Stratified Selt-Calibration with the Modulus

Constraint
Marc Pollefeys and Luc Van Gool

Abstract—In computer vision and especially for 3D recon-
struction, one of the key issues is the retrieval of the calibra-
tion parameters of the camera. These are needed to obtain
metric information about the scene from the camera. Often
these parameters are obtained through cumbersome calibra-
tion procedures. There is a way to avoid explicit calibration
of the camera. Self-calibration is based on finding the set of
calibration parameters which satisfy some constraints (e.g.
constant calibration parameters). Several techniques have
been proposed, but it often proved difficult to reach a met-
ric calibration at once. Therefore in this paper a stratified
approach is proposed which goes from projective, through
affine to metric. The key concept to achieve this is the mod-
ulus constraint. It allows retrieval of the affine calibration
for constant intrinsic parameters. It is also suited for use
in conjunction with scene knowledge. In addition, if the
affine calibration is known, it can also be used to cope with
a changing focal length.

I. INTRODUCTION

N recent years several methods were proposed to obtain

the calibration of a camera from correspondences be-
tween several views of the same scene. These methods are
based on the rigidity of the scene and on the constancy of
the intrinsic camera parameters. Most existing methods
start from the projective calibration and then immediately
try to solve for the intrinsic parameters. However, they all
have to cope with the affine parameters (i.e. the position
of the plane at infinity).

Faugeras et al. [7] eliminated these affine parameters
yielding two Kruppa equations for each pair of views.
A more robust approach was proposed by Zeller and
Faugeras [42]. Heyden and Astrom [13] and Triggs [38] pro-
posed methods based on the absolute quadric. Hartley [10]
does a minimization on all eight parameters to obtain met-
ric projection matrices. Most of these methods encounter
problems as they have to solve for many parameters at once
from nonlinear equations.

This problem prompted a stratified approach, where
starting from a projective reconstruction an affine recon-
struction is obtained first and used as the initialization to-
wards metric reconstruction. A similar method has been
proposed by Armstrong et al. [1] based on the work of
Moons et al. [23]. But this method needs a pure translation
which is for example not easy to ensure with a hand-held
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camera. Successful stratified approaches have also been
proposed for the self-calibration of fixed stereo rigs [44],
3], [15]-

A first general approach for a single camera based on
the modulus constrain needed at least four views [27] to
obtain the self-calibration. The method which is developed
further in this paper was presented in [28]. This method
is more robust and can obtain the metric calibration of
a camera setup from only three images. This paper also
investigates the possibility of using only two views of the
scene. It will be shown that combining constraints on the
intrinsic camera parameters with characteristics inferred
from the scene can solve the calibration where none of them
separately could. Finally the modulus constraint can also
be used to obtain the self-calibration in spite of a varying
focal length [26].

An alternative approach to self-calibration was recently
proposed [30]. In cases where all the intrinsic camera
parameters except the focal length are (approximately)
known, a solution can be obtained through a linear al-
gorithm (allowing a varying focal length). This solution
is then used as an initialization for a non-linear algorithm
which allows varying/constant/known camera parameters.
This algorithm therefore offers more flexibility, but it also
seems to fail in certain cases. Although this needs to
be studied more in detail the causes are probably the
parametrization and sensitivity of the algorithm to near
critical motion sequences. In the cases were both methods
are applicable and succeed in their initialization phase the
final results will in general be identical since the refinement
step is the same for both methods.

This paper is organized as follows. In section II the no-
tation and the geometric concepts used throughout the pa-
per are introduced. In section IIT the modulus constraint
is derived. Section IV explains how the self-calibration
problem can be solved using the modulus constraint. In
section V two other applications of the modulus constraint
are presented. The different methods are validated through
the experiments of section VI. Finally, section VII is the
conclusion. In addition some more tedious derivations are
given in the appendices.

II. BASIC PRINCIPLES AND NOTATIONS

In this section the basic principles and notations used
in the rest of the paper are introduced. These concepts
are organized in projective, affine and metric following the
stratification of geometric space. More details on this strat-
ification can be found in [5], [19], [32].

Some research on which this paper draws are also pre-
sented in this section.



A. Projective geometry and reconstruction

Projective geometry is used throughout the paper to de-
scribe the perspective projection of the scene onto the im-
ages. This projection is described as follow

mx PM (1)

where P is a 3 x4 projection matrix describing the perspec-
tive projection process, M = [XYZ1]" and m = [zy1]"
are vectors containing the homogeneous coordinates of the
world points respectively image points. Notice that oc will
be used throughout this paper to indicate equality up to a
non-zero scale factor.

With C = [t"1]T the optical center of the camera and
e the projection of the origin (i.e. [0001]") in the image,
the projection matrices can in general be written as follow:

P = [H| -H{ = [H¢] (2)

with H the homography describing the projection of points
from the reference plane to the image plane. When the
geometry is only determined up to a projective (or affine)
transformation, the first projection matrix can be chosen
as follows Py = [I3x3|03x1]. This implies that the camera
and scene coordinate frames are aligned. In that case the
homographies of (2) also describe the transfer from points
lying in the reference plane from the first image to the
image under consideration.
All these homographies are related through the following
equation:
H=H+ea' . (3)

With H' the homography of the plane [aT 1]M =0 (a =
[aiaza3]T is a 3-vector).

It has been shown that it is possible to obtain a projec-
tive calibration from an uncalibrated image sequence with-
out needing any constraint on the intrinsic camera param-
eters [6], [9]. An important effort has been done in the last
years to develop robust techniques for automatically ob-
taining this from image sequences [2], [43], [21], [22], [37],
[39], [40]. In our paper the approach of Beardsley et al. [2]
was followed for the experiments with real images. For
the synthetic experiments an approach similar to [36] was
taken.

These algorithms obtain a set of consistent projective
camera matrices Pq,Psy,...P,, for the images of the se-
quence. This is the starting point of the self-calibration
methods proposed in this paper.

