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Motivation

* Multicore architectures demand concurrent algorithms

 Complicated and error prone linear algebra libraries
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— Automatic parallelization
— Straight forward implementation of algorithms-by-block
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* SuperMatrix offers level of abstraction for algorithms-by-block:
— Automatic parallelization
— Straight forward implementation of algorithms-by-block

Work with blocked matrices (FLAME/FLASH API)

 Dependency analysis

Out of order scheduling
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Inversion of a SPD Matrix

Given symmetric positive definite matrix

AcR™ A

1. Cholesky factorization (CHOL)
A—>U'U U

2. Inversion of triangular matrix (TRINV)

R=U" R

3. Triangular transpose matrix mult. (TTMM)

A" =RR' A




Inversion of a SPD Matrix — Proof

SPD matrix Ae R™"
1. (CHOL) A—U'U
2. (TRINV) R=U™

3. (TTMM) At :=RR'

Proof:
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Inversion of a SPD Matrix — Proof

SPD matrix Ae R™"

1. (CHOL) A—U'U
2. (TRINV) R=U™

3. (TTMM) At :=RR'
Proof:

1,3 2
AA*=U'URR'=U'UU U =U'U" =1



One variant of computing (CHOL)

Algorithm: A := CHOL BLK(A) [ A := TRINV_BLK(A) [ A := TTMM BLK(A)

Partition A —

where A is 0 x 0

while m(Az.) < m(A) do
Determine block size b
Repartition

Arp | Arg

Agr

)

A A A
A | Arr 00 01 02
— * Apr | Az
* Apr
* * Aaa
where Ay, isbx b
CHOL TRINV TTMM
Variant 1: Variant 1: Variant 1:
Aot = AgT A A = Ago Am Apo 1= Ago + A AT
A1 = A - AT An App == —Agr AT Aot i= A ATy
A1 = CHOL(A11) A = Al_ll Ay = A AT
Variant 2: Variant 2: Variant 2:
A=Ay — AN An Az = /112!12_21 Ao := A AR
A1 = CHOL(A11) Apg = —A Ars Aot := A + AeAD
Az = A1z — Anrj Ap2 Ay = A;ll Ay = AIIATJ
Az = A" A A=A + ApAl
Variant 3: Variant 3: Variant 3:
A1 = CHOL(A11) A= —Al A, Ay = A AR
Ay = AT Ary Aoz == Apz + Aot A2 A=A + ApAl,
Agg 1= Aga — ATQAJQ Ap = An]/ll_ll Az = _/112_/152
!11_1 = /11711
Continue with A A i
Apo | Ao | Aoz
i A
( A7 A:TH. ) . v Ay, | AL
A
* “BR * * /122

endwhile
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One variant of computing (CHOL)

Algorithm: A := CHOL BLK(A) [ A := TRINV_BLK(A) [ A := TTMM BLK(A)

Partition A —

where A is 0 x 0

while m(Az.) < m(A) do
Determine block size b
Repartition

Arp | Arr
*

Agr

A A A
Ay | Arr 00 01 02
— * Apr | Az
* .’LBH
* # /122
where A1, isb x b
CHOL TRINV TTMM
Variant 1: Variant 1: Variant 1:
Aot = AgT A A = Ago Am Apo 1= Ago + A AT
A1 = A - AT An Apy i= — Ao Ay Aot i= A ATy
A1 = CHOL(A11) A = Al_ll Ay = A AT
Variant 2: Variant 2: Variant
An = An - AfAn Arz i= A2 A3 = AnAf
A1y := CHOL(A11) Az = - Aot := A + AeAD
Ajp i= A1z — AT Aga Ay = A, AT

Az 1= A;f“y

A=A + ApAD

Variant 3: Variant 3: Variant 3:

A1 = CHOL(A11) A= —Al A, Ay = A AR

Ay = AT Ary Apz == Aoz + Aor Az Aqr = Ay + A A,

Agg 1= Aga — ATQAJQ Ap = An]/ll_ll Az = _/112_/152
!11_1 = /11711

Continue with A A i

Apo | Ao | Aoz

( Arr /:TH. ) . AL | A,

A
* “BR * * /122

endwhile

\

[ Algorithm: A := CHOL_BLK(A)

Partition A —
Apr

where A;p is0 x 0

while m(Ar.) < m(A) do
Determine block size b
Repartition

Arp | Arr

)

Aty Arpr
* Agr
where A1 isb x b
/11_1 = CHDL(/LH)

