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Abstract

This thesisdiscussesthe possibility to obtain threedimensionalreconstructionsof
scenesfrom imagesequences.Traditional approachesare basedon a preliminary
calibrationof thecamerasetup.This,however, is notalwayspossibleor practical.The
goalof thiswork wasto investigatehow thiscalibrationconstraintcouldberelaxed.

Theapproachwastwofold. First,theproblemof self-calibrationwasstudied.This
is anapproachwhich retrievesthecalibrationfrom theimagesequenceonly. Several
new methodswereproposed.Thesemethodswerevalidatedonbothrealandsynthetic
data. The first methodis a stratifiedapproachwhich assumesconstantcalibration
parametersduringtheacquisitionof theimages.A secondmethodis morepragmatic
andallowssomeparametersto vary. Thisapproachmakesit possibleto dealwith the
zoomandfocusavailableonmostcameras.

Theotherimportantpartof thiswork consistedof developinganautomaticsystem
for 3D acquisitionfrom imagesequences.This wasachievedby combining,adapt-
ing andintegratingseveralstate-of-the-artalgorithmswith thenewly developedself-
calibrationalgorithms.Theresultingsystemoffersanunprecedentedflexibility for the
acquisitionof realisticthree-dimensionalmodels.Thevisualquality of themodelsis
very high. Themetricqualitieswereverifiedthroughseveralvalidationexperiments.
Thissystemwassuccesfullyappliedto anumberof applications.
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Notations

To enhancethereadabilitythenotationsusedthroughoutthetext aresummarizedhere.
For matricesbold facefontsareused(i.e. � ). 4-vectorsarerepresentedby � and

3-vectorsby � . Scalarvalueswill berepresentedas � .
Unlessstateddifferentlythe indices � , � and � areusedfor views, while � and 	

areusedfor indexing points, lines or planes. The notation ��

� indicatesthe entity� which relatesview � to view � (or going from view � to view � ). The indices � ,�
and � will alsobeusedto indicatethe entriesof vectors,matricesandtensors.The
subscripts� , � , � and � will referto projective,affine,metricandEuclideanentities
respectively�

cameraprojectionmatrix ( ����� matrix)�
world point (4-vector)�
world plane(4-vector)� imagepoint (3-vector)�
imageline (3-vector)���

� homographyfor plane

�
from view � to view � ( ����� matrix)� � 
 homographyfrom plane
�

to image� ( ����� matrix) 
fundamentalmatrix ( ����� rank2 matrix)! 

� epipole(projectionof projectioncenterof viewpoint � into image� )"
trifocal tensor( ��������� tensor)#
calibrationmatrix ( ����� uppertriangularmatrix)$
rotationmatrix�&%
planeat infinity (canonicalrepresentation:')(+* ),
absoluteconic
(canonicalrepresentation:-/.10324.10657.7(8* and ')(+* ),:9
absolutedualquadric( �;��� rank3 matrix)< % absoluteconicembeddedin theplaneat infinity ( ����� matrix)< 9% dualabsoluteconicembeddedin theplaneat infinity ( ����� matrix)< imageof theabsoluteconic( ����� matrices)< 9 dualimageof theabsoluteconic( �4��� matrices)

= equivalenceup to scale( � =8>@? )A � ACB indicatestheFrobeniusnormof � (i.e. ) ED ��F indicatesthematrix � scaledto haveunit Frobeniusnorm
(i.e. GH G H B )��I is thetransposeof ��KJML is theinverseof � (i.e. ��� JNL ( )��O is theMoore-Penrosepseudoinverseof
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Chapter 1

Intr oduction

1.1 Scopeof the work

Obtainingthreedimensional(3D) modelsof scenesfrom imageshasbeenalong last-
ing researchtopic in computervision. Many applicationsexist which requirethese
models.Traditionallyroboticsandinspectionapplicationswereconsidered.In these
casesaccuracy wasoften themain concern.In this caseexpensive devicesworking
only undercontrolledcircumstanceswerethetypical solutionsthatwereused.

Nowadayshowevermoreandmoreinterestcomesfrom themultimediaandcom-
putergraphicscommunities.Theevolutionof computersis suchthattodayevenper-
sonalcomputerscandisplaycomplex 3D models.Many computergamesarelocated
in large3D worlds.Theuseof 3D modelsandenvironmentsontheInternetis becom-
ing commonpractice.This evolution is however sloweddown dueto thedifficulties
of generatingsuch3D models. Although it is easyto generatesimple3D models,
complex scenesarerequiringa lot of effort. Furthermoreexisting objectsor scenes
areoftenconsidered.In thesecasestheeffort requiredto recreaterealistic3D models
is oftenprohibitiveandtheresultsareoftendisappointing.

A growing demandexists for systemswhich can virtualize existing objectsor
scenes.In this casethe requirementsare very different from the requirementsen-
counteredin previous applications. Most importantis the visual quality of the 3D
models.Also the boundaryconstraintsaredifferent. Thereis an importantdemand
for easyacquisitionproceduresusingoff-the-shelfconsumerproducts.This explains
the successof the QuicktimeVR technologywhich combineseasyacquisitionwith
fastrenderingon low-endmachines.Notehoweverthatin thiscaseno3D is extracted
andthatit is thereforeonly possibleto lookaroundandnot to walkaround.

In this dissertationit wasinvestigatedhow far the limits of automaticacquisition
of realistic3D modelscould bepushedtowardseasyandflexible acquisitionproce-
dures. This hasbeendoneby developinga systemwhich obtainsdensemetric 3D
surfacemodelsfrom sequencesof imagestaken with a hand-heldcamera. Due to
the limitation in time of this projectsomechoiceshadto bemade.Thesystemwas
built by combiningexisting state-of-the-artalgorithmswith new componentsdevel-
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2 Chapter1. Introduction

opedwithin this project.Someof thesecomponentswhereextendedor adaptedto fit
in thesystem.

In the researchcommunitya lot of effort wasput in obtainingthe calibrationof
thecamerasetupupto anarbitraryprojectivetransformationfrom theimagesonly and
sincemany yearsalot of workhadbeendonetoobtaindensecorrespondencemapsfor
calibratedcamerasetups.Therewashoweveramissinglink. Althoughthepossibility
of self-calibration(i.e. restrictingtheambiguityon thecalibrationfrom projective to
metric)hadbeenshown,practicalalgorithmswerenotgiving satisfyingresults.Addi-
tionally, existing theoryandalgorithmswererestrictedto constantcameraparameters
prohibitingtheuseof zoomandfocusingcapabilitiesavailableonmostcameras.

In this context I decidedto concentrateon theself-calibrationaspect.Algorithms
working well on real imagesequenceswererequired.It seemedalsousefulto inves-
tigate the possibilitiesof allowing varying cameraparameters,especiallya varying
focal lengthsothatthesystemcouldcopewith zoomandfocus.

1.2 3D modelsfr om images

In thissectionanoverview of theliteratureis given.Somerelatedresearchpublished
afterthestartof thiswork is alsodiscussed,but will beindicatedasrecentwork. This
is importantsincetheevolution in someof thediscussedareashasbeenimpressive in
thelastfew years.

Obtaining3D modelsfrom imagesequencesis a difficult task. This comesfrom
thefactthatonly verylittle informationis availabletostartwith. Boththescenegeom-
etry andthecamerageometryareassumedunknown. Only verygeneralassumptions
aremade,e.g.rigid scene,piecewisecontinuoussurfaces,mainly diffusereflectance
characteristicsfor thesceneanda pinholecameramodelfor thecamera.

The generalapproachconsistsof separatingthe problemin a numberof more
manageablesubproblems,which canthenbesolvedby separatemodules.Often in-
teractionor feed-backis neededbetweenthesemodulesto extractthenecessaryinfor-
mationfrom theimages.Certainlyfor thefirst stepswhenalmostno informationhas
beenextracted,feedbackis very importantto verify theobtainedhypotheses.Gradu-
ally moreinformationandmorecertaintyaboutthis informationis obtained.At later
stagesthecouplingbetweenthemodulesis lessimportantalthoughit canstill improve
thequalityof theresults.

Feature matching Thefirst problemis thecorrespondenceproblem: Givena fea-
turein animage,whatis thecorrespondingfeature(i.e. theprojectionof thesame3D
feature)in theotherimage?This is an ill-posedproblemandthereforeis oftenvery
hardto solve. Whensomeassumptionsaresatisfied,it is possibleto automatically
matchpointsor otherfeaturesbetweenimages.Oneof themostusefulassumptions
is that the imagesarenot too different(i.e. sameillumination, similar pose). In this
casethecoordinatesof thefeaturesandtheintensitydistributionaroundthefeatureare
similar in both images.This allows to restrictthesearchrangeandto matchfeatures
throughintensitycross-correlation.
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It is clear that not all possibleimagefeaturesaresuitablefor matching. Often
points are usedsincethey are most easily handledby the other modules,but line
segments[140, 23] or otherfeatures(suchasregions)canalsobematched.It is clear
thatnotall pointsaresuitedfor matching.Many pointscanbelocatedin homogeneous
regionswerealmostno informationis availableto differentiatebetweenthem. It is
thereforeimportantto usean interestpoint detectorwhich extractsa certainnumber
of pointsusefulfor matching. Thesepointsshouldclearly satisfytwo criteria. The
extractionof the pointsshouldbe asmuchaspossibleindependentof camerapose
andillumination changesandtheneighborhoodof theselectedpointsshouldcontain
asmuchinformationaspossibleto allow matching.Many interestpointdetectorsexist
(e.g.Harris[50], Deriche[24] or Förstner[43]). In [141] Schmidetal. concludedthat
theHarriscornerdetectorgivesthebestresultsaccordingto thetwo criteriamentioned
above.

In factthefeaturematchingis oftentightly coupledwith thestructurefrom motion
estimationdescribedin thenext paragraph.Hypotheticalmatchesareusedto compute
thesceneandcamerageometry. Theobtainedresultsarethenusedto drivethefeature
matching.

Structur e fr om motion Researchershave beenworking for many yearson theau-
tomaticextractionof 3D structurefrom imagesequences.This is calledthestructure
frommotionproblem:Givenanimagesequenceof arigid sceneby acameraundergo-
ing unknown motion,reconstructthe3D geometryof thescene.To achieve this, the
cameramotionalsohasto berecoveredsimultaneously. Whenin additionthecamera
calibrationis unknown aswell, onespeaksof uncalibratedstructurefrom motion.

Early work on (calibrated)structurefrom motion focusedon the two view prob-
lem[84, 168]. Startingfrom asetof correspondingfeaturesin theimages,thecamera
motionand3D scenestructurecouldberecovered.Sincethentheresearchhasshifted
to themoredifficult problemof longerimagesequences.This allows to retrieve the
scenegeometrymoreaccuratelyby takingadvantageof redundancy. Someof therep-
resentativeapproachesaredueto Azerbayejanietal. [5], Cui etal. [21], Spetsakisand
Aloimonos[148] andSzeliskiandKang[156]. Thesemethodsmakeuseof a full per-
spective cameramodel.TomasiandKanade[159] proposeda factorizationapproach
basedon theaffine cameramodel(see[103] for morerecentwork). RecentlyJacobs
proposeda factorizationmethodableto dealwith missingdata[68].

Uncalibrated structur e fr om motion In this casethe structureof the scenecan
only berecoveredup to anarbitraryprojective transformation.In the two view case
theearlywork wasdoneby Faugeras[36] andHartley [51]. They obtainedthe fun-
damentalmatrix as an equivalent for the essentialmatrix. This matrix completely
describestheprojectivestructureof thetwo view geometry.

Sincethenmany algorithmshavebeenproposedto computethefundamentalma-
trix from pointmatches[57, 86, 13,104]. Basedonthesemethods,robustapproaches
weredevelopedto obtainthefundamentalmatrix from real imagedata(seethework
of Torr et al. [162, 163] andZhanget al. [186]). Thesetechniquesuserobust tech-
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niqueslike RANSAC [40] or LMedS[136] andfeedbacktheresultsto thematcherto
obtainmorematches.Thesearethenusedto refinethesolution.

A similar entity canalsobe obtainedfor threeviews. This is calledthe trifocal
tensor. It describesthetransferfor points(seeShashua[144]), lines(seeHartley [54])
or both(seeHartley [56]). In fact thesetrilinearitieshadalreadybeendiscoveredby
SpetsakisandAloimonos[148] in thecalibratedcase.Robustcomputationmethods
werealsodevelopedfor thetrifocal tensor(e.g.Torr andZisserman[160, 161]). The
propertiesof this tensorhavebeencarefullystudied(e.g.ShashuaandAvidan[145]).

Relationshipsbetweenmoreviews have alsobeenstudied(seethework of Hey-
den[62], Triggs[165] andFaugerasandMourrain[39]). See[98] for a recenttutorial
onthesubject.RecentlyHartley [59] proposedapracticalcomputationmethodfor the
quadrifocaltensor.

Up to now no equivalent solution to the factorizationapproachof Tomasiand
Kanade[159] hasbeenfound for the uncalibratedstructurefrom motion problem.
Someideashave beenproposed[63, 154], but thesemethodsareiterative or require
partof thesolutionto startwith. Anotherpossibilityconsistsof carryingout a non-
linearminimizationover all theunknown parametersat once.This wasfor example
proposedin theearlypaperof Mohr [96]. This is in fact theprojective equivalentof
what photogrammetristscall bundleadjustment[147]. A descriptionof an efficient
algorithmcanbe found in [79]. Bundleadjustmenthowever requiresa goodinitial-
izationto startwith.

The traditionalapproachfor uncalibratedstructurefrom motion sequencescon-
sistsof putting up a referenceframefrom the two first views andthensequentially
addingnew views(seeBeardsley etal. [9, 8] or also[79]). Recentlyahierarchicalap-
proachhasbeenproposedby FitzgibbonandZisserman[41] thatbuilds up relations
betweenimagepairs,triplets,subsequencesandfinally thewholesequence.

Self-calibration Sinceprojective structureis often not sufficient, researcherstried
to developmethodsto recover themetricstructureof scenesobtainedthroughuncal-
ibratedstructurefrom motion. The mostpopularapproachconsistsof usingsome
constraintson the intrinsic cameraparametersof the camera. This is called self-
calibration.In generalfixedintrinsiccameraparametersareassumed.

Thefirst approachwasproposedby MaybankandFaugeras[95] (seealso[36]).
It is basedon theKruppaequations[77]. Themethodwasdevelopedfurther in [87]
andrecentlyby Zeller in [183, 184]. Thismethodonly requiresapairwisecalibration
(i.e. theepipolargeometry).It usestheconceptof theabsoluteconicwhich –besides
the planeat infinity– is the only fixedentity for the groupof Euclideantransforma-
tions[35]. Mostothermethodsarealsobasedon thisconceptof theabsoluteconic.

Hartley [53] proposedan alternative approachwhich obtainsthe metric calibra-
tion by minimizingthedifferencebetweentheintrinsiccameraparametersonetriesto
computeandtheonesobtainedthroughfactorizationof thecameraprojectionmatri-
ces.A quasi-affine reconstructionis usedasinitialization. This initial reconstruction
is obtainedfrom theconstraintthatall 3D pointsseenin aview mustbein front of the
camera[52].
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Sincea few yearsseveral new methodshave beenproposed.Someof theseare
part of this work and will be presentedin detail further on. Someother methods
weredevelopedin parallel. Triggs proposeda methodbasedon the absolute(dual)
quadric[166]. This is a disc-quadric(of planes)which encodesboth the absolute
conicandtheplaneat infinity. HeydenandÅströmproposeda similarmethod[60].

Someresearcherstriedto takeadvantageof restrictedmotionstoobtainsimpleral-
gorithms.Moonsetal. [100, 99] designedasimplealgorithmto obtainaffinestructure
from a purely translatingcamera.Armstrong[2] incorporatedthis in a stratifiedap-
proachto self-calibration.Hartley [54] proposedaself-calibrationmethodfor apurely
rotatingcamera.Recentlyalgorithmsfor planarmotionwereproposedby Armstrong,
ZissermanandHartley [3] andby Faugeras,QuanandSturm[33]. In someof these
casesambiguitiesonthereconstructionexist. Zissermanetal. [189] recentlyproposed
somewaysto reducethisambiguityby imposing,aposteriori,someconstraintsonthe
intrinsicparameters.

In somecasesthemotionisnotgeneralenoughtoallow for completeself-calibration.
RecentlySturmestablisheda completecatalogueof critical motionsequencesfor the
caseof constantintrinsiccameraparameters[152, 150].

A morein-depthdiscussionof someexisting self-calibrationmethodsis givenin
Chapter4.

Densestereo matching The structurefrom motion algorithmsonly extract a re-
strictednumberof features.Althoughtextured3D modelshave beengeneratedfrom
this, theresultsarein generalnot very convincing. Oftensomeimportantscenefea-
turesaremissedduringmatchingresultingin incompletemodels.Evenwhenall im-
portantfeaturesareobtainedtheresultingmodelsareoftendented.

Howeveroncethestructurefrom motionproblemhasbeensolved,theposeof the
camerais known for all theviews. In this casecorrespondencematchingis simpler
(sincetheepipolargeometryis known) andexisting stereomatchingalgorithmscan
beused.This thenallowsto obtaina dense3D surfacemodelof thescene.

Many approachesexist for stereomatching. Theseapproachescan be broadly
classifiedinto feature-andcorrelation-basedapproaches[29]. Someimportantfea-
ture basedapproacheswereproposedby Marr andPoggio[89], Grimson[46], Pol-
lard,Mayhew andFrisby[110] (all relaxationbasedmethods),Gimmel’Farb[44] and
BakerandBinford [6] andOhtaandKanade[107] (usingdynamicprogramming).

Successfulcorrelation-basedapproacheswerefor exampleproposedby Okutomi
andKanade[108] or Cox et al. [20]. The latter wasrecentlyrefinedby Koch [72]
andFalkenhagen[31, 30]. It is this lastalgorithmthat is usedin this work. Another
approachbasedonopticalflow wasproposedby Proesmansetal. [134].

3D reconstruction systems It shouldbe clear from the previous paragraphsthat
obtaining3D modelsfrom animagesequenceis not aneasytask. It involvessolving
severalcomplex subproblems.

Oneof thefirst systemswasdevelopedat CMU andis basedon theTomasiand
Kanadefactorization[159]. The“modelingfrom videotaping”approachhoweversuf-
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fersfrom therestrictionsof theaffine cameramodel.In addition,sinceonly matched
featurepointsareusedto generatethemodelstheoverallqualityof themodelsis low.

The recentwork of Beardsley et al. [9, 8] at Oxford wasusedin a similar way
to obtainmodels. In this casethe intrinsic cameraparameterswereassumedknown
asin the previouscase.More recentwork by FitzgibbonandZisserman[42] is us-
ing the self-calibrationmethoddescribedin Chapter6 to dealwith varying camera
parameters.

Similarwork wasalsodoneveryrecentlyat INRIA by Bougnoux[15, 14]. In this
case,however, thesystemis anenhanced3D modelingtool includingalgorithmsfor
uncalibratedstructurefrom motionandself-calibration.Thecorrespondencesof the
3D pointswhichshouldbeusedfor themodel,however, haveto beindicatedby hand.
Theresultingmodelsarethereforerestrictedto a limited numberof planarpatches.

Anotherrecentapproachdevelopedby Debevec,TaylorandMalik [26, 158, 27] at
Berkeley provedvery successfulin obtainingrealistic3D modelsfrom photographs.
A mixedgeometric-andimage-basedapproachis used.Thetexturemappingis view
dependentto enhancephotorealism.An importantrestrictionof this methodis how-
ever the needfor an approximatea priori modelof the scene.This model is fitted
semi-automaticallyto imagefeatures.

Shum,Han and Szeliski [146] recentlyproposedan interactive methodfor the
constructionof 3D modelsfrom panoramicimages. In this casepoints, lines and
planesareindicatedin thepanoramicimage.By addingconstraintson theseentities
(e.g.parallelism,coplanarity, verticality),3D modelscanbeobtained.

Finally somecommercialsystemsexist which allow to generate3D modelsfrom
photographs(e.g.PhotoModeler[109]). Thesesystemsrequirea lot of interaction
from theuser(e.g.correspondenceshave to beindicatedby hand)andsomecalibra-
tion information. The resultingmodelscanbe very realistic. It is however almost
impossibleto modelcomplex shapes.

1.3 Main contributions

Beforeweenteramoredetaileddiscussionof thesetopics,it seemsusefulto summa-
rize themaincontributionswebelievearemadethroughthiswork:W A stratified self-calibration approachwasproposed.Inspiredby the success-

ful stratifiedapproachesfor restrictedmotions,I have developeda similar ap-
proachfor generalmotions.This wasdonebasedon a new constraintfor self-
calibrationthatI derived(i.e. themodulusconstraint). Thiswork waspublished
in thepapers[111, 123, 124, 122, 127] andtechnicalreports[129, 130].W An importantcontribution to the state-of-the-artwas madeby allowing self-
calibrationin spiteof varyingcamera parameters. At first arestrictedapproach
wasderivedwhichallowedthefocallengthtovaryfor singlecameras[121, 131]
andfor stereorigs[125, 126]. Lateron,ageneralapproachwasproposedwhich
couldefficiently work with known, fixedandvarying intrinsic cameraparam-
eterstogetherwith a pragmaticapproachfor a cameraequippedwith a zoom.
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A theoremwasderived which showed that for generalmotion sequencesthe
minimal constraintsthat pixels are rectangularis sufficient to allow for self-
calibration. This work was publishedin [112, 120] and in the technicalre-
port [128].W A completesystemfor automaticacquisitionof metric3D surfacemodelsfrom
uncalibratedimage sequenceswasdeveloped.Theself-calibrationtechniques
mentionedearlierwereincorporatedinto this systemallowing for anunprece-
dentedflexibility in acquisitionof 3D modelsfrom images.This wasthefirst
systemto integrateuncalibratedstructurefrommotion,self-calibrationanddense
stereomatchingalgorithms. This combinationresultsin highly realistic 3D
surfacemodelsobtainedautomaticallyfrom imagestakenwith anuncalibrated
hand-heldcamera,without restrictionon zoomor focus. Thecompletesystem
wasdescribedin [117, 115, 118, 119].W Theacquisitionflexibility offeredby thissystemmakesnew applicationspossi-
ble. As a testcaseour systemwasappliedon a numberof applicationsfound
in theareaof archaeologyandheritagepreservation[116, 113, 114]. Someof
theseapplicationsareonly possiblewith a systemastheonedescribedin this
dissertation.

1.4 Outline of the thesis

In Chapter2 somebasicconceptsusedthroughoutthe text arepresented.Projective
geometryis introducedin thischapter. This is thenaturalmathematicalframework to
describetheprojectionof asceneontoanimage.Somepropertiesof transformations,
conicsandquadricsaregivenaswell. Finally, thestratificationof spacein projective,
affine,metricandEuclideanis described.

This introductioninto the basicprinciplesis continuedin Chapter3 wherethe
cameramodelandimageformationprocessaredescribed.In this context someim-
portantmulti-view relationshipsarealsodescribed.

Chapter4 introducesthe problemof self-calibration.The methodsproposedby
othersarepresentedhere,bothgeneralmethodsandmethodsrequiringrestrictedmo-
tions. Someinherentproblemsor limitations of self-calibrationarealsodiscussed
here.

In Chapter5 a stratifiedapproachto self-calibrationis proposed.This approach
is basedon themodulusconstraint.Someexperimentscomparethis methodto other
state-of-the-artmethods.Someadditionalapplicationsof themodulusconstraintare
alsogivenin thischapter.

Chapter6 dealswith self-calibrationin the presenceof varying intrinsic camera
parameters.First, sometheoreticalconsiderationsarepresented.Thena flexible cal-
ibrationmethodis proposedwhich candealwith known, fixedandvarying intrinsic
cameraparameters.Basedonthis,apragmaticapproachis derivedwhichworksfor a
standardcameraequippedwith azoom.Critical motionsequencesarealsodiscussed.
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Chapter7 presentsthecompletesystemfor 3D modelacquisition.Someproblems
with theactualsystemarealsodiscussedandpossiblesolutionsaredescribed.

In Chapter8 resultsandapplicationsof thesystemarepresented.Thesystemis
appliedto ahighly sculpturedtemplesurface,to old film footage,to theacquisitionof
plenopticmodels,to anarchaeologicalsiteandto someotherexamples.Herebythe
flexibility andthepotentialof theapproachis demonstrated.

Theconclusionsof ourworkarepresentedin Chapter9. Toenhancethereadability
of this text somemoretediousderivationswereplacedin appendices.



Chapter 2

Projectivegeometry

XYXZX\[<^]`_&acb\dfege`hjiSk+ldnmMipopaTqSar]`std^h , lhu]`vMaCkwmMiSk [ip_ghx_y<zliSe&<�bgdfh{mMdfky_gh&oth|ithj]Na}h [~�vNvMaCk�iS�_&a��Na�<�vMaT_��ydfhu��b\d^h�vN~
“ XZXYX experienceprovesthatanyonewho hasstudiedgeometryis infinitely quicker to
graspdifficult subjectsthanonewhohasnot.”
Plato- TheRepublic,Book7, 375B.C.

2.1 Intr oduction

Thework presentedin this thesisdrawsalot onconceptsof projectivegeometry. This
chapterandthenext oneintroducemostof thegeometricconceptsusedin therestof
thetext. Thischapterconcentratesonprojectivegeometryandintroducesconceptsas
points,lines,planes,conicsandquadricsin two or threedimensions.A lot of attention
goesto thestratificationof geometryin projective,affine,metricandEuclideanlayers.
Projective geometryis usedfor its simplicity in formalism,additionalstructureand
propertiescan thenbe introducedwereneededthroughthis hierarchyof geometric
strata.Thissectionwasinspiredby theintroductionsonprojectivegeometryfoundin
Faugeras’book[34], in thebookby MundyandZisserman(in [105]) andby thebook
onprojectivegeometryby SempleandKneebone[142].

2.2 Projectivegeometry

A point in projective � -space,��� , is givenby a
D ��0z��F -vectorof coordinates��(� � L XZXYX � �S�cLC� I . At leastone of thesecoordinatesshoulddiffer from zero. These

coordinatesarecalledhomogeneouscoordinates.In thetext thecoordinatevectorand
the point itself will be indicatedwith the samesymbol. Two pointsrepresentedbyD �K0���F -vectors� and � areequalif andonly if thereexistsa nonzeroscalare such
that

� 
�( e\� 
 , for every � D �E�����6��0���F . Thiswill beindicatedby � = � .
9
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Oftenthepointswith coordinate
� �S��L (+* aresaidto beat infinity. This is related

to theaffinespace� . Thisconceptis explainedmorein detailin section2.3.
A collineationis amappingbetweenprojectivespaces,whichpreservescollinear-

ity (i.e. collinearpointsaremappedto collinearpoints). A collineationfrom ��� to��� is mathematicallyrepresentedby a
D 	�0���Ff� D �40���F -matrix

�
. Pointsaretrans-

formedlinearly: �¡ ¢£��¤ = � � . Observe thatmatrices
�

and e � with e a nonzero
scalarrepresentthesamecollineation.

A projectivebasisis theextensionof a coordinatesystemto projectivegeometry.
A projective basisis a setof �/0�¥ pointssuchthat no �/0z� of themare linearly
dependent.Theset !{¦ ( � * XZXYX � XZXYX * � I for every � D ���6�f����0���F , where1 is in the� th positionand ! �S�M. ( � �t� XYXYX � � I is thestandardprojectivebasis.A projectivepoint
of ��� canbe describedasa linearcombinationof any ��0@� pointsof thestandard
basis.For example: � ( �S�cL§ ¦©¨ L e ¦j!{¦
It can be shown [36] that any projective basiscan be transformedvia a uniquely
determinedcollineationinto the standardprojective basis. Similarly, if two set of
points� L R XZXYX R � �t�M. and� ¤ L R XYXZX R � ¤�S�n. bothform aprojectivebasis,thenthereexistsa
uniquelydeterminedcollineation

"
suchthat � ¤¦ = " �g¦ for every � D �4�8�ª����0�¥tF .

Thiscollineation
"

describesthechangeof projectivebasis.In particular,
"

is invert-
ible.