B. Affine geometry and the plane at infinity

The affine geometry differs from the projective geometry
by the identification of a special plane, i.e. the plane at
infinity. Where in 3D projective space all planes are in-
tersecting, in affine space some planes are not intersecting,
but are parallel. In fact their intersection line is located in
the plane at infinity which is strictly speaking not part of
the affine 3D space. This plane is setwise invariant under
the group of affine transformations. Therefore any rigid
motion of the camera will keep its relative position and
orientation towards the plane at infinity unchanged.

The self-calibration method proposed in this paper fo-
cuses first on the identification of this plane before retriev-
ing the absolute conic which is embedded in it (see next
paragraph).

Since the homographies for all the planes can be ex-
pressed as in (3), the homographies of the plane at infinity
II can be expressed through this equation. This means
that for some a the affine camera projection matrices —with
IT, as reference plane— can be obtained starting from any
projective representation with an arbitrary reference plane:

Py=[H+ea'|e] =[Hxle] . 4)

To obtain an affine calibration it is therefore necessary to
determine a. In section III a constraint on a will be derived.

C. Metric geometry and the absolute conic

When the ambiguity on the geometry is metric (i.e. Eu-
clidean up to an unknown scale factor), the camera projec-
tion matrices can be put in the following form:

Py = K[R|-R{] (5)

with ¢ and R indicating the position and orientation of the
camera and K an upper diagonal 3 x 3 matrix containing
the intrinsic camera parameters:

fo 8 ug
K= fy uly (6)

where f, and f, represent the focal length divided by the
horizontal and vertical pixel dimensions, s is a measure of
the skew and (us,uy) is the principal point.

The key concept for self-calibration is the absolute conic.
Besides the plane at infinity another geometric entity stays
constant under all rigid transformations of space. This
entity is called the absolute conic and encodes the metric
structure of the scene (i.e. Euclidean structure up to scale).
It is an imaginary conic situated on the plane at infinity. It
corresponds to the equation X2 +Y2+2Z2=0and T =0
(for points M = [XY ZT]").

Before going into detail some conic notations are intro-
duced. A conic is represented by a 3 x 3 symmetric matrix
C. A point m on the conic satisfies m"Cm = 0. A dual
(or line) conic is represented by a 3 x 3 matrix C*. A line
I tangent to the conic C satisfies T C*] = 0. Provided C
is full rank C* = C~!. Under a homography m' = Hm, a
conic and a dual conic transform as

C'=H "CH ! and C*=HC*H" . (7)

If the camera does not change, then the image of the
absolute conic w and its dual w* will also stay the same for
all views. These are represented by the following matrices:

w=K TK™!and w* =KK" (8)

with K the upper triangular matrix containing the intrinsic
parameters of the camera.



The constraint that the dual image of the absolute conic
should be the same for all the views can be expressed as
follows [10]:

AKK' = Hy;; KK H];; . (9)
Scaling det Hoo;j to 1 eliminates the scale factor A\. There-
fore once Hy;; is known (9) represents a set of linear
equations from which the elements of KK' can be ob-

tained. The intrinsic camera parameters can then be ob-
tained through Cholesky factorization.

ITI. THE MODULUS CONSTRAINT

A stratified approach to self-calibration first requires a
method to identify the plane at infinity. The property of
the homographies for this plane —called infinity homogra-
phies in the remainder of this paper— derived in this para-
graph will be used for this purpose. The infinity homog-
raphy from view 7 to j can be written as a function of the
metric entities of (5) or explicitly as functions of projective
entities and the position of the plane at infinity in the spe-
cific projective reference frame. Both representations are
given in the following equation:

Hoi;; « HoH o KR;R;'K™!
~————

~metric

[0'e (Hj + ejaT)(Hi + e,'aT)il

~

~~
~projective

(10)
From the Euclidean representation it follows that He;; is
conjugated! with a rotation matrix (up to a scale factor)
which implies that the 3 eigenvalues of Hy,;; must have the
same moduli, hence the modulus constraint [26], [27]. Note
from (10) that this property requires the intrinsic camera
parameters to be constant.
This can be made explicit by writing down the charac-
teristic equation for the infinity homography:
det(Hooij — AI) = 13A3 + 1oA2 + 1A + 1o = 0 (11)
It can be shown that the following condition is a necessary
condition for the roots of (11) to have equal moduli (see
Appendix A):

1513 = 131, (12)

This yields a constraint on the 3 affine parameters ay, as, a3
by expressing I3, l2,11,lp as a function of these parameters
(using the projective representation in (10)). The inverse
in the projective representation of Hu;; can be avoided
by using the constraint det (Hoo; — AHs;) = 0 which is
equivalent to (11). Factorizing this expression using the
multi-linearity of determinants, I3,l2,l1,lp turn out to be
linear in a1, a2,a3 (see Appendix B). Therefore between
every pair of views a modulus constraint is obtained:

M,‘j : ZSijllgj - l2?jloij =0 (13)

1Matrices A and B are conjugated if A = CBC~! for some matrix
C. Conjugated matrices have the same eigenvalues.

This results in a polynomial equation of degree four in
a1,az and az. In general three of these constraints should
only leave a finite number of solutions — not more than
64. With more equations only one possible solution should
persist except for some critical motion sequences (e.g. se-
quences with rotation about parallel axes). See [33] for a
more complete discussion of this problem.

IV. SELF-CALIBRATION FROM CONSTANT INTRINSIC
PARAMETERS

In section III a constraint on the location of the plane
at infinity was derived for every pair of views. These con-
straints can thus be used for self-calibration. Once the
affine structure has been recovered, it is easy to upgrade
the structure to metric using the concepts of section II-C.