/112 = /1171'11/112
Agg := Azg — Af3 A2

Continue with

Arp | Arr
* Apr

endwhile

Ao | Aor | Aoz
* Air | A
* #* :’122
Ago | A | Aoz

* Ay | Ags
* * Aas

[EY
U

: Paper

Source



First iteration (4x4 matrix blocks)

Algorithm: A := CHOL BLK(A)
Partition A — (ﬂ Arn )
* Apr .
where A+ 150 x 0
while m(Ar;) < m(A) do (A2,1)
Determine block size b

Repartition

A A A

ATL ATR 00 | 01 02

A Au Ay

* BR oy
where A4, is b x b /

mmm) A, = CHOL(A11)
‘ A]_g = A]_]_ Alg
) Ao, = Asy — AL A

Continue with

Ago | Aot | Aoz
( Are Arz ) — ( * Ay | Are )
* ABR

* * AQ 2
endwhile

=
(o))

Source: Paper



First iteration (4x4 matrix blocks)

Algorithm: A := CHOL BLK(A)

Partition A —» (—aZt]drn )
* ABR
where A+ 150 x 0
while m(Ar;) < m(A) do (A2,1)

Determine block size b
R crs
b ) (depars ma | oo (A A
( :L A:; Au Ay
A
where Ay isbx b / 22 (A4,1) (A4,2) (A4'3) -

mmm) A;; = CHOL(A;;)
‘ A12 = A]_]_ A]_g
) Ay, = A — A A1

Continue with

Ago | Aoy | Aoz
( Arp | Arr ) _ ( A, | AL, )
* ABR

* * AQ 2
endwhile

=
~N

Source: Paper



First iteration (4x4 matrix blocks)

Computations:

(As ) (A3),)

| | |
- A= CHDL(AH)
(Az 1) ) A5 = AﬁTAlz
) Ao = Asx — AL A1

=
(0¢]

Source: Paper



First iteration (4x4 matrix blocks)

Computations:

(As ) (A3),)

* CHOL
Cholesky
factorization

I I In
- A= CHDL(AH)
(Az 1) ) A5 = AﬁTAlz
) Ao = Asx — AL A1

=
(Yo

Source: Paper



First iteration (4x4 matrix blocks)

Computations:

(As ) (A3),)

In In In
- A= CHDL(AH)
(A ) ) Aqp = AﬁTAm
2,1 T
) Az = Azx — Ao A

* CHOL * TRSM
Cholesky Triangular solves
factorization with multiple right

hand sides

N
o

Source: Paper



First iteration (4x4 matrix blocks)

Computations:

(As ) (A3),)

In In In
- A= CHDL(AH)
(Az 1) ) A5 = AﬁTAm
) Ao = Asx — AL A1

* CHOL * TRSM * SYRK
Cholesky Triangular solves Symmetric rank-k
factorization with multiple right update

hand sides
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First iteration (4x4 matrix blocks)

Computations:

(As ) (A3),)

In In In
- A= CHDL(AH)
(Az 1) ) A5 = AﬁTAm
) Ao = Asx — AL A1

* CHOL * TRSM * SYRK * GEMM
Cholesky Triangular solves Symmetric rank-k Matrix-Matrix
factorization with multiple right update multiplication

hand sides

N
N

Source: Paper



First iteration (4x4 matrix blocks)

‘ Dependency Graph:

Computations:

In

(As )

(Ag1)

* CHOL
Cholesky
factorization

(A3),)

Inv Inv

(TRSMD (TRSMQ) (TRSM::D
et~
(SYRKQ @EMMQ @EMM@ (SYRK7> @EMMQ (SYRK@

&\

(SYRK) @EM@ (SYRK)

O

o

&

* TRSM * SYRK * GEMM @
(@)

Triangular solves Symmetric rank-k Matrix-Matrix 5
with multiple right update multiplication A

hand sides

N
w



First iteration (4x4 matrix blocks)

Computations: ‘ Dependency Graph:

CHOLg

(Ag,1) (Ay3) (A14) (RsMy) (TRSMg) (TRSM3)
P A T R Yy
(SYRK;D @EMM) @EMM) CSYRK’D @EMMQ (SYRKQ)
(A1) inv(28 (A \
\
(A3,1) (A3'2) -- C;;—;)\@EM@ (SYRK)

(A4,1) (A4’2) (A3,2) -

O

o

o

* CHOL * TRSM * SYRK * GEMM o
(@)