2.2.1 The projective plane

The projective planeis the projective space��. . A point of ��. is representedby a
3-vector� ( � � �ª« � I . A line

�
is alsorepresentedby a 3-vector. A point � is located

ona line
�

if andonly if � I � (+* X (2.1)

This equationcan however also be interpretedas expressingthat the line
�

passes
throughthe point � . This symmetryin the equationshows that thereis no formal
differencebetweenpoints and lines in the projective plane. This is known as the
principleof duality. A line

�
passingthroughtwo points �`¬ and ��­ is givenby their

vectorproduct� L � � . . Thiscanalsobewrittenas� = � � L �¯® � . with
� � L ��® ( °± * « L ² � L² « L * � L� L ² � L *

³´ X (2.2)

Thedualformulationgivestheintersectionof two lines.All thelinespassingthrough
a specificpoint form a pencilof lines. If two lines

� L and
� . aredistinctelementsof

thepencil,all theotherlinescanbeobtainedthroughthefollowing equation:� = e L � L 0 e . � . (2.3)

for somescalarse L and e . . Notethatonly theratio µp¶µ�· is important.
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2.2.2 Projective3-space

Projective 3D spaceis the projective space� P . A point of � P is representedby a
4-vector

� ( � -�2�5/' � I . In � P thedualentity of a point is a plane,which is also
representedby a 4-vector. A point

�
is locatedona plane

�
if andonly if� I � (+* X (2.4)

A line canbegivenby the linearcombinationof two points e L � L 0 e . � . or by the
intersectionof two planes

� L^¸ � . .
2.2.3 Transformations

Transformationsin the imagesare representedby homographiesof ��.¹¢º��. . A
homographyof ��./¢»��. is representedby a �¡��� -matrix

�
. Again

�
and e �

representthesamehomographyfor all nonzeroscalarse . A point is transformedas
follows: �  ¢ � ¤ = � � X (2.5)

Thecorrespondingtransformationof aline canbeobtainedby transformingthepoints
whichareon theline andthenfinding theline definedby thesepoints:� ¤ I � ¤ ( � I � JML � � ( � I � (8* X (2.6)

From the previousequationthe transformationequationfor a line is easilyobtained
(with

� JNI�( D|� JML}F�I3( D|� I1FrJNL ):�  ¢ � ¤ = � J`I � (2.7)

Similar reasoningin � P givesthe following equationsfor transformationsof points
andplanesin 3D space: �  ¢ � ¤ = " � R (2.8)�  ¢ � ¤ = " J`I � (2.9)

where
"

is a �;��� -matrix.

2.2.4 Conicsand quadrics

Conic A conicin ��. is thelocusof all points� satisfyingahomogeneousquadratic
equation: ¼ D � F�( � I1½ � (�*:R (2.10)

where ½ is a �;�K� symmetricmatrix only definedup to scale.A conicthusdepends
onfive independentparameters.
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Dual conic Similarly, the dual conceptexists for lines. A conic envelopeor dual
conic is thelocusof all lines

�
satisfyinga homogeneousquadraticequation:� I ½ 9 � (8*wR (2.11)

where½ 9 is a ���4� symmetricmatrixonly definedupto scale.A dualconicthusalso
dependsonfive independentparameters.

Line-conic intersection Let � and � ¤ betwo pointsdefininga line. A point on this
line canthenberepresentedby � 0 e � ¤ . Thispoint liesonaconic

¼
if andonly if¼ D � 0 e � ¤ F�(8*wR

whichcanalsobewrittenas¼ D � Fc0�¥ e ¼ D � R � ¤ Fn0 e . ¼ D � ¤ F`R (2.12)

where ¼ D � R � ¤ F�( � I ½ � ¤ ( ¼ D � ¤ R � F
Thismeansthata line hasin generaltwo intersectionpointswith aconic.Theseinter-
sectionpointscanberealor complex andcanbeobtainedby solvingequation(2.12).

Tangentto a conic Thetwo intersectionpointsof a line with aconiccoincideif the
discriminantof equation(2.12)is zero.Thiscanbewrittenas¼ D � R � ¤ F ² ¼ D � F ¼ D � ¤ F�(8* X
If thepoint � is consideredfixed,this formsaquadraticequationin thecoordinatesof� ¤ which representsthe two tangentsfrom � to theconic. If � belongsto theconic,¼ D � F�(8* andtheequationof thetangentsbecomes¼ D � R � ¤ Fª( � I ½ � ¤ (�*�R
which is linear in thecoefficientsof � ¤ . This meansthat thereis only onetangentto
theconicata pointof theconic.This tangent

�
is thusrepresentedby :� = ½ I � ( ½ � (2.13)

Relation betweenconic and dual conic When � variesalongtheconic,it satisfies� I ½ � andthusthetangentline
�

to theconicat � satisfies
� I ½ JNL � (�* . Thisshows

thatthetangentsto a conic ½ arebelongingto a dualconic ½ 9 = ½ JML (assuming½
is of full rank).
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Transformation of a conic/dualconic Thetransformationequationsfor conicsand
dualconicsundera homography

�
canbeobtainedin asimilarway to Section2.2.3.

Usingequations(2.5)and(2.7)thefollowing is obtained:� ¤
I1½4¤ � ¤ = � I � I � J`Iª½ � JML � � (8*wR� ¤
I1½ 9 ¤ � ¤ = � I � JNL � ½ 9 � I � JNI � (8*wR
andthus ½  ¢ ½ ¤ = � J`I ½ � JML (2.14)½ 9  ¢ ½ 9 ¤ = � ½ 9 � I (2.15)

Observethat(2.14)and(2.15)alsoimply that
D ½ ¤QF 9 ( D ½ 9 F¯¤ .

Quadric In projective 3-space� P similar conceptsexist. Thesearequadrics. A
quadric is thelocusof all points

�
satisfyingahomogeneousquadraticequation:� I1¾ � (�*wR (2.16)

where¾ is a ���¿� symmetricmatrixonly definedupto scale.A quadricthusdepends
onnineindependentparameters.

Dual quadric Similarly, the dual conceptexists for planes.A dual quadric is the
locusof all planes

�
satisfyingahomogeneousquadraticequation:� I ¾ 9 � (�* (2.17)

where ¾ 9 is a ����� symmetricmatrixonly definedup to scaleandthusalsodepends
onnineindependentparameters.

Tangentto a quadric Similar to equation(2.13),thetangentplane
�

to aquadric¾
througha point

�
of thequadricis obtainedas� ( ¾ � X (2.18)

Relation betweenquadric and dual quadric When
�

variesalong the quadric,
it satisfies

� I ¾ � and thus the tangentplane
�

to ¾ at
�

satisfies
� I ¾ JNL � (À* .

This shows that the tangentplanesto a quadric ¾ arebelongingto a dual quadric¾ 9 = ¾ JNL (assuming¾ is of full rank).

Transformation of aquadric/dual quadric Thetransformationequationsfor quadrics
anddual quadricsundera homography

"
canbe obtainedin a similar way to Sec-

tion 2.2.3.Usingequations(2.8)and(2.9) thefollowing is obtained� ¤ I�¾�¤ � ¤ = � I " I " J`I1¾ " JNL " � (�*� ¤
I�¾ 9 ¤ � ¤ = � I " JML " ¾ 9 " I " J`I � (8*
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andthus ¾  ¢ ¾ ¤ = " J`I ¾ " JML (2.19)¾ 9  ¢ ¾ 9 ¤ = " ¾ 9 " I (2.20)

Observeagainthat
D ¾ ¤VF 9 ( D ¾ 9 F�¤ .

2.3 The stratification of 3D geometry

Usually theworld is perceivedasa Euclidean3D space.In somecases(e.g.starting
from images)it is not possibleor desirableto usethe full Euclideanstructureof 3D
space. It canbe interestingto only dealwith the morerestrictedand thussimpler
structureof projective geometry. An intermediatelayer is formedby the affine ge-
ometry. Thesestructurescanbe thoughtof asdifferentgeometricstratawhich can
beoverlaidon theworld. Thesimplestbeingprojective, thenaffine,next metricand
finally Euclideanstructure.

This conceptof stratificationis closelyrelatedto the groupsof transformations
actingongeometricentitiesandleaving invariantsomepropertiesof configurationsof
theseelements.Attachedto theprojectivestratumis thegroupof projective transfor-
mations,attachedto theaffinestratumis thegroupof affine transformations,attached
to themetricstratumis thegroupof similaritiesandattachedto theEuclideanstratum
is thegroupof Euclideantransformations.It is importantto noticethat thesegroups
aresubgroupsof eachother, e.g.the metric groupis a subgroupof the affine group
andbotharesubgroupsof theprojectivegroup.

An importantaspectrelatedto thesegroupsaretheir invariants.An invariant is
a propertyof a configurationof geometricentitiesthat is not alteredby any transfor-
mationbelongingto a specificgroup.Invariantsthereforecorrespondto themeasure-
mentsthatonecandoconsideringaspecificstratumof geometry. Theseinvariantsare
oftenrelatedto geometricentitieswhichstayunchanged– at leastasa whole– under
thetransformationsof a specificgroup.Theseentitieswill play a very importantrole
in this text. Recovering themallows to upgradethe structureof the geometryto a
higherlevel of thestratification.

In the following paragraphsthe differentstrataof geometryarediscussed.The
associatedgroupsof transformations,their invariantsandthecorrespondinginvariant
structuresarepresented.Thisideaof stratificationcanbefoundbackin [142] and[35].

2.3.1 Projectivestratum

Thefirst stratumis theprojective one. It is the lessstructuredoneandhastherefore
theleastnumberof invariantsandthelargestgroupof transformationsassociatedwith
it. Thegroupof projective transformationsor collineationsis themostgeneralgroup
of lineartransformations.

As seenin the previous chaptera projective transformationof 3D spacecanbe
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representedby a �;��� invertiblematrix

"¿Á = °ÂÂ±4Ã LTL Ã L�. Ã L P Ã L¯ÄÃ .CL Ã .T. Ã . P Ã .ÅÄÃ P L Ã P . Ã PTP Ã P ÄÃ Ä}L Ã Är. Ã Ä P Ã ÄTÄ
³©ÆÆ´

(2.21)

This transformationmatrix is only definedup to a nonzeroscalefactorandhasthere-
fore15degreesof freedom.

Relationsof incidence,collinearityandtangency areprojectively invariant. The
cross-ratiois an invariantpropertyunderprojective transformationsaswell. It is de-
fined asfollows: Assumethat the four points

� L R � . R � P and
� Ä arecollinear. Then

they canbe expressedas
� 
�( � 0 e 
 � ¤ (assumenoneis coincidentwith

� ¤ ). The
cross-ratiois definedasÇ � L R � .tÈ � P R � ÄpÉ ( e LÊ² e Pe LÊ² e ÄKË e .7² e Pe .7² e Ä X (2.22)

Thecross-ratiois not dependingon thechoiceof thereferencepoints
�

and
� ¤ andis

invariantunderthe groupof projective transformationsof � P . A similar cross-ratio
invariantcanbederivedfor four linesintersectingin apointor fourplanesintersecting
in a commonline.

Thecross-ratiocanin factbeseenasthecoordinateof a fourth point in thebasis
of thefirst three,sincethreepointsform a basisfor theprojective line ��L . Similarly,
two invariantscouldbeobtainedfor five coplanarpoints;and,threeinvariantsfor six
points,all in generalposition.

2.3.2 Affine stratum

Thenext stratumis theaffine one. In thehierarchyof groupsit is locatedin between
the projective and the metric group. This stratumcontainsmorestructurethanthe
projectiveone,but lessthanthemetricor theEuclideanstrata.Affinegeometrydiffers
from projectivegeometryby identifyingaspecialplane,calledtheplaneat infinity.

This planeis usuallydefinedby ' (Ì* and thus
�&% ( � *�*�*w� � I . The pro-

jective spacecanbe seenascontainingthe affine spaceunderthe mapping � P ¢� P Ë � -z2�5 � IÍ ¢ � -@265Î� � I . This is a one-to-onemapping. The plane ' (Ï*
in � P canbe seenascontainingthe limit points for

A � A ¢ÑÐ , sincethesepoints
are

��ÒHjÓZH�ÔHjÓZHÖÕHjÓZH LHjÓZH � I = � - % 2 % 5 % * � . This planeis thereforecalledtheplaneat
infinity

� %
. Strictly speaking,this planeis not part of the affine space,the points

containedin it can’t beexpressedthroughtheusualnon-homogeneous3-vectorcoor-
dinatenotationusedfor affine,metricandEuclidean3D space.

An affinetransformationis usuallypresentedasfollows:°± -/¤2�¤57¤
³´ ( °± � LTL � L¯. � L P� .CL � .Å. � . P�xP L �yP . �yPTP

³´×°± - 2 5
³´ 0 °± � LØÄ� .�Ä�yP Ä

³´
with Ù&Ú}Û D �y

��FÝÜ(+*
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Usinghomogeneouscoordinates,thiscanberewrittenasfollows
� ¤ = "¿Þ � with

"¿Þ = °ÂÂ± � LTL � L�. � L Pº� L¯Ä� .CL � .T. � . Pº� .ÅÄ� P L � P . � PÅP � P Ä* * * �
³©ÆÆ´ X (2.23)

An affine transformationcounts12 independentdegreesof freedom. It can easily
be verified that this transformationleaves the planeat infinity

� %
unchanged(i.e.� % = " J`IÞ � %

or
" IÞ � % = � % ). Note,however, that thepositionof pointsin the

planeat infinity canchangeunderan affine transformation,but that all thesepoints
staywithin theplane

� %
.

All projective propertiesarea fortiori affine properties.For the(morerestrictive)
affine groupparallelismis addedasa new invariantproperty. Linesor planeshaving
their intersectionin the planeat infinity arecalledparallel. A new invariantprop-
erty for this groupis the ratio of lengthsalonga certaindirection. Note that this is
equivalentto across-ratiowith oneof thepointsat infinity.

Fromprojectiveto affine Up to now it wasassumedthatthesedifferentstratacould
simplybeoverlaidontoeachother, assumingthattheplaneatinfinity isatits canonical
position(i.e.

�&% ( � *1*�*w� � I ). This is easyto achievewhenstartingfrom aEuclidean
representation.Startingfromaprojectiverepresentation,however, thestructureisonly
determinedup to anarbitraryprojective transformation.As wasseen,thesetransfor-
mationsdo– in general– not leave theplaneat infinity unchanged.

Therefore,in a specificprojective representation,theplaneat infinity canbeany-
where.In thiscaseupgradingthegeometricstructurefrom projectiveto affineimplies
thatonefirst hasto find thepositionof theplaneat infinity in theparticularprojective
representationunderconsideration.

This can be donewhen someaffine propertiesof the sceneare known. Since
parallellinesor planesareintersectingin theplaneat infinity, thisgivesconstraintson
thepositionof thisplane.In Figure2.1a projectiverepresentationof a cubeis given.
Knowing this is a cube,threevanishingpointscanbeidentified.Theplaneat infinity
is theplanecontainingthese3 vanishingpoints.

Ratiosof lengthsalongalinedefinethepointat infinity of thatline. In thiscasethe
points

� U , � L , � . andthecross-ratio

Ç � L R � .tÈ � U R ��% É areknown, thereforethepoint�&%
canbecomputed.
Oncetheplaneat infinity

�&%
is known, onecanupgradetheprojective represen-

tationto anaffine oneby applyinga transformationwhich bringstheplaneat infinity
to its canonicalposition.Basedon (2.9) thisequationshouldthereforesatisfy°ÂÂ± *** �

³ ÆÆ´ = " J`I � % or
" I °ÂÂ± *** �

³ ÆÆ´ = � % (2.24)
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Figure2.1: Projective(left) and affine (right) structures which are equivalentto a
cubeunder their respectiveambiguities. The vanishingpoints obtainedfrom lines
which are parallel in theaffinestratumconstrain thepositionof theplaneat infinity
in theprojectiverepresentation.Thiscanbeusedto upgradethegeometricstructure
fromprojectiveto affine.
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This determinesthe fourth row of
"

. Since,at this level, theotherelementsarenot
constrained,theobviouschoicefor thetransformationis thefollowing" ÁnÞ =àß�á P ® P * Pm I% �ãâ (2.25)

with m % thefirst 3 elementsof
�&%

whenthelastelementis scaledto 1. It is important
to note,however, thatevery transformationof theformß � *tPm I% �ãâ with Ù�Ú}Û��äÜ(�* (2.26)

maps
�&%

to
� *�*�*w� � I .

2.3.3 Metric stratum

The metric stratumcorrespondsto the groupof similarities. Thesetransformations
correspondto Euclideantransformations(i.e. orthonormaltransformation+ transla-
tion) complementedwith a scaling. Whenno absoluteyardstickis available,this is
thehighestlevel of geometricstructurethatcanberetrievedfrom images.Thisprop-
erty is crucialfor specialeffectssinceit enablesthepossibilityto usescalemodelsin
movies.

A metrictransformationcanberepresentedasfollows:°± -/¤2 ¤57¤
³´ ( ] °±�å LÅL å L�. å L På .rL å .T. å . På P L å P . å PTP

³´ °± - 2 5
³´ 0 °±�æ L¯Äæ .ÅÄæ P Ä

³´
(2.27)

with
å 
ç� thecoefficientsof anorthonormalmatrix. Thecoefficients

å 

� arerelatedby
6 independentconstraintsè P é ¨ L å 
 é å � é ( o 

� R D �ê�Í���Ö� È �ê�8�Î�Í�xF with o 
ç� the
Kronecker deltaL . This correspondsto the matrix relationthat

$ I $ ( $�$ I ( á
andthus

$ JNL ( $ I . Recallthat
$

is a rotationmatrix if andonly if
$�$ I ( á and

det
$ (z� . In particular, anorthonormalmatrixonly has3 degreesof freedom.Using

homogeneouscoordinates,(2.27)canberewrittenas
� ¤ = "�ë � , with

" ë = °ÂÂ± ] å LTL ] å L¯. ] å L P æ Ò] å .CL ] å .Å. ] å . P æ Ô] å P L ] å P . ] å PÅP æ Õ* * * �
³ ÆÆ´

(2.28)

A metric transformationthereforecounts7 independentdegreesof freedom,3 for
orientation,3 for translationand1 for scale.

In this casetherearetwo importantnew invariantproperties:relativelengthsand
angles. Similar to the affine case,thesenew invariantpropertiesare relatedto anì

TheKronecker deltais definedasfollows í�î�ï ðÊñ¡ò for ó ñ�ôî�ï ðÊñ�õ for óMöñ�ô .
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Figure2.2: Theabsoluteconic
,

andtheabsolutedualquadric
, 9

in 3D space.

*ωω oooo

Figure2.3: Theabsoluteconic < % and dual absoluteconic < 9% representedin the
purely imaginarypart of theplaneat infinity

� %
invariantgeometricentity. Besidesleaving theplaneat infinity unchangedsimilarity
transformationsalsotransformaspecificconicinto itself, i.e. theabsoluteconic. This
geometricconceptis moreabstractthanthe planeat infinity. It could be seenasan
imaginarycircle locatedin the planeat infinity. In this text the absoluteconic is
denotedby

,
. It will beseenthat it is oftenmorepracticalto representthis entity in

3D spaceby its dualentity
, 9

. Whenonly theplaneat infinity is underconsideration,< % and < 9% areusedto representtheabsoluteconicandthedualabsoluteconic(these
are2D entities).Figure2.2 andFigure2.3 illustratetheseconcepts. Thecanonical
form for theabsoluteconic

,
is:, Ë - . 0�2 . 0�5 . (�* and ')(8* (2.29)

Notethattwo equationsareneededto representthisentity. Theassociateddualentity,
the absolutedualquadric

, 9
, however, canbe representedasa singlequadric. The
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canonicalform is: , 9 = °ÂÂ± �÷*ø*ù** �º*ù**ù* �÷**ù*ø*ù*
³©ÆÆ´ X (2.30)

Notethat
�&% ( � *�*�*w� � I is thenull spaceof

,:9
. Let

�&% = � -z2�5�* � I bea point
of theplaneat infinity, thenthatpoint in theplaneat infinity is easilyparameterized
as � % = � -ä2�5 � I . In thiscasetheabsoluteconiccanberepresentedasa 2D conic:< % = °± �÷*ú** �»**ù* �

³´
and < 9% = °± �÷*ø** �º**ù* �

³´ X (2.31)

According to (2.28), applying a similarity transformationto
�&%

resultsin � %  ¢� ¤ % = ] $ � % . Usingequations(2.14),(2.15)and(2.20),it cannow beverifiedthat
a similarity transformationleaves the absoluteconic and its associatedentitiesun-
changed: ß á P ® P * P*xIP * â =Ìß ] $ û*{IP � â ß á P ® P * P*{IP * â ß ] $ û*xIP � â I (2.32)

and á P ® P = ] JNL $ J`I á P ® P $ JML ] JML á P ® P = ] $ á P ® P $ I ] (2.33)

Inversely, it is easyto provethattheprojective transformationswhich leave theabso-
lute quadricunchangedform thegroupof similarity transformations(thesamecould
bedonefor theabsoluteconicandtheplaneat infinity):ß á P ® P÷ü{PüyIP *ýâ = ß � þÿ I ��â ß á P ® P÷üxPüyIP * â ß ��I ÿþ\I ��â = ß �ê� I � ÿÿ I^��I ÿ I ÿ â
Therefore�ê��I = á P ® P and ÿ (�ü{P whichareexactly theconstraintsfor asimilarity
transformation.

Anglescanbe measuredusingLaguerre’s formula (seefor example[142]). As-
sumetwo directionsarecharacterizedby their vanishingpoints � and ��¤ in theplane
at infinity (i.e. theintersectionof a line with theplaneat infinity indicatingthedirec-
tion). Computethe intersectionpoints � and �x¤ betweenthe absoluteconic andthe
line throughthetwo vanishingpoints.Thefollowing formulabasedonthecross-ratio
thengivestheangle(with �f(�� ² � ):d ( �¥S� ���	�

Ç � L R
� . È �gR�� ¤ É (2.34)

From projectiveor affine to metric In somecasesit is neededto upgradethepro-
jective or affine representationto metric. This canbedoneby retrieving theabsolute
conicor oneof its associatedentities.Sincetheconicis locatedin theplaneat infinity,
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Figure2.4: Affine(left) andmetric(right) representationof a cube. Theright angles
andtheidenticallengthsin thedifferentdirectionsof a cubegiveenoughinformation
to upgradethestructure fromaffineto metric.

it is easierto retrieve it oncethisplanehasbeenidentified(i.e. theaffinestructurehas
beenrecovered).It is, however, possibleto retrievebothentitiesat thesametime. The
absolutequadric

, 9
is especiallysuitedfor thispurpose,sinceit encodesbothentities

atonce.
Everyknown angleor ratio of lengthsimposesa constrainton theabsoluteconic.

If enoughconstraintsareathand,theconiccanuniquelybedetermined.In Figure2.4
the cubeof Figure2.1 is further upgradedto metric (i.e. the cubeis transformedso
thatobtainedanglesareorthogonalandthesidesall haveequallength).

Oncetheabsoluteconichasbeenidentified,thegeometrycanbeupgradedfrom
projective or affine to metricby bringingit to its canonical(metric)position. In Sec-
tion 2.3.2theprocedureto go from projective to affine wasexplained.Therefore,we
canrestrictourselveshereto theupgradefrom affineto metric. In thiscase,theremust
beanaffine transformationwhich bringstheabsoluteconicto its canonicalposition;
or, inversely, from its canonicalpositionto its actualpositionin theaffinerepresenta-
tion. Combining(2.23)and(2.20)yields, 9 = ß � �*{IP � â ß á P ® Pº*tP*xIP * â ß ��I *tP�yI � â ( ß �ê��I *{P*{IP * â (2.35)

Under thesecircumstancesthe absoluteconic and its dual have the following form
(assumingthestandardparameterizationof theplaneat infinity, i.e. ')(+* ):< % (�� J`I � JNL and < 9% (+��� I (2.36)

Onepossiblechoicefor thetransformationto upgradefrom affine to metricis"¿Þ ë ( ß �¡JNL * P*{IP * â (2.37)

wherea valid � can be obtainedfrom
, 9

by Cholesky factorization. Combining
(2.25)and(2.37) the following transformationis obtainedto upgradethe geometry
from projective to metricatonce" Á ë ( " Þ ë�" ÁMÞ ( ß �KJNL *{Pm % � â (2.38)
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2.3.4 Euclideanstratum

For the sake of completeness,Euclideangeometryis briefly discussed.It doesnot
differ muchfrom metricgeometryaswe have definedit here. Thedifferenceis that
thescaleis fixedandthatthereforenotonly relative lengths,but absolutelengthscan
bemeasured.Euclideantransformationshave 6 degreesof freedom,3 for orientation
and3 for translation.A Euclideantransformationhasthefollowing form

"
� = °ÂÂ± å LÅL å L¯. å L P æ Òå .rL å .Å. å . P æ Ôå P L å P . å PTP æ Õ* * * �
³ ÆÆ´

(2.39)

with
å 

� representingthe coefficientsof an orthonormalmatrix, asdescribedprevi-

ously. If
$

is a rotationmatrix (i.e. det
$ ( � ) then,this transformationrepresentsa

rigid motionin space.

2.3.5 Overview of the different strata

Thepropertiesof thedifferentstrataarebrieflysummarizedin Table2.1. Thedifferent
geometricstrataarepresented.The numberof degreesof freedom,transformations
andthe specificinvariantsaregiven for eachstratum. Figure2.5 givesan example
of anobjectwhich is equivalentto a cubeunderthedifferentgeometricambiguities.
Notefrom thefigurethatfor purposesof visualizationat leastametriclevel shouldbe
reached(i.e. is perceivedasa cube).

2.4 Conclusion

In thischaptersomeconceptsof projectivegeometrywerepresented.Thesewill allow
us,in thenext chapter, to describedtheprojectionfrom a sceneinto animageandto
understandthe intricaterelationshipswhich relatemultiple views of a scene.Based
on theseconceptsmethodscanbeconceivedthat inversethis processandobtain3D
reconstructionsof theobservedscenes.This is themainsubjectof this thesis.
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ambiguity DOF transformation invariants

projective 15
" Á ( °ÂÂ±4Ã LÅL Ã L¯. Ã L P Ã LØÄÃ .rL Ã .Å. Ã . P Ã .�ÄÃ P L Ã P . Ã PÅP Ã P ÄÃ ÄCL Ã ÄT. Ã Ä P Ã ÄÅÄ

³©ÆÆ´
cross-ratio

affine 12
" Þ ( °ÂÂ± � LTL � L�. � L P � L¯Ä� .CL � .T. � . P � .ÅÄ�yP L �xP . �yPÅPº�yP Ä* * * �

³ ÆÆ´ relativedistances
alongdirection

parallelism
planeat infinity

metric 7
"�ë ( °ÂÂ± ] å LTL ] å L¯. ] å L P æ��] å .CL ] å .Å. ] å . P æ��] å P L ] å P . ] å PTP æ��* * * �

³ ÆÆ´ relativedistances
angles
absoluteconic

Euclidean 6
"
� ( °ÂÂ± å LTL å L�. å L P æ �å .CL å .T. å . P æ��å P L å P . å PTP æ��* * * �

³ ÆÆ´
absolutedistances

Table2.1: Numberof degreesof freedom,transformationsandinvariantscorrespond-
ing to thedifferentgeometricstrata (thecoefficients

å 
ç� formorthonormalmatrices)
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Metric
(similarity)

Projective

Euclidean
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Figure2.5: Shapeswhich areequivalentto a cubefor thedifferentgeometricambigu-
ities



Chapter 3

Cameramodeland multiple
view geometry

3.1 Intr oduction

Beforediscussinghow 3D informationcanbeobtainedfrom imagesit is importantto
know how imagesareformed. First, thecameramodelis introduced;andthensome
importantrelationshipsbetweenmultipleviewsof a scenearepresented.

3.2 The cameramodel

In this work theperspective cameramodelis used.This correspondsto anidealpin-
holecamera.Thegeometricprocessfor imageformationin apinholecamerahasbeen
nicely illustratedby Dürer(seeFigure3.1). Theprocessis completelydeterminedby
choosingaperspectiveprojectioncenterandaretinalplane.Theprojectionof ascene
point is thenobtainedasthe intersectionof a line passingthroughthis point andthe
centerof projection� with theretinalplane� .

Mostcamerasaredescribedrelativelywell by thismodel.In somecasesadditional
effects(e.g.radialdistortion)haveto betakeninto account(seeSection3.2.5).

3.2.1 A simplemodel

In the simplestcasewherethe projectioncenteris placedat the origin of the world
frameandtheimageplaneis theplane 5�(Í� , theprojectionprocesscanbemodeled
asfollows: � ( Ò Õ � ( Ô Õ (3.1)

25
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Figure 3.1: Man Drawing a Lute (The Draughtsmanof the Lute), woodcut1525,
Albrecht Dürer.
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Figure3.2: Perspectiveprojection

For a world point
D -¡RT21RC57F and the correspondingimagepoint

D � R � F . Using the
homogeneousrepresentationof thepointsa linearprojectionequationis obtained:°± � � �

³´ = °± �÷*ø*ù** �º*ù**ù* �÷*
³´ °ÂÂ± - 2 5 �

³ ÆÆ´
(3.2)

This projectionis illustratedin Figure3.2. Theopticalaxispassesthroughthecenter
of projection � and is orthogonalto the retinal plane � . It’s intersectionwith the
retinalplaneis definedastheprincipalpoint ÿ .
3.2.2 Intrinsic calibration

With anactualcamerathefocal length � (i.e. thedistancebetweenthecenterof pro-
jectionandtheretinalplane)will bedifferentfrom 1, thecoordinatesof equation(3.2)
shouldthereforebescaledwith � to take this into account.