A. Finding the plane at infinity

A minimum of three views is needed to allow for self-
calibration using the modulus constraint. Three views yield
the following constraints Mjs, M13 and Mayg. This third
constraint Mg is in general independent of the two first
constraints. The fact that H;» and H;3 are both conju-
gated with rotation matrices (i.e. have the same eigenval-
ues as rotation matrices) does not imply that this is also
the case for Hoz since the eigenvectors of His and Hjs
could be different.

In the mini-
mal case of three constraints (Mja, M3, Ma3) for three
unknowns (a = [ajaza3]") the most adequate method to
solve for these unknowns is to use continuation. This is a
numerical method which finds all the solutions of a system
of polynomial equations (for more details see [24]). Having
three polynomial equations of degree 4 a maximum of 64
solutions can be found.

Many of these solutions can be ruled out. Since only
real solution are of interest, all complex solutions can be
discarded. In addition it should be checked that the eigen-
values of H;; effectively correspond to these of a rotation
matrix (see Appendix A).

For the remaining solutions the intrinsic camera param-
eters can be computed using the method proposed in sec-
tion IV-B. Only the solution yielding (quasi)-constant pa-
rameters should be taken into account. If more than one
solution persists the most plausible one is chosen (no skew,
aspect ratio around one, principal point around the mid-
dle of the image). This approach worked well for over 90%
of the experiments (see Section IV-E). When more views
are at hand it is important to take advantage of all the
available constraints to obtain a more accurate and robust
solution. This can be done by combining the different con-
straints into a least squares criterion which can be mini-
mized through nonlinear optimization:

F=Y Y M.

i=1 j=1

(14)

The recommended method for initialization of the mini-
mization is the continuation method, but trying out a few
random starting values often also gives good results.



B. Finding the absolute conic and refining the calibration
results

Once the plane at infinity has been obtained, equa-
tion (9) can be used to compute the absolute conic as de-
scribed in section II-C. This is a linear method.

These results can be refined through a non-linear min-
imization step. The same constraint can be used for this
purpose, but a should appear explicitly in Hu;;:

MKK' =[H+ea KK [H+ea']" (15)

In this case however the scale factor can not easily be elimi-
nated. It is possible to consider every scale-factor as an ad-
ditional unknown [13], but this poses problems and makes
the scheme unworkable for longer image sequences. An-
other way to deal with this scale factor is to use the explicit
formula derived in [29]. In practice however it is better to
eliminate A by normalizing both sides of equation (15) to
unit Frobenius norm.

These equations can be solved through a nonlinear min-
imization of the following criterion:

>

The implementation presented in this paper uses a
Levenberg-Marquard algorithm.

KK’
IKK ||

Hou KK H
Hoots KK TH ||

(16)

F

C. Comparison with other methods

In the introduction a brief overview of the existing ap-
proaches was given. Here a more detailed discussion of
some methods based on the absolute conic are given.

The first method discussed here uses the Kruppa equa-
tions proposed by Faugeras et al. [7] and refined by
Zeller [42]. In this method the affine parameters are elimi-
nated from the equations. Only the fundamental matrices
are needed and not a consistent projective frame for all
cameras.

The Kruppa equation can be derived starting from (15).
The affine parameters ai,as,as can be eliminated from
these equations by multiplying with [e]x to the left and
[e]] to the right, obtaining

[e]xKK'[e] ] oc FKK'F'" (17)

since the fundamental matrix F = [e]xHs. From the
equations obtained here only 2 are independent. Scale fac-
tors can be eliminated by cross-multiplication. The dis-
advantage of this method is that a consistent supporting
plane IT, for w is only indirectly enforced. The implemen-
tation used in Section IV-E uses a criterion similar to the
one given in (16):

CKruppa Z
=2
(18)

The next method under consideration was proposed by
Heyden and Astrém [13]. Tt can be shown that the con-
straint proposed in their paper is equivalent to (15) (using

Fi,KK'F],
P KK F |

KK T[]
el KK [e] L[l

[}
I
o

=

KK' KK'aT HT
KK' = [H
A [ e] [ aKK' aKK'a' ] [ eT]
KK’ KéT] T
= P| " N P 19
[aKT a2 (19)

with P; = [I0]. The proposed implementation encoun-
tered convergence problems for longer sequences since ad-
ditional unknowns were introduced to deal with the scale-
factors of equation (19).

The constraint proposed by Triggs [38] are very similar
to the previous ones. The main contribution being the in-
troduction of the concept of the absolute quadric. This
dual quadric (i.e. containing planes and not points) is de-
generate and encodes both the plane at infinity and the
absolute conic in a 4 X 4 rank 3 matrix. This formulation
does not impose P; = [I0]. This avoids the introduction
of a bias in favor of the first view at the cost of some addi-
tional unknowns.

The main difference with the method of this paper there-
fore lies in the initialization of the minimization criterion.
In stead of taking a stratified approach, both papers [13],
[38] propose to initialize from an initial guess for the in-
trinsic camera parameters (from which an initialization for
Il can linearly be computed).

Besides the stratified approach based on the modulus
constraint (with and without refinement), the simulations
of Section IV-E were also carried out using the the crite-
rion (18) for the Kruppa equations [6] and the criterion (16)
for the methods of [13], [38]. In these cases the intrinsic
camera parameters were initialized from a close guess.