Cholesky Triangular solves Symmetric rank-k Matrix-Matrix 5
factorization with multiple right update multiplication » A

hand sides



First iteration (4x4 matrix blocks)

‘ Dependency Graph:

Computations:

(A1) (As) (Aus)
(Az) (Az,) (Az3)
(As1) (A3),)
(Ag1)
* CHOL * TRSM
Cholesky Triangular solves

factorization

with multiple right
hand sides

Inv(A; 3

(A ) ‘ (Ay3) -

(Ag,4)

(Az,4)

TR

* SYRK
Symmetric rank-k

update

CHOLg

(TRSMD

(TRSMQ) (TRSM;D
%A

P A S
(SYRK;D @EMM@ @EMM(D (SYRKD @EMM@ (SYRKg)

CHOL

\

‘&\

(sve)

2}
=<
=

]

o

(O

a

* GEMM @
O

Matrix-Matrix 5
multiplication A

25



First iteration (4x4 matrix blocks)

‘ Dependency Graph:

Computations:

(A1) (Ay2) (Ays) (Ara)
(Az) (Az,) (Az3) (Az,4)
(As1) (A3),) (As3) (As,4)
(Ag1) (Ag,) (Ag3) -
* CHOL * TRSM * SYRK
Cholesky Triangular solves

factorization

with multiple right

hand sides

Symmetric rank-k

update

CHOLg

(TRSMD

(TRSMQD (TRSM@
%&

P A S
(SYRKQ @EMMQ @EMM@ @YRKD @EMMQ @YRKQ

CHOL

\

%\

(svRK) [oEMM) (SYRK)

TRSM

)
o

(O

a

* GEMM @
O

Matrix-Matrix 5
multiplication A

26



Layers of SuperMatrix

e Out of order scheduling of FLASH code
* Part of FLASH API

SuperMatrix

FLASH API e Hyper Matrices

e API for other numerical libraries (eg.

FLAME API GogoBLAS, MKL)

* New notation for expressing algorithms

27



FLASH implementation of (CHOL

Implementation:

FLA Error FLASH_Chol( FLA_Obj A )

{

FLA_Obj ATL, ATR,

FLA_Part_2x2( A,

AQD, AO1, AOZ,
A10, Al1, Al12,
A20, A21, A22;

ABL, ABR,

EATL, &ATR,

&ABL, &ABR, 0, 0, FLA_TL );

while ( FLA_Obj_length( ATL } < FLA_Obj_length( A4 ) )

{

}

FLA_Repart_2x2_to_3x3(
ATL, /+=+/ ATR,

J¥ kEkkxdkikkxexiex %/

EAQD, /fe=/ EAOL, kAD2,
J¥ dExxkksxxikdsekiirsr %/
EALO, Jex/ EA11, EA1D,
ABL, /+=/ ABR, EADO, [fes/ EA21, EADD,

1, 1, FLA_BR );

FLASH Chol({ FLA_UPPER_TRIANGULAR, A1l );

FLASH Trsm({ FLA_LEFT, FLA_UPPER_TRIANGULAR,
FLA_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, Al11, Al12 );

FLASH_Syrk( FLA_UPPER_TRIANGULAR, FLA_TRANSPOSE,
FLA_MINUS_ONE, A12, FLA_ONE, A22 );

FLA_Cont _with_3x3_to_2x2(
EATL, /+=/ EATR, AQO, AO1, /*x/ A02,
A10, A1, /fex/ A12,

J¥ sressssssssersrvsr 3/

A20, A21, /#+/ K22,

J¥ wesxessessesss %/
&ABL, /+=/ EABR,
FLA_TL );

return FLA_SUCCESS;

Procedural:

Algorithm: A := CHOL BLK(A)
A A
Partition A — L ,TH'
* Agr

where A+, 1s0 x 0

while m(Ar.) < m(A) do
Determine block size b

Repartition
Aoo | Aor | Ao2
Arp | Arr , f
, * A | Aie
* | Asr -
# * :122
where A, is b x b
3"111 = CHDL(!‘LM)
A . AT,
3112 e | 3112
; 4 AT
Ao i= Ags — Ajo A1 o
o
©
(o
Continue with o
; ) Ago | Aot | Aoz o
Arr | Arr 1 1 =
o GELITH [ 3
Apr " " oy 8

endwhile

N
(0¢]



FLASH implementation of (CHOL)

Implementation:

FLA Error FLASH_Chol( FLA_Obj A )

{

FLA_Obj ATL, ATR, AQOD,
ABL, AER, Al0,
A20,

Procedural:

