. J

The above subdivision argument also appears in the proof of Theorem 1. Our main
challenge is to certify that a given drawing is minimum-crossing, which is very di�cult in
general. To get around this, we employ edge weights and correspondingly weighted crossing
numbers as a framework to guarantee that the minimum-crossing drawing of the graph at
hand is essentially unique. Our construction uses a highly symmetric graph based on the
icosahedron graph. The symmetries of this graph help to simplify the argument. With a
proper choice of weight assignment and subdivision, we can transfer the weighted minimum-
crossing drawing into our target drawing where every edge is crossed exactly k times.

3 Minimum-crossing drawings in which every edge is crossed k times

We use the icosahedron graph Ico = (X, EI) as a base graph, which is a plane triangulation
with 12 vertices and 20 faces. It admits a combinatorially unique plane drawing, depicted
by red edges in Figure 1.

Let T = (V, E) be a plane triangulation. For an edge e of T , the two triangles incident
to e form a 4-gon Q(e). One of the diagonals of Q(e) is e, we call the other diagonal
of Q(e) the p-dual edge of e. The double-icosahedron Dco is obtained from the icosahedron
graph Ico = (X, EI) by adding the p-dual edge of every edge e œ EI , that is, we have
Dco = (X, EI fi EP ), where EP denotes the set of edges that are p-dual to some edge in EI .
It is interesting to note that the graph (X, EP ) is again an icosahedron graph, and Dco is a
10-regular graph on 12 vertices, isomorphic to a K12 with a perfect matching removed.

If we take a closer look into the drawing shown in Figure 1, we can easily count the
crossing number of it since each of the 30 edges of EI is only crossed by its p-dual edge and
each edge of EP is crossed by five other edges. Consequently, there is a total of 1

2 (30+5·30) =
90 crossings in the drawing. We further remark that this matches the conjecture presented
by Mohar [12] for Kt

n, which denotes the graph obtained from Kn by removing a matching
of size t. Though an attempt to compute the exact crossing number of Dco by a computer[9]
failed due to its inherent complexity, we conjecture cr(Dco) = 90 as well.

Weighted Minimum-Crossing Drawing. To derive our results, we first consider a weighted
variant of the crossing number. Let w : E æ R+ be a weight assignment on the edges of
a graph G. The weighted crossing number crw(D) of a drawing D of G is the sum of the
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Figure 1 A drawing of Dco where every edge is crossed.
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product w(e) · w(f) taken over all edge crossings e fl f in D. The weighted crossing number
crw(G) of a graph G is the minimum of the weighted crossing numbers of its drawings.

I Lemma 4. There is a weight assignment w on the edges of Dco such that the drawing
shown in Figure 1 minimizes the weighted crossing number of this weighted graph.

Proof. Consider any minimum-crossing drawing � of Dco. Recall that Dco = (X, EI fi EP )
with |EI | = |EP | = 30. If w(e) = a for all e œ EI and w(e) = 1 for all e œ EP , then for the
drawing �0 in Figure 1 we have crw(�0) = 30a + 60. We choose a = 32 s.t. a2 = 1024 >
30a+60 = 1020, and no pair of edges from EI can cross in �. Hence, the drawing of (X, EI)
in � is a plane drawing Ico of the icosahedron. As every edge in EP has to cross at least one
edge of Ico, we have crw(�) Ø 30a. At most one edge of EP crosses two or more—and if so,
exactly two—edges of Ico in � (else crw(�) Ø 30a + 2a = a2 > crw(�0)). Hence in at least
18 of the triangles of Ico, the three p-duals of the triangle edges cross inside the triangle.
This yields at least 3 · 18 crossings between edges in EP . Since 31a + 3 · 18 > 30a + 60, all
the p-edges in � must be drawn in the union of two triangles and cross four other p-edges,
just as in �0. It follows that crw(�) = crw(�0). J