D. Stratified self-calibration algorithm

step 1: projective calibration
step 1.1: sequentially compute the projective camera
matrices for all the views (see [2]).
step 2: affine calibration
step 2.1: formulate the modulus constraint M;; for all
pairs of views
step 2.2a: find a set of initial solutions through con-
tinuation
step 2.2b: solve the set of equations M;; through min-
imization (for n > 3)
step 2.3: compute the affine projection matrices

1 I o0
PA,':Pz'T1W1thT:|:a—|— 1]

step 3: metric calibration
step 3.1: compute the dual image of the absolute conic
from

KK' o Hoo ;KK 'H] |,

step 3.2: find the intrinsic parameters K through
Cholesky factorization

step 3.3: refine the results through nonlinear mini-
mization of C



e,

Fig. 1. Example of a sequence used for the simulations. Camera
viewpoints are represented by small pyramids.

step 3.4: compute the metric projection matrices

PM,':PI'T71 with T = [ ;[5— (; ]

E. Some simulations

The simulations were carried out on sequences ranging
from 3 to 36 views. The scene consisted of 200 points which
were positioned on 2 orthogonal 10 x 10 grids and then
perturbed. For the calibration matrix the canonical form
K =T was chosen. The distance to the scene was chosen in
such a way that the viewing conditions corresponded to a
standard 35mm camera. The views were spaced 10° apart,
then a random perturbation was applied to their position
and orientation. An example of such a sequence can be
seen in Fig. 1.

The scene points were projected onto the images. Gaus-
sian noise with an equivalent standard deviations of 0, 0.2,
0.5, 1 and 2 pixels for 500 x 500 images was added to these
projections. One hundred sequences were generated for ev-
ery parameter combination. The projective reconstruction
was obtained with a variant of the factorization method
proposed in [36]. The self-calibration was carried out using
the method proposed in this paper. At first the modulus
constraint was used to identify the plane at infinity, then
the absolute conic was located. The results were then re-
fined using the method of paragraph IV-B.

For the sake of comparison two alternative methods were
included in the tests. The first method is based on the
Kruppa equations [7], the second on a method similar to
the methods using the absolute quadric [38] or the Kruppa
constraints [13]. This second method in fact consists of
immediately starting the refinement step of Section IV-B
on some prior guess. Both these algorithms were initialized
with values close to the exact solution. The focal length
was initialized randomly within a factor of 2, the aspect
ratio, the principal point and the skew were only slightly
perturbed (within +0.1) as proposed in [38], [13]. For all
these implementations care was taken of normalizing the
data according to the recommendations of Hartley [12].

The results of the experiments can be seen in Fig. 2.
The 2D backprojection error and the relative 3D error were
computed. Since in a number of cases the algorithms fail

to obtain satisfying results, the median values of the errors
are shown. In addition the failure rate is given.

Notice that for short image sequences the 2D error is
small while the 3D error is big. Using longer image se-
quences (and thus a wider angle between the extreme
views) causes the 2D error to increases since an error on
the intrinsic camera parameters can be compensated by
distorting the structure, but only when the angle between
the views is small. This also explains the important 3D
error for short image sequences.

The algorithm based on the modulus constraint gives
good results, especially when the refinement procedure is
carried out. Immediately minimizing the criterion (16) on
a prior guess of the intrinsic parameters gives similar re-
sults except that this method fails more frequently. The
results for the Kruppa equations are poor. This algorithm
fails often and the error is much higher than for the other
algorithms.

These results tend to indicate that self-calibration results
are more dependent on a good estimation of the plane at
infinity than on the image of the absolute conic (i.e. the in-
trinsic camera parameters). In fact even when the modulus
constraint itself does not converge to a satisfying calibra-
tion, the results are often good enough to succesfully initial-
ize the refinement procedure. On the other hand starting
from a prior guess the minimization sometimes even fails in
the absence of noise, indicating that it was started in the
attraction basin of a local minima. This is an argument
in favor of a stratified approach to self-calibration. In ad-
dition the modulus constraint does not require any prior
guess for the intrinsic camera parameters.

The Kruppa equations are similar to the equations used
for refinement except that the position of the plane at in-
finity is eliminated from it. In the presence of noise this
implies that for every image pair a different plane at infinity
is implicitly used. All the other algorithms which are used
here explicitly impose one consistent plane at infinity. An
advantage of the Kruppa equations is that only the funda-
mental matrices are needed (i.e. pairwise calibration) and
not a consistent projective frame over all the views. This
also explains the observation of Luong [18] that the calibra-
tion results obtained with the Kruppa equations improved
once the explicit camera poses were computed, since in this
step a consistent frame was introduced.

In Fig. 3 some more results are given for the stratified
approach. These results were obtained from 1000 experi-
ments carried out on standard sequences of 12 views (0.5
pixels noise). The different subfigures are histograms of
the obtained values for the different calibration parameters
fzs fys Uz, Uy, s, the layout was inspired by equation (6).
The height of the peaks in the lower-right subfigure indi-
cates how often the algorithm could find a solution. The
left part gives the result obtained immediately with the
modulus constraint and the right part after refinement.
From this figure one can conclude that the calibration re-
sults are good and that there is no bias in the estimation.
The refinement procedure clearly improves the results.

The succes of the stratified approach of this paper is



30

25t

20}

1571

2D error (pixels)

ai
N\

e

DY
o Yol

1 . 2 L L
0 20 0 0.5 1 1.5 2

10 20 30

100 ; ; ; 100

80|

failure rate (%)

@ "
0 0.5 1 1.5 2
sequence length noise level (pixels)
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Fig. 3. Computed intrinsic camera parameters for 1000 sequences of 12 views (0.5 pixels noise). The results were obtained with the modulus

constraint (left) and after refinement (right).

consistent with the very good calibration results that were
obtained when the plane at infinity could be identified a pri-
ori (e.g. through pure rotation [11] or pure translation [23],

[1])-
V. SPECIAL CASES

The modulus constraint turns out to be particularly
suited for some more specific self-calibration problems.
Here two of these cases will be discussed.

A. Two images and two vanishing points

For a pair of images only one modulus constraint exists
which is not enough to locate uniquely the plane at in-
finity. On the other hand, two vanishing points are also
insufficient to obtain the plane at infinity. Combining both
constraints yields enough information to obtain the affine
calibration.