A = CHOL_BLK(A)

Algorithm:
;'1
AO1, 402, e ’ Arp
A1, A12, Partition A — -
A21, A22;

where A, 150 x 0
Apgr

Argp
Apr

Partition 1 ( Are

* Apgr ) where A is 0 XU/
while m(Azp) < m(A) do

4

— (=

D E—

while m(Arp) < m(A) do
Determine block size b

Repartition
A A A
L) (SR
I ABH’ * * :’122

where A isbh < b

3"111 = CHDL(A“)
; e AT
31112- S 31112

/ — AT
Asg 1= Agz — AjoA10

Continue with

Repartition
Ay, | Ari Ago | At | Aoe
* I Apr : * Ay | A2
+* * Ass
where Ay isb x b
e e e mcccccmccmmmmaa o
A Y= CHOL(AM)
A 12 = A 1_1T _"112
Az :="Agy — ATz A2
et T
Continue with
; } Ado | Aoy | Auz
Arp I Arg . * Ay | A
* I A BR * * Aszs

endwhile &

return FLA_SUCCESS;
}

A A A
( Ars | Arz ) ( 00 01 02

- * A | Ais
* |-"1Lm_

# * :'122
endwhile

N
o

Source: Paper



FLASH implementation of (CHOL

Implementation:

FLA Error FLASH_Chol( FLA_Obj A )

{
FLA_Obj ATL, ATR, AQD, AO1, AOZ,
ABL, AER, A10, Al1, A12,
A20, A21, A22;
FLA_Part_2x2( A, EATL, &ATR,

Procedural:

Algorithm: A := CHOL BLK(A)
A A

Partition A — -z ,T”'

* Agr

where A, 150 x 0

GABL, &ABR, 0, 0, FLA_TL ) while m(Ar,) < m(A) do
while ( FLA_Obj_length( ATL )} < FLA_0Obj_length{ A ) / T AT
{ Repartition
FLA_Repart_2x2_to_3x3( jlﬂﬂ ;101 ;102
ATL, /++/ ATR, EAOO, /*x/ EAOL, EAO2, Arp | Arg ‘ - -
J¥ kEkkxdkikkxexiex %/ J¥ dExxkksxxikdsekiirsr %/ - 3 & ji]—ll 4_;112
EAL0, /+e/ BALL, BA12, € * | Asr ,
ABL, /=*/ ABR, &A20, /ex/ EA21, EA2D, * * Az
1, 1, FLABR ); where Ay, is b x b
FE */
FLASH_Chol ( FLA_UPPER_TRIANGULAR, A11 );
FLASH Trsm( FLA_LEFT, FLA_UPPER_TRIANGULAR, A 11 = CHDL(!‘LM)
FLA_TRANSPOSE, FLA_NONUNIT_DIAG, ) T
FLA_ONE, Al11, A12 ); € Ay = 11 Aya
FLASH_Syrk( FLA_UPPER_TRIANGULAR, FLA_TRANSPOSE, Aoy = A AT A o
FLA_MINUS_ONE, A12, FLA_ONE, A22 ); A2z .= A2z & A4z O
e */ Q
()
FLA_Cont_with_3x3_to_2x2( (a
EATL, /+=/ LATR, A00, AO1, /*x/ A02, Continue with -q)-
KO, A1, [==/ A12, € A A A
J# wrxxdrdrrsviisr ) [ wxekssdissekiess &/ leL I ;'1'1"“_ _il.['][] -flﬂl "1[-]2 8
&ABL, /*=/ ABR, 420, A21, /*+/ A22, T * A | Aie -]
FLA_TL ) ; * | ABR " " 1 o
} - 22 m

return FLA_SUCCESS;

endwhile

w
o



Computing SPD

Algorithm: A := CHOL BLK(A) | A := TRINV_BLK(A) | A := TTMM BLK(A)

Partition A —

where Ar; is0 x 0

while m(Aypp) < m(A) do
Determine block size b

Arp | Arg
* Apr

)