In additionthecoordinatesin theimagedo notcorrespondto thephysicalcoordi-
natesin theretinalplane.With a CCD cameratherelationbetweenbothdependson
the sizeandshapeof the pixelsandof the positionof the CCD chip in the camera.
With a standardphotocamerait dependson thescanningprocessthroughwhich the
imagesaredigitized.

Thetransformationis illustratedin Figure3.3.Theimagecoordinatesareobtained
throughthefollowing equations:°± � � �

³´ ( °Â±����� D Û���� d F ����  ��� �  ��
³©Æ´ °± �"!� !�

³´



28 Chapter3. Cameramodelandmultipleview geometry

p
y

xe

#p

ye

x

c

K
p

p
x

α

pixely

Figure3.3: Fromretinal coordinatesto imagecoordinates

where Ã � and Ã � are the width and the height of the pixels, ÿ ( �  �  � � � I is the
principalpoint and d theskew angleasindicatedin Figure3.3. Sinceonly theratios���� and ��$� areof importancethesimplifiednotationsof thefollowing equationwill be
usedin theremainderof this text:°± � � �

³´ ( °± � � %  �� �  ��
³´ °± �"!� !�

³´
(3.3)

with � � and � � beingthefocal lengthmeasuredin width andheightof thepixels,and%
a factoraccountingfor the skew dueto non-rectangularpixels. The above upper

triangularmatrix is calledthe calibration matrix of the camera;andthe notation
#

will beusedfor it. So,thefollowingequationdescribesthetransformationfromretinal
coordinatesto imagecoordinates. � ( # � ! X (3.4)

For mostcamerasthepixelsarealmostperfectlyrectangularandthus
%

is very close
to zero. Furthermore,the principal point is often closeto the centerof the image.
Theseassumptionscanoftenbeused,certainlyto getasuitableinitializationfor more
complex iterativeestimationprocedures.

For a camerawith fixed optics theseparametersareidentical for all the images
takenwith thecamera.For cameraswhichhavezoomingandfocusingcapabilitiesthe
focal lengthcanobviouslychange,but alsotheprincipalpointcanvary. An extensive
discussionof this subjectcanfor examplebefoundin thework of Willson [181, 179,
180, 182].

3.2.3 Cameramotion

Motion of scenepointscanbemodeledasfollows� ¤ ( ß $ û*{IP � â � (3.5)
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with
$

arotationmatrixand
û ( � æ � æ���æ�� � I a translationvector.

Themotionof thecamerais equivalentto aninversemotionof thesceneandcan
thereforebemodeledas � ¤ ( ß $ I ² $ I û*xIP � â � R (3.6)

with
$

and
û

indicatingthemotionof thecamera.

3.2.4 The projection matrix

Combiningequations(3.2), (3.3)and(3.6) thefollowing expressionis obtainedfor a
camerawith somespecificintrinsiccalibrationandwith aspecificpositionandorien-
tation:°± � � �

³´ = °± � � %  �* � �  �* * �
³´×°± �÷*ø*ù** �º*ù**ù* �÷*

³´ ß $ I -
$ I û*{IP � â

°ÂÂ± - 2 5 �
³ ÆÆ´ R

whichcanbesimplifiedto � = # � $ I -
$ I û � � (3.7)

or even � = � � X (3.8)

The ����� matrix
�

is calledthecamera projectionmatrix.
Using(3.8) theplanecorrespondingto a back-projectedimageline

�
canalsobe

obtained:Since
� I � = � I � � = � I � ,� = � I � (3.9)

The transformationequationfor projectionmatricescanbeobtainedasdescribedin
paragraph2.2.3.If thepointsof a calibrationgrid aretransformedby thesametrans-
formationasthecamera,their imagepointsshouldstaythesame:� = � ¤ � ¤ = � " JNL " � = � � (3.10)

andthus �  ¢ � ¤ = � " JNL (3.11)

The projectionof the outline of a quadriccan also be obtained. For a line in
animageto betangentto theprojectionof theoutlineof aquadric,thecorresponding
planeshouldbeonthedualquadric.Substitutingequation(3.9)in (2.17)thefollowing
constraint

� I � ¾ 9 � I � (8* is obtainedfor
�

to betangentto theoutline.Comparing
this resultwith the definition of a conic (2.10), the following projectionequationis
obtainedfor quadrics(this resultscanalsobefoundin [71]). :½ 9 = � ¾ 9 � I X (3.12)
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Relation betweenprojection matricesand imagehomographies

The homographiesthat will be discussedherearecollineationsfrom ��.�¢)��. . A
homography

�
describesthetransformationfrom oneplaneto another. A numberof

specialcasesareof interest,sincetheimageis alsoa plane.Theprojectionof points
of a planeinto an image � canbedescribedthrougha homography

� � 
 . Thematrix
representationof this homographyis dependenton thechoiceof theprojective basis
in theplane.

As animageis obtainedby perspectiveprojection,therelationbetweenpoints
� �

belongingto aplane
�

in 3D spaceandtheirprojections� � 
 in theimageis mathemat-
ically expressedby a homography

� � 
 . Thematrix of this homographyis foundas
follows. If theplane

�
is givenby

� = � m I�� � I andthepoint
� � of

�
is representedas� � = � � I� � � I , then

� � belongsto
�

if andonly if *¿( � I � � ( m I � � 0�� . Hence,� � =äß � �� â ( ß � �² m I � � â ( ß á P ® P² m I â � � X (3.13)

Now, if the cameraprojectionmatrix is
� 
 ( � ��
�& �x
 � , thentheprojection� � 
 of

� �
ontotheimageis � � 
 = � 
 � � ( � �ê
'& �x
 � ß á P ® P² m I â � �( � � 
 ² � 
 m I � � � X (3.14)

Consequently,
� � 
 = � 
 ² � 
 m I .

Note that for the specificplane
�)(�*�+ ( � *�*�*w� � I the homographiesaresimply

givenby
� (�*
+ 
 = � 
 .

It is alsopossibleto definehomographieswhich describethe transferfrom one
imageto theotherfor pointsandothergeometricentitieslocatedon a specificplane.
Thenotation

���

� will beusedto describesucha homographyfrom view � to � for a
plane

�
. Thesehomographiescanbeobtainedthroughthe following relation

���
ç� (� � � � JML� 
 andareindependentto reparameterizationsof theplane(andthusalsoto a
changeof basisin � P ).

In themetricandEuclideancase,��
1( # 
 $ I
 andtheplaneat infinity is
� % (� *t*t*\� � I . In this case,thehomographiesfor the planeat infinity canthusbewritten

as: � %

� ( # 
 $ I

� # JML
 R (3.15)

where
$ 
ç�7( $ I
 $ � is therotationmatrix thatdescribestherelativeorientationfrom

the �-,/. camerawith respecttop the �0,/. one.
In the projective andaffine case,onecanassumethat

� L ( � á P ® P & ü P � (sincein
this case

# 
 is unknown). In thatcase,thehomographies
� � L = á P ® P for all planes;

andthus,
� (�*
+L 
 ( � (�*�+ 
 . Therefore

� 
 canbefactorizedas� 
c( � � (�*�+L 
 & ! L 
 � (3.16)
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where ! L 
 is theprojectionof thecenterof projectionof thefirst camera(in thiscase,� *�*�*w� � I ) in image � . This point ! L 
 is called the epipole, for reasonswhich will
becomeclearin Section3.3.1.

Notethat this equationcanbeusedto obtain
� (�*�+L 
 and ! L 
 from

� 
 , but thatdue
to the unknown relative scalefactors

� 
 can,in general,not beobtainedfrom
� (�*�+L 


and ! L 
 . Observe also that, in the affine case(where
� % ( � *{*t*\� � I ), this yields� 
c( � � % L 
 & ! L 
 � .

Combiningequations(3.14)and(3.16),oneobtains� � L 
 ( � (�*�+L 
 ² ! L 
 m I (3.17)

Thisequationgivesanimportantrelationshipbetweenthehomographiesfor all possi-
ble planes.Homographiescanonly differ by a term ! L 
 � � ² m ¤ � I . This meansthatin
theprojectivecasethehomographiesfor theplaneat infinity areknown up to 3 com-
monparameters(i.e. thecoefficientsof m % in theprojectivespace).Equations(3.17)
and(3.15)will playanimportantrole in Chapter5.

Equation(3.16)alsoleadsto aninterestinginterpretationof thecameraprojection
matrix: � L = � á P ® P1& üxP � ß � � â ( � (3.18)� 
 = � � (�*�+L 
 & ! L 
 � ß � � â ( � (�*
+L 
 � 0 ! L 
 (3.19)( e � (�*�+L 
 � L 0 ! L 
n( � 
 D e ß � L* â 0 ß üxP� â F (3.20)

In otherwords,a point can thusbe parameterizedasbeingon the line throughthe
opticalcenterof thefirst camera(i.e.

� *t*{*&� � I ) andapoint in thereferenceplane
�)(�*�+

.
This interpretationis illustratedin Figure3.4.

3.2.5 Deviations fr om the cameramodel

Theperspective cameramodeldescribesrelatively well the imageformationprocess
for mostcameras.However, whenhighaccuracy is requiredor whenlow-endcameras
areused,additionaleffectshaveto betakeninto account.

Thefailuresof theopticalsystemtobringall light raysreceivedfromapointobject
to asingleimagepointor to aprescribedgeometricpositionshouldthenbetakeninto
account.Thesedeviationsarecalledaberrations.Many typesof aberrationsexist (e.g.
astigmatism,chromaticaberrations,sphericalaberrations,comaaberrations,curvature
of field aberrationanddistortionaberration).It is outsidethe scopeof this work to
discussthemall. Theinterestedreaderis referredto thework of Willson [181] andto
thephotogrammetryliterature[147].

Many of theseeffectsarenegligible undernormalacquisitioncircumstances.Ra-
dial distortion,however, canhave a noticeableeffect for shorterfocal lengths.Radial
distortionis a lineardisplacementof imagepointsradially to or from thecenterof the
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Figure3.4: A point
�

canbeparameterizedas � L 0 e �)(�*�+ . Its projectionin another
image can thenbe obtainedby transferring� L according to

�)(�*�+
(i.e. with

� (�*�+L 
 ) to
image � andapplyingthesamelinear combinationwith theprojection ! L 
 of � L (i.e.� 
 = ! L 
g0 e � (�*
+L 
 � L ).
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image,causedby thefact thatobjectsat differentangulardistancefrom thelensaxis
undergodifferentmagnifications.

It is possibletocancelmostof thiseffectby warpingtheimage.Thecoordinatesin
undistortedimageplanecoordinates

D � R � F canbeobtainedfrom theobservedimage
coordinates

D �32 R � 2 F by thefollowing equation:� ( �42 0 D �32 ²  � F D65 L å .Ê0 5 . å Ä 0 XZXYX F� ( � 2 0 D � 2 ²  � F D65 L å . 0 5 . å ÄÊ0 XZXYX F (3.21)

where
5 L and

5 . arethefirst andsecondparametersof theradialdistortionandå ( D � 2 ²  � F . 0 D � 2 ²  � F . X
Notethat it cansometimesbenecessaryto allow thecenterof radialdistortionto be
differentfrom theprincipalpoint [182].

When the focal lengthof the camerachanges(throughzoomor focus) the pa-
rameters

5 L and
5 . will alsovary. In a first approximationthis canbemodeledas

follows: � ( � 2 0 D � 2 ²  � F D/5 � L37 ·� · 0 5 � .87 9� 9 0 XYXZX F� ( � 2 0 D � 2 ²  � F D/5 � L 7 ·� · 0 5 � . 7 9� 9 0 XYXZX F (3.22)

Dueto thechangesin thelenssystemthis is only anapproximation,exceptfor digital
zoomswhere(3.22)is exact.

3.3 Multi view geometry

Differentviewsof a scenearenotunrelated.Severalrelationshipsexist betweentwo,
threeor moreimages.Thesearevery importantfor thecalibrationandreconstruction
from images.Many insightsin theserelationshipshavebeenobtainedin recentyears.

3.3.1 Two view geometry

In this sectionthe following questionwill be addressed:Given an image point in
oneimage, doesthis restrictthepositionof thecorrespondingimagepoint in another
image? It turnsout that it doesandthat this relationshipcanbe obtainedfrom the
calibrationor evenfrom a setof prior pointcorrespondences.

Although the exactpositionof the scenepoint
�

is not known, it is boundto be
on theline of sightof thecorrespondingimagepoint � . This line canbeprojectedin
anotherimageandthecorrespondingpoint � ¤ is boundto beon thisprojectedline

� ¤ .
This is illustratedin Figure3.5. In factall thepointson theplane

�
definedby thetwo

projectioncentersand
�

have their imageon
� ¤ . Similarly, all thesepointsarepro-

jectedonaline
�

in thefirst image.
�

and
� ¤ aresaidto bein epipolarcorrespondence

(i.e. thecorrespondingpointof everypointon
�

is locatedon
� ¤ , andviceversa).

Every planepassingthroughbothcentersof projection � and �y¤ resultsin sucha
setof correspondingepipolarlines,ascanbeseenin Figure3.6. All theselinespass
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Figure 3.5: Correspondencebetweentwo views. Evenwhenthe exact position of
the3D point

�
correspondingto the image point � is not known,it hasto beon the

line through � which intersectsthe image planein � . Sincethis line projectsto the
line

� ¤ in theother image, thecorrespondingpoint � ¤ shouldbe locatedon this line.
More generally, all thepointslocatedon theplanedefinedby � , � ¤ and

�
havetheir

projectionon
�

and
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Figure 3.6: Epipolar geometry. The line connecting� and �x¤ definesa bundle of
planes. For every one of theseplanesa correspondingline can be found in each
image, e.g. for

�
theseare

�
and

� ¤ . All 3D pointslocatedin
�

projecton
�

and
� ¤ and

thusall pointson
�

havetheir correspondingpoint on
� ¤ andviceversa. Theselines

are saidto bein epipolarcorrespondence. All theseepipolarlinesmustpassthrough! or ! ¤ , which are theintersectionpointsof theline �1�{¤ with theretinalplanes� and� ¤ respectively. Thesepointsarecalledtheepipoles.
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throughtwo specificpoints ! and ! ¤ . Thesepointsarecalledthe epipoles, andthey
aretheprojectionof thecenterof projectionin theoppositeimage.

Thisepipolargeometrycanalsobeexpressedmathematically. Thefactthatapoint� is onaline
�

canbeexpressedas
� I � (8* . Thelinepassingtrough� andtheepipole! is � = � ! � ® � R (3.23)

with
� ! ��® theantisymmetric����� matrix representingthevectorialproductwith ! .

From (3.9) the plane
�

correspondingto
�

is easilyobtainedas
� = � I � and

similarly
� = � ¤ I � ¤ . Combiningtheseequationsgives:� ¤ =>= � ¤ I@? O � I �
A � JNI � (3.24)

with B indicatingtheMoore-Penrosepseudo-inverse.Thenotation
� JNI is inspired

by equation(2.7).Substituting(3.23)in (3.24)resultsin� ¤ = � J`I � ! ��® � X
Defining

 ( � JNI � ! � ® , weobtain � ¤ =  � R (3.25)

andthus, � ¤
I  � (�* X (3.26)

This matrix
 

is calledthe fundamentalmatrix. Theseconceptswereintroducedby
Faugeras[36] andHartley [51]. Sincethenmany peoplehave studiedtheproperties
of this matrix (e.g.[85, 86]) anda lot of effort hasbeenput in robustlyobtainingthis
matrix from apairof uncalibratedimages[162, 163, 186].

Having the calibration,
 

canbe computedanda constraintis obtainedfor cor-
respondingpoints. Whenthe calibrationis not known equation(3.26) canbe used
to computethe fundamentalmatrix

 
. Every pair of correspondingpointsgivesone

constrainton
 

. Since
 

is a ���Î� matrix which is only determinedup to scale,it
has ��� � ² � unknowns. Therefore8 pairsof correspondingpointsaresufficient to
compute

 
with a linearalgorithm.

Note from (3.25) that
 ! ( * , because

� ! ��® ! (ã* . Thus,rank
 ( ¥ . This is

anadditionalconstrainton
 

andtherefore7 point correspondencesaresufficient to
compute

 
througha nonlinearalgorithm.In Section7.3.1therobustcomputationof

thefundamentalmatrix from imageswill bediscussedin moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealsoexists an importantrelationshipbetweenthe homographies
���
ç� andthe

fundamentalmatrices
 
ç� . Let � 
 be a point in image � . Then � � = ���

� � 
 is the

correspondingpoint for theplane
�

in image� . Therefore,� � is locatedon thecorre-
spondingepipolarline; and, D|� � 
ç� � 
uF I  

� � 
c(�* (3.27)
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shouldbeverified. Moreover, equation(3.27)holdsfor every imagepoint � 
 . Since
thefundamentalmatrixmapspointsto correspondingepipolarlines,

 

� � 
 = ! 

�1� � �
andequation(3.27) is equivalentto � I� � ! 
ç� �¯® � � 

� � 
�(ý* . Comparingthis equation
with � I�  
ç� � 
:( * , andusingthat theseequationsmusthold for all imagepoints � 

and � � lying oncorrespondingepipolarlines,it follows that: 
ç� = � ! 

� ��® � � 
ç� X (3.28)

Let
� � bea line in image� andlet

�
betheplaneobtainedby back-projecting

� �
into space.If � � 
 is the imageof a point of this planeprojectedin image � , thenthe
correspondingpointin image� mustbelocatedonthecorrespondingepipolarline (i.e. 
ç� � � 
 ). Sincethis point is alsolocatedon theline

� � it canbeuniquelydetermined
astheintersectionof both(if theselinesarenot coinciding):

� �¿�  
ç� � � 
 . Therefore,
thehomography

���

� is givenby
� � � ��®  
ç� . Notethat,sincetheimageof theplane

�
is a line in image� , this homographyis not of full rank. An obviouschoiceto avoid
coincidenceof

� � with theepipolarlines,is
� � = ! 
ç� sincethis line doescertainlynot

containtheepipole(i.e. ! I
ç� ! 

�;Ü(+* ). Consequently,� ! 

� � ®  
ç� (3.29)

correspondsto the homographyof a plane. By combining this result with equa-
tions (3.16)and(3.17)onecanconcludethat it is alwayspossibleto write the pro-
jectionmatricesfor two viewsas� L ( � á P ® PC&¯*{P �� . ( � � ! L¯. �¯®  L¯. ² ! L¯. m ID& ! L�. � (3.30)

Note that this is an importantresult, sinceit meansthat a projective camerasetup
canbeobtainedfrom thefundamentalmatrixwhichcanbecomputedfrom 7 or more
matchesbetweentwo views. Note alsothat this equationhas4 degreesof freedom
(i.e. the 3 coefficients of m and the arbitrary relative scalebetween

 L�. and ! L�. ).
Therefore,this equationcanonly beusedto instantiatea new frame(i.e. anarbitrary
projectiverepresentationof thescene)andnot to obtaintheprojectionmatricesfor all
theviewsof asequence(i.e.compute

� P R � Ä R XYXZX ). How thiscanbedoneis explained
in Section7.3.3.

3.3.2 Threeview geometry

Consideringthreeviews it is, of course,possibleto groupthemin pairsandto getthe
two view relationshipsintroducedin the last section. Using thesepairwiseepipolar
relations,theprojectionof a point in thethird imagecanbepredictedfrom thecoor-
dinatesin thefirst two images.This is illustratedin Figure3.7. Thepoint in thethird
imageis determinedasthe intersectionof the two epipolarlines. This computation,
however, is notalwaysverywell conditioned.Whenthepoint is locatedin thetrifocal
plane(i.e. the planegoing throughthe threecentersof projection),it is completely
undetermined.
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Figure3.7: Relationbetweenthe image of a point in threeviews. Theepipolar lines
of points � and � ¤ couldbeusedto obtain � ¤ ¤ . Thisdoes,however, not exhaustall the
relationsbetweenthethreeimages. For a point locatedin the trifocal plane(i.e. the
planedefinedby �gR��y¤ and �x¤ ¤ ) this wouldnot givea uniquesolution,althoughthe3D
pointcouldstill beobtainedfromits imagein thefirst twoviewsandthenbeprojected
to � ¤ ¤ . Therefore, onecanconcludethat in thethreeview casenot all theinformation
is describedby the epipolargeometry. Theseadditional relationshipsare described
by thetrifocal tensor.

Fortunately, thereareadditionalconstraintsbetweentheimagesof apoint in three
views. Whenthe centersof projectionarenot coinciding,a point canalwaysbe re-
constructedfrom two views. This point thenprojectsto a uniquepoint in the third
image,ascanbe seenin Figure3.7, even whenthis point is locatedin the trifocal
plane.For two views,no constraintis availableto restrictthepositionof correspond-
ing lines. Indeed,back-projectinga line formsa plane,theintersectionof two planes
always resultsin a line. Therefore,no constraintcan be obtainedfrom this. But,
having threeviews, the imageof the line in the third view canbepredictedfrom its
locationin thefirst two images,ascanbeseenin Figure3.8. Similar to whatwasde-
rivedfor two views,therearemulti linearrelationshipsrelatingthepositionsof points
and/orlinesin threeimages[148]. Thecoefficientsof thesemulti linearrelationships
canbe organizedin a tensorwhich describesthe relationshipsbetweenpoints[144]
andlines [54] or any combinationthereof[56]. Several researchershave workedon
methodsto computethetrifocal tensor(e.g.see[160, 161]).

Thetrifocal tensor
"

is a �;�¡���K� tensor. It contains27 parameters,only 18 of
which areindependentdueto additionalnonlinearconstraints.Thetrilinear relation-
shipfor apoint is givenby thefollowing equationL :	�
 D 	 ¤� 	 ¤ ¤é�E 
 PTP ² 	 ¤ ¤éFE 
ç�ÅP ² 	 ¤� E 
 P é 0 E 

� é F�(�* (3.31)

Any triplet of correspondingpointsshouldsatisfythisconstraint.ì
TheEinsteinconventionis used(i.e. indicesthatarerepeatedshouldbesummedover).



38 Chapter3. Cameramodelandmultipleview geometry

C"

C’

C
l l"

l’

Figure3.8: Relationbetweentheimageof a line in threeimages.Whilein thetwoview
casenoconstraintsare availablefor lines,in thethreeview caseit is alsopossibleto
predictthepositionof a line in a third imagefromits projectionin theothertwo. This
transferis alsodescribedby thetrifocal tensor.

A similar constraintappliesfor lines. Any triplet of correspondinglines should
satisfy: � 
 = � ¤� � ¤ ¤é E 
ç� é
3.3.3 Multi view geometry

Many peoplehavebeenstudyingmulti view relationships[62, 165, 39]. Withoutgoing
into detailwe would like to give someintuitive insightsto thereader. For a morein
depthdiscussionthereaderis referredto [98].

An imagepointhas2 degreesof freedom.But � imagesof a3D pointdonothave¥p� degreesof freedom,but only 3. So,theremustbe ¥p� ² � independentconstraints
betweenthem.For lines,which alsohave2 degreesof freedomin theimage,but 4 in
3D space,� imagesof a line mustsatisfy ¥S� ² � constraints.

Somemorepropertiesof theseconstraintsareexplainedhere.A line canbeback-
projectedinto spacelinearly(3.9).A pointcanbeseenastheintersectionof two lines.
To correspondto arealpointor line theplanesresultingfrom thebackprojectionmust
all intersectin asinglepointor line. This is easilyexpressedin termsof determinants,
i.e. & � L � . � P � Ä &t(8* for pointsandthatall the ��� � subdeterminantsof

� � L � . � P � should
be zerofor lines. This explainswhy the constraintsaremulti linear, sincethis is a
propertyof columnsof adeterminant.In additionnoconstraintscombiningmorethan
4 imagesexist, sincewith 4-vectors(i.e. the representationof theplanes)maximum�Ê�:� determinantscanbeobtained.Thetwofocal(i.e. thefundamentalmatrix)andthe
trifocal tensorshave beendiscussedin thepreviousparagraphs,recentlyHartley [59]
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proposedanalgorithmfor thepracticalcomputationof thequadrifocaltensor.

3.4 Conclusion

In thischaptersomeimportantconceptswereintroduced.A geometricdescriptionof
the imageformationprocesswasgivenandthe cameraprojectionmatrix wasintro-
duced.Someimportantrelationshipsbetweenmultiple views werealsoderived. The
insightsobtainedby carefully studyingthesepropertieshave shown that it is possi-
ble to retrieve a relative calibrationof a two view camerasetupfrom point matches
only. This is an importantresultwhich will be exploited further on to obtaina 3D
reconstructionstartingfrom theimages.
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Chapter 4

Self-calibration

4.1 Intr oduction

Oneof themaincontributionsof this work is on thesubjectof self-calibration.Be-
fore discussingthespecificalgorithmsthatweredeveloped,thegeneralconceptsand
severalmethodsdevelopedby otherswill bediscussed.

Thischapteris organizedasfollows.First it is showedthatwithoutadditionalcon-
straintsa reconstructionobtainedfrom imagesis only determinedup to an arbitrary
projectivetransformation.Beforediscussingthepossibilityof self-calibrationthetra-
ditionalapproachesfor calibrationarebriefly reviewed.Themainpartof thischapter
is thendedicatedto the subjectof self-calibration.The most importantexisting ap-
proachesfor generalmotionarereviewed.Theworkof Faugeras/Maybank/Luong/Zeller[37,
85, 87, 183], Hartley [53], HeydenandÅström [60], Triggs [166] andPollefeys and
VanGool [124] is presented.Somespecificmethodsfor restrictedmotionsarealso
discussed.Thecasesof puretranslation[173, 100], purerotation[55] andplanarmo-
tion [3, 33] arepresented.Finally, thesubjectof motionsequencewhichdonotallow
self-calibrationis discussed.Thework of Sturm[150] oncritical motionsequencesis
presentedandsomenew resultsareadded.Thelastsectionsummarizesthischapter.

4.2 Projectiveambiguity

Supposea set of imagesof a static sceneis given. If the calibration,positionand
orientationof thecamerasareknown, it is possibleto reconstructtheobservedscene
points. Two (or more)correspondingimagepoints(i.e. pointscorrespondingto the
samescenepoint) can be usedto obtain the reconstructionof a scenepoint. This
reconstructedpoint is computedastheintersectionof theraysof sightcorresponding
to theimagepoints.This reconstructionis uniquelydeterminedin space.

In the uncalibratedcasethe cameracalibration,orientationandpositionareun-
known. In themostgeneralcasethefollowing assumptionsaremade:

41



42 Chapter4. Self-calibrationW The intrinsic cameraparametersareunknown. Differentcamera(s)(settings)
couldbeusedfor everyview. Therefore,theparametersof thecalibrationmatrix#

areunknown andcanbedifferentfor every view. This means,in general,5
unknown parametersperview.W Theextrinsic cameraparametersarealsounknown. Thepositionandthe ori-
entationof thecameraareunknown andcanbedifferentfor every view. This
means6 otherunknown parametersfor everyview.W Theonlyassumptionaboutthesceneis thatit is static.Everypointhas3degrees
of freedom.

Due to the first two assumptions
�

is unconstrained.The first �K�3� part is deter-
mined by the productof

#
and

$
. It can be proven (using the propertiesof the

QR-decomposition)thatany matrixcanbeobtainedupto scale.It is clearthatthelast
column,beinggivenby -

$ I û , is alsounconstrained.Fromthe threeassumptionsit
follows thatthepoints

�
areunconstrained(exceptthatthesame

�
hasto beusedfor

all theviews). In conclusionboth
�

and
�

areunconstrained.
Let usassumethata reconstructionwasobtained,whichcorrespondsto theorigi-

nal sceneup to aprojective transformation.This reconstructionconsistsof bothcam-
eraprojectionmatricesandscenepoints.How this canbeachievedwill beexplained
in Chapter7. Assumefor now thata valid reconstructioncouldbeobtainedfor some
imagepoints. This meansthat for the imagepoints � 
 ¦ (with � referringto theimage
in which thepointappearsand � indicatingfrom whichscenepoint it wasprojected)a
reconstruction

Ç � 
ÅR � ¦ É wasobtained.This reconstructionmustsatisfythefollowing
equation: � 
 ¦ = � 
 � ¦ R G��rRÅ� X
In thiscase,however, alsothefollowing equationwill besatisfied:� 
 ¦ = D|� 
 " JNL F D " � ¦ F = � ¤
 � ¤¦ R G��rRÅ�xR
with

� ¤
 ( � 
 " JML and
� ¤¦ ( " � ¦ where

"
is an arbitraryprojective transforma-

tion. This meansthat

Ç � ¤
 R � ¤¦ É is alsoa possiblereconstruction.Without additional
constraintsthereconstructionthereforeis only determinedup to anarbitraryprojec-
tive transformation.This is calleda projectivereconstructionof thescene.Only the
projectivestratumof thegeometryis retrieved.