A.1 Vanishing points

Some scenes contain parallel lines. These result in van-
ishing points in the images. Techniques have been proposed
to automatically detect such points [20], [41]. To identify
the plane at infinity three vanishing points are necessary.
By using the modulus constraint this number can be re-
duced to two. This reduction can be crucial in practice.
For example in the castle sequence (see Fig. 6) two vanish-
ing points could be extracted automatically in all frames
using the algorithm described in [41]. The third point could
only be found in some images at the end of the sequence.
This is typical for a lot of scenes where one vanishing point
is extracted for horizontal lines and one for vertical lines.
Even when three candidate vanishing points are identified,
the modulus constraint can still be very useful by providing
a mean to check the hypothesis.

When a vanishing point is identified in the two images
it can be used as follows to constraint the homography of
the plane at infinity:

me < [H+ea']m; (20)

This results in one linear equation for the coefficients of
a (from the three equations only two are independent due
to the epipolar correspondence of m; and ms and one is
needed to eliminate the unknown scale factor).

With two known vanishing points we are thus left with
a one parameter family of solutions for H:

H, =H+e(\a] +a;) . (21)

A.2 Using the modulus constraint

Applying the modulus constraint is much easier than in
the general case. The coefficients I3, l2,11,lo (see (11)) can
be evaluated for both a; and ag. The modulus constraint
in the two view case then takes on the following form:

()\lg (al) + l3(a0))()\l1 (al) + l1 (ao))3
= (/\l2(a1) + lz(ao))3()\l0(a1) + lo(ao)) .

This results in a polynomial of degree 4 in only one variable
A (not degree 6 as Sturm anticipated [34] ). Therefore
at most 4 solutions are possible. Because (22) is only a
necessary condition for H, to be conjugated with a scaled
rotation matrix, this property should be checked out. This
can eliminate several solutions. If different solutions persist
at this stage some can still be eliminated in the metric
calibration part.

(22)

A.3 Metric calibration

Once the affine calibration is known equation (9) can be
used. This will however not yield a unique solution. If R,
is the intersection point of the plane at infinity with the
rotation axis to go from one viewpoint to the other, then
not only the absolute conic, but also the degenerate conic
R R is a fixed conic of the plane at infinity and thus
also every linear combination of them. This results in a
one parameter family of solutions for KK .

Additional constraints like some known aspect ratio, or-
thogonality of the image axes or scene orientations can be
used to restrict KK to one unique solution. If more than
one affine calibration was still under consideration, these



constraints can also help out. Also the fact that KK'
should be positive definite and that the principal point
should be more or less in the center of the image can be
used to find the true affine, and thus also metric, calibra-
tion.

The application of these constraints is not so hard. Here
the case of orthogonal orientations in the scene will be dis-
cussed. This can for example be applied when it is assumed
that the extracted vanishing points correspond to orthog-
onal orientations.

The points v and v' are two vanishing points in the first
image. The corresponding scene points can be obtained
from the following equation:

v o K[T|0] [ ; ] (23)

Thus ¥ = K~ 'v represents the associated direction. Or-
thogonality now means that 9%’ = 0 or

v KK =0 . (24)
Therefore it is more appropriate to use the dual equation
of (9):

K 'TK'«cH! K 'K 'H, (25)

which of course also yields a one parameter family of solu-
tions for K~ "K~!. Imposing (24) resolves this ambiguity.

From K~ TK~! first K~! is extracted by Cholesky fac-
torization and subsequently inverted to obtain K which
contains the camera intrinsic parameters.

A.4 Simulation

Some simulations were performed for the 2 view case
with 2 known vanishing points. The same type of simulated
data was used as in the general case (see section IV-E). A
noise level of 1 pixel was chosen for the correspondences.
The localization of the vanishing points was also perturbed
by some noise. First the points at infinity (the 3D points
corresponding to vanishing points in the images) were cho-
sen as follows:

Vx=[100 vx] andV=[0 1 0 wy]'
(26)
were Vx and Vi are the points at infinity corresponding to
the X and Y direction, vx and vy is a noise term with a
mean of zero and some specific standard deviation ;. This
means that in stead of having a point which is exactly at
infinity, mostly a point is obtained of the order of % The
vanishing points used for this simulation are then obtained
as follows:
Vx; = PiVX and Vy; = P,'Vy . (27)
These coordinates were additionally perturbed by some
noise with standard deviation o5 pixels.

The modulus constraint and the two vanishing points
were used to obtain the homography of the plane at infin-
ity. This homography determines the absolute conic up to
one parameter. This parameter was retrieved by imposing

orthogonality between the directions corresponding to the
vanishing points.

A first set of 1000 simulations was carried out with a
small amount of noise (i.e. o1 = 0.01,02 = 10), a second
set of 1000 simulations was carried out with a high amount
of noise (i.e. o1 = 0.1,02 = 100). The results of these
simulations can be seen in Fig. 4. The left part shows the
results which were obtained with only a small amount of
noise. The layout is similar to Fig. 3.

It can be seen that the results are good for a small
amount of noise (left part of Fig. 4). With a lot of noise
the results seriously deteriorate (see right part of Fig. 4).
Although most solutions are situated around the correct
values, a much bigger spread exist. In addition the algo-
rithm only finds a possible solution in 65% of the cases.

B. Varying focal length

The modulus constraint can also be used for other pur-
poses than affine calibration (see [26] for more details). The
constraint depends on two conditions: the affine calibra-
tion and constant intrinsic camera parameters. For each
view except the first one we get a valid constraint. This
means that instead of “spending” the constraint on solving
for affine calibration, one can in the traditional scheme —
where affine calibration amounts from translation between
the first two views [23]- use the constraint to retrieve one
changing parameter for each supplementary view. An al-
ternative approach would be to leave the camera parame-
ters unchanged until the affine calibration is retrieved and
only then start varying the camera parameters. The most
practical application is to allow the focal length to vary.
This allows to cope with autofocussing and zooming in
the image sequence. A similar approach was proposed for
stereo rigs [25].