Let G be a graph and w : E æ N be an integral weight, we define the multigraph Gw by
replacing each edge e of G by w(e) copies of e, i.e., a set of w(e) parallel edges connecting the
vertices of e. Every drawing of G has a corresponding drawing of Gw by replacing the drawn
edge e by a bundle of w(e) edges in a small neighborhood of e. This construction shows that
cr(Gw) Æ crw(G). Given a drawing of Gw and an edge e of G we can look at all copies of e
in the drawing and choose one, say eÕ, involved in a minimum number of crossings. Now
redraw the w(e) edges of the bundle of e in a small neighborhood of eÕ. By the choice of eÕ

this operation can only decrease the crossing number of the drawing. Repeating this for all
edges of G we arrive at a drawing of Gw where parallel edges behave the same, i.e., which
comes from a drawing of G. Therefore cr(Gw) = crw(G).

I Theorem 1. For every k, n0 œ N there exists a graph G on n Ø n0 vertices such that G
has a drawing with cr(G) crossings, in which every edge is crossed exactly k times.

Proof. We first deal with the case k = 1. Let Dco+ be the multigraph obtained with
multiplicity 64 for edges of EI and multiplicity 2 for edges of EP . The drawing �0 By a
similar analysis as shown in the proof of Lemma 4, this induces a minimum-crossing drawing
of Dco+ by replacing each red edge by a bundle of 64 parallel edges and each light blue edge
by 2 parallel edges. For every edge e and every pair of consecutive crossings on e we place a
new subdivision vertex on e; see Figure 2 (top). In this way, we obtain a subdivision Dco+

s

of Dco+ that has a minimum-crossing drawing where every edge is crossed exactly once. To
obtain arbitrarily large graphs, we take su�ciently many disjoint copies of Dco.

For k Ø 2 we adapt the weighting w such that if Dw is a minimum-crossing drawing of
Dco+, then in Dw the number of crossings on each edge is a multiple of k. An appropriate
weighting is obtained by using the weight 64k for edges in EI and 2k for edges in EP . The
subdivision vertices of Dco+

s are placed on the edges of Dw such that every edge of Dco+
s has

exactly k crossings. Figure 2 (bottom) illustrates the construction in the case k = 2. J

4 On Graphs for which Both Upper Bounds are Tight

Due to space constraints we present the proof of the first statement in Theorem 2 only; the
proof for the second statement can be found in a later full version.
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Figure 2 Subdividing edges to obtain a k-plane drawing, for k = 1 (top) and k = 2 (bottom).

I Theorem 2. Let D be a simple drawing of a graph G on n vertices where every edge
is crossed exactly once. Then: (1) If cr(D) = n ≠ 2, then G is planar and disconnected;
(2) If cr(D) = n ≠ 3, then G is planar.

Proof of (1). Let D be a drawing of G with n ≠ 2 crossings such that every edge is crossed
exactly once. Let D+ be obtained from D by adding a maximal set of uncrossed edges, and
let H be the plane drawing consisting of the new edges only. Each crossing pair of edges
in D corresponds to a 4-face of H. Hence, H is a plane graph with n vertices and n ≠ 2
many 4-faces. From Euler’s formula it follows that H is a quadrangulation. In particular
H is bipartite. Transferring the 2-coloring of H to D, we observe that for every pair e, eÕ

of crossing edges the endpoints of e have the same color and both endpoints of eÕ have the
other color. Hence, each of the two color classes induces a plane graph. Denote these two
graphs by D1 and D2. As every edge in D is crossed, the graph D is the disjoint union of D1
and D2. Thus, we obtain a plane drawing of D by drawing D1 and D2 side by side. J

5 Open Problems

Our construction to prove Theorem 1 uses edge subdivisions extensively. Can a similar
statement be obtained for graphs with minimum vertex degree three or higher? In Theorem 2
we show that there are no graphs for which both upper bounds (I1) and (I2) on the crossing
number are (almost) tight. How far can we further relax the “almost” tightness condition?
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