Althoughthiscanbesufficient for someapplications[135], for many applications
aprojectivereconstructionis notusable.For visualization,for example,at leastamet-
ric representationis needed.The informationthat is neededto updatetheprojective
reconstructionto a metricstratumaremetricquantitiesof thescene,or, somecalibra-
tion informationaboutthecamera.Thelattercanconsistof constraintsontheintrinsic
or extrinsicparametersof thecamera.

A projectivereconstructionis determinedupto anarbitraryprojectivetransforma-
tion thathas15degreesof freedom.For themetriccasetheambiguitytransformation
only has7 degreesof freedom. This meansthat 8 independentconstraintsshould,
in general,be sufficient to performan upgradeof the calibrationfrom projective to
metric.How thiscanbeachievedis describedin thenext sections.
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4.3 Calibration

In this sectionsomeexisting calibrationapproachesarebriefly discussed.Thesecan
be basedon Euclideanor metric knowledgeaboutthe sceneor aboutthe cameraor
its motion. Oneapproachconsistsof first computinga projective reconstructionand
thenupgradingit a posteriorito a metric (or Euclidean)reconstructionby imposing
someconstraints.Thetraditionalapproacheshoweverimmediatelygofor ametric(or
Euclidean)reconstruction.

4.3.1 Sceneknowledge

The knowledgeof (relative) distancesor anglesin the scenecanbe usedto obtain
informationaboutthemetricstructure.Oneof theeasiestmeansto calibratethescene
atametriclevel is theknowledgeof therelativepositionof 5 or morepointsin general
position.Assumethepoints

� ¤¦ arethemetriccoordinatesof thereconstructedpoints� ¦ , thenthe transformation
"

which upgradesthe reconstructionfrom projective to
metriccanbeobtainedfrom thefollowing equations� ¤¦ = " � ¦ or e ¦ � ¤¦ ( " � ¦ (4.1)

which can be rewritten as linear equationsby eliminating e ¦ . Boufamaet al. [12]
investigatedhow someEuclideanconstraintscouldbeimposedonanuncalibratedre-
construction.Theconstraintsthey dealtwith areknown 3D points,pointsonaground
plane,verticalalignmentandknown distancesbetweenpoints.BondyfalatandBoug-
noux[11] recentlyproposedamethodin whichtheconstraintsarefirst processedby a
geometricreasoningsystemsothata minimal representationof thesceneis obtained.
Theseconstraintscanbeincidence,parallelismandorthogonality. This minimal rep-
resentationis thenfed to a constrainedbundleadjustment.

The traditionalapproachtaken by photogrammetrists[16, 47, 147, 48] consists
of immediatelyimposingthepositionof known controlpointsduringreconstruction.
Thesemethodsusebundleadjustment[17] which is a globalminimizationof there-
projectionerror. Thiscanbeexpressedthroughthefollowing criterion:HJILK �	M ¦ON ( �§ 
 ¨ L §¦QP	RLSUT D � ¦ 
 ² � 
 D � ¦ FÅF . 0 D � ¦ 
 ² � 
 D � ¦ FÅF .WV (4.2)

whereXY
 is thesetof indicescorrespondingto thepointsseenin view � and
� 
 D � ¦ F de-

scribedtheprojectionof apoint
� ¦ with camera

� 
 takingall distortionsinto account.
Note that

� ¦ is known for control pointsand unknown for otherpoints. It is clear
thatthisapproachresultsin ahugeminimizationproblemandthat,evenif thespecial
structureof theJacobianis takeninto account,it is computationallyveryexpensive.

Calibration object In thecaseof a calibrationobject,theparametersof thecamera
areestimatedusinganobjectwith known geometry. Theknown calibrationcanthen
beusedto immediatelyobtainmetricreconstructions.
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Many approachesexist for this typeof calibration.Mostof thesemethodsconsist
of a two stepprocedurewherea calibrationis obtainedfirst for a simplified (linear)
modelandthenamorecomplex model,takingdistortionsinto account,is fitted to the
measurements.Thedifferencebetweenthemethodsmainly lies in thetypeof calibra-
tion objectthatis expected(e.g.planaror not)or thecomplexity of thecameramodel
that is used.Someexisting techniquesareFaugerasandToscani[32], Weng,Cohen
andHerniou[177], Tsai [169, 170] (seealsothe implementationby Willson [181])
andLenzandTsai[81].

4.3.2 Cameraknowledge

Knowledgeaboutthe cameracan also be usedto restrict the ambiguityon the re-
constructionfrom projective to metric or even beyond. Differentparametersof the
cameracanbeknown. Both knowledgeabouttheextrinsic parameters(i.e. position
andorientation)astheintrinsicparameterscanbeusedfor calibration.

Extrinsic parameters Knowing therelativepositionof theviewpoints,is equivalent
to knowing the relative positionof 3D points. Therefore,the relative positionof 5
viewpointsin generalpositionsufficesto obtaina metric reconstruction.This is the
principle behindthe omnirig [143] recentlyproposedby Shashua.I useda similar
approachin [126, 125] to canceltheeffect of a changein focal lengthfor stereorigs
(seeSection5.4.3).

It is lessobviousto dealwith theorientationparameters,exceptwhentheintrinsic
parametersarealsoknown (seebelow).

Intrinsic parameters If theintrinsiccameraparametersareknown, it is possibleto
obtaina metricreconstruction.This calibrationcanfor examplebeobtainedthrough
off-line calibrationwith a calibrationobject. In the minimal caseof 2 views and
5 pointsmultiple solutionscanexist [38], but in generala uniquesolutionis easily
found.Traditionalstructurefrom motionalgorithmsassumeknown intrinsicparame-
tersandobtainmetricreconstructionsoutof it (e.g.[84, 168, 5, 21, 148, 156]).

Intrinsic and extrinsic parameters Whenboth intrinsic andextrinsic camerapa-
rametersareknown, the full cameraprojectionmatrix is determined.In this casea
Euclideanreconstructionis immediatelyobtainedby back-projectingthepoints.

In thecaseof knownrelativepositionandorientationof thecameras,thefirst view
canbealignedwith theworld framewithout lossof generality. If only the(relative)
orientationandthe intrinsic parametersareknown, thefirst ���¡� partof thecamera
projectionmatricesis known andit is still possibleto linearly obtainthetransforma-
tion whichupgradestheprojectivereconstructionto metric.
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4.4 Self-calibration

In many casesthe specificvaluesof the intrinsic or extrinsic cameraparametersare
not known. Often thereare, however, somerestrictionson theseparameters.Us-
ing theserestrictionsto achievea metriccalibrationis calledself-calibrationor auto-
calibration.Thetraditionalself-calibrationproblemis morerestricted.In thatcaseit
is assumedthatall intrinsic cameraparametersareunknown but constantandthatthe
motionof thecamerais unrestricted.This correspondsto anunknown camerawhich
is freely movedaround(e.g.hand-held).This problemhasbeenaddressedby many
researchers[37, 85, 87, 183, 53, 60, 166, 124, 122, 123] andwill bediscussedmore
in detail in Section4.4.1.

In somepractically importantcases,however, the motion of the camerais re-
stricted. This knowledgecanoften be exploited to designsimpleralgorithms. But
thesearenotalwaysableto retrieveall thedesiredparameters,sincerestrictedmotion
sequencesdo not alwayscontainenoughinformationto uniquelydeterminethemet-
ric stratumof thereconstruction.Someinterestingclassesof motions,which will be
discussedfurtheron,arepuretranslations,purerotationsandplanarmotion.

At theendof this sectiontheproblemof critical motionsequencesis introduced.
This is mainlybasedonthework of Sturm[152, 153, 150]. Somenew resultsarealso
presented.

4.4.1 Generalmotions

Many methodsexist for self-calibration,but they can easily be divided into just a
few classes.A first classstartsfrom a projective reconstructionandtries to find the
absoluteconic as the only conic which satisfiesall the constraintsimposedon its
image. Typically, this meansthat theseimageshave to be identical,sincethey are
immediatelyrelatedto theintrinsiccameraparameters,whichareassumedconstant.

A secondclassof methodsalsousestheabsoluteconic,but restrictstheconstraints
to the epipolargeometry. The advantageis that only the fundamentalmatricesare
needed.On theotherhand,thismethodsuffersfrom severalimportantdisadvantages.

Besidesthesetwo classessomemethodsexist which factorizetheprojectionma-
tricesandimposetheintrinsiccameraparametersto beconstant.

In the following paragraphsthesedifferentclassesarediscussedseparately. For
everyclassa few specificmethodsthatarerepresentativefor thatclassarepresented.

The imageof the absoluteconic

Oneof themostimportantconceptsfor self-calibrationis theabsoluteconicandits
projectionin the images. Sinceit is invariantunderEuclideantransformations,its
relativepositionto amoving camerais constant.For constantintrinsiccameraparam-
etersits imagewill thereforealsobeconstant.This is similar to someonewhohasthe
impressionthat themoonis following him whendriving on straightroad. Note that
theabsoluteconic is moregeneral,becauseit is not only invariantto translationsbut
alsoto rotationsandreflections.
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It canbeseenasa calibrationobjectwhich is naturallypresentin all thescenes.
It wasseenin 2.3.3that oncethis object is localized,it canbe usedto upgradethe
reconstructionto metric. It is, however, not sosimpleto find this objectbackin the
scene.Theonly differencewith otherpropervirtual conicsL is thatits relativeposition
towardsthecamerais alwaysunchanged.So,if therelativepositionof anotherproper
virtual conic also staysunchangedfor a specificimagesequence,thereis no way
to differentiatethe real absoluteconic from the othercandidate.This problemhas
beenstudiedin depthby Sturm [152, 150] and will be discussedin Section4.4.3
andSection6.4. Therelationshipbetweentheabsoluteconicandits projectionin an
imageis easilyobtainedusingthedualquadricprojectionequation(3.12)on thedual
absolutequadric: < 9
 = � 
 , 9 � I
 X (4.3)

For aEuclideanrepresentationof theworld this resultsin (seeequation(2.30)):< 9
 = # 
 � $ I
 & - $ I
 û 
 � ß á P ® P ü PüyIP * â ß $ 

-
û I
 $ 
 â # I
 ( # 
 # I
 (4.4)

This equationis very useful,becauseit immediatelyrelatesthe intrinsic camerapa-
rametersto the(dual)imageof theabsoluteconic.

In the caseof a projective representationof the world the absolutequadric
, 9

will not be at its standardposition, but will have the following form accordingto
equation(2.20):

,:9 ( " ,:9ë " I with
"

beingthe transformationfrom the metric
to theprojective representation.But, sincethe imageswereobtainedin a Euclidean
world, theimage< 
 still satisfies(4.4). If

, 9
is retrieved,it is possibleto upgradethe

geometryfrom projective to metricthroughtheprocedureexplainedin Section2.3.3.
Theimageof theabsoluteconiccanalsobetransferredfrom oneimageto another

throughthehomographyof its supportingplane(i.e. theplaneat infinity):< � = � %

� J`I < 
 � %
ç� JML or < 9� = � %
ç� < 9
 � %
ç� IýX (4.5)

From affine to metric Whentheintrinsiccameraparametersareconstant(i.e. < 
 (< � ) andthehomographyof theplaneat infinity
� %

� I is known, thenequation(4.5)

canbereducedto a setof linearequationsin thecoefficientsof < or < 9 [53]. By en-
forcingtheequalityof thedeterminantsonbothsidesof theequation,anexactequality
is obtained(i.e.notup to scale).Thiscanbeachievedby scaling

� %

� properly:< 9 ( � %
ç� < 9 � %

� I when & � %

� &{(�� X (4.6)

This equationthereforeallows to easilyupgradean affine reconstructionto metric.
Figure4.1illustratestheconceptof theabsoluteconicandits projectionin theimages.ì

A propervirtual conicis a non-degenerateconic(i.e. rankC=3) whichhasno realpoints.
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Figure4.1: Theabsoluteconicandits projectionin theimages

Triggs’ method Theuseof theabsolutequadricfor self-calibrationwasproposedby
Triggs in [166]. He proposesto useequation(4.3) to determinetheabsolutequadric
by imposingthat < 
 ( < is constant.Themostimportantproblemwith this equation
is thepresenceof theunknown scalefactors:< 9 ( e 
 � 
 , 9 � I
 X (4.7)

Thesecanbeeliminatedby takingratiosof componentsandcross-multiplication:� < 9 � é ¦ � � 
 , 9 � I
 � éZY ¦ Y ² � < 9 � éZY ¦ Y � � 
 , 9 � I
 � é ¦ (�* (4.8)

where
� X � é ¦ denotestheentryon row � andcolumn � of thematrixbetweenthesquare

brackets. Thereare 15 equationsof this type per view, 5 of which are indepen-
dent[166]. Thenumberof unknownsis 5 for < 9 and8 for

,:9
if therank3 constraint

is enforced.
Triggsproposedtwo methodsto solve theseequations.Thefirst oneusesa non-

linearconstraintminimizationalgorithmtominimizetheresidualto theequations(4.8)
in analgebraicleast-squaressensewhile enforcingrank3 for

, 9
. In thiscase,3 views,

in general,aresufficient to obtainametricreconstruction.
Thesecondapproachis quasi-linear. Thecoefficientsof < 9 and

, 9
canbereorga-

nizedin vectors [< 9 and [, 9 of respectively 6 and10 coefficients.Theequations(4.8)
are linear in the coefficientsof

� < 9Y,:9 � (\[< 9 [,:9 I andhave rank 15 with regardto
these59unknowns(sinceeverythingis only determinedup to scale).So,in thiscase,
4 imagesareneededto obtainthedualabsolutequadric. [< 9 and [, 9 canbeobtained
from

� < 9 , 9 � by taking the left andright singularvectorsassociatedwith thebiggest
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singularvalue(closestrank1 approximationof
� < 9 , 9 � ). Whenreconstructing

, 9
, the

closestrank3 approximationshouldbe taken (putting thesmallestsingularvalueto
zero).

Triggsreportedthatthenonlinearmethodshouldbepreferreddespitetheneedfor
(approximate)initialization,sinceit is faster, moreaccurate,andmorerobust.

Heyden and Åstr öm’s method Heyden and Åström were the first to proposea
methodbasedon the dual absolutequadric[60], but they did not give this geomet-
ric interpretationto their constraints.Therearetwo importantdifferenceswith [166].
Thefirst onebeingthat

� L is forcedto
� á P ® P &�* P � . Thesecondimportantdifferenceis

thatthescalefactorsareseenasadditionalunknownsinsteadof eliminatingthem.
Theauthorsarelooking for a transformationwhich bringstheprojective camera

projectionmatricesto ametricequivalent:� 
 " JMLÁ ë = # � $ I
 & - $ I
 û 
 � (4.9)

Assuming
� L ( � á P ® PC&�*tP � , $ L ( á P ® P and

û L ( *tP , theremustexist sucha trans-
formationof theform " JMLÁ ë ( ß # * P� I � â X (4.10)

Sincethelastcolumnof equation(4.9)hasthreeindependentunknowns(i.e.
û 
 ), it is

notgoingto beof any helpandcanbetterbeleft out:� 
 ß #�yI â = #K$ I
 X (4.11)

The rotation componentcan also be eliminatedby multiplying eachside of equa-
tion (4.11)with its transpose.� 
 ß #K# I # I1��yI # �xI^� â � I
 = #K$ê$ I # I = #K# I X (4.12)

Thisequationcouldhavebeenobtainedimmediatelyfrom (4.3)and(4.4)by imposing� L ( � á P ® P]&�*tP � . The advantageof fixing
� L is that the numberof unknowns is

restrictedto 8 insteadof 5+8 in [166].
The methodproposedin [60] is now briefly described. Insteadof eliminating

theunknown scalefactors,they areregardedasindependentunknowns,yielding the
following equations:#K# I ² e 
 � 
 ß #K# I � # I# �yI �yI�� â � I
 (<^gP ® P X (4.13)

Notethat this equationis trivially satisfiedfor
� L with e L (ã� . Theproblemcanbe

formulatedasanoptimizationproblemusingthefollowing goalfunction:HJ_a` Þ D|# Rr�\R e 
 F1( �§ 
 ¨ . bbbb #K# I ² e 
 � 
 ß #K# I � # I# �xI �yI^� â � I
 bbbb B R (4.14)
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where
A X A B denotestheFrobeniusnorm. An importantdisadvantageof this method

is the introductionof anadditionalunknown e 
 for every view. This seemsto cause
convergenceproblemsfor longerimagesequences.

Thismethoddoesnot treatall theimagesalike. Implicitly it is assumedthatthere
is noerrorin thefirst imagesince

� L is assumedperfectlyknown.

Alter native method In [124] I proposeda relatedmethodfor self-calibration.In-
steadof usingtheabsolutequadric,theabsoluteconicandtheplaneatinfinity areused
explicitly. It is, however, shown thattheobtainedconstraintsarealgebraicallyequiv-
alent. Theadvantagebeingthepossibility to dealmoreeasilywith thescalefactors.
Thismethodis usedin thenext chapterasarefinementstepin thestratifiedapproach.

Whentheplaneat infinity is known, equation(4.5) canbeusedto determinethe
dualimageof theabsoluteconic < 9 :e 
 < 9 ( � % L 
 < 9 � % L 
 I X (4.15)

Hartley proposedin [53] to eliminatethe scalefactorsby scalingthe determinants& � % L 
 &`( � . Observingthat thedeterminanton the left- andright-handsideof equa-
tion (4.15)mustbeequalresultsin e 
�(�� . Thereforeequation(4.15)resultsin linear
equationsin theelementsof < 9 .

Whenthepositionof theplaneat infinity (i.e. theaffinecalibration)is notknown,
thisequationcannotbeusedimmediately. From(3.17)it is known thatthehomogra-
phyof theplaneat infinity canbeexpressedasfollows. :� % L 
 ( � (�*�+L 
 ² ! L 
 m I% X (4.16)

Filling this in in (4.15)thefollowing nonlinearequationis obtained:e 
 < 9 ( � � (
*�+L 
 ² ! L 
 m I% � < 9 � � (�*
+L 
 ² ! L 
 m I% � I X (4.17)

The following equationimposesthat thedeterminantsfor the left andtheright-hand
sideof (4.17)areequal:e P
 & < 9 &t(c& � (�*
+L 
 ² ! L 
 m % & X & < 9 & X & � (
*�+L 
 ² ! L 
 m % &}R (4.18)

with &$de& representingthedeterminant.Thisallowsusto obtaina closedform expres-
sionfor e 
 : e 
 (f& � (�*�+L 
 ² ! L 
 m % & · g X (4.19)

Using expression(4.19),equation(4.17)cannow be usedto determinem % and < 9
andthusalso

#
. It is proposedto usethefollowing criterionfor minimization:H ( �§ 
 ¨ . bbb #K# I ² e 
 � � (�*�+L 
 ² ! L 
 m I% � #K# I � � (�*
+L 
 ² ! L 
 m I% � I bbb B X (4.20)h

Notethat thespecialcasei�j ñlk m j õ�n which can’t beexpressedthroughthis parameterization,can
immediatelybe discarded,sincethis would meanthat the first camerawasplacedat infinity in the real
world.
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An alternativeto theuseof equation(4.19)is tonormalizebothpartsof equation(4.17)
to a Frobeniusnormof 1. If we definethematrix operator

 ED ��F A GH G H B , thenthe
following criterionis obtained:H ¤ ( �§ 
 ¨ . bbb  ED|#K# I F ²  ED � � (�*�+L 
 ² ! L 
 m I% � #K# I � � (
*�+L 
 ² ! L 
 m I% � I F bbb B X (4.21)

It canbeshown thattheequationsproposedby HeydenandÅström[60] areequiv-
alentwith thealternativeconstraintsproposedin [124]. Startingfrom equation(4.17),e 
 #K# I ( � � (�*�+L 
 ² ! L 
 m I% � #K# I � � (�*
+L 
 ² ! L 
 m I% � I (4.22)

andrewriting thisequation,(4.12)caneasilybeobtained(using o;( ² # I m % ):e 
 #K# I ( � � (�*
+L 
 & ! L 
 � ß #K# I ² #K# I m %² m I% #K# I m % #K# I m % â ß � (�*
+L 
 Ip I L 
 â( � ß #K# I # oogI # I &O& oU&�& . â � I X (4.23)

Sincebothconstraintsarealgebraicallyequivalent,thistechniquealsosuffersfrom
a biastowardsthe first image. This biascanbe eliminatedby not relatingthe dual
imagesof theabsoluteconic < 9
 to its imagein thefirst image < 9L , but directly to the
dual absoluteconic < 9% itself. In a cameracenteredworld frame(i.e. with

� L (� á P ® P &¯* P � ) theplaneat infinity caneasilybeparameterizedsothatthehomographies
from image1 to � (i.e.

� % L 
 ) andthehomographieswhichmaptheplaneat infinity in
image� (i.e.

� % 
 ) arethesame.In thiscasetheequivalentto equation(4.22)ise 
 #K# I ( � � (�*�+L 
 ² ! L 
 m I% � < 9% � � (�*
+L 
 ² ! L 
 m I% � I R (4.24)

which resultsin thefollowing criterionto minimize:H ¤ ¤ Dj# R m % R < 9% F�( bbb  EDj#K# I F ²  ED < 9% F bbb B0 è �
 ¨ . bbb  ED|#K# I F ²  ED � � (�*
+L 
 ² ! L 
 m I% � < 9% � � (�*�+L 
 ² ! L 
 m I% � I1F bbb B
(4.25)

The Kruppa equations

Thefirst methodthatwasproposedfor self-calibration[95, 37] is basedontheKruppa
equations[77]. Theseequationsaresimilar to the equations(4.3) and(4.5), but are
restrictedto the epipolargeometry. The Kruppaequationsimposethat the epipolar
lineswhichcorrespondto theepipolarplanestangentto theabsoluteconic,shouldbe
tangentto its projectionin bothimages.This is illustratedin Figure4.2.

TheKruppaequationcanbederivedstartingfrom equation(4.5)which is equiva-
lent to � I #K# I � (�* ? � I � %
ç� #K# I � %
ç� I � (�*\R)G � X (4.26)
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Figure4.2: TheKruppaequationsimposethattheimageof theabsoluteconicsatisfies
the epipolar constraint. In both imagesthe epipolar lines correspondingto the two
planesthrough �y
 and �t� tangentto

,
mustbetangentto theimages < 
 and < � .

If oneis only interestedin epipolarlines, � shouldbe parameterizedas
� ! 
ç� ��® � and

thereforeoneobtains:� I � ! 

� � I ® #K# I � ! 

� � ® � (�* ? � I � ! 
ç� � I ® � %

� #K# I � %

� I � ! 

� � ® � (8*&R)G � È (4.27)

which,usingequation(3.28),yields� ! 
ç� � I ® #K# I � ! 
ç� � ® =  

� #K# I  I

� (4.28)

From the5 equationsobtainedhereonly 2 areindependent[183]. Scalefactorscan
be eliminatedby cross-multiplication.It is possibleto usea minimizationcriterion
similar to equation(4.21)to solve theself-calibrationproblem:HJq D|# F�( �§ 
 ¨ . �§ � ¨ 
 bbb  ED|#K# I F ²  ED| 
ç� #K# I  I
ç� F bbb B (4.29)

An interestingfeatureof this self-calibrationtechniqueis that no consistentprojec-
tive reconstructionshouldbe available,only pairwiseepipolarcalibration. This can
be very useful is somecaseswhereit is hard to relateall the imagesinto a single
projectiveframe.

Theprice that is paid for this advantageis that3 of the5 absoluteconic transfer
equationsareusedto eliminatethedependenceonthepositionof theplaneat infinity.
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Thisexplainswhy thismethodperformspoorlycomparedto otherswhenaconsistent
projectivereconstructioncanbeobtained(seeSection5.3.4).

TheKruppaequationsdonotenforcedirectlyaconsistentsupportingplane
� %

for
theabsoluteconic. In otherwords,if onewould estimatethepositionof theplaneat
infinity once

#
hasbeenfound,aslightly differentsolutionwouldbefoundfor every

pairof images.In factsomespecificdegeneraciesexist for theKruppaequations(see
Sturm[150]).

Hartley’ smethod

A few yearsagoHartley proposedan alternative self-calibrationmethod[53]. This
methodis not basedon theabsoluteconic,but directly usesa QR-decompositionof
thecameraprojectionmatrices.Hartley derivesanequationsimilar to (4.11):� 
 ß ám I% â # = # 
 $ 
 (4.30)

where
#

and m % are the unknowns. It is proposedto compute
# 
 throughQR-

decompositionof theleft-handsideof equation(4.30).Thefollowing equationshould
beroughlysatisfiedfor thesolution:#sr�# 
 or

# JNL # 
 r á (4.31)

Theproposedminimizationcriterionis thefollowing:H _ D|# R m % F�( �§ 
 ¨ . A d 
 # JML # 
 ² á A B (4.32)

where d 
 is chosensuchthat thesumsof squaresof diagonalelementsof bothterms
areequal.Notethatthiscriterionis verycloseto thefollowing alternativesH ¤_ Dj# R m % F�( �§ 
 ¨ . bb  EDj# JNL # 
 F ²  ED á F bb B (4.33)

or even H ¤ ¤_ D|# R m % F�( �§ 
 ¨ . A  ED|# 
 F ²  EDj# F A B (4.34)

whicharecloserin notationto theothercriteriausedin thischapter.
ThemaindifferencebetweenHartley’smethodandtheotheris thattherotational

componentis eliminatedthroughQR-decompositioninsteadof throughmultiplication
by thetranspose.

4.4.2 Restrictedmotions

For self-calibrationsomerestrictedmotionscanbe very interesting.Restrictedmo-
tionscanresultin simpleralgorithms;but, on theotherhand,it is notalwayspossible
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to retrieve all thecalibrationparametersfrom thesemotions.Somespecificmethods
which takeadvantageof restrictedmotionsarediscussedin thefollowing paragraphs.
Theoccurrenceof degeneratecasesfor self-calibrationdueto restrictedmotionswill
bediscussedin section4.4.3.

Pure translation

Van Gool et al. [173] (seealsoMoonset al. [100]) proposeda simplealgorithmto
obtainan affine reconstructionin the caseof purecameratranslation. In this case,
the metric cameraprojectionmatricescanbe chosenas

� L ( # � á &¯* � and
� . (# � á & ² û � andthustheprojectionof apoint

� ( � � I � � I canbedescribedasfollows:e L � L ( # � á &¯* � � (4.35)e . � . ( # � á & ² û � �( e L � L 0 e !
(4.36)

with ! = ² #�û beingtheepipolein thefirst image. This meansthat corresponding
pointsandtheepipolesmustbecollinear. Therefore,two pairsof correspondingpoints
aresufficient to retrieve the epipole. An affine reconstructionis easilyobtainedby
notingthatthefollowing cameraprojectionmatrices� L ( � á P ® P]&¯*{P � and

� . ( � á P ® P]& ! � (4.37)

canbeobtainedfrom themetriconesthroughanaffinetransformationandthusrepre-
sentanaffinereconstruction.

Note that in this case
� % L¯. ( á P ® P andthat equation(4.5) is thereforetrivially

satisfied.Consequently, no constraintscanbeobtainedto restrict
#

andto obtaina
metricreconstruction.

Whenbesidespuretranslationadditional– moregeneral– motionsareavailable,
ametricreconstructioncaneasilybeobtained.Combiningtheresultsof Moons[100]
andHartley [55], Armstrong[2] proposeda stratifiedapproachto metricreconstruc-
tion. A pure translationis carriedout to obtainan affine reconstruction.The pose
for theadditionalviews is computedtowardsthis affine reconstruction.Theseviews
arethereforealsoaffinely calibrated.In this casethe homographiesfor the planeat
infinity

� %
ç� arereadilyavailableandcanbeusedin equation(4.5).

Pure rotation

Anotherinterestingtypeof motionis purerotation.However, in thiscase,noparallax
will occur, sinceno translationis involved. In this casethe fundamentalmatrix and
theepipolecannotbedetermined.Ontheotherhand,theimagedisplacementscanbe
describedby ahomography, asshown next.