B.1 Modeling the change in focal length

The first step is to model the effect of changes in focal
length. These changes are relatively well described by scal-
ing the image around a fixed focus of expansion ¢. This can
be expressed as follows:

1 0 (f71=1e,
mye.. = Kf mir with Kf = 8 é (fi}jl]-)cy (28)

where m;, are the points that one would have seen if no
change in focal length had occurred, and with my, the
image points for some relative focal length f. Note that
this equation also makes it possible to cancel the effect of
the zoom by dezooming a projection matrix using K]Tl.

The first thing to do is to retrieve the focus of expansion
c. Fortunately, this is easy for a camera with variable focal
length, ¢ being the only finite fixed point when varying the
focal length without moving the camera. The affine camera
calibration can then be retrieved from two views with a
different focal length and a pure translation between the
two views, using the method described in [26].
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Fig. 4. Computed intrinsic camera parameters for low noise level (left) and high noise level (right).

B.2 Using the modulus constraint

The modulus constraint is only valid for an affinely cal-
ibrated camera with constant intrinsic camera parameters
or after that the effect of the change in focal length has
been taken away. Stated differently, the modulus constraint
must be valid for a camera matrix P:4 = K;IP A. Writ-
ing down the characteristic equation, we get an equation
like (11). Substituting the obtained coefficients in (12) we
obtain a 4*" degree polynomial equation in f:

asf*+osfP+asfP+onf+ag=0 (29)
This equation has 4 possible solutions. It can be proven
that if f is a real solution, then —f must also be a solu-
tion [26]. Imposing this to equation (29) yields the follow-
ing result:

f=y/=.

o (30

Now that f has been retrieved, K ]?1 can be used to get nor-
malized images and cameras. These affine camera projec-
tion matrices can then be upgraded to metric as described
in section IV-B.

B.3 Simulation

Some simulations were also carried out for this case. Here
again, the same type of simulated data was used as in the
general case (see section IV-E). Different noise levels were
used for the simulations. For every experiment four views
were generated.

The first two only differ in focal length (f; = 1, fo = 2)
which allows us to estimate the focus of expansion. The fo-
cal length for the other views is chosen at random between
f1 and f5. For the third view a pure translation was car-
ried out. From this the affine reconstruction was obtained,
in spite of an unknown change in focal length. For the last
image a combination of a rotation and a translation was
used.

For every noise level one hundred experiments were car-
ried out. The results for 0.2 and 2 pixels of noise are shown

in Fig. 5. This corresponds to a low and a high level of noise
on the correspondences. The layout is similar to Fig. 3.

It can be seen that the results are very good for a small
amount of noise (left part of Fig. 4). With more noise the
results are still good. The other computed parameters (i.e.
the focus of expansion and the relative focal lengths for
the different views) are not shown. In general the focus
of expansion and the relative focal length for views 2 and
3 are very accurately obtained. This is due to the high
redundancy of the equations in these cases. The quality of
the estimate for the relative focal length for view 4 is of
the same order as the absolute estimate of the focal length

(i.e. fz).
VI. EXPERIMENTS

In the previous section some simulation results were al-
ready given. In this section experiments carried out on
real image sequences are described. The different methods
proposed in this paper are successively discussed.

A. Ezxperiments with constant intrinsic parameters

The stratified approach to the classical self-calibration
problem that was proposed in this paper has been validated
on several real video sequences. Here the results obtained
on two sequences of the Arenberg castle will be shown.

A.1 Sequence 1

In this section results obtained from real sequences
are presented. The calibration can be evaluated qualita-
tively by looking at the reconstruction. Different parts of
the Arenberg castle in Leuven were filmed. These were
recorded with a video camera. The first sequence is shown
in Fig. 6. The approach which was followed to generate
the 3D model can be briefly summarized as follows. First
the corner matching and the projective camera matrices
were obtained following the method described in [2]. These
camera matrices were upgraded to metric using the self-
calibration method described in this text and then a 3D
model was generated using these cameras and a dense cor-
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Fig. 7. Orthographic views of the reconstruction. Notice parallelism and orthogonality.

Fig. 8. Perspective views of the 3D reconstruction obtained from the sequence seen in Fig. 6.



Fig. 9. More perspective views of the 3D reconstruction. Notice that once a 3D reconstruction is available it is easy to generate views which

where not present in the original sequence.

angle (£std.dev.)
1.8 £ 1.1 degrees
89.7 £+ 1.4 degrees

TABLE I
RESULTS OF METRIC MEASUREMENTS ON THE RECONSTRUCTION.

parallel lines
orthogonal lines

respondence map obtained as in [16]. Remember that this
was obtained without any calibration information. The
position of the camera for the different views was also un-
known and no knowledge about the scene was given to the
algorithm. In Fig. 7 one can see 3 orthographic views of
the reconstructed scene. Parallelism and orthogonality re-
lations clearly have been retrieved. Look for example at the
right angles in the top view or at the rectangular windows.
Fig. 8 and 9 contain some perspective views of the recon-
struction. Because at this point a dense correspondence
map was only calculated for two images there are some in-
accuracies left in the reconstruction. This also explains the
fact that only a partial model is given here. In the future
information from more images will not only be integrated in
the calibration stage, but also in the reconstruction stage.
A quantitative assessment of these properties can be made
by explicitly measuring angles between lines on the object
surface. For this experiment lines were manually selected
that are aligned with windows and other prominent surface
features. Several lines were identified for all of the three
main directions. The lines along the same direction should
be parallel to each other (angle between them should be
0 degree), while the lines corresponding to different direc-
tions should be perpendicular to each other (angle between
them should be 90 degree). The measurement on the ob-
ject surface shows that this is indeed close to the expected
values (see Table I).

A.2 Sequence 2

In Fig. 10 a part of another sequence is shown. This
was filmed at the back of the castle. Here also the method
proposed in this text was able to extract a metric recon-
struction of the scene.