Repartition
A A A
Arr | Arn 00 01 02
— * Ay | Ais
* Apr
* * Aas
where Ay, isb x b
CHOL TRINV TTMM
Variant |: Variant 1: Variant |:
Ag = _zlgnTAm Agy := Ago Aoy Agg i= Agg + At AL
A= Ay — Al Ag Ao = —An Ay Agr = An ATy
Aqy = CHOL{_’IJJ} Ay = /1_17_1 A= /111/1?_1
Variant 2: Variant 2: Variant 2:
/1_1_1 = An -_ AﬂTlAm /112 = _/112_112_21 Am = Am/l-f]
Aqr = CHOL(Ayq) Az = —A7 Ags Agr = App + A AL
Ars = A — AL Aps Ay = AR A=A AL
Ay = AL Arp Arg = A+ A2AL
Variant 3: Variant 3: Variant 3:
A = CHOL(_’IJJ) Ayp = —_/1;11_/112 Aq = /111/1?_1
Ay = Al_lTAlg Apz = Apgz + Apr Az A i=An + 1112‘/1}'"2
Agg 1= Asg — /1‘{2/1]2 Agr = _’1n1Al—ll Az = _/112_/1%12
/111 = /11_11
Continue with . . A
A A A
A A Ago | Ao | Aoz
( TL ITH. ) . " v
&
* e * * Aaz

endwhile

w
=

: Paper

Source



Computing SPD

Algorithm: A := CHOL BLK(A) | A := TRINV_BLK(A) | A := TTMM BLK(A)

Partition A —

* Apgr

where Ay is 0 x 0

while m(Aypp) < m(A) do
Determine block size b
Repartition

ATL ATR )

Arr | Arn Ao | Aoy | Aoz
" vl * Ay | Az
i * - Aas
where Ay, isb x b
CHOL TRINV TTMM
Variant |: Variant 1: Variant |:
Ao = Agyh Aot Ag1 1= Ago Agy Agg = Apg + A AL
A=A — AEIAM Am = —AﬂlAl_ll Agy 1= AOIAT{l
Aqy = CHOL{AM} Ay = Afll A= AllAT{l
Variant 2: Variant 2: Variant 2:
Aqp = Ay — Al Ag Arg 1= Ay Ay, Aot :

A = CHOL{AM}
A1z = Az — AnTlAnz
A=A Az

Variant 3:
A11 = CHOL(AH)
Ay = Al_lTAlg
Aoz i= Az — A Axs

Az = —A7 Ags

1
o= Ao + AnzAF{z
Ay = Au/rﬂ

Aty = A+ ApAl

FLA_Error FLASH_SPD_inv_u_op( int op, FLA_Obj A )
1{

FLA_Obj ATL, ATR, ADD, AO1, AO2,
ABL, ABR, ALD, AL, A12,
A20, A21, A22;
FLA_Part_2x2( A, &ATL, &ATR,
&ABL, &ABR, 0, 0, FLA_TL );

while ( FLA_Obj_lemgth( ATL ) < FLA_Obj_length( A ) )
{
FLA_Repart_2x2_to_3x3(
ATL, /#=*/ ATR, #A00, /f+=/ kAO1, KAO2,
S skxxkxxxrsrrx %/ J¥ wxsssxxkerexirxeeerx %/
&AL, /ex/ EALL, EAL2,
ABL, /=*=/ ABR, EA20, /ex/ EA21, EAD2,
1, 1, FLA_BR );

fx—- -/
switch ( op )
{
_fLASH_Ghol_op: /* Variant 3 %/
FLASH_Chol( FLA_UPPER_TRIANGULAR, A1l );
FLASH_Trsm({ FLA_LEFT, FLA_UPPER_TRIANGULAR,
FLA_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, A11, A12 );
FLASH_Syrk( FLA_UPPER_TRIANGULAR, FLA_TRANSPOSE,
FLA_MINUS_ONE, A12, FLA_ONE, A22 );

W= break;
FLASH_Trinv_op: /# Variant 3 */
pe=  FLASH Trsm( FLA_LEFT, FLA_UPPER_TRIANGULAR,
FLA_NO_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_MINUS_ONE, All, A12 };
FLASH_Gemm{ FLA_NO_TRANSPOSE, FLA_NO_TRANSPOSE,
FLA_ONE, AO1, A12, FLA_ONE, A02 );
FLASH_Trsm( FLA_RIGHT, FLA_UPPER_TRIANGULAR,
FLA_NO_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, A11, AO1 );