For acameraundergoingapurerotationaroundits centerof projection,thecamera
projectionmatricescanbewritten as

� L ( # � á P ® P]&�*tP � and
� 
:( # � $ 
t&�*tP � . The
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following imagepointsareobtainedfor a scenepoint
� ( � � Iu� � I :� L = # �� 
 = #K$ 
 �wvyx � 
 = #K$ 
 # JNL � L (4.38)

independentlyof � . Therefore,thehomography
� L 
n( #K$ 
 # JNL describestheimage

motionfor all points.Notethatthishomographyis alsovalid for thepointsat infinity
andthus

� % L 
 ( � L 
¿( #K$ 
 # JNL . Equation(4.5) canthereforeeasilybe usedto
determinethedualimageof theabsoluteconicandthecalibrationparameters

#
.

Planar motion

A generalmotioncanbedescribedasarotationaroundandatranslationalongascrew
axis. In thecaseof planarmotions,only a rotationarounda screw axis takesplace.
This meansthat the translationis in a planewhich is orthogonalto therotationaxis.
A sequenceof motionsis planarif every motionis planarandif all therotationaxes
areparallel.

Armstronget al. [3] (seealso[4]) proposedto usethis type of motion for self-
calibration.RecentlyFaugeraset al. [33] have proposeda similar approachbasedon
1D projectivecameraswhich live in thetrifocal plane.

An importantconceptin self-calibrationare fixed entities. For generalmotion
therearetwo: the planeat infinity andthe absoluteconic. For sequencesof planar
motionsmoreentitiesarefixed. The point at infinity of the rotationaxis z andthe
horizon { (i.e. the vanishingline of the planeof the motion). Sinceintersectionsof
fixedentitiesmustalsobefixedentities,the two pointsof the horizonwhich areon
theabsoluteconicmustbefixedentitiestoo. Theseintersectionpointsarecalledthe
circularpoints | and } of theplane.Togetherthese3 pointsarelocatedin theplaneat
infinity

�&%
and– if known – canbeusedto locatetheplaneat infinity.

Sincevanishingpointscorrespondingto orthogonaldirectionsmust lie on each
otherspolarwith respectto theabsoluteconic,and,becausethepolarof apointonthis
conicis thetangentthroughthatpoint, theabsoluteconicmustbetangentto thelines��~��

and
��~��

in � and � respectively [142]. This is illustratedin Figure4.3.Thisdefines
4 constraintson theabsoluteconicwhich has5 degreesof freedom.Oneadditional
constraintthereforesufficesto uniquelyidentify theabsoluteconic < % . Knowing that
thepixelsarerectangular(noskew) couldbeused,but is typically degenerate,because
oneof thecameraaxisoftenis parallelto therotationaxis.Theaspectratio,however,
wouldbeveryusefulto fix thelastdegreeof freedom.

Since– underthe consideredmotions– theseentitiesare fixed in space,their
imagesshouldbefixedtoo. If theseimagescanbeextracted,thescenepointscanbe
obtainedthroughback-projectionandtriangulation.

To designa practicalalgorithmfor this, it is neededto extractthesefixedentities
from theimages.Thehorizonis easilyextractedastheimageof theplanethroughall
thecentersof projection.

Thehoropter[94] is definedasthesetof pointswhichhavethesameimagein two
views. Its imageis givenby theconicdefinedby thesymmetricpartof thefundamen-
tal matrix. In thecaseof a planarmotion, it consistsof a two-line conic [4]; oneof
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Figure4.3: Thepoints � , � and � are thefixedpointsof theplaneat infinity. Sincethe
directionof � is orthogonalon thedirectiondefinedby � and � andthesetwo points
are locatedon theabsoluteconic < % , this conicmustbetangentto thelines

��~��
and��~��

.

thembeingthehorizon,theotherbeingtheimageof therotationaxis.They areeasily
differentiated,becausetheepipolesshouldbe locatedon thehorizon. Thevanishing
point � is locatedat theintersectionof theimagesof all therotationaxes.

Bothcircularpoints � and � arelocatedon thehorizon.They musthave thesame
imagein all threeimages. Let us consider � . Taking two arbitrarypoints � L and� . of the horizon,the imageof this circular point canbe parameterizedas � D e 
 F�(� L 0 e 
 � . . This imagemustsatisfythetrifocal point-transferequation(3.31):� D e 
 F é Ç � D e 
 F ¦ � D e 
 F � " é PÅP ² � D e 
 F � " é ¦ P ² � D e 
 F ¦ " é P � 0 " é ¦ ��É (8* (4.39)

This equationis a cubicexpressionin e 
 . It hasin generalthreesolutions,all realor
onerealandtwo complex conjugated.In ourcase,two will becomplex, corresponding
to � and � .
4.4.3 Critical motion sequences

It wasnoticedvery soonthatnot all motionsequencesaresuitedfor self-calibration.
Someobviouscasesarethe restrictedmotionsdescribedin theprevioussection(i.e.
puretranslation,purerotationandplanarmotion). Thereare,however, moremotion
sequenceswhichdonot leadto uniquesolutionsfor theself-calibrationproblem.This
meansthatat leasttwo reconstructionsarepossiblewhichsatisfyall constraintsonthe
cameraparametersfor all the imagesof thesequenceandwhich arenot relatedby a
similarity transformation.

Severalresearchersrealizedthisproblemandmentionedsomespecificcasesor did
a partialanalysisof theproblem[166, 183, 127]. Sturm[152, 153] provideda com-
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pletecatalogueof critical motionsequences(CMS) for constantintrinsic parameters.
Additionally, heidentifiedspecificdegeneraciesof somealgorithms[150].

Due to the importanceof this work in the context of self-calibrationandto the
new resultswhich arebasedon this analysis(e.g.Theorem4.2 andSection6.4), an
extendedreview of thiswork is givenhere.

The absoluteconic is a propervirtual conic (PVC) [10]. Problemsoccurwhen
theabsoluteconicis not theonly PVC which hasa fixedprojectionin all theimages.
In thatcase,thereis no way to determinewhich onecorrespondsto therealabsolute
conicandthemotionsequenceis saidto becritical with respectto self-calibration.

Themainideain Sturm’s approachis to turn theproblemaroundandto look for
the motion sequenceswhich leave a specificPVC unchanged.The PVC’s can be
classifiedin a few differenttypes.

Potential absoluteconic on
� %

First oneshouldconsiderthePVC’s on theplane
at infinity. Thesecanhave eithera triple eigenvalue,a doubleanda singleoneor
threedistincteigenvalues.Only theabsoluteconicitself correspondsto thefirst case,
which is thereforenot critical. In the secondcase,the eigenspacecorrespondsto a
planeanda line orthogonalto that plane. An arbitraryrotationaroundthat line, or,
a rotationof �W�t* 2 arounda line in theplanewhich is incidentto theotherline, will
leave the PVC unchanged,as does,of course,also the identity transformation. In
the third case,the eigenspaceconsistsof threemutually orthogonallines. Besides
theidentity transformation,only rotationsof �W�t* 2 aroundoneof theselinesleave the
PVCunchanged.

Fromthesecasesa first classof CMSis obtained.
CMS-Class1: Motion sequencesfor whichall rotationsareby anarbitraryangle

aboutan axis parallelwith a specificline or by ���{* 2 aboutan axis perpendicularto
this line.

Sturmidentifiesseveralsubclasseswhich correspondto morerestrictedmotions,
but thereforeto morepotentialabsoluteconics.

CMS-Class1.1Motion sequencesfor whichall rotationsareby anarbitraryangle
aboutanaxisparallelwith a specificline.

CMS-Class1.2Motion sequencesfor which all rotationsareby �W�t* 2 aboutmu-
tually orthogonalaxes.

CMS-Class1.3Motion sequencesfor whichall rotationsareby ���t* 2 aboutsome
specificaxis.

CMS-Class1.4 Motion sequencesfor which no rotation takesplaceat all (i.e.
puretranslations).

Potential absoluteconic not on
�&%

In this case,Sturmproposesto start from a
PVCandfrom aspecificcameraposeandto look for all theothercameraposeswhich
have thesameimagefor thePVC underconsideration.ThePVC canbebotha circle
or an ellipse. As an imageof a PVC hasa projectionconeassociatedto it, onecan
justaswell look atpossibleposesfor thisconesothatit containsthePVC.
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Thepossibleorientationsfor thecameradependon theEuclideannormalform of
the projectionconeP . Any rotationaroundthe vertex of anabsoluteconeleavesthe
coneglobally unchanged.Arbitrary rotationsaboutthemainaxisof a circularcone
or rotationsby ���{* 2 aboutanaxisperpendicularbut incidentwith themainaxisleave
this coneunchanged.Rotationsby ���{* 2 degreesaroundan axis of an elliptic cone
leave it unchanged.

Thedifferentcombinationsof conetypesandconic typesshouldbe considered.
Theseresultin anumberof CMS classes.

CMS-Class2 For a circle andanelliptic coneinfinitely many positionsarepos-
sible. Thesearelocatedon two parallelcircles. At eachposition4 orientationsare
possible.

CMS-Class3 For anellipseandanelliptic conesimilar to Class2, but locatedon
a degree12curve[150]. At eachposition4 orientationsarepossible.

A circle anda circular coneresult in 2 possiblepositions. At eachpositionthe
cameramayrotatefreelyabouttheline joining theprojectioncentersor by �W�t* 2 about
a line orthogonalto it. This is not classifiedasa separateclasssincethecombination
of a circle with anabsoluteconewill resultin a moregeneralclass.This classcould
beseenasClass5.1.

CMS-Class4 An ellipseanda circular coneresult in 4 positionsin which the
cameramay freely rotateaboutthemainaxisof theconeandby �W�t* 2 aboutanaxis
perpendicularto it.

An ellipsecombinedwith anabsoluteconeis not feasiblesinceall planarsections
of thisconearecircles.

CMS-Class5 The combinationof a circle with an absoluteconeresultsin two
possiblepositionswith arbitraryorientations,sincethe orthogonalprojectionof the
vertex onthesupportingplaneof thecirclemustcoincidewith thecenterof thecircle.

Sturmidentifiedsomemorespecificsubclasseswhich arepracticallyimportant.
An overview of thesedifferentclassesandsubclassesis given in Table4.1. In Fig-
ure4.4somepracticallyimportantCMSareillustrated.

To getsomeintuitivegeometricinsightin theseconcepts,thereaderis referredto
AppendixC (anexampleis shown in Figure6.5).

Practical useof the CMS classification The classificationof all possiblecritical
motionsequencesis very importantandit canbeusedto avoid critical motionswhen
acquiringan imagesequenceon which oneintendsto useself-calibration. In some
cases,however, anuncalibratedimagesequenceis availablefrom which a metricre-
constructionof therecordedsceneis expected.In thiscase,it is notalwaysclearwhat
canbeachievednor if themotionsequenceis critical or not.

Sturm[153] showed that the recoveredmotion sequencefor any reconstruction
satisfyingthe fixed absoluteconic imageconstraintwould consistof rigid motions
(i.e.Euclideanmotions).This resultis alsovalid for critical motionsequences,where�

Therearethreetypesof imaginarycones:anabsoluteconehasonetriple eigenvalue,a circular cone
hasa singleanda doubleeigenvalue, andan elliptic conehasthreesingleeigenvalues. In the caseof a
circularconethemainaxisis theoneassociatedwith thesingleeigenvalue.
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Class Description � û � $ � ,
1 Ð P ¥��KÐ Ð
1.1 Ð P Ð Ð
1.1.1 planarmotions Ð . Ð Ð
1.4 puretranslations Ð P 1 Ð��
2 ¥��KÐ 4 Ð
2.1 orbitalmotions Ð 1 Ð3.
3 8 4 4
4 4 ¥��KÐ 3
5 2 Ð P 2
5.2 purerotations 1 Ð P Ð P

Table4.1: Classesof critical motionsequences.� û and � $ representrespectively
thenumberof differentpositionsanddifferentorientationsat each positionof which a
critical motionsequenceof thespecificclasscanconsist.� < % indicatestheminimum
levelof ambiguityon theabsoluteconicfor thisclassof critical motionsequences.

Figure4.4: Illustrationof critical motionsequences.Thecamerasare representedby
smallpyramids.Planar motion(top left), pure translation(top right), orbital motion
(lower left) andpure rotation(lower right).
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the recoveredmotion sequencewould be in the sameCMS classasthe original se-
quence.This is an importantobservation,becauseit allows to identify critical mo-
tionssequencesandto determinetheambiguityon thereconstructionfrom any valid
instantiationof thereconstruction.In thatcasemorespecificalgorithmscanbecalled
oradditionalconstraintscanbebroughtin to reducetheambiguity[189]. Herewegive
a simplerproof thanin [153]. Thisproof is basedon thediscquadricrepresentation.

Theorem4.1 Let S be a motion sequencethat is critical with respectto the dual
quadric � 9 , andlet

� � 
 betheoriginal projectionmatricesof theframesin S.Let
"

beanyprojectivetransformationmapping� 9 to
, 9

and
� Á 
f( � � 
 " JML bethepro-

jectionmatricestransformedby
"

. There existsa Euclideantransformationbetween
anypair of

� Á 
 .
Proof: FromSbeinga critical motionsequencewith respectto � 9 , it follows that

theremustexist a
# Á

for which# Á # IÁ =�� 9
 = � � 
�� 9 � I� 

Since � 9 = " JNL , 9 " J`I and

� Á 
�( � � 
 " JNL , onegets# Á # IÁ = � Á 
 , 9 � IÁ 

Defining

� Á 
 astheleft ����� partof
� Á 
 thisyields# Á # IÁ = � Á 
 � IÁ 
 or á = # JNLÁ � Á 
 � IÁ 
 # J`IÁ

Sincethematrix
# JMLÁ � Á 
 satisfiestheorthonormalityconstraints,it mustcorrespond

to somerotationmatrix, say
$ Á 
 . Thus

� Á 
�( # Á $ Á 
 . Therefore,it is always
possibleto write theprojectionmatrices

� Á 
 asfollows:� Á 
�( # Á � $ IÁ 
 & - $ IÁ 
 û Á 
 � �
This meansthat the sequence

¼ Á
consistingof

� Á 
 is Euclideanandhas,after
transformationby

"
, the samesetof potentialabsoluteconics. Sincethe different

classesof CMS givenin [152] can’t betransformedinto eachotherthrougha projec-
tivetransformation,thesequence

¼ Á
will beaCMSof thesameclassas

¼
. Therefore,

onecanconcludethatany reconstructionbeingasolutionto theself-calibrationprob-
lem allows usto identify theclassof CMS of theoriginal sequenceandthusalsoall
ambiguousreconstructions.

A questionthat was not answeredthough, is: What can still be donewith an
ambiguousreconstruction?Theansweris givenby thenext theorem.

But let usfirst define � D ¼ F asbeingthesetof potentialabsolutequadricsfor the
motion sequences

¼
. Let us alsodefinethe transformationof

¼
as the setsof the

transformedelements.¼ ( Ç ß $ ûü IP �Îâ R XYXZX É ¢ " ¼ ( Ç " ß $ ûü IP �Îâ É (4.40)
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Theorem4.2 Let

¼
be a critical motionsequenceand

� � 
 the correspondingpro-
jectionmatrices.Let � 9 bean arbitrary elementof � D ¼ F and let

"
bean arbitrary

projectivetransformationmapping � 9 to
,:9

. Let

¼ Á ( " ¼ and
� Á 
 ( � � 
 " JNL .

Let � representa Euclideanmotionfor which � D ¼ Á�� �@F�(�� D ¼ Á F andlet
� Á � N��

bethecorrespondingprojectionmatrix. Thenthereexistsa Euclideantransformation
between

� � � N�� ( � Á � N�� " andanyother
� � 
 .

Proof: From
, 9�� � D ¼ F , it follows that

" , 9 " I � � D ¼ Á F . Sinceit is assumedthat� D ¼ ÁC� �@F�(�� D ¼ Á F , it followsthatTheorem4.1canbeappliedto thesequence

¼ Á]�� , with thedualquadric
" , 9 " I , thetransformation

" JNL and

Ç � Á L R XZXYX R � Á � R � Á � N�� É
asso-calledoriginalprojectionmatrices.

�
This theoremallows us to concludethat it is possibleto generatecorrectnew

views,evenstartingfrom anambiguousreconstruction.In thiscase,weshould,how-
ever, restrict the motion of the virtual camerato the type of the critical motion se-
quencerecoveredin the reconstruction.For example,if we have acquireda model
by doinga planarmotionon thegroundplaneandthusrotatingaroundverticalaxes,
thenweshouldnotmovethecameraoutsidethisplanenor rotatearoundnon-vertical
axes. But, if we restrictour virtual camerato this critical motion,thenall thesemo-
tionswill correspondto Euclideanmotionsin therealworld andnodistortionwill be
presentin the images(except,of course,for modelingerrors). Note that the recov-
eredcameraparametersshouldbeused(i.e. theonesobtainedby factorizing

� Á 
 in# Á � $ IÁ 
 & - $ IÁ 
 û Á 
 � ).
4.5 Conclusion

In thischapterdifferentaspectsof self-calibrationwerediscussed.First,somegeneral
conceptswereintroduced.Differentmethodswhichallows to solve theclassicalself-
calibrationproblemwerebriefly presentedanddiscussed.All thesemethodsassume
thatthemotionis sufficiently generalsothatauniquesolutioncanbeobtained.

In somecasesthe motion of the camerais restricted.On the onehand,this can
leadto simplerself-calibrationalgorithms.Thecasesof puretranslations,purerota-
tions andplanarmotionswerediscussed.On theotherhand,restrictedmotionscan
causeproblemsin thesensethatin thesecasesauniquesolutionto theself-calibration
problemcannotalwaysbefound.

Due to the consequenceswhich theserestrictedmotion sequenceshave for self-
calibration,this problemwasdiscussedin detail. An interestingtheoremwasderived
which tellsusthatevenfor critical motionsequencesit is possibleto generatecorrect
new views,howevernot from all possibleposes.



Chapter 5

Stratified self-calibration

5.1 Intr oduction

In recentyearsseveralmethodswereproposedto obtainthecalibrationof a camera
from correspondencesbetweenseveralviews of thesamescene.Most of thesewere
presentedin the previous chapter. Thesemethodsare basedon the rigidity of the
sceneandontheconstancy of theintrinsiccameraparameters.Mostexistingmethods
startfrom theprojectivecalibrationandthenimmediatelytry to solvefor theintrinsic
parameters.However, they all haveto copewith theaffineparameters(i.e.theposition
of theplaneat infinity).

Faugerasetal. [37] eliminatedtheseaffineparametersyielding two Kruppaequa-
tions for eachpair of views. A morerobust approachwasproposedby Zeller and
Faugeras[183]. HeydenandÅström [60] andTriggs[166] proposedmethodsbased
on theabsolutequadric.Hartley [53] doesa minimizationon all eightparametersto
obtainmetricprojectionmatrices.Mostof thesemethodsencounterproblemsasthey
have to solve for many parametersatoncefrom nonlinearequations.

Thisproblemprompteda stratifiedapproach,wherestartingfrom a projectivere-
constructionan affine reconstructionis obtainedfirst and usedas the initialization
towardsmetric reconstruction.A similar methodhasbeenproposedby Armstrong
et al. [2] basedon the work of Moons et al. [100]. But this methodneedsa pure
translationwhich is for examplenot easyto ensurewith a hand-heldcamera.Suc-
cessfulstratifiedapproacheshave alsobeenproposedfor theself-calibrationof fixed
stereorigs by Zissermanet al. [188], DevernayandFaugeras[28] andmorerecently
by HoraudandCsurka[65].

A first generalapproachfor a single camerabasedon the modulusconstraint
neededat leastfour views [122] to obtainthe self-calibration.The methodwasde-
velopedfurther in [123] and[111]. This enhancedmethodis morerobust andcan
obtainthemetriccalibrationof a camerasetupfrom only threeimages.This chapter
alsodiscussesthepossibilityof usingonly two views of thescene.It will beshown
thatcombiningconstraintson theintrinsic cameraparameterswith characteristicsin-
ferredfrom thescenecansolve thecalibrationwherenoneof themseparatelycould.

61
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Finally themodulusconstraintcanalsobeusedto obtaintheself-calibrationin spite
of a varyingfocal length[121].

An alternative approachto self-calibrationwasrecentlyproposed[120] andwill
be discussedin the next chapter. In caseswhereall the intrinsic cameraparameters
exceptthefocal lengthare(approximately)known,asolutioncanbeobtainedthrough
a linearalgorithm(allowing a varyingfocal length). This solutionis thenusedasan
initializationfor anon-linearalgorithmwhichallowsvarying/constant/knowncamera
parameters.Thisalgorithmthereforeoffersmoreflexibility , but it alsofails in certain
cases. The main reasonfor this is the linear parameterizationfor

, 9
which does

not enforcethe rank 3 constraintandthereforesuffers from moregeneralclassesof
critical motions.In thecaseswherebothmethodsareapplicableandsucceedin their
initialization phasethe final resultswill in generalbe identicalsincethe refinement
stepis thesamefor bothmethods.

This chapteris organizedas follows. In section5.2 the modulusconstraintis
derived.Section5.3explainshow theself-calibrationproblemcanbesolvedusingthe
modulusconstraint.In section5.4two otherapplicationsof themodulusconstraintare
presented.In thissectionasimilarmethodfor stereorigs is alsopresented[125, 126].

5.2 The modulusconstraint

A stratifiedapproachto self-calibrationfirst requiresa methodto identify the plane
at infinity. The propertyof the homographiesfor this plane–calledinfinity homo-
graphiesin theremainderof this text– derivedin this paragraphwill beusedfor this
purpose.The infinity homographyfrom view � to � canbe written asa function of
the metric entitiesof equation(3.15)or explicitly asfunctionsof projective entities
andthepositionof theplaneat infinity in thespecificprojective referenceframe(see
equation(3.17)).Both representationsaregivenin thefollowing equation:� %
ç� = � % L � � % L 
 JML = #K$ I� $ JNI
 # JNL� �Z� �� N , 7 
�� = D|� L � ² ! L � m I% F Dj� L 
 ² ! L 
 m I% F JNL� ��� �� 7 2 � N � , 
�� N X

(5.1)
FromtheEuclideanrepresentationit follows that

� %
ç� is conjugatedL with a rotation
matrix (up to a scalefactor)which implies that the 3 eigenvaluesof

� %
ç� musthave
thesamemoduli,hencethemodulusconstraint[121, 122]. Notefrom equation(5.1)
thatthispropertyrequirestheintrinsiccameraparametersto beconstant.

This canbemadeexplicit by writing down thecharacteristicequationfor the in-
finity homography:Ù�Ú}Û D|� %
ç� ² e á Fª(�� P e P 0�� . e . 0�� L e 03� U (8* (5.2)

It canbeshown that thefollowing conditionis a necessaryconditionfor therootsof
equation(5.2) to haveequalmoduli (seeAppendixA.1):�QPZ� PL (8� P. �VU (5.3)ì

Matrices� and � areconjugatedif � ñ�� � � � ì for somematrix � . Conjugatedmatriceshavethe
sameeigenvalues.
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This yields a constrainton the 3 affine parameterscontainedin m % by expressing�QPSRT� . RT� L RÅ�VU asa function of theseparameters(usingthe projective representationin
equation(5.1)). The inversein the projective representationof

� %
ç� canbe avoided
by usingtheconstraintÙ&Ú}Û T � % L � ² e � % L 
 V (�* which is equivalentto equation(5.2).
Factorizingthis expressionusingthemulti-linearity of determinants,�QPSRT� . RÅ� L RÅ�VU turn
out to be linear in theelementsof m % (seeAppendixA.2). Thereforebetweenevery
pairof viewsa modulusconstraintis obtained:¡ 
ç� Ë �QP 
ç� � L P
ç� ² � . P

� �VU 

� (+* (5.4)

This resultsin a polynomialequationof degreefour in the coefficientsof m % . In
generalthreeof theseconstraintsshouldonly leave a finite numberof solutions– not
morethan64. With moreequationsonly onepossiblesolutionshouldpersistexcept
for somecritical motionsequences(e.g.sequenceswith rotationaboutparallelaxes).
In thecaseof planarmotionthestratifiedapproachintroducesanadditionalambiguity
(i.e. theplaneat infinity cannot be identifieduniquelyin this case).Seethework of
Sturm[150] for amorecompletediscussionof thisproblem.

5.3 Self-calibration fr omconstantintrinsic parameters

In section5.2aconstraintonthelocationof theplaneat infinity wasderivedfor every
pair of views. Theseconstraintscanthusbeusedfor self-calibration.Oncetheaffine
structurehasbeenrecovered,it is easyto upgradethe structureto metric usingthe
conceptsof section4.4.1.

5.3.1 Finding the planeat infinity

A minimumof threeviews is neededto allow for self-calibrationusingthemodulus
constraint.Threeviews yield the following constraints

¡ L�. R ¡ L P and
¡ . P . This

third constraint
¡ . P is in generalindependentof the two first constraints.The fact

that
� L�. and

� L P arebothconjugatedwith rotationmatrices(i.e.havethesameeigen-
valuesasrotationmatrices)doesnot imply thatthis is alsothecasefor

� . P sincethe
eigenvectorsof

� L�. and
� L P couldbedifferent.

In the minimal caseof threeconstraints(
¡ L¯. R ¡ L PSR ¡ . P ) for threeunknown

coefficientsof m % the mostadequatemethodto solve for theseunknowns is to use
continuation.This is a numericalmethodwhich findsall thesolutionsof a systemof
polynomialequations(for moredetailssee[102]). Having 3 polynomialequationsof
degree4 a maximumof 64solutionscanbefound.

Many of thesesolutionscanbe ruled out. Sinceonly real solutionsareof inter-
est,all complex solutionscanbediscarded.In additionit shouldbeverifiedthat the
eigenvaluesof

� %
ç� correspondto thoseof a rotationmatrix (seeAppendixA.1).
For theremainingsolutionstheintrinsiccameraparameterscanbecomputedusing

the methodproposedin section5.3.2. Only the solution yielding (quasi)-constant
parametersshouldbe taken into account.If morethanonesolutionpersistthemost
plausibleoneis chosen(no skew, aspectratio aroundone,principalpoint aroundthe
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middle of the image). This approachworked well for over ¢{*)£ of the experiments
(seeSection5.3.4).

Whenmoreviewsareathandit is importantto takeadvantageof all theavailable
constraintsto obtaina moreaccurateandrobustsolution. This canbedoneby com-
bining thedifferentconstraintsinto a leastsquarescriterionwhich canbeminimized
throughnonlinearoptimization:H ëu¤ ( �§ 
 ¨ L �§� ¨ L ¡ .
ç� X (5.5)

The recommendedmethodfor initialization of the minimizationis the continuation
method,but trying outafew randomstartingvaluesoftenworksin practiceandallows
a simpleralgorithm. Alternativesconsistof usingHartley’s quasi-affine reconstruc-
tion [53] or to computeanapproximatepositionfor theplaneat infinity from a priori
knowledgeon theintrinsiccameraparameters.

5.3.2 Finding the absoluteconic and refining the calibration re-
sults

Oncetheplaneat infinity hasbeenobtained,equation(4.6) canbeusedto compute
theabsoluteconicasdescribedin section4.4.1.This is a linearmethod.

Theseresultscanberefinedthrougha non-linearminimizationstep.Themethod
describedin [124] or in Section4.4.1canbeusedfor this purpose.It is proposedto
minimizecriterion(4.25):H ¤ ¤ Dj# R m % R < 9% F�( bbb  EDj#K# I F ²  ED < 9% F bbb B0 è �
 ¨ . bbb  ED|#K# I F ²  ED � ��� L 
 0 ! L 
 m I% � < 9% � ��� L 
 0 ! L 
 m I% � I�F bbb B
The implementationpresentedin this text usesa Levenberg-Marquardalgorithmfor
theminimization.

Besidesthestratifiedapproachbasedonthemodulusconstraint(with andwithout
refinement),thesimulationsof Section5.3.4werealsocarriedoutusingsomemethods
presentedin the previouschapter. Thecriterion of equation(4.29)wasusedfor the
Kruppaequations[36] and the criterion of equation(4.25) for the methodsof [60,
166]. In thesecasesthe intrinsic cameraparameterswere initialized from a close
guess.

5.3.3 Stratified self-calibration algorithm

step1: projectivecalibration

step1.1: sequentiallycomputetheprojective cameramatricesfor all the
views (see[9] or Section7.3).

step2: affinecalibration
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step2.1: formulatethemodulusconstraint
¡ 

� for all pairsof views

step2.2a: find a setof initial solutionsthroughcontinuation

step2.2b: (for �l¥�� ) solve thesetof equations
¡ 
ç� throughminimiza-

tion of criterion
H ëu¤

(seeeq.(5.5))

step2.3: computetheaffineprojectionmatrices� Þ 
 ( � 
 " JNLÁMÞ with
" ÁMÞ ( ß á P ® P ü{Pm I% � â

step3: metriccalibration

step3.1: computethedualimageof theabsoluteconicfrom#K# I = � % L 
 #K# I � I% L 

step3.2: find theintrinsicparameters

#
throughCholesky factorization

step3.3: computethemetricprojectionmatrices� ë 
 ( � Þ 
 " JMLÞ ë with
" Þ ë ( ß # JML»ü PüyIP � â

step4: refinedcalibration

step4.1refinetheresultsthroughnonlinearminimizationof
H ¤ ¤ (seeeq.(4.25))

step4.2computetherefinedmetricprojectionmatrices¦� ë 
c( � 
 " JMLÁ ë with
"¿Þ ë ( ß # JML»ü Pm I% � â

5.3.4 Somesimulations

Thesimulationswerecarriedoutonsequencesrangingfrom 3 to 36views. Thescene
consistedof 200pointswhichwerepositionedon2 orthogonal��*Ý����* gridsandthen
perturbed.For thecalibrationmatrix thecanonicalform

# ( á waschosen.Thedis-
tanceto thescenewaschosenin suchawaythattheviewing conditionscorresponded
to a standard35mmcamera.Theviewswerespaced�Z* 2 apart,thena randompertur-
bationwasappliedto their positionandorientation.An exampleof sucha sequence
canbeseenin Figure5.1.