In Fig. 11 some perspective views of the reconstruction

Fig. 12. Orthographic views of the 3D reconstruction.

are shown. To illustrate the metric quality of the recon-
struction orthographic views of the reconstruction were
computed. These are shown in Fig. 12. Note that this
views are extreme views compared to the viewpoints of the
sequence. Since dense reconstruction is not the main issue
of the paper (i.e. it is only used to illustrated the metric
calibration results), only a simple dense correspondence al-
gorithm was used. The dent at the lower part of the roof
is due to the alignment of epipolar lines with the gutter
which causes an ambiguity for the matcher. Since the left
part of the building is only visible in the distance the ac-
curacy of that part of the facade is low. Although some
artifacts of the dense reconstruction become clearly visible
here the overall metric qualities are clearly recovered by
our reconstruction scheme. Parallelism and orthogonality
can be observed from the different orthographic views.

B. Experiments with known vanishing points

It was seen in section V-A that two images could be suf-
ficient for self-calibration when two vanishing points corre-
sponding to orthogonal directions can be identified in these
images.

The first step is to obtain the weak calibration for the



Fig. 11. Perspective views of the 3D reconstruction.

two images. This corresponds to identifying the funda-
mental matrix. From this a valid instance of the projective
camera matrices can be chosen. The second step consists
of identifying at least two vanishing points in both images.
This was done using a cascaded Hough approach. A first
Hough transform is used to identify lines in dual space,
a second Hough transform is then used to identify coinci-
dence points. In scenes containing regular structures (e.g.
buildings) these points are typically vanishing points. More
details of this approach can be found in [41].

Combining these results allows us to follow the steps de-
scribed in section V-A:

o Affine calibration: (1) writing down the modulus con-
straint for the two images, (2) filling in the one param-
eter family of solutions for the infinity homography
H,, defined by the two vanishing points and the pro-
jective calibration, (3) computing the solutions and ex-
trema of the obtained equation, (4) selecting the best
one according to equal moduli of eigenvalues.

o Metric calibration: (1) determining the one parameter
family for the absolute conic corresponding with the
infinity homography, (2) determining the solution for
which the vanishing points correspond to orthogonal
directions.

B.1 Sequence

Two images of the castle sequence were used in this ex-
periment. These can be seen in Fig. 13. In addition to the
projective calibration two vanishing points were automat-
ically retrieved from these images. The coordinates of the
computed vanishing points can be found in Table II. Using
the described method the following intrinsic camera param-
eters were obtained (see Table III). These parameters are
relatively close to the parameters obtained with the general
method on the whole sequence. Except for the skew which
is relatively important (10% of focal length). These are

Fig. 13. Images 2 and 24 of the castle sequence.

im2 (H) | im 2 (V) | im 24 (H) | im 24 (V)

-2490 -1366 -209 1275

37 -41954 437 -10582
TABLE II

COORDINATES OF THE VANISHING POINTS IN IMAGES 2 AND 24.

typical results although for some image pairs less accurate
results or no results were obtained. This could be expected
from the simulations (see Paragraph V-A.4) which showed
an important noise sensitivity for this method. For more
accurate results a bundle adjustment should be applied on
the projective reconstruction and a more accurate localiza-
tion method should be used for the vanishing points (the
main goal of the method that was used [41] was detection
and not accurate localization).

875 98 381
K= 880 197
1
TABLE III
INTRINSIC CALIBRATION PARAMETERS OBTAINED FROM IMAGE 2 AND
24.



Fig. 14. The 3 images that were used to build a Euclidean recon-
struction. The camera was translated between the first two views
(the zoom was used to keep the size more or less constant). For
the third image the camera was also rotated.

Fig. 15. Different views of the 3D reconstruction.

In some cases this method wasn’t able to obtain any
solution. These observations can be explained by the ab-
sence of redundancy when one tries to extract the metric
calibration from a scene from two images only. The self-
calibration problem is known to be a hard problem and
therefore as much redundancy as possible should be used.
Sometimes even this is not enough since many degenerate
motion sequences exist (see [35] for an extensive discussion
of this problem).

C. Ezperiments with a varying focal length

In this case an indoor scene was used for our experi-
ment. First the focus of expansion was identified by zoom-
ing. Then a pure translation was carried out which allowed
to retrieve the affine structure. Finally an additional mo-
tion was used to get the metric structure of the scene.

C.1 Sequence

Here some results obtained from a scene consisting of two
boxes and a cup are given. The images that were used can
be seen in Fig. 14. The scene was chosen to allow a good
qualitative evaluation of the metric reconstruction. The
boxes have right angles and the cup is cylindrical. These
characteristics must be preserved by a metric reconstruc-
tion, but will in general not be preserved by an affine or
projective reconstruction.

First a corner matcher was used to extract point cor-
respondences between the three images. From these the
method allowing varying focal lengths was used to obtain
a metric calibration of the cameras. Subsequently, the al-
gorithm of [31] was used to compute dense point correspon-
dences. These were used to build the final 3D reconstruc-
tion using the previously recovered calibration.

Fig. 15 shows three views of the reconstructed scene.
The left image is a front view, the middle image a top
view, while the right image is a side view. Note especially
from the top view, that 90° angles are preserved and that
the cup keeps its cylindrical form which is an indication of

the quality of the metric reconstruction.

VII. CONCLUSION

This paper discusses the modulus constraint and its ap-
plication to self-calibration problems. It is shown that
this versatile constraint can be used to obtain the self-
calibration of cameras in different circumstances. First the
classical self-calibration problem is solved. The modulus
constraint allows to follow a stratified approach. The pro-
jective calibration is upgraded to affine by identifying the
plane at infinity, then the absolute conic is located and a
metric calibration is obtained. A nonlinear minimization
step allows to refine this calibration.