Variant 3: <=
A]_g = —A;ll./'ilg
= Apa + Agy A2
Aoy == A AT}
A]_]_ = Al_ll

&
i

Variant 3:
Aqy = Ap AT
A= An + Alz_/'tfg
Az = A AL,

Continue with
Aty | Arr .
* ABH‘

endwhile

Ago | Aoy | Aoz
* Ay | As
* * Az

FLASH_Trinv( FLA_UPPER_TRIANGULAR,

FLA_NONUNIT_DIAG, A1l );
break;
FLASH_Ttmm_op: /* Variant 1 =/

FLASH_Syrk( FLA_UPPER_TRIANGULAR, FLA_NO_TRANSPOSE,

FLA_ONE, AC1, FLA_ONE, AQO );
FLASH_Trmm( FLA_RIGHT, FLA_UPPER_TRIANGULAR,
FLA_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, All, AO1 );
FLASH_Ttmm( FLA_UPPER_TRIANGULAR, Al11 );
break;
}
fx== -*/

FLA_Cont_with_3x3_to_2x2(
EATL, /=*/ EATR, AQD, AD1, /=x/ AO2,
AL0, Al11, /#x/ A12,
J¥ wxsssxxserexsx 2/ J% wxxxskxrsskxxserexs %/
EABL, /++/ KLABR, A20, A21, /[ex/ A22,
FLATL };
}
return FLA_SUCCESS;

w
N
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Computing SPD

CHOL | At
Aqs
A 9 U TU :"122 .
mw
R=U" = A
Ay
TTMM I o
A_l = RRT An

CHOL( A1)
5111113112

T
Ass — AjaAys

—_ 1_11 Aqs

Apz + Ap1 A
:’1[] 1 :"11_11

Ar

T

Ago + Ap1 Ay
T

A1 A1y

Ay AT

FLASH Chol(
FLASH Trsm(

FLASH_Syrk(

FLASH_Trsm(

FLASH_Gemm(

FLASH _Trsm(

FLA_UPPER_TRIANGULAR, A1l );
FLA_LEFT, FLA_UPPER_TRIANGULAR,
FLA_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, A11, Al12 };
FLA_UPPER_TRIANGULAR, FLA_TRANSPOSE,
FLA_MINUS_ONE, A12, FLA_ONE, A22 );

FLA_LEFT, FLA_UPPER_TRIANGULAR,
FLA_NO_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_MINUS_ONE, Al1l, A12 };
FLA_NO_TRANSPOSE, FLA_NO_TRANSFPOSE,
FLA_ONE, AO1, A12, FLA_ONE, AD2 );
FLA_RIGHT, FLA_UPPER_TRIANGULAR,
FLA_NO_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_ONE, A11, AO1 );

FLASH Trinv( FLA_UPPER_TRIANGULAR,

FLASH Syrk( FLA_UPPER_TRIANGULAR, FLA_NO_TRANSPOSE,

FLASH_Trmm(

FLASH_Ttmm(

FLA_NONUNIT_DIAG, A1l );

FLA_ONE, AO1, FLA_ONE, AOO );
FLA_RIGHT, FLA_UFPPER_TRIANGULAR,
FLA_TRANSPOSE, FLA_NONUNIT_DIAG,
FLA_OME, Al11, AO1 );
FLA_UPPER_TRIANGULAR, A1l );

w
w

Source: Paper



Computing SPD

CHOL
A—U'U

3111 :
3112 .
3122 :

Aig:
Aga :
Apr
Ay

jﬁnn :
jﬁnl =

dl 11 -— ‘11 11 ‘1 Tl

CHOL(A11)
y: I1T5112
3122 fifé:ﬁlg

111113112
Az + Apr Aia
fﬁnlrﬂIll
Ar

J J AT
:'11{][] T ;'1[]1;'1(']1
/ AT
:'11{]1:'111

FLASH Chol(
FLASH Trsm(

FLASH_Syrk(

FLASH Trsm(

FLASH_Gemm(

FLASH _Trsm(

FLASH Trinv(

FLASH_Syrk(

FLASH_Trmm(

FLASH_Ttmm(

A1l ),
All, Al1Z2 ),
AlZ, A22 ) ;
All, A12 ),
AOL, Al1Z, AO2 );
All, AO1 ),
All ),
A1, ADO 3
All, AO1 );
A1l )

w
SN

Source: Paper



How to analyze dependencies

 FLAME/FLASH API: Last operand
is overridden

* Preceding ones are strictly inputs

* Distinct between three types of
dependencies:

— Flow dependencies
— Anti-dependencies
— Output dependencies

FLASH Chol(
FLASH Trsm(

FLASH_Syrk(

FLASH Trsm(

FLASH_ Gemm(

FLASH Trsm(

FLASH Trinv(

FLASH_Syrk(

FLASH_ Trmm(

FLASH_Ttmm(

Al1,

A1,

Al1,

A1,

Al1,

A1l )
A12 };
A12, AZ22 )
Aa11, A12 );
A1Z, ADZ2 ) ;
AO1 };

A1l )

ADO ) ;
AOL )

All ) ;

Source: Paper



Flow dependencies

* Read-after-write dependency rLiSH G —
Al1l, A12 );
FLASH_Syrk(
Al12, A22 )
S;: A=B +C
Sz: D =A<+ E FLASH_Trsm(
Al1, A12 ) ;
FLASH Gemm(
S1 must complete the LS Teen 101, K12, 102 )3
write before N i o1,
S2 can read. AL );
FLASH_Syrk(
AO1, AOO ) ;
FLASH _Trmm(
A11, AD1 )
FLASH_Ttmm( A1l );

Source: Paper
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Flow dependencies

* Read-after-write dependency FLASH_Chol.( AL );
FLASH_Trsm( R\
\
All, A12so_ \\\
FLASH_Syrk( WLAR, FOm=sul AN
A12, AZ2 ) ;
S;: A=B +C
S,: D=A+E FLASH_Trsn(
All1, A12 ) ;
FLASH_Gemm( & 'I/
A01, Al12,/ AO2 );
S1 must complete the kS Tren L e
. K e
write before Al1, A01°T;
FLASH Trinv(
A1l );
S2 can read. ?'
FLASH_Syrk(
AD1, _;EI'\O )}
FLASH_T A%
Ao | Aoz Aoz R !
A1, AO1 ); I
FLASH Ttmm( A1l )
Ay A,

—> Flow dependency

Source: Paper

—> |ntra-iterational 37
----> |nter-iterational




Flow dependencies

* Read-after-write dependency FLASH_Chol.( AL );
FLASH_Trsm( R\
\
All, A12so_ \\\
FLASH_Syrk( WLAR, FOm=sul AN
A12, A22 ) ;
S;: A=B +C
Sz: D=A+E FLASH_Trsm(
All1, A12 ) ;
FLASH_Gemm( & 'I/
4 .
S1 must complete the CLASH Tran( PSR L TR
. : i FLa-n0N
write before S e A1, A01°7;
_Trinv
S2 can read. ALL);
FLASH_ Syrk(
AD1, _;3? )}
FLASH_T [ A%
Ago Aoz Aoz T FLATRANSPOSE, FlAZWC 1 —
Atl, AO1 ); I 8_
FLASH Ttmm( A1l ) ©
All A12 D_
()]
ALl Apb —> Flow dependency O
>
A22 . . (9)
—> |Intra-iterational 38
----> |nter-iterational




Anti-dependencies

* Write-after-read dependency

S;: A=B +C
S, C=B+E

S3 must complete the
read before
S4 can write.

FLASH_Chol( A1l );
FLASH_Trsm( R,
\
\
All, A12<§s. AN
Sa \
FLASH_Syrk( WLAR, FLm-ed) W
A12, A22 );

FLASH Trsm(

A11, A12 );
FLASH_Gemm ( &
AO1, A12,/ 402 );
FLASH_Trsm( 7 fy T
o
A1, A01°7;
FLASH Trinv(
A1l )
FLASH_Syrk(
AO1, AOO )
FLASH_Trmm( IA
LazTonung
A11, AO1 ); 1
FLASH_Ttmm( Al1 )

—> Flow dependency

—> |ntra-iterational
----> |nter-iterational

39
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Anti-dependencies

* Write-after-read dependency rLiSH_Che K1)
_Trsm S
\
All, A12so_ \\\
FLASH_Syrk( WLAR, FOm=sul AN
Al12, AZ2 ) ;
S;: A=B +C
54: C = B + E FLASH Trsm(
A11, A12 };
FLASH_Gemm( & 'I/
4 q
S3 must complete the CLASH Teon R A e
§ rLa-m
read before Al1, A01T;
FLASH Trinv(
S4 can write. ALL);
FLASH_Syrk(
AD1, _;EJ'\O )
A00 A01 AO2 FLsH TN T : N
All, A01 ); 1 L
A A FLASH _Ttmm( A1l ) ]
11 1173 D—
(]
—> Flow dependency O
A Anti-dependency 3
22 . . Vs
—> |Intra-iterational 40
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Anti-dependencies

* Write-after-read dependency rLiSH_Che K1)
_Trsam o
\
All, A12<Fso_ \\\
FLASH_Syrk( WLAR, FOm=sul AN
Al12, A22 )
S;: A=B +C
54: C = B + E FLASH Trsm(
A11, A12 };
FLASH Gemm( & 'I/
4 q
S3 must complete the CLASH Teon R A e
§ rLa-m
read before Al1, A01T;
FLASH Trinv(
S4 can write. A1);
FLASH_Syrk(
AD1, _;EJ'\O )
Ao | Ao Ao, e N e ! -
All, A01 ); 1 L
A FLASH _Ttmm( A1l ) ]
11 A01 1173 D—
(]
—> Flow dependency O
A Anti-dependency 3
22 . . Vs
—> Intra-iterational 41

----> |nter-iterational



Output dependencies

* Write-after-Write dependency

!
o
+
(@)

St A
St A=D + E

S6 must override A
after S5.

* Last operand is also input
operand, thus can be interpreted
as flow dependency.

FLASH_Chol( A1l );
FLASH_Trsm( R,
\
\
All, A12<§s. AN
Sa \
FLASH_Syrk( WLAR, FLm-ed) W
A12, A22 );

FLASH Trsm(

Al1, A12 );
FLASH_Gemm( &
AD1, A12, 402 );
FLASH_Trsm( 7 A T
Yo
Al1l, A01T;
FLASH Trinv(
A1l )
FLASH_ Syrk(
A01, A00 ) ;
FLASH_Trmm( IA
L4 Tionung
All, A01 ); I
FLASH_Ttmm( A1l );

—> Flow dependency
Anti-dependency

—> |ntra-iterational
----> |nter-iterational

42
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Workflow of SuperMatrix

SuperMatrix
Worker
: Pool
Femelig (Threads)
Jobs

¢
$=
e @
o e
DAG 2| [S =
ol | & o
O & @

A

Logical unit
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Workflow of SuperMatrix

SuperMatrix
Worker
: Pool
Pendmg (Threads) Call of FLASH_* routine
Jobs
A i’g’ Enqueue job

< o
O o)

DAG 2| [S =

ol T ©
O o @©

A

Logical unit
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Workflow of SuperMatrix

SuperMatrix
Worker
: Pool
Pendmg (Threads) Call of FLASH_* routine
Jobs
A i’g’ Enqueue job
< o
S Q
DAG S E’ Start working
O o @ Call of

\ \ 4 FLASH_Queue_exec();

Logical unit
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Performance of SPD-inv

SPD-inv Itanium2 p=16

90t SuperMatrix + serial GotoBLAS -
-— - — - SuperMatrix + serial MKL
gohl — FLAME + multithreaded GotoBLAS |
—+&— FLAME + multithreaded MKL
2ol T LAPACK + multithreaded GotoBLAS i
LAPACK + multithreaded MKL
. 60
(&)
(0]
L
P 50F
O
i 40 L
O
30F
20
10
0 1 1 1 1
0 2000 4000 6000 8000 10000

Matrix size
Architecture: Eight nodes, each with two 1.5 Ghz Intel Itanium2 processors. Peak
performance is 96 GFLOPs/sec
Block size: 192

B
(@)

Source: Paper



Performance of (CHOL) variants

Chol Itanium2 p=16 GotoBLAS

Q0

80

70

60

GFLOPs/sec.

30

20

10

SuperMatrix Variant 1
-— —  SuperMatrix Variant 2
— — — SuperMatrix Variant 3
—+&=— FLAME Variant 1
—o— FLAME Variant 2
FLAME Variant 3
—#— LAPACK

50

40

0
0

Architecture: Eight nodes, each with two 1.5 Ghz Intel Itanium2 processors. Peak

2000 4000 6000 8000 10000

Matrix size

performance is 96 GFLOPs/sec
Block size: 192

SuperMatrix:

Linked with serial GotoBLAS
FLAME & LAPACK:

Linked with multithreaded
GotoBLAS

Source: Paper
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Conclusion

e Easy to implement algorithms

* Less error prone

Pretty good performance results

e Detailed instructions how to install



Further material

* Homepage of the FLAME project
http://www.cs.utexas.edu/users/flame/

* Overview over FLASH, FLAME and SuperMatrix:
High performance computing for computational science:stn

international conference, Toulouse, France, June 24-27, 2008. revised selected papers
Pages 228 — 239

http://books.google.co.uk/books?id=us EQmotveYC&Ipg=PR3

&pg=PR3#v=0nepage&q&f=false
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http://www.cs.utexas.edu/users/flame/
http://www.cs.utexas.edu/users/flame/
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Thanks for your attention!

Questions?