Thescenepointswereprojectedontotheimages.Gaussiannoisewith anequiva-
lentstandarddeviationsof 0, 0.2,0.5,1 and2 pixelsfor §S*{*��¨§S*t* imageswasadded
to theseprojections.Hundredsequencesweregeneratedfor every parametercombi-
nation.Theprojective reconstructionwasobtainedwith a variantof thefactorization
methodproposedin [154]. Theself-calibrationwascarriedoutusingthemethodpro-
posedin thischapter. At first themodulusconstraintwasusedto identify theplaneat
infinity, thentheabsoluteconicwaslocated.Theresultswerethenrefinedusingthe
methodof paragraph5.3.2.
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Figure5.1: Exampleof a sequenceusedfor thesimulations.Camera viewpointsare
representedbysmallpyramids.

For sake of comparisontwo alternative methodswereincludedin the tests. The
first methodis basedontheKruppaequations[37], thesecondonamethodsimilar to
themethodsusingtheabsolutequadric[166, 60]. Thissecondmethodin factconsists
of immediatelystartingtherefinementstepof Section5.3.2onsomeprior guess.See
Section4.4.1for moredetailsonthesemethods.Boththesealgorithmswereinitialized
with valuescloseto the exact solution. The focal lengthwas initialized randomly
within afactorof 2, theaspectratio,theprincipalpointandtheskew wereonly slightly
perturbed(within ©�* X � ) asproposedin [166, 60]. For all theseimplementationscare
wastakenof normalizingthedataaccordingto therecommendationsof Hartley [57].

Theresultsof theexperimentscanbeseenin Figure5.2. The2D back-projection
errorandtherelative 3D errorwerecomputed.Sincein a numberof casesthealgo-
rithmsfail to obtainsatisfyingresults,themedianvaluesof theerrorsareshown. In
additionthefailurerateis given.

In Figure5.3somemoreresultsaregivenfor thestratifiedapproach.Theseresults
wereobtainedfrom 1000experimentscarriedout on standardsequencesof 12 views
( * X § pixels noise). The different subfiguresare histogramsof the obtainedvalues
for the differentcalibrationparameters� � R'� � R
ª � R�ª � R % , the layout was inspiredby
equation(3.4). The heightof the peaksin the lower-right subfigureindicateshow
often the algorithmcould find a solution(in this case982 and997 resp.). The left
part givesthe resultobtainedimmediatelywith themodulusconstraintandthe right
part after refinement.From this figure onecanconcludethat the calibrationresults
aregoodandthatthereis no biasin theestimation.Therefinementprocedureclearly
improvestheresults.

Notice that for short imagesequencesthe 2D error is small while the 3D error
is big. Using longerimagesequences(andthusa wider anglebetweenthe extreme
views)causesthe2Derrorto increasesinceanerrorontheintrinsiccameraparameters
canbecompensatedby distortingthestructure,but only whentheanglebetweenthe
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Figure5.2: Resultsof self-calibrationexperimentfor imagesequencesvaryingfrom3
to 36 views(left; noise0.5pixels)andnoiserangingfrom0.0 to 2.0pixels(right; 12
views).The2D reprojectionerror (top),therelative3D error (middle)andthefailure
rate(bottom)are given. Themedianof theRMSerror for 100experimentswasused
aserror measure. Thealgorithmsare themodulusconstraint « , modulusconstraints
with refinement¬ , absoluteconic ­ , Kruppaequations® . Asa referencetheerror is
alsogivenfor theprojectivereconstruction̄ .
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Figure5.3: Computedintrinsic camera parameters for 1000sequencesof 12 views
(0.5 pixelsnoise). Theresultswere obtainedwith the modulusconstraint (left) and
after refinement(right).

views is small.Thisalsoexplainsthelarge3D errorfor shortimagesequences.
Thealgorithmbasedonthemodulusconstraintgivesgoodresults,especiallywhen

therefinementprocedureis carriedout. Immediatelyminimizingthecriterionof equa-
tion (4.25)onaprior guessof theintrinsicparametersgivessimilar resultsexceptthat
thismethodfailsmorefrequently. Theresultsfor theKruppaequationsarepoor. This
algorithmfailsoftenandtheerroris muchhigherthanfor theotheralgorithms.

Theseresultstendto indicatethatself-calibrationresultsaremoredependentona
goodestimationof theplaneat infinity thanontheimageof theabsoluteconic(i.e. the
intrinsiccameraparameters).In factevenwhenthemodulusconstraintitself doesnot
convergeto a satisfyingcalibration,theresultsareoftengoodenoughto successfully
initialize the refinementprocedure. On the other handstartingfrom a prior guess
theminimizationsometimesevenfails in theabsenceof noise,indicatingthat it was
startedin the attractionbasinof a local minimum. This is an argumentin favor of
a stratifiedapproachto self-calibration.In additionthemodulusconstraintdoesnot
requireany prior guessfor theintrinsiccameraparameters.

TheKruppaequationsaresimilar to theequationsusedfor refinementexceptthat
the positionof the planeat infinity is eliminatedfrom it. In the presenceof noise
this implies that for every imagepair a differentplaneat infinity is implicitly used.
All theotheralgorithmswhichareusedhereexplicitly imposeoneconsistentplaneat
infinity. An advantageof theKruppaequationsis thatonly thefundamentalmatrices
areneeded(i.e.pairwisecalibration)andnotaconsistentprojectiveframeoverall the
views. This alsoexplainsthe observationof Luong [86] that the calibrationresults
obtainedwith the Kruppaequationsimproved oncethe explicit cameraposeswere
computed,sincein thisstepaconsistentframewasintroduced.

The successof the stratifiedapproachproposedhereis consistentwith the very
goodcalibrationresultsthatwereobtainedwhentheplaneat infinity or at leastits ho-
mographiescouldbeidentifieda priori (e.g.throughpurerotation[55] or puretrans-
lation [100, 2]).
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Figure5.4: Imagesof theArenberg castlewhich were usedto generatethe3D model
shownin Figures5.5,5.6,5.7. More imagesof thissequenceareshownin Figure7.2

5.3.5 Experiments

The stratifiedapproachto the classicalself-calibrationproblemthat was presented
herehasbeenvalidatedon severalrealvideosequences.Heretheresultsobtainedon
two sequencesof the Arenberg castleareshown. The calibrationcanbe evaluated
qualitatively by looking at thereconstruction.A morequantitative evaluationis also
performedby comparingthe anglebetweenparallelandorthogonallines. Different
partsof theArenberg castlein Leuvenwerefilmed. Thesewererecordedwith avideo
camera.

Castlesequence

Someimagesof the first sequenceare shown in Figure 5.4. The approachwhich
wasfollowedto generatethe3D modelcanbriefly besummarizedasfollows. First
thecornermatchingandtheprojective cameramatriceswereobtainedfollowing the
methoddescribedin [9]. Thesecameramatriceswereupgradedto metric usingthe
self-calibrationmethoddescribedin this text andthena 3D modelwasgeneratedus-
ing thesecamerasandadensecorrespondencemapobtainedasin [72]. Thisapproach
is describedmorein detail in Chapter7. Rememberthat this wasobtainedwithout
any calibrationinformation. The positionof the camerafor the differentviews was
alsounknown andno knowledgeaboutthescenewasgivento thealgorithm. In Fig-
ure5.5onecansee3 orthographicviews of thereconstructedscene.Parallelismand
orthogonalityrelationsclearlyhave beenretrieved. Look for exampleat theright an-
glesin thetop view or at therectangularwindows. Figure5.6andFigure5.7contain
someperspective views of the reconstruction.Becauseat this point a densecorre-
spondencemapwasonly calculatedfor two imagestherearesomeinaccuraciesleft in
thereconstruction.This alsoexplainsthefactthatonly a partialmodelis givenhere.
A quantitative assessmentof thesepropertiescanbe madeby explicitly measuring
anglesbetweenlineson theobjectsurface.For this experimentlinesweremanually
selectedthatarealignedwith windowsandotherprominentsurfacefeatures.Several
lineswereidentifiedfor threeorthogonaldirections,seeFigure5.8. The linesalong
thesamedirectionshouldbeparallelto eachother(anglebetweenthemshouldbe0
degrees),while thelinescorrespondingto differentdirectionsshouldbeperpendicular
to eachother(anglebetweenthemshouldbe90 degrees).Themeasurementon the
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Figure5.5: Orthographicviewsof thereconstruction.Noticeparallelismandorthog-
onality.
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Figure5.6: Perspectiveviews of the 3D reconstructionobtainedfrom the sequence
seenin Figure5.4.

Figure5.7: More perspectiveviewsof the3D reconstruction.Noticethat oncea 3D
reconstructionis availableit is easyto generateviewswhich wherenotpresentin the
original sequence.
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Figure5.8: Linesusedto verify theparallelismandorthogonalityin thereconstructed
scene.

angle( ° std.dev.)
parallellines ±	² ³´°�±	²�± degrees

orthogonallines ³-µJ²·¶¸°¹±-² º degrees

Table5.1: Resultsof metricmeasurementson thereconstruction

objectsurfaceshows that this is indeedcloseto theexpectedvalues(seeTable5.1).
Notethatthebiasfor theparallelline comesfrom thefactthatall measuredanglesare
positive.

Someadditionalexperimentswere carriedout to verify the dependency of the
approachon theinitializationprocedure.As describedin Section5.3.1,thealgorithm
is initializedwith theresultsobtainedfrom a triplet of views.

For triplets of this sequencethe continuationmethodtypically yieldedaround5
possiblesolutionswhich correspondto real intrinsic parameters.In abouthalf the
casesthemostprobableresult(seeSection5.3.1)wasalreadyverygoodin itself (see
Table5.2). In almostall thecasestheresultsobtainedfrom onespecifictriplet were
goodenoughto succesfullyinitialize the minimizationover all the constraints.For
the initializationsobtainedfrom 100arbitrarytripletsthealgorithmconvergedto the
globalminimumin 97 cases(seeTable5.2). Note that theseresultsaregoodif one
takesinto accountthatthissequenceis closeto critical (seeFigure7.9).
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»¼s½¿¾À µ-Á�º º Â)Á�Ã±WÄJ±WÂÅÂ)Æ�µ±
ÇÈ »¼ÊÉZË Ì$Ë ÍÎ½¿¾À µ-Â	Â ±�Ä Â)Á	Æµ	³-µÏÆ�º	º±

ÇÈ
Table5.2: Estimatedintrinsic camera parameters over thewholesequence(left) and
for triplet 1,2,3(right)

Figure5.9: Imagesof anotherpart of theArenberg castle. Everysecondimage of the
sequenceis shown. Views from the 3D modelgeneratedfrom this sequencecan be
seenin Figure5.10.

Castlesequence2

In Figure5.9a partof anothersequenceis shown. This wasfilmed at thebackof the
castle.Herealsothemethodproposedin this text wasableto extracta metricrecon-
structionof thescene. In Figure5.10someperspective views of the reconstruction
areshown. To illustratethemetricqualityof thereconstructionorthographicviewsof
the reconstructionwerecomputed.Theseareshown in Figure5.11. Note that these
views areextremeviews comparedto the viewpointsof the sequence.Sincedense
reconstructionis not themainissuein this chapter(i.e. it is only usedto illustratethe
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Figure5.10:Perspectiveviewsof the3D reconstruction.

Figure5.11:Orthographicviewsof the3D reconstruction.

metriccalibrationresults),only a simpledensecorrespondencealgorithmwasused.
Thedentat thelowerpartof theroof is dueto thealignmentof epipolarlineswith the
gutterwhich causesanambiguityfor thematcher. Sincethe left partof thebuilding
is only visible in thedistancetheaccuracy of thatpartof thefacadeis low. Although
someartifactsof the densereconstructionbecomeclearly visible here, the overall
metricqualitiesareclearlyrecoveredby our reconstructionscheme.Parallelismand
orthogonalitycanbeobservedfrom thedifferentorthographicviews.
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5.4 Specialcases

Themodulusconstraintturnsout to beparticularlysuitedfor somemorespecificself-
calibrationproblems.Heretwo of thesecasesarediscussed.

5.4.1 Two imagesand two vanishingpoints

For a pair of imagesonly onemodulusconstraintexists which is not enoughto lo-
cateuniquelytheplaneat infinity. On theotherhand,two vanishingpointsarealso
insufficient to obtaintheplaneat infinity. Combiningbothconstraintsyieldsenough
informationto obtaintheaffinecalibration.

Vanishingpoints

Somescenescontainparallel lines. Theseresult in vanishingpoints in the images.
Techniqueshave beenproposedto automaticallydetectsuchpoints [90, 172]. To
identify theplaneat infinity threevanishingpointsarenecessary. By usingthemod-
ulusconstraintthis numbercanbereducedby one. This reductioncanbecrucial in
practice. For examplein the castlesequence(seefigure 5.4) two vanishingpoints
couldbeextractedautomaticallyin all framesusingthealgorithmdescribedin [172].
Thethird point couldonly befoundin someimagesat theendof thesequence.This
is typical for a lot of sceneswhereonevanishingpoint is extractedfor horizontallines
andonefor vertical lines. Evenwhenthreecandidatevanishingpointsareidentified,
the modulusconstraintcan still be very useful by providing a meansto checkthe
hypothesis.

Whena vanishingpoint Ð is identifiedin thetwo imagesit canbeusedasfollows
to constrainthehomographyof theplaneat infinity:Ð ÌÎÑsÒ·Ó¨Ô�Õ�ÖÉ�Ì�×ÙØ É
Ì�ÚUÛÜÞÝ Ð É (5.6)

Thisresultsin onelinearequationfor thecoefficientsof
Ú Ü (from thethreeequations

only two areindependentdueto theepipolarcorrespondenceof Ð É and Ð Ì andoneis
neededto eliminatetheunknown scalefactor).

With two known vanishingpointswe arethusleft with a oneparameterfamily of
solutionsfor

Ó Ü É�Ì
: Ó Ü É
Ì ½ Ó Ô�Õ�ÖÉ�Ì ×yß É
Ì	à6á Ú Ûâäã Ú Ûå¸æ (5.7)

with
Ú â and

Ú å beingvectorsdescribingthenullspaceof thelinearequation.

Using the modulusconstraint

Applying the modulusconstraintis mucheasierthan in the generalcase. The co-
efficients ç Í�è ç Ì�è ç Ééè çëê (seeequation(5.2)) canbe evaluatedfor both

Ú â and
Ú å . The

modulusconstraintin thetwo view casethentakeson thefollowing form:àLá ç Í à Ú â æ ã ç Í à Ú å æ
æ àLá ç É à Ú â æ ã ç É à Ú å æ
æ Í½ìà6á ç Ì à Ú â æ ã ç Ì à Ú å æ�æ Í àLá ç ê à Ú â æ ã ç ê à Ú å æ
æ ² (5.8)
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This resultsin apolynomialof degree4 in only onevariable
á

(notdegree6 asSturm
anticipated[151] ). Thereforeatmost4 solutionsarepossible.Becauseequation(5.8)
is only a necessaryconditionfor

Ó Ü É
Ì
to beconjugatedwith a scaledrotationmatrix,

this propertyshouldbecheckedout. Thiscaneliminateseveralsolutions.If different
solutionspersistatthisstagesomecanstill beeliminatedin themetriccalibrationpart.

Metric calibration

Oncetheaffinecalibrationis known equation(4.5)canbeusedasdescribedin 4.4.1.
This will however not yield a uniquesolution. If íïî is the intersectionpoint of the
planeat infinity with therotationaxisto go from oneviewpoint to theother, thennot
only the absoluteconic, but alsothe degenerateconic íïîðí Ûî is a fixed conic of the
planeat infinity andthusalsoevery linearcombinationof these.This resultsin a one
parameterfamily of solutionsfor thedualabsoluteconic ñaòÜ .

Additional constraintslike someknown aspectratio, orthogonalityof the image
axesor sceneorientationscanbeusedto restrict ñaòÜ to oneuniquesolution. If more
than oneaffine calibrationwas still underconsideration,theseconstraintscan also
helpout. Also thefactthat ñaòÜ shouldbepositivedefiniteandthattheprincipalpoint
shouldbemoreor lessin thecenterof the imagecanbeusedto find the trueaffine,
andthusalsometric,calibration.

The applicationof theseconstraintsis not so hard. Herethe caseof orthogonal
orientationsin thescenewill bediscussed.Thiscanfor examplebeappliedwhenit is
assumedthattheextractedvanishingpointscorrespondto orthogonalorientations.

Thepoints Ð É and ÐïóÉ aretwo vanishingpointsin thefirst image.Thecorrespond-
ing scenepointscanbeobtainedfrom thefollowing equation:Ð É´Ñ ¼äô õ	ö ÷	ø]ù Ð Äûú (5.9)

Thus Ð ½f¼yü É Ð É representstheassociateddirection. Orthogonalitynow meansthatý)ý ó ½ Ä or Ð Û É ¼ ü Ûþ¼ ü É Ð ó É ½ Ð Û É ñ@Ð ó É ½ Ä<² (5.10)

Thereforeit is moreappropriateto usethedualequationof (4.5):ñ Ñ�Ó ÜÉ
Ì Û ñ Ó Ü É
Ì (5.11)

which of coursealsoyieldsa oneparameterfamily of solutionsfor ñ . Adding equa-
tion (5.10)resolvesthisambiguity.

From ñ ½<¼ ü Û ¼ ü É first
¼ ü É

is extractedby Cholesky factorizationandsubse-
quentlyinvertedto obtain

¼
whichcontainsthecameraintrinsicparameters.

Simulation

Somesimulationswereperformedfor the2 view casewith 2 known vanishingpoints.
Thesametypeof simulateddatawasusedasin thegeneralcase(seesection5.3.4).
A noiselevel of 1 pixel waschosenfor thecorrespondences.Thelocalizationof the
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Figure5.12:Computedintrinsic camera parametersfor low noiselevel(left) andhigh
noiselevel (right).

vanishingpointswasalsoperturbedby somenoise.First thepointsat infinity (the3D
pointscorrespondingto vanishingpointsin theimages)werechosenasfollows:íïÿ ½ Ò ± Ä Ä � ÿ Ý Û and í�� ½ Ò Ä ± Ä � � Ý Û (5.12)

were íïÿ and í�� arethepointsat infinity correspondingto the
�

and � direction, � ÿ
and � � is a noisetermwith a meanof zeroandsomespecificstandarddeviation � É .
This meansthat insteadof having a point which is exactly at infinity, mostlya point
is obtainedof theorderof

É�	� . Thevanishingpointsusedfor this simulationarethen
obtainedasfollows: Ðïÿ�
 ½
� 
6í1ÿ and Ð���
 ½�� 
6í���² (5.13)

Thesecoordinateswereadditionallyperturbedby somenoisewith standarddeviation� Ì pixels.

Themodulusconstraintandthetwo vanishingpointswereusedto obtaintheho-
mographyof theplaneat infinity. Thishomographydeterminestheabsoluteconicup
to oneparameter. This parameterwasretrievedby imposingorthogonalitybetween
thedirectionscorrespondingto thevanishingpoints.

A first setof 100 simulationswascarriedout with a small amountof noise(i.e.� É ½ ÄJ² ÄJ± è � Ì ½ ±�Ä ), a secondsetof 100 simulationswascarriedout with a high
amountof noise(i.e. � É ½ Ät²O± è � Ì ½ ±WÄ	Ä ). The resultsof thesesimulationscanbe
seenin Figure5.12. Theleft partshows theresultswhich wereobtainedwith only a
smallamountof noise.Thelayoutis similar to Figure5.3.

It canbe seenthat the resultsaregoodfor a small amountof noise(left part of
Figure5.12). With a lot of noisethe resultsseriouslydeteriorate(seeright part of
Figure5.12).Althoughmostsolutionsaresituatedaroundthecorrectvalues,a much
biggerspreadexists. In additionthealgorithmfails in Â-Ä�� of thecases.
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Figure5.13: Images2 and24of thecastlesequence

Experiment

It wasseenin section5.4.1 that two imagescould be sufficient for self-calibration
whentwo vanishingpointscorrespondingto orthogonaldirectionscanbeidentifiedin
theseimages.

Thefirststepis toobtaintheweakcalibrationfor thetwo images.Thiscorresponds
to identifying the fundamentalmatrix. From this a valid instanceof the projective
cameramatricescanbechosen.Thesecondstepconsistsof identifying at leasttwo
vanishingpointsin bothimages.ThiswasdoneusingacascadedHoughapproach.A
first Houghtransformis usedto identify linesin dualspace,asecondHoughtransform
is thenusedto identifycoincidencepoints.In scenescontainingregularstructures(e.g.
buildings) thesepointsaretypically vanishingpoints. More detailsof this approach
canbefoundin [172].

Combiningtheseresultsallowsusto follow thestepsdescribedin section5.4.1:� Affinecalibration:(1) writing down themodulusconstraintfor thetwo images,
(2) filling in theoneparameterfamily of solutionsfor theinfinity homographyÓ Ü definedby thetwo vanishingpointsandtheprojectivecalibration,(3) com-
putingthesolutionsandextremaof theobtainedequation,(4) selectingthebest
oneaccordingto equalmoduliof eigenvalues.� Metric calibration: (1) determiningthe oneparameterfamily for the absolute
coniccorrespondingwith theinfinity homography, (2) determiningthesolution
for which thevanishingpointscorrespondto orthogonaldirections.

Two imagesof the castlesequencewereusedin this experiment. Thesecanbe
seenin Figure 5.13. In addition to the projective calibrationtwo vanishingpoints
wereautomaticallyretrieved from theseimages. The coordinatesof the computed
vanishingpointscanbe found in Table5.3. Using the describedmethodthe fol-
lowing intrinsic cameraparameterswereobtained(seeTable5.4). Theseparameters
arerelatively closeto theparametersobtainedwith thegeneralmethodon thewhole
sequence.Exceptfor the skew which is relatively large (around6 degrees). These
aretypical resultsalthoughfor someimagepairs lessaccurateresultsor no results
wereobtained.Thiscouldbeexpectedfrom thesimulations(seeSection5.4.1)which
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im 2 (H) im 2 (V) im 24 (H) im 24 (V)
-2490 -1366 -209 1275

37 -41954 437 -10582

Table5.3: Imagecoordinatesof theextractedvanishingpoints

¼w½ ¾À ³1¶�Á µ	³ Â-³J±³	³-Ä ±Wµ)¶±
ÇÈ

Table5.4: Resultobtainedfromimage2 and24

showeda strongnoisesensitivity for this method.For moreaccurateresultsa bundle
adjustmentshouldbeappliedon theprojectivereconstructionandamoreaccuratelo-
calizationmethodshouldbeusedfor thevanishingpoints(themaingoalof themethod
thatwasused[172] wasdetectionandnotaccuratelocalization).

In somecasesthismethodwasn’t ableto obtainany solution.Theseobservations
canbe explainedby the absenceof redundancy whenonetries to extract the metric
calibrationfrom ascenefrom two imagesonly. Theself-calibrationproblemis known
to bea hardproblemandthereforeasmuchredundancy aspossibleshouldbeused.
Sometimeseven this is not enoughsincemany critical motion sequencesexist (see
Section4.4.3).

5.4.2 Varying focal length

The modulusconstraintcanalso be usedfor otherpurposesthanaffine calibration
(see[121] for moredetails). The constraintdependson two conditions: the affine
calibrationand constantintrinsic cameraparameters.For eachview exceptthe first
onewegetavalid constraint.Thismeansthatinsteadof “spending”theconstrainton
solvingfor affinecalibration,onecanin thetraditionalscheme–whereaffinecalibra-
tion amountsfrom translationbetweenthe first two views [100]– usethe constraint
to retrieve onechangingparameterfor eachsupplementaryview. An alternative ap-
proachwouldbeto leavethecameraparametersunchangeduntil theaffinecalibration
is retrieved andonly thenstart varying the cameraparameters.The mostpractical
applicationis to allow thefocal lengthto vary. Thisallowsto copewith auto-focusing
and zoomingin the imagesequence.A similar approachwas proposedfor stereo
rigs [125], thiscasewill bediscussedin 5.4.3.

Modeling the changein focal length

The first stepis to model the effect of changesin focal length. Thesechangesare
relatively well describedby scalingthe imagearounda fixed focusof expansion� .



80 Chapter5. Stratifiedself-calibration

Thiscanbeexpressedasfollows:���� 
 ½�¼ � � � 
 with
¼ � ½ ¾À ± Ä à�� ü É × ± æ����Ä ± à�� ü É × ± æ��� Ä Ä � ü É ÇÈ

(5.14)

where � � 
 arethe pointsthat onewould have seenif no changein focal lengthhad
occurred,andwith � � � 
 the imagepointsfor somerelativefocal length

�
. Note that

this equationalsomakesit possibleto canceltheeffect of thezoomby dezoominga
projectionmatrixusing

¼ ü É� .
Thefirst thingto dois to retrievethefocusof expansion� . Fortunately, this is easy

for acamerawith variablefocallength, � beingtheonlyfinitefixedpointwhenvarying
thefocallengthwithoutmoving thecamera[80, 83]. Theaffinecameracalibrationcan
thenberetrievedfrom two views with a differentfocal lengthanda puretranslation
betweenthetwo views,usingthemethoddescribedin [121].

Using the modulusconstraint

Themodulusconstraintis only valid for anaffinely calibratedcamerawith constant
intrinsic cameraparametersor after that the effect of the changein focal lengthhas
beentakenaway. Stateddifferently, themodulusconstraintmustbevalid for acamera
matrix

»�"!�½�¼ ü É� �"! . Writing down thecharacteristicequation,wegetanequation
similar to equation(5.2):#�$�% à/¼ ü É� Ó Ü É 
 × á"õ æ ½ ç Í á Í ã ç Ì á Ì ã ç É á ã ç ê ½ Ä (5.15)

The expressionsfor ç É è ç Ì è ç Í è ç'& are worked out in AppendixA.3. Substitutingthe
obtainedcoefficientsin equation(5.3)weobtaina º)(+* degreepolynomialequationin�

: , & � & ã , Í � Í ã , Ì � Ì ã , É � ã , ê ½ Ä (5.16)

This equationhas4 possiblesolutions. It canbe proven that if
�

is a real solution,
then

× �
mustalsobea solution(seeappendixA.3). Imposingthis to equation(5.16)

yieldsthefollowing result: �¨½.- , É, Í ² (5.17)

Now that
�

hasbeenretrieved,
¼ ü É� canbeusedto getnormalizedimagesandcam-

eras.Theseaffine cameraprojectionmatricescanthenbeupgradedto metricasde-
scribedin section5.3.2.

Simulation

Somesimulationswerealsocarriedout for this case.Hereagain,the sametype of
simulateddatawasusedas in the generalcase(seesection5.3.4). Differentnoise
levelswereusedfor thesimulations.For everyexperimentfour viewsweregenerated.

The first two only differ in focal length (
� É ½ ± è/� Ì ½ Æ ) which allows us to

estimatethe focusof expansion. The focal length for the otherviews is chosenat
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Figure5.14:Computedintrinsic camera parametersfor low noiselevel(left) andhigh
noiselevel (right).

randombetween
� É

and
� Ì

. For the third view a pure translationwas carriedout.
From this the affine reconstructionwasobtained,in spiteof an unknown changein
focal length.For thelastimageacombinationof arotationandatranslationwasused.

For every noiselevel hundredexperimentswerecarriedout. The resultsfor 0.2
and2 pixelsof noiseareshown in Figure5.14. This correspondsto a low anda high
level of noiseon thecorrespondences.Thelayoutis similar to Figure5.3.

It can be seenthat the resultsare very good for a small amountof noise(left
partof Figure5.12). With morenoisetheresultsarestill good. Theothercomputed
parameters(i.e. thefocusof expansionandtherelative focal lengthsfor thedifferent
views) arenot shown. In generalthefocusof expansionandtherelative focal length
for views2 and3 areveryaccuratelyobtained.This is dueto thehigh redundancy of
theequationsin thesecases.Thequality of theestimatefor therelative focal length
for view 4 is of thesameorderastheabsoluteestimateof thefocal length(i.e.

� � ).
Experiment

In thiscaseanindoorscenewasusedfor ourexperiment.First thefocusof expansion
wasidentifiedby zooming.Thena puretranslationwascarriedout which allowedto
retrieve theaffine structure.Finally anadditionalmotionwasusedto get themetric
structureof thescene.

Heresomeresultsobtainedfrom a sceneconsistingof two boxesanda cup are
given. Theimagesthatwereusedcanbeseenin Figure5.15. Thescenewaschosen
to allow a goodqualitative evaluationof the metric reconstruction.The boxeshave
right anglesandthecup is cylindrical. Thesecharacteristicsmustbepreservedby a
metric reconstruction,but will in generalnot bepreservedby anaffineor projective
reconstruction.

Firstacornermatcherwasusedto extractpointcorrespondencesbetweenthethree
images.Fromthesethemethodallowing varying focal lengthswasusedto obtaina
metriccalibrationof thecameras.Subsequently, thealgorithmof [134] wasusedto
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Figure5.15: The3 imagesthat were usedto build a Euclideanreconstruction.The
camera wastranslatedbetweenthefirst twoviews(thezoomwasusedto keepthesize
moreor lessconstant).For thethird image thecamera wasalsorotated.

Figure5.16:Differentviewsof the3D reconstruction.

computedensepoint correspondences.Thesewereusedto build thefinal 3D recon-
structionusingthepreviouslyrecoveredcalibration.

Figure5.16 shows threeviews of the reconstructedscene. The left imageis a
front view, the middle imagea top view, while the right imageis a sideview. Note
especiallyfrom thetop view, that µ	Ä�0 anglesarepreservedandthatthecupkeepsits
cylindrical form which is anindicationof thequalityof themetricreconstruction.

5.4.3 Stereorig with varying focal length

Theauto-calibrationtechniquesproposedby Zissermanetal. [188] andDevernayand
Faugeras[28] (or morerecentlyby HoraudandCsurka[65]) for two viewstakenwith
a rotatingfixed stereorig canalsobe generalizedto allow changesin focal lengths
for bothcamerasindependentlyandpurely translationalmotions. In fact themethod
is easierthanfor a singlecamera.For a fixedstereorig theepipolesarefixedaslong
asonedoesn’t changethe focal length. In this casethe movementof theepipolein
onecamerais in directrelationwith thechangeof its focal length.This is illustrated
in figure 5.17. Knowing the relative changein focal lengthandthe principal points
allowsto removetheeffectof thischangefrom theimages.Fromthenonthestandard
techniquesfor fixedstereorigscanbeused[188, 28, 65].

Thesameideawasrecentlyextendedby Shashua[143] to allow all intrinsiccam-
eraparametersandorientationsof anomnirig(rig with 5 camerasin whichthecenters
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of projectionarefixed)to vary. With commonpointsbetweentwo views of this om-
nirig it is possibleto self-calibrateit. Without commonpoints it is still possibleto
obtain a metric frame if the rig had beencalibratedbefore,even if all parameters
changedin themeanwhile.The5 projectioncentersareusedto transformtheprojec-
tive reconstructionto a metricone.
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Figure5.17: this figure illustrateshowtheepipoleswill movein functionof a change
in focal length.

By first extractingtheprincipalpoints-i.e.mildly calibratingthecamera- onecan
thenalsogeta Euclideanreconstructioneven for a translatingstereorig, which was
not possiblewith earliermethods[188, 28]. Betweenany pair of cameras1 and 2 we
have thefollowing constraints:á 
43$ñ ò3 ½ Ó Ü
53 ñ ò
 Ó Ü
43 Û (5.18)

For two views with a fixed stereorig thereare3 differentconstraintsof the typeof
equation(5.18): for the left camera(betweenview 1 and 2), for the right camera
(betweenview 1 and2) andbetweenthe left andtheright camera.For a translationÓÊÉ
Ì Ü ½cõ

which meansthat the two first constraintsbecometrivial. Theconstraint
betweentheleft andtheright camerain generalgives5 independentequations

Ì
. This

is not enoughto solve for
��6� è7��6 è/896 è � 6� è � 6 è/� î� è7� î è78 î è � î� è � î . Assumingthat the

principal point coincideswith the focus of expansionand assumingperpendicular
imageaxes[188] restrictsthe numberof unknownsto 4. This problemcanthenbe
solved througha systemof linear equations(see[126]). In practicalcasesthis can
beimportantbecausewith earliertechniquesany motionof thestereorig which was
closeto translationgaveunstableresults.

It is alsouseful to note that in the caseof a translationalmotion of the rig, the
epipolargeometrycanbeobtainedwith asfew as3 pointsseenin all 4 views. After
cancellingthechangein focal lengthandsuperimposingthetranslatedviews,it is asif
oneobservestwo translatedcopiesof thepoints.Choosingtwo of thethreepoints,one
obtainsfourcoplanarpointsfromthetwo copies(coplanarityderivesfromthefactthat
therig translates).Togetherwith projectionsof the third point, this sufficesto apply
thealgorithmpropoundedin [13]. Needingasfew as3 pointsclearlyis advantageous
to detecte.g.independentmotionsusingRANSAC strategies[162].:

thecamerasof thestereorig shouldnothave thesameorientation.
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Experiments

Thealgorithmdescribedin the previoussection,wasappliedto syntheticimagesas
well asreal images.Fromtestswith syntheticdataonecanconcludethat restricting
themotion to translationgivesmorestableresults.For a reporton theseresults,we
referto [131].

Someresultsobtainedfrom a real scenearepresentedhere. The sceneconsists
of a box anda cylindrical objecton a texturedbackground.Imageswereacquired
with a translatingstereorig. They canbeseenin Figure5.18. Figure5.19shows the

Figure5.18:Twopairsof imagesof a scenetakenwith a translatingstereorig.

reconstructionresults.Noticethatanglesarewell preserved(e.g.thetopandthefront
view differ by µ	Ä;0 , thebox andthefloor haveright anglesin thereconstruction).The
inaccuraciesin the reconstruction(like thedentin thecylindrical object)aremainly
dueto therenderingprocesswhichusestriangulationbetweenmatchedpointsandare
not relatedto theaccuracy of thecalibration.

5.5 Conclusion

In this chapterthemodulusconstraintandits applicationto self-calibrationproblems
was discussed.It hasbeenshown that this versatileconstraintcan be usedto ob-
tain theself-calibrationof camerasin differentcircumstances.First theclassicalself-
calibrationproblemwassolved. Themodulusconstraintallows to follow a stratified
approach.The projective calibrationis upgradedto affine by identifying the plane

Figure5.19:Differentviewsof the3D reconstructionof thescene.
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at infinity, thentheabsoluteconic is locatedanda metriccalibrationis obtained.A
non-linearminimizationstepallows to refinethiscalibration.

The experimentson syntheticdatashow that a stratifiedapproachcan be more
successfulin obtaininga satisfyingcalibrationthananapproachbasedon ana priori
guessfor theintrinsiccameraparameters.Theseexperimentsconfirmtheimportance
of a good localizationof the planeat infinity for a successfulcalibration. Besides
experimentson syntheticdatasomereal imagesequenceswereusedto illustratethe
feasibilityof themethod.

Someotherapplicationsof themodulusconstraintwerealsoproposed.In many
circumstancestwo or morevanishingpointsareknown or canbefoundin theimages.
In thiscasethemodulusconstraintcanevenresultin self-calibrationfrom two images
only. Interestingresultshave alsobeenobtainedfor a varying focal length. Once
the affine calibrationhasbeenobtained(i.e. from a pure translation)the modulus
constraintcanbeusedto retrieve thefocal lengththrougha closedform equation.A
similarapproachfor stereorigswasalsobriefly discussed.
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Chapter 6

Flexible self-calibration

6.1 Intr oduction

In recentyears,researchershave beenstudyingself-calibrationmethodsfor cameras.
Mostly completelyunknown but constantintrinsic cameraparameterswereassumed.
Several of thesetechniqueswerediscussedin the two previous chapters.This has
thedisadvantagethat thezoomcannot beusedandevenfocusingis prohibited.On
theotherhand,theproposedperspective modelis oftentoo generalcomparedto the
rangeof existing cameras.Mostly the imageaxescanbe assumedorthogonaland
often the aspectratio is known. Thereforea tradeoff canbe madeandby assuming
theseparametersto beknown, onecanallow (someof) theotherparametersto vary
throughouttheimagesequence.

Sinceit becameclearthatprojectivereconstructionscouldbeobtainedfrom image
sequencesalone[36, 51], researcherstried to find waysto upgradethesereconstruc-
tionsto metric(i.e. Euclideanup to unknown scale).Many methodsweredeveloped
which assumedconstantintrinsic cameraparameters[37, 87, 183, 60, 166, 124, 123,
53]. Most of thesemethodsarebasedon theabsoluteconicwhich is theonly conic
which staysfixed underall Euclideantransformations[142]. This conic lays in the
planeat infinity andits imageis directly relatedto the intrinsic cameraparameters,
hencetheadvantagefor self-calibration.

Sofarnotmuchworkhadbeendoneonvaryingintrinsiccameraparameters.In the
previouschapter(seealso[121]) a stratifiedapproachfor thecaseof a varyingfocal
lengthwasproposed,but thismethodrequiredapuretranslationasinitialization,along
thelinesof Armstrongetal.’s [2] earlieraccountfor fixedintrinsiccameraparameters.
RecentlyHeydenandÅström [61] provedthatself-calibrationwaspossiblewhenthe
pixelscouldbeassumedto besquares.Theself-calibrationmethodproposedin their
paperis basedon bundleadjustmentwhich requiresnon-linearminimizationover all
reconstructedpointsandcamerassimultaneously. No methodwasproposedto obtain
a suitableinitialization.

In thischapterthisproof is extended.It will beshown thattheknowledgethatthe
pixelsarerectangularis sufficient to allow self-calibration.Throughgeometricrea-

87
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soningthis resultwill evenbeextendedto anyintrinsiccameraparameter. A versatile
self-calibrationmethodis proposedwhich candealwith varyingtypesof constraints.
This will thenbespecializedtowardsthecasewherethefocal lengthvaries,possibly
alsotheprincipalpoint.

Section6.2discussessometheoreticalaspectsof self-calibrationfor varyingcam-
era parameters.Section6.4 discussesthe problemof critical motion sequencesin
the caseof varying intrinsic parameters.Section6.5 discussessomeaspectsof the
automaticselectionof constraintsfor self-calibration.The methodis thenvalidated
throughtheexperimentsof Section6.6. Section6.7concludesthischapter.

6.2 Sometheory

Beforedevelopinga practicalself-calibrationalgorithmfor varying intrinsic param-
eterssometheoreticalaspectsof the problemare studiedin this section. First a
countingargumentis givenwhichstatestheminimalsequencelengththatallowsself-
calibrationfrom aspecificsetof constraints.Thenatheoremis givenwhichstatesthat
self-calibrationis possiblefor theminimalcasewheretheonly availableconstraintis
theabsenceof skew. Basedon thegeometricinterpretationof somecalibrationcon-
straints,this is generalizedto any known intrinsicparameter.

6.2.1 A counting argument

To restricttheprojectiveambiguity(15degreesof freedom)to ametricone(3 degrees
of freedomfor rotation,3 for translationand1 for scale),at least8 constraintsare
needed.This thusdeterminesthe minimum lengthof a sequencefrom which self-
calibrationcanbeobtained,dependingon thetypeof constraintswhich areavailable
for eachview. Knowing anintrinsiccameraparameterfor < viewsgives< constraints,
fixing oneyieldsonly < × ± constraints.<>= à�?A@ <CB	DE< æ ã à < × ± æ = àF?A� 1�GIH	J æ�K ³
Of coursethis countingargumentis only valid if all theconstraintsareindependent.
In this context critical motion sequencesareof specialimportance(seeSection6.4
andesp.6.4.2).

Thereforetheabsenceof skew (1 constraintperview) shouldin generalbeenough
to allow self-calibrationon a sequenceof 8 or moreimages.In Section6.2.3it will
beshown that this simpleconstraintis not boundto bedegenerate.If in additionthe
aspectratio is known (e.g.

� � ½L�  ) then4 viewsshouldbesufficient. Whenalsothe
principalpoint is known, a pairof imagesis enough.A few moreexamplesaregiven
in Table6.2.1.

6.2.2 A geometricinterpretation of self-calibration constraints

In this sectiona geometricinterpretationof a cameraprojectionmatrix is given. It is
seenthatconstraintsontheinternalcameraparameterscaneasilybegivenageometric
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constraints known fixed min #images
noskew

8 ³
fixedaspectratioandnoskew

8 ��M��N Á
known aspectratioandnoskew

8
, ��M� N º

only focal lengthis unknown
8
, ��M�ON , � � , �P Æ

standardself-calibrationproblem
� � , �  , � � , �� , 8 Â

Table 6.1: A few examplesof minimumsequencelength required to allow self-
calibration

interpretationin space.This will thenbe usedin the next sectionto generalizethe
theoremgivenin [120] (andAppendixB).

A cameraprojectionplanedefinesa setof threeplanes.Thefirst oneis parallelto
the imageandgoesthroughthecenterof projection. This planecanbe obtainedby
back-projectingtheline at infinity of theimage(i.e.

ô Ä	ÄJ± ø Û ). Thetwo othersrespec-
tively correspondto theback-projectionof the image G - and Q -axis (i.e.

ô ÄJ±WÄ ø Û andô ±�Ä	Ä ø Û resp.).A line canbeback-projectedthroughequation(3.9):R Ñ � ÛTS�Ñ ù U
- V Û U ú ¼ ÛWS (6.1)

Let uslook at therelativeorientationof theseplanes.Thereforetherotationandtrans-
lation canbeleft out without lossof generality(i.e. a cameracenteredrepresentation
is used).Let usthendefinethevectorsÐ � , Ð  and Ð 
 asthethreefirst coefficientsof
theseplanes.This thenyieldsthefollowing threevectors:Ð � ½ ¾À Ä�  �� ÇÈ è Ð  ½ ¾À � �8� � ÇÈ è ÐX
 ½ ¾À ÄÄ ±

ÇÈ
(6.2)

Thevectorscoincidingwith thedirectionof the G andthe Q axiscanbeobtainedby
intersectionsof theseplanes:S � ½ Ð � =¨Ð 
 ½ ¾À �  ÄÄ ÇÈ

and
S  ½ Ð  =¨Ð 
 ½¿¾À 8× � �Ä ÇÈ ² (6.3)

Thefollowing dotproductscannow betaken:S � ² S  ½Y8	�  è Ð � ² ÐX
 ½ �� and Ð  ² ÐZ
 ½ � � (6.4)

Equation(6.4) provesthat theconstraintfor rectangularpixels(i.e.
8Þ½ Ä ), andzero

coordinatesfor the principal point (i.e. � � ½ Ä and �� ½ Ä ) canall be expressedin
termsof orthogonalitybetweenvectorsin space.Notefurtherthatit is possibleto pre-
warptheimagesothata known skew

É
or known principalpoint parameterscoincide

with zero.Similarly aknown focal lengthor aspectratiocanbescaledto one.[
In this casetheskew shouldbegivenasananglein theimageplane.If theaspectratio is alsoknown,

this correspondsto ananglein theretinalplane(e.g.CCD-array).
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It is alsopossibleto give a geometricinterpretationto a known focal lengthor
aspectratio. Put a planeparallel with the imageat distanceJ from the centerof
projection(i.e. \ ½ J in cameracenteredcoordinates). In this casea horizontal
motionin the imageof

� � pixelswill move theintersectionpoint of the line of sight
over a distanceJ . In other words a known focal length is equivalent to knowing
that the lengthof two (typically orthogonal)vectorsareequal. If the aspectratio is
definedastheratio betweenthehorizontalandverticalsidesof a pixel (whichmakes
it independentof

8
), a similar interpretationis possible.

6.2.3 Minimal constraints for self-calibration

In this paragraphit is statedthattheknowledgethatthepixelsarerectangularcanbe
sufficient to yield a metric reconstruction(theactualproof is given in AppendixB).
This is anextensionof the theoremproposedby HeydenandÅström [61] which be-
sidesorthogonalityalsorequirestheaspectratio to beknown (i.e. squarepixels). In
themeanwhileHeydenandÅström [64] independentlyproposeda generalizationof
their theorem.

Theorem6.1 Theclassof transformationswhich preservesrectangularpixelsis the
groupof similarity transformations.

Theoriginalproofisgivenin appendixB. Herewegiveageometricproofbasedonthe
insightsof theprevioussection.Theseinsightsallow usto generalizeTheorem6.1for
any known intrinsic parameter. Theproof for rectangularpixels(no skew) or known
coordinatesof theprincipalpoint is given in Figure6.1. While theproof for known
focal lengthor knownaspectratiois givenin Figure6.2. In thesefiguresapairof lines
representsa specificcamerapose. Dependingon the figure orthogonalityor equal
lengthconstraintsshouldbesatisfiedfor every pair of lines. If a constructioncanbe
obtainedwhichfixesall parametersof projectivedistortion(i.e. restricttheambiguity
to a similarity) we disposeof an exampleof a non-criticalmotion sequence.This
shows that the constraintis not boundto be degenerateandthusthat in generalthe
constraintsareindependent.

If a sequenceis generalenough(in its motion) it follows from Theorem6.1 that
only a projective representationof the cameraswhich canbe relatedto the original
onesthrougha similarity transformation(possiblyincludinga mirroring) would sat-
isfy the orthogonalityof rows andcolumnsfor all views. Using orientedprojective
geometry[78] themirroringambiguitycaneasilybeeliminated.Thegeometricproofs
givenin Figure6.1andFigure6.2generalizethis towardsany known intrinsiccamera
parameter. Thereforeself-calibrationandmetricreconstructionarepossiblefrommin-
imal constraintssupposingthe motion is generalenough.Of coursemorerestricted
cameramodelsyield moreaccurateresultsanddiminishtheprobabilityof encounter-
ing critical motionsequences(seeSection6.4).
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Figure6.1: geometricproof for skew or principal point: Everypair of linesrepresent
anorthogonalityconstraint. Constraints1,2and3 definea setof mutuallyorthogonal
lines. Thepairs of constraints1-4, 2-5 and 3-6 definethe pointsat infinity of these
lines and thusfix the planeat infinity. At this point only a scalingalong oneof the
threeaxesis possible. Thisis madeimpossiblethroughtheconstraints7 and8. Only
a global scaleanda rigid transformationof thewholeconstructionare still possible.
QED.
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Figure6.2: Geometricproof for focal lengthor aspectratio: In this caseeverypair
of linesrepresentan equallengthconstraint. Startingin a plane, constraints1,2and
3 giveus a rhombus. Constraint 4 imposesequaldiagonals,which thusresultsin a
square. At thisstagetheambiguityontheplaneis restrictedtoa 2Dsimilarity. Putting
up theconstruction5-6-7weobtaina first fixedpoint out of theplane. Constraint 8
is positionedso that the line ]�� passesthrough ^ and is perpendicularto the plane
(the basepointcan easilybe computedfrom the positionsof 5,6 and 7). Theknown
scalefactor _ `Fab__ c�ab_ allowsto obtainthepointat infinity of theline. Togetherwith theline
at infinity of theplanethis fully determinestheaffinestructure of thescene. Since]��
wasconstructedperpendicularto theplane(andtherelativescaleto theplaneis also
fixed)theambiguityis restrictedto a similarity. QED.
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6.3 Self-calibration of a camerawith varying intrinsic
parameters

It is a well-known resultthat from imagecorrespondencesalonethe cameraprojec-
tion matricesandthereconstructionof thescenepointscanberetrievedup to a pro-
jective transformationwithout assumingany knowledgeaboutthe intrinsic camera
parameters[36, 51]. A practicalmethodis describedin Section7. Notethatwithout
additionalconstraintsnothingmorecanbeachieved.Thiswasshown in Section4.2.

In general,however, someadditionalconstraintsare available. Someintrinsic
parametersare known or can be assumedconstant. This yields constraintswhich
shouldbeverifiedwhen

�
is factorizedasin equation(3.7).

It wasshown in the previoussectionthat whenno skew is present(or whenan-
otherintrinsiccameraparameteris known), theambiguityof thereconstructioncanbe
restrictedto metric. Althoughthis is theoreticallysufficient, underpracticalcircum-
stancesoftenmuchmoreconstraintsareavailableandshouldbeused.

In Euclideanspacetwo entitiesareinvariant–setwise,not pointwise–underrigid
transformations.Thefirst oneis theplaneat infinity

R Ü whichallowsto obtainaffine
measurements.Thesecondentity is the absoluteconic d which is embeddedin the
planeat infinity. If besidestheplaneat infinity

R Ü theabsoluteconic d hasalsobeen
localized,metricmeasurementsarepossible.

Whenlooking at a staticscenefrom differentviewpointsthe relative positionof
thecameratowards

R Ü and d is invariant. If themotionis generalenough,only one
conicin onespecificplanewill satisfythiscondition.Theabsoluteconiccantherefore
beusedasa virtual calibrationpatternwhich is alwayspresentin thescene.

A practicalwayto encodeboththeabsoluteconic d andtheplaneat infinity
R Ü is

throughtheuseof theabsolutedualquadric d ò [142] (introducedin computervision
by Triggs[166]). It wasintroducedin Section2.3.3andits applicationin thecontext
of self-calibrationwasdiscussedin Section4.4.1.Its projectionin theimagesis given
by equation(4.3): ñ ò
 ½�¼ 
 ¼DÛ
 Ñ � 
Fd ò �
Û
 (6.5)

This equationcanalsobe seenasdescribingthe back-projectionof the dual image
absoluteconic ñaò
 ½ ¼ 
 ¼ Û
 into 3D space.Constraintson the intrinsic camerapa-
rametersin

¼ 
 canthereforebetranslatedto constraintson theabsolutedualquadric.
If enoughconstraintsareat handonly onequadricwill satisfythemall, i.e. the ab-
solutedual quadric. At that point the scenecanbe transformedto the metric frame
(which brings d ò to its canonicalform). Someof theseconceptsare illustratedin
Figure6.3.

6.3.1 Non-linear approach

Equation(4.3) canbe usedto obtainthe metric calibrationfrom the projective one.
Thedual imageabsoluteconics ñaò
 shouldbeparameterizedin sucha way that they
enforcethe constraintson the calibrationparameters.For the absolutedual quadricd ò a minimumparameterization(8 parameters)shouldbeused.This canbedoneby
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Figure6.3: Theabsolutedualquadric d ò which encodesboththeplaneat infinity
R Ü

(affinereferenceentity)andtheabsoluteconic e (metricreferenceentity),projectsto
thedual image of theabsoluteconic ñf
 ½�¼ 
 ¼ Û
 . Theprojectionequationallowsto
translateconstraintson theintrinsic parameters to constraintson d ò .
putting d òÍ�Í ½ ± andby calculating d ò&7& from the rank 3 constraint.The following
parameterizationsatisfiestheserequirements:d ò ½ ù ¼�¼ Û × ¼�¼ Û Ú Ü× Ú ÛÜ ¼�¼ Û Ú ÛÜ ¼�¼ Û Ú Ü ú ² (6.6)

Here
Ú Ü definesthepositionof theplaneat infinity

R Ü ½ ô Ú ÛÜ ± ø Û . In this casethe
transformationfrom projectiveto metricis particularlysimple:gihkj ½ ù ¼yüml Ä ÍÚ ÛÜ ± ú (6.7)

An approximatesolutionto theseequationscanbeobtainedthroughnon-linearleast
squares.Thefollowing criterionshouldbeminimized(with n à�o æTp qr q r	s ):t s à6¼ 
 è d ò æ ½ t s à/¼ 
 è�¼Ùè Ú Ü æ ½ uv 
xw lEyy n à6¼ 
 ¼DÛ
 æ × n à�� 
Fd ò �
Û
 æ yy s ² (6.8)

If onechooses
� l ½fô õ	ö zJø

, equation(4.3)canberewrittenasfollows:¼ 
 ¼ Û
 Ñ � 
 d òl � Û
 with d òl p ù ¼ l ¼ Û l × ¼ l ¼ Û l Ú ÛÜ× Ú Ü ¼ l ¼ Û l Ú Ü ¼ l ¼ Û l Ú ÛÜ ú (6.9)

andthefollowing criterionis obtained:t ós à/¼ 
 è Ú Ü æ ½ uv 
xw�{ yy n à/¼ 
 ¼DÛ
 æ × n à+� 
 d òl �
Û
 æ yy s ² (6.10)
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In this way 5 of the8 parametersof theabsoluteconicareeliminatedat once,which
simplifiesconvergenceissues.On the otherhandthis formulationimpliesa biasto-
wardsthefirst view sinceusingthis parameterizationtheequationsfor thefirst view
areperfectlysatisfied,whereasthenoisehasto be spreadover theequationsfor the
otherviews. In theexperimentsit will beseenthat this is not suitablefor longerse-
quenceswherein this casethepresentredundancy cannot beusedoptimally. There-
fore it is proposedto first usethe simplifiedcriterion of equation(6.10)andthento
refinetheresultswith theunbiasedcriterionof equation(6.8).

To applythisself-calibrationmethodto standardzooming/focusingcameras,some
assumptionsshouldbemade.Often it canbeassumedthat thereis no skew andthat
theaspectratio is tunedto one. If necessary(e.g.whenonly a shortimagesequence
is at hand,whentheprojectivecalibrationis notaccurateenoughor whenthemotion
sequenceis closeto critical without additionalconstraints),it canalsobe usedthat
the principal point is closeto the centerof the image. This leadsto the following
parameterizationsfor

¼ 
 (transformtheimagesto have
à Ä è Ä æ in themiddle):¼ 
 ½ ¾À � 
 Ä � � 
� 
 �� 
± ÇÈ

or
¼ 
 ½ ¾À � 
 Ä Ä� 
 Ä ±

ÇÈ ² (6.11)

Theseparameterizationscanbe usedin (6.8). It will be seenin the experimentsof
Section6.6 that this methodgivesgoodresultson syntheticdataaswell ason real
data.

6.3.2 Linear approach

The previous nonlinearapproachneedsan initialization. Thereforein this section
a non-iterative approachis developedbasedon linear constraints.Even if someof
theseconstraintsareonly roughlysatisfiedthis canbesufficient to providea suitable
initialization for thenonlinearmethod.

To obtaina linearalgorithmbasedon equation(4.3) linearconstraintson thedual
imageabsoluteconic areneeded.The problemis that the constraintsaregiven in
termsof intrinsiccameraparameterswhicharesquaredin ñaò :

ñ ò Ñ ¼�¼ Û Ñ ¾À � Ì� ã 8 Ì ã � Ì� 8b�  ã � � �P |� �8	�  ã � � �� � Ì ã � Ì �� � � �P ±
ÇÈ

(6.12)

However, a known principalpoint yieldstwo independentlinearconstraintson ñaò . If
theprincipalpoint is known thena known skew alsoresultsin a linearconstraint(i.e.
by transformingthe imageso that the skew vanishes).If thesethreeconstraintsare
available,thena known focal lengthor aspectratio alsoresultsin a linearconstraint.
Thedifferentusefulcasesaresummarizedin Table6.2.

HerecaseB is workedout,but theapproachis similar for thetwo othercases.The
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unknown parameters constraints ñaò
caseA

everythingknown but
free/unknown focal length
free/unknown aspectratio

� � ½ �� ½Y8 ½ Ä ¾À � Ì� Ä ÄÄ � Ì ÄÄ Ä ±
ÇÈ

caseB
everythingknown but
free/unknown focal length

� � ½}�  � � ½ �� ½Y8 ½ Ä ¾À � Ì Ä ÄÄ � Ì ÄÄ Ä ±
ÇÈ

caseC everythingknown
� � ½}�  ½ ±� � ½ �� ½Y8 ½ Ä ¾À ± Ä ÄÄ ± ÄÄ Ä ±

ÇÈ
Table6.2: Usefulcaseswhich canbesolvedwith thelinear algorithm

constraintswe imposesimplify equation(4.3)asfollows:

á ¾À � Ì
 Ä ÄÄ � Ì
 ÄÄ Ä ±
ÇÈ ½�� 
 ¾~~À � l � Ì � Í � &� Ì �����P� ���� Í �����P� ���� & � � � � � l��

Ç���È � Û
 (6.13)

with
á

an explicit scalefactor. From the left-handsideof equation(6.13) it canbe
seenthatthefollowing equationshave to besatisfied:ñ ò
Z� l7l�� ½ ñ ò
Z� Ì�Ì � è (6.14)ñ ò
 � l Ì � ½ ñ ò
 � l Í � ½ ñ ò
 � Ì�Í � ½ Ä (6.15)ñ ò
 � Ì l�� ½ ñ ò
 � Í l�� ½ ñ ò
 � Í�Ì � ½ Ä<² (6.16)

with ñaò
 ��� � � representingthe elementon row
@

andcolumn ç of ñaò
 . Note that due
to symmetry (6.15)and(6.16) result in identicalequations.Theseconstraintscan
thusbe imposedon the right-handside,yielding º independentlinear constraintsin� 
 è 1 ½ ±@²�²$²�±WÄ for every image:� � l��
 d ò � � l��
 Û ½ � � Ì �
 d ò � � Ì �
 ÛÆ � � l��
 d ò � � Ì �
 Û ½ ÄÆ � � l��
 d ò � � Í �
 Û ½ ÄÆ � � Ì �
 d ò � � Í �
 Û ½ Ä
with

� ��� �
 representingrow
@

of
� 
 and d ò parameterizedasin (6.13). The rank 3
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constraintcanbeimposedby takingtheclosestrank3 approximation(usingSVD for
example).Thisapproachholdsfor sequencesof 3 or moreimages.

Thespecialcaseof 2 imagescanalsobedealtwith, but with a slightly different
approach.Whenonly two views areavailablethesolutionis only determinedup to a
oneparameterfamily of solutionsd òâ ã�� d òå . Imposingtherank3 constraintin this
caseshouldbedonethroughthedeterminant:#X$�% à d òâ ã�� d òå æ ½ Ä<² (6.17)

This resultsin up to 4 possiblesolutions.Theconstraintthat thesquaredparameters
shouldbe positive can be usedto eliminatesomeof thesesolutions. If more than
one solution persistsadditionalconstraintsshouldbe used. Thesecan comefrom
knowledgeaboutthecamera(e.g.constantfocallength)oraboutthescene(e.g.known
angle).

6.3.3 Maximum Lik elihoodapproach

The calibrationresultscould be refinedeven morethrougha Maximum Likelihood
approach.Traditionallyseveralassumptionsaremadein this case.It is assumedthat
theerror is only dueto mislocalizationof theimagefeatures.Additionally, this error
shouldbeuniformly andnormallydistributed

Ì
. Thismeansthattheproposedcamera

model is supposedto be perfectly satisfied. In thesecircumstancesthe maximum
likelihoodestimationcorrespondsto thesolutionof a least-squaresproblem. In this
caseacriterionof thetypeof equation(4.2)shouldbeminimized:t j 6 à�� � è�¼ 
 è U 
 è VX
 æ ½�uv
�w l v���)�F��� à G � 
 ×Y� 
 l � �� 
 Í�� � æ Ì ã à Q � 
 ×L� 
 Ì � �� 
 ÍP� � æ Ì9� (6.18)

where ��
 is the setof indicescorrespondingto the pointsseenin view 1 and
� 
 pÒ � Û
 l � Û
 Ì � Û
 Í Ý Û ½�¼ 
 ô U Û
 ö - U Û
 V 
 ø . In thisequation

¼ 
 shouldbeparameterizedsothat
theself-calibrationconstraintsaresatisfied.Themodelcouldalsobeextendedwith
parametersfor radialdistortion.

An interestingextensionof this approachwould beto introducesomeuncertainty
on theappliedcameramodelandself-calibrationconstraints.Insteadof having hard
constraintson theintrinsic cameraparametersimposedthroughtheparameterization,
onecould imposesoft constraintson theseparametersthrougha trade-off duringthe
minimizationprocess.Thiswouldyield acriterionof thefollowing form:t ój 6 à+� � è�¼ 
 è U 
 è VX
 æ ½ � u
xw l � ���)� �T� à G � 
 ×}� � �� 7¡� �x¢  7¡ æ Ì ã à Q � 
 ×Y� �x£  7¡� �x¢  7¡ æ ÌP¤ã � u
�w l ��¥� w l á �§¦¨� 
 à6¼ 
 æ Ì (6.19)

with
á � a regularizationfactorand ¦ � 
 à/¼ 
 æ representingthe constraintson the in-

trinsic cameraparameters,e.g. ¦ l 
 ½©� � 
 × �  
 (known aspectratio), ¦ Ì 
 ½«ª � 

(known principalpoint)or

� � 
 × � � (constantfocal length).Thevaluesof thefactorsá � dependonhow stronglytheconstraintsshouldbeenforced.:
This is a realisticassumptionsinceoutliersshouldhave beenremovedat this stageof theprocessing.
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Figure 6.4: Potential images of the absoluteconic for different constraints. From
left to right moreconstraintsareadded.Noconstraints(far left), knownskew (middle
left),knownprincipal point(middleright) andknownaspectratio (far right). A known
focal lengthwouldresultin a knownradiusfor theimage of theabsoluteconic. Note
that theprojectionof thetrue absoluteconic in theretinal planeis always

õ
, what is

observedis, however, theimageplane.

6.4 Critical motion sequences

In this chaptera self-calibrationmethodwasproposedthatcoulddealwith different
setsof constraintson the intrinsic cameraparameters.In this casecritical motion
sequencescan,of course,alsooccur. The type of critical motion sequenceswhich
canoccur, however, dependon theconstraintswhichareimposedfor self-calibration.
Theextremesbeingall parametersknown, in whichcasealmostnodegeneraciesexist;
and,noconstraintsatall, in whichcaseall motionsequencesarecritical.

Thework of Sturmon critical motionsequences[152, 153, 150] canbeusedasa
startingpoint. This analysissupposedthatall intrinsic cameraparameterswerecon-
stant.Thealgorithmproposedin thischaptercanhoweverdealwith known, constant
or varyingcameraparameters.

Known intrinsic parametersarerelatively easyto dealwith sincethey reducethe
possibilitiesfor critical motionsequences.Only thepotentialabsoluteconicswhich
satisfythe constraintshave to be dealtwith. SinceSturm’s analysiswasdonefor a
constantimageof the absoluteconic,all the conicsof a specificconstantparameter
critical motionsequencewill satisfytheconstraintor nonewill. This meansthat the
classof motioninvolvedwill be thesamewhensomeparametersareknown andthe
othersareconstant(assumingthis typeis still critical with theaddedconstraints).The
ambiguity, however, will bereducedsincepotentialabsoluteconicshaveto satisfythe
imposedconstraints.Figure6.4 illustratestheeffect of theconstraintson the image
absoluteconic. Note for examplethat in thecasewhereonly the focal lengthis not
known theprojectionconeof theimageabsoluteconicis boundto beacircularcone.

Varying intrinsic parametersaremoredifficult to dealwith. An analysiscanbe
madealongthesamelinesasfor constantintrinsic cameraparameters:Givena spe-
cific typeof conic, which combinationsof positionand orientationsatisfythe con-
straints?Fromthisclassesof critical motionsequencescanbederived.
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6.4.1 Critical motion sequencesfor varying focal length

Oneof the most interestingcasesconsistsof a camerawith all intrinsic parameters
known, exceptthe focal lengthwhich canvary. To analyzeCMS it is simplerto use
theprojectionof theabsoluteconic in theretinalplaneinsteadof in theimage.For a
Euclideanrepresentationthetrueimagein theretinalplaneis obviously

õ
. Dueto an

unknown focal length,self-calibrationalgorithmshave no way to discardalternative
solutionswhichsatisfy ñf
 Ñ ¾À á ü Ì
 Ä ÄÄ á ü Ì
 ÄÄ Ä ±

ÇÈ ² (6.20)

A
á 
­¬½ ± correspondsto a wrong estimate

»� 
 of the focal length (i.e.
»� 
 ½ á 
 � 


insteadof
� 
 ). Onecanalsodeducefrom equation(6.20)that ñ Ü mustbeof theformñ Ü Ñ J;1F®;¯ à ® è ® è ± æ . Hereagainthecasesfor potentialabsoluteconicsonandoff the

planeat infinity shouldbeconsidered.

Potential absoluteconicsin the planeat infinity In this caseonly doubleor triple
eigenvaluesarepossiblefor theabsoluteconic.Sincea triple eigenvaluecorresponds
to therealabsoluteconic,only thecaseof a doubleeigenvalueshouldbeconsidered.
Theprojectionof theabsoluteconicon its imagefor a camerawith orientationU 
 is
describedas ñ°
 Ñ U 
Qñ Ü U Û
 . Dueto theform of ñf
 and ñ Ü thepossibleorientations
are: U ½ ¾À ±P²;³ , ³O´�µ , Ä× ³O´xµ , ±�²;³ , ÄÄ Ä ±

ÇÈ
or U ½ ¾À¶±P²;³ , ³O´xµ , Ä³O´xµ , × ±P²;³ , ÄÄ Ä × ±

ÇÈ
(6.21)

CMS-ClassF1 Thismeansthatcritical motionsequencesof thisclassconsistof mo-
tionsfor which therotationsareabouttheopticalaxisby anarbitraryangleor by 180
degreesaboutanaxisperpendicularto theopticalaxis.

Potential absoluteconic out of the plane at infinity Sincewe have to dealwith
a circular conetheclassesof Section4.4.3basedon elliptic conescanbediscarded
immediately. The locus is however moregeneralsincefor almostevery

á
another

positioncanbefound.Notethattheprojectionconecorrespondingto thetrueabsolute
conic is always an absoluteone and that thereforecylindrical conescorrespondto
wrong estimatesof the focal length. Thereforein this context relative focal length
meanstheestimatedfocal lengthover realfocal length.

CMS-ClassF2 An ellipseaspotentialabsoluteconicis obtainedwhenthemotion
is restrictedto a hyperbolaandanassociatedellipsein anorthogonalplane(this spe-
cific casewasworkedout by Sturm[155]). Sincea uniquepotentialabsoluteconic
correspondsto a hyperbolaandthesameis truefor theellipse,restrictingthemotion
to oneof themdoesnot increasethecriticality of thesequence.Thiscaseis illustrated
in Figure6.5basedon theprinciplewehavederivedin AppendixC. Theopticalaxis
of thecameramustbetangentto thehyperbolaresp.ellipse;arbitraryrotationabout
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Class Description
? V ? U ? d

F1 translationsand · Í ÆA=¸· ·
rotationsaboutopt. axis

F2 hyperbolicand/orelliptic motion ÆA=¸· ÆA=¸· Æ
F3 · ÆA=¸· or · Í 2
F3.1 forwardmotion · ÆA=¸· · Ì
F3.2 Æ · Í Æ
F3.2.1 purerotations ± · Í · Í

Table6.3: Classesof critical motionsequencesfor varyingfocal length.
? V and

? U
representrespectivelythenumberof differentpositionsandthedifferentorientations
at each positionof which a critical motionsequenceof thespecificclasscanconsist.? ñ indicatestheminimumlevel of ambiguityon theabsoluteconic for this classof
critical motionsequences.

theopticalaxis,and,of 180degreesaboutanaxisperpendicularto it, arethusallowed.
Notethat,to everypositioncorrespondsaspecific

á
(seefigure).

CMS-ClassF3 A circle aspotentialabsoluteconic is obtainedwhenthemotion
is restrictedto a line. The orientationshouldbe so that the optical axis is aligned
with this line, exceptfor two positionswhereanarbitraryorientationis allowed(for
thesetwo pointstheprojectionconeis anabsolutecone).Thereareseveralimportant
subclassesfor thisclass.

CMS-ClassF3.1All opticalaxesalignedwith the line containingall thecenters
of projection. In this caseall circles in planesperpendicularto the line (including
the planeat infinity) andcenteredaroundthe lines intersectionwith this planeare
potentialabsoluteconics.

CMS-ClassF3.2 All centersof projectionrestrictedto two positions. An arbi-
trary orientationsis allowedfor thecameras.In this casetheprojectionconesarean
absolutecones.Notethatthiscaseis still degeneratewhenthefocal lengthis known!

CMS-ClassF3.2.1If only oneof thetwo positionsis usedthenthepositionof the
planeat infinity is completelyfree.Thiscorrespondsto purerotation.

Thedifferentclassesof criticalmotionsequencesfor varyingfocallengtharesum-
marizedin Table6.3.

Specificdegeneraciesof the linear algorithms

In thecaseof a linearalgorithmsomespecificdegeneraciescanoccur. Thesearedue
to thefactthat linearalgorithmsonly imposetherank3 constraintof d ò a posteriori.
Notethatthis is notspecificto thealgorithmthatwasproposedin thischapter. Triggs
alsoreportedthisproblemfor hislinearalgorithmfor constantintrinsiccameraparam-
eters[166]. Sturmalsodiscussedspecificalgorithmdependentdegeneracies[150].
Theproblemof the linearalgorithmsandof theKruppaequationsconsistin thefact
thattheplanarityof theabsoluteconicis notenforced.

Specificdegeneraciesoccurwhen the camerafixesa real point. In the caseof
this algorithm the degeneraciesonly occur when the fixed point correspondswith
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Figure6.5: Critical motionsequencefor varyingfocallength,ClassF2. Motionalong
a hyperbola(

Ó
, left) and/oranellipse( ¹ , right). Thepotentialabsoluteconic º is the

intersectionof thecircular cones
oDè7»�è½¼ è7¾

(representedby ellipsoidsasexplained
in AppendixC) with theplane

R
. It hasthesameexcentricityas theellipsoid

o
(in

both cases).Theplanecontaining
Ó

, the planecontaining ¹ and the plane
R

are
mutuallyorthogonal. Notethat for theellipsoidsassociatedwith thehyperbola(left)
the smallesteigenvalue is doublewhile on for the onesassociatedwith the ellipse
(right) it is thelargestonethatis double. Thefactor

á
is givenbytheratio of thesingle

eigenvalue(associatedwith the optical axis) and the doubleeigenvalue(associated
with theimage plane).Thisgivestheratio betweenthetrue focal lengthandtheone
obtainedbyconsideringº astheabsoluteconic.

C

Figure6.6: Specificdegeneraciesof the linear algorithm. If point ¿ is fixatedat the
centerof the image, all real andimaginary sphereswith their centerin ¿ will satisfy
theconstraintsof thelinear algorithm(caseA andB). Notethat thedistancebetween
thecamera andthepoint ¿ canvary freely.
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the principal point. Sincethe fixation point is typically kept closeto the middle of
the imageandthuscloseto theprincipal point, this constraintis not very helpful in
practice.Sincethefocal lengthis freeto vary, varyingthedistanceto thefixatedpoint
doesnot restricttheambiguity.

In this caseall spheres–realor imaginary–with their centerat thefixedpoint are
solutionsof thelinearalgorithmsinceit doesnotenforcerank3. Supposefor example
thatthefixedpoint is ¿ ½ ô Ä	Ä	Ät± ø Û , thenthefollowingquadricswill all satisfytheself-
calibrationconstraints:À

ò ½ d ò ×ÂÁ ü Ì ¿Z¿ Û ½ ¾~~À ± Ä Ä ÄÄ ± Ä ÄÄ Ä ± ÄÄ Ä Ä ×ÃÁ ü Ì
Ç���È

(6.22)

Thisis illustratedin Figure6.6.Theonlyconstraintthatcanstill differentiatetheabso-
lutequadricfrom all theothersis thatit hasexactlyrank3. Notethatthedoublepoint
quadric ¿Z¿ Û hasonly rank 1. A nonlinearalgorithmenforcingthat the determinant
of the quadricis zerowould thusprobablyendup with d ò (givena goodinitializa-
tion), but couldalsoyield ¿Z¿ Û . A linearalgorithmwill just give any solution. Thus,
anadditionalclassof critical motionsequencesexistswhich is specificto the linear
algorithm:

CMS-ClassFL In thiscasethepositionis unrestricted(
? V ½ · Í ). Theorienta-

tion is sothataspecificpointisalwaysprojectedontheprincipalpoint(
? U ½ Æ�=¨· ).

Theabsoluteconicis only determinedupto oneparameter(
? d ½ · ).

Note that for mostclassesof Table6.3 the dimensionalityof the solutionspace
(i.e.

? d ) will behigherfor thelinearalgorithm.
Notealsothat if thefocal lengthis known (seeTable6.2,caseC) thenalmostno

degeneraciescanoccur(i.e. only CMS-ClassF4 andF4.1,seeTable6.3). In some
critical casesit canthusbeusefulto useanapproximatefocal lengthto initialize the
nonlinearalgorithm.How thiscanbedoneautomaticallyis explainedin Section6.5.

6.4.2 Detectingcritical motion sequences

A completedescriptionof all typesof critical motionsequencesfor all differentpos-
siblesetsof constraintswould takeustoo far. For thespecificcasewhereall intrinsic
cameraparametersarefixed,suchananalysiswascarriedoutby Sturm[152].

Herea morepracticalapproachis taken. Givenan imagesequence,a methodis
given to analyzeif that particularsequenceis (closeto) critical or not. The method
candealwith all differentcombinationsof constraints. It is basedon a sensitivity
analysistowardsthe constraints.An importantadvantageof the techniqueis that it
alsoindicatesquasi-criticalmotionsequences.It canbeusedon a syntheticmotion
sequenceaswell asonarealimagesequencefrom whichthe–potentiallyambiguous–
rigid motionsequencewasobtainedthroughself-calibration.

Without lossof generalitythecalibrationmatrix canbechosento be
¼ ½ õ

(and
thus ñaò
 ½�õ ). In thecaseof realimagesequencesthis impliesthattheimagesshould
first be transformedwith

¼yüCl
. In this caseit canbe verified that J � � ½ lÌ J à ñaò
 æ lOl ,
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 æ Ì�Ì , J ª�½ J à ñaò
 æ l Í ½ J à ñaò
 æ Í l , J ý ½ J à ñaò
 æ Ì�Í ½ J à ñaò
 æ Í�Ì and J 8D½J à ñaò
 æ l Ì ½ J à ñaò
 æ Ì l . Now the typical constraintswhich areusedfor self-calibration
canall be formulatedaslinearequationsin thecoefficientsof

¼
. As anexampleof

sucha systemof equations,considerthe case
8¨½ Ä , ��M� N ½ ± and

� � =constant.By
linearizingaroundñaò ½ìõ

this yields J à ñaò
 æ l Ì ½ Ä è J à ñaò
 æ l7l ½ J à ñaò
 æ Ì�Ì è J à ñaò
 æ l7l ½J	ñaòl l7l . Whichcanberewrittenas

¾À Ä Ä ±ÅÄPÄPÄ Ä Ä9ÄPÄ± Ä Ä ÄPÄPÄ × ±ÆÄ9ÄPÄ± × ± Ä ÄPÄPÄ Ä Ä9ÄPÄ ÇÈ
¾~~~~~~~~À
J	ñaòl lOlJ	ñaòl Ì�ÌJ	ñ òl l Ì

...J	ñaòÌ lOl

...

Ç���������È ½ Ä<² (6.23)

More in generalthelinearizedself-calibrationequationscanbewrittenasfollows:¼ J�ñ ò ½ Ä (6.24)

with J�ñ ò a columnvectorcontainingthedifferentialsof the coefficientsof the dual
imageabsoluteconic ñaò
 for all views. The matrix

¼
encodesthe imposedset of

constraints.Sincetheseequationsaresatisfiedfor theexactsolution,thissolutionwill
bean isolatedsolutionof this systemof equationsif andonly if any arbitrarysmall
changeto thesolutionviolatesat leastoneof theconditionsof equation(6.24).Using
equation(4.3)asmallchangecanbemodeledasfollows:¼ J�ñ ò ½L¼ ù J�ñaòJZd ò ú JZd ò ½}¼ ó J�d ò (6.25)

with d ò ½ ô d òlOl d òÌ�Ì d òl Ì d òÍ l d òÍ�Ì d òl & d òÌ & d òÍ & ø Û andthe Jacobian ÇPÈ7ÉËÊÈ/Ì Ê)Í evaluatedat

thesolution. To have theexpressionof equation(6.25)differentfrom zerofor every
possibleJZd ò , meansthat thematrix

¼ ó shouldbeof rank8 (
¼ ó shouldhave a right

null spaceof dimension0). In practicethismeansthatall singularvaluesof
¼ ó should

significantlydiffer from zero,elseasmallchangeof theabsolutequadricproportional
to right singularvectorsassociatedwith smallsingularvalueswill almostnot violate
theself-calibrationconstraints.

To usethismethodonresultscalculatedfrom arealsequencethecameramatrices�
shouldfirst beadjustedto have thecalculatedsolutionbecomeanexactsolutionof

theself-calibrationequations.

6.5 Constraint selection

In this chaptera methodwasproposedthat could dealwith different typesof con-
straintson theintrinsiccameraparameters.Theseparameterscanbeknown, constant
or freeto vary. This techniquethereforeoffersa lot of flexibility . On theotherhand
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onemustnow determinewhich constraintsshouldbeusedto determinetheabsolute
quadric.

It would beniceif thealgorithmcoulddeterminefrom thedatawhich setof con-
straintsis mostappropriatefor determiningthemetricstructureof thescene.At first
onecouldthink of applyingmodelselectionbasedonsomekind of Akaike’s informa-
tion criterion [1]. Kanatani[70] andTorr et al. [164] showedus that this couldgive
goodresultsto determinethebestmotionmodel.Theprincipleis thefollowing: Select
themodelwhich hasthesmallestexpectedresidual. Theexpectedresidualconsistsof
theactualresidualplusa termpenalizingfor thecomplexity of themodel.

The problem is, however, that, in the caseof self-calibration,this can not be
used. This canbe understoodasfollows. Assumesomeprojectionmatriceswhich
have a very small reprojectionerror. All thesematricessatisfymoreor lesstheself-
calibrationconstraints,but notexactly. It is thenveryprobablethatthebestmodel(in
thesenseof Akaike) is theprojectiveone.

This is very well, but we would have preferredan approximatecalibrationover
no calibrationat all. In fact what Akaike tells us is to keepthe projective camera
matricesafter self-calibration(i.e. to use

»� 
 g üCl andnot
»¼ 
 ô »U Û
 ö - »U Û
 »VZ
 ø with

»¼ 

exactlysatisfyingtheself-calibrationconstraints).

The approachwe proposeis thus not to minimize the expectedresidueon the
reconstruction,but the expectedvarianceon the absolutequadric. The problemis
howeverthatnotheoryhasbeenworkedoutfor thisyet. Intuitivelyonecanunderstand
thatwhennotenoughconstraintsareusedthevarianceis highandthattheuseof non-
consistentconstraintswill causethevarianceto getlarger.

Linear algorithm To dealwith thedegeneraciesof thelinearalgorithmasimplified
versionof theabove ideawasimplemented.For linearequationstheratio of thetwo
smallestsingularvaluesgivesanindicationof thevarianceonthesolution.

Thisvalueis comparedfor casesB (freefocal length)andC (known focal length)
of the linear algorithm. For caseC a very crudeestimateof the focal lengthcanbe
taken. For thecasesdegeneratefor B andnot for C, thesolutionfor B will have two
comparablysmallsingularvalues( � u ümlÃÎ � u Î Ä ) while thesolutionfor C will only
haveone( � u üClÃÏ � u Î Ä ).

In nonnear-degeneratecasesa uniquesolutionwill clearlystandout for caseB.
This meansthat the smallestsingularvaluewill bemuchsmallerthanall the others
( � u üCl Ï � u ). Enforcingawrongvaluefor thefocal lengthwill causea largeresidue
in this case. Sincethis correspondsto the squareof the smallestsingularvaluethe
ratiounderconsiderationwill besmall( � u üCl Î � u ).

SincemostmotionscausingcaseB of the linear algorithmto fail canbe solved
correctlyby thenon-linearapproach,thefocal lengthcanbereleasedin therefinement
step.
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6.6 Experiments

In thissectionsomeexperimentsaredescribed.First syntheticimagesequenceswere
usedto assessthequality of thealgorithmundersimulatedcircumstances.Both the
amountof noiseandthe lengthof thesequenceswerevaried. Thenresultsaregiven
for two outdoorvideo sequences.Both sequencesweretakenwith a standardsemi-
professionalcamcorderthatwasmovedfreely aroundtheobjects.Thefirst sequence
is theCastlesequencewhich wasalreadyusedin Section5.3.5. This sequencewas
filmed with constantcameraparameters–like mostalgorithmsrequire. The new al-
gorithm –which doesn’t imposethis– could thereforebe testedon this. A second
sequencewasrecordedwith varying intrinsic parameters.A zoomfactor( Æm= ) was
appliedwhile filming.

6.6.1 Simulations

The simulationswerecarriedout on sequencesof views of a syntheticscene.The
sceneconsistedof 50 pointsuniformly distributedin a unit spherewith its centerat
theorigin. Theintrinsic cameraparameterswerechosenasfollows. Thefocal length
wasdifferent for eachview, randomlychosenwith an expectedvalueof 2.0 anda
standarddeviation of 0.5. Theprincipalpoint hadanexpectedvalueof

à Ä è Ä æ anda
standarddeviation of Ät²O±ÑÐ Æ . In additionthesyntheticcamerahadanaspectratio of
oneandnoskew. Theviewsweretakenfrom all aroundthesphereandwereall more
or lesspointing towardsthe origin. An exampleof sucha sequencecanbe seenin
Figure6.7.

The scenepointswereprojectedinto the images. Gaussianwhite noisewith a
known standarddeviationwasaddedto theseprojections.Finally, theself-calibration
methodproposedin this paperwas carriedout on the sequence.For the different
algorithmsthe metric error wascomputed.This is the meandeviation betweenthe
scenepointsandtheir reconstructionafteralignment.Thesceneandits reconstruction
are alignedby applying the metric transformationwhich minimizesthe difference
betweenboth.For comparisonthesameerrorwasalsocalculatedafteralignmentwith
aprojectivetransformation.By default thenoisehadanequivalentstandarddeviation
of 1.0pixel for a Á�Ä-ÄÒ= Á	Ä	Ä image.To obtainsignificantresultseveryexperimentwas
carriedout10 timesandthemeanwascalculated.

To analyzethe influenceof noiseon the algorithms,noisevaluesof 0, 0.1, 0.2,
0.5, 1, 1.5 and2 pixelswereusedon sequencesof 6 views. Theresultscanbeseen
in Figure6.8. It canbeseenthatfor smallamountsof noisethemorecomplex model
(i.e. varying focal lengthandprincipal point) shouldbe preferred.If morenoiseis
added,thesimplemodel(i.e. only focal lengthvarying)givesthebestresults.This
is dueto thelow redundancy of thesystemof equationsfor themodelswhich,beside
thefocal length,alsotry to estimatethepositionof theprincipalpoint.

Anotherexperimentwascarriedout to evaluatetheperformanceof thealgorithm
for differentsequencelengths.Sequencesrangingfrom 4 to 40 views wereused.A
noiselevelof onepixelwasused.Theresultsareshown in Figure6.9.For shortimage
sequencesthe resultsare betterwhen the principal point is assumedin the middle
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Figure6.7: Exampleof sequenceusedfor simulations(theviewsare representedby
theopticalaxisandtheimageaxesof thecamera in thedifferentpositions.)
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Figure6.9: Relative3D error for sequencesof differentlengths

Figure6.10: Someof the Imagesof the Arenberg castlewhich were usedfor the re-
construction

of the image,even thoughthis is not exactly true. For longer imagesequencesthe
constraintson theaspectratio andtheimageskew aresufficient to allow anaccurate
estimationof themetricstructureof thescene.In this casefixing theprincipalpoint
will degradetheresultsby introducinga bias.

6.6.2 Castlesequence

The first sequenceshowing part of the Arenberg castlewas recordedwith a fixed
zoom/focus.It is thereforea goodtestfor thealgorithmspresentedin this chapterto
checkif they indeedreturnconstantintrinsic parametersfor this sequence.In Fig-
ure6.10someof theimagesof thesequenceareshown, moreof thesecanbeseenin
Figure7.2.

Thelinearalgorithmprovidesa goodresult,eventhoughthemotionsequenceis
closeto critical with respectto this algorithm

Í
. This solutionis usedasthe initial-Ó

Thereconstructedmotionsequence(seeFigure6.13)is closeto theCMS classFL describedin Sec-
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Figure6.11: focal length(in pixels)versusviewsfor thedifferentalgorithms

ization for the nonlinearalgorithm. This algorithmconvergeswithout problemsfor
thecaseof a varyingfocal length.After 6 iterationsthenormof theresiduevectoris
reducedfrom 0.57to 0.11.Whenalsotheprincipalpoint is allowedto vary, thealgo-
rithm convergencesto a wrongsolution. This is mostprobablydueto the restricted
motionof thecameraduringtheacquisitionof thesequence.

In Figure6.11thecomputedfocal lengthsareplottedfor every view, bothfor the
linear algorithmandfor the nonlinearalgorithm. For both algorithmsthe retrieved
focal lengthis almostconstant,asit shouldbe. This constantvaluehowever differs
for both algorithms. The reasonfor this is explainedbasedon the analysisof the
jacobianof theself-calibrationequations.

On theleft sideof Figure6.12thesingularvaluesof this jacobianaregiven.Note
that the last one is muchsmallerthanthe