The experiments on synthetic data show that a stratified
approach can be more successful in obtaining a satisfying
calibration than an approach based on an a priori guess
for the intrinsic camera parameters. These experiments
confirm the importance of a good localization of the plane
at infinity for a successful calibration. Besides experiments
on synthetic data some real image sequences were used to
illustrate the feasibility of the method.

Some other applications of the modulus constraint were
also proposed. In many circumstances two or more van-
ishing points are known or can be found in the images. In
this case the modulus constraint can even result in self-
calibration from two images only. Interesting results have
also been obtained for a varying focal length. Once the
affine calibration has been obtained (i.e. from a pure trans-
lation) the modulus constraint can be used to retrieve the
focal length through a closed form equation.
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APPENDIX A DERIVATION OF THE MODULUS
CONSTRAINT

The roots of equation (11) must obey |A1]| = |A2| = |As]-
In this appendix a necessary condition is derived. A third
order polynomial can be written as follows.

I + A2+ LA+ 1o = 13(A — M)A = A2)(A — A3) (31)

From (31) the following relations follow:

AM+A+ A3 = I (32)

3

I
Az 4 A3) + Agdg = é (33)
M)y = _b (34)



At least one of the roots must be real, therefore it can be
assumed that A; is real (A2 and A3 can then be either real or
complex). If the roots have the same moduli the following
equation must be satisfied.

VDY (35)
Rewriting (33) using (32) and (35) yields
l2 2 _ l]_
A== =)+ A=+~ (36)
I3 I3
or l
A =—= (37)
ly
substituting (35) in (34) implies
3__b
I3

Eliminating A; from the (37) and (38) gives a necessary
condition that is only depending on Is,ls,11,lq.
13 =131, (39)
Note that (37) and thus also (39) are only necessary con-
ditions for the homography to have eigenvalues correspond-
ing to a rotation matrix. These equations can also be sat-
isfied for three real eigenvalues. When multiple solutions
persists, solutions for which no two eigenvalues are conju-
gate can be ruled out.

APPENDIX B EXPRESSIONS FOR I3,l5,l1 AND [

In this expressions for I3,ls,11,ly will be derived. They
will be expressed in terms of a;,as,as and the projective
calibration. Starting from (11) a similar but simpler equa-
tion can be derived which avoids the occurence of the ma-
trix inversion.

det (HU - )\I)

det (Hy;H;' — M) (40)
det (Hy;') det (Hy; — AHy;) =0

< 1

det (Hlj — /\Hh) 0 (41)
The following notations are used to simplify the expres-
sions: Hll = [h1h2h3], Hlk = [h'lhéhg] , €] = € and
eip = €', |H| means the determinant of H.

det (H — \H')
— |h; — Ah} hy — Ah} hy — b
— |hy hy — A hy — ABY|
“A|h] hy — Ah hy — Ahj|
= |hy hy hy — Ahj| — A |hy hl hy — Ab|
—A|h} hy hy — Ah| + A% [h} b} hy — AhY|
= |hihohs| — Alhjhohs| + A% [hihyhj| — X*[hihyhj|
— Alhyhyhs| + A2[h} hohl|
— Alhyhoh)| + A2[h} hhhg|
(42)

In the above expressions H + e[ajazas] or a similar ex-
pression should be substituted to [hihshs], [hihohs], ...,
|hihihf|. Therefore the determinant of H + e[ajasas)
should also be factorized. The other determinants can be
factorized in a similar way.

det(H + e[ajaz2as3])
= |h1 +ae h2 + ase h3 + a3e|
= |h1 hs + asehs + a3e| + a1|e hs + asehs + a3e|
= |h1 h2 h3 + Cl3€| —|— a1|e h2 h3 + a3e|
+az|h; ehs + aze| + aja; |eehs + aze|
—_———

=0
= |h1 hs h3| + a1|e h> h3| + a2|h1 eh3| + a3|h1 h> e|
(43)

It follows from this expression that the coefficients of
A% and A3 of equation (42) are first order polynomials in
a1,a2,a3. For Al and A2 the derivation is a bit more te-
dious.

For the third order terms we still have two equal columns
(ex. ajasasz|e’ee|) which means that these determinant
vanishes. Some second order terms of the factorization do
not vanish at first sight. These are the terms were both e
and e’ appear in the determinants. They can be grouped
in pairs (ex. coefficient of A):

aias(|ee’hs| + |e’ehs|)
ajaz(|ehse’| + [e'hye|)
asaz(|hiee’| + [hie'e|)

(44)

All these terms vanish because permutating 2 rows of a de-
terminant changes the sign of that determinant ( |e’ehs| =
—|ee’hs]).
This finally yields the following expressions for the 15
order terms:
|h} hy hs| + |hy h h3| + |h; hy hi| (45)
+ai1(le"ha h3| + [ehj hs| + |ehs hy))
+a2(|h'1 eh3| + |h1 e' h3| + |h1 eh'3|)
+a3(|h'1 h2 e| + |h1 hlz e| + |h1 h2 e'|)
For the second order terms the accents should be inversed.
In conclusion the modulus constraint can be expressed
as l3l? = l%lo with
I3=—[hy h} hg| — aile’hj hy| — aslh; e’ hy| — aglh) hj €|
lo=" (Jhihjhj| + [hihohg| + [hih)hs|)
+a (|e hyhj| + e'hyhj| + [e/hhs])
+as ([hye'hy| + [hje hj| + [hye'hs|)
+as (Jhihye’| + [hihye'| + [hihjel)
li= — (|hihshs| + [hihohs| + [hihohg))
—ay (Je’hzhs| + e hyhs| + [e hohg))
—as (|hlle h3| + |hlelh3| + |h1e hl3|)
—az (|hihoe| + |hihje| + [hihye'|)
|h1 h2 h3| =+ ai |eh2 h3| =+ a9 |h1 eh3| =+ as |h1 h2 e| .

(46)

lo=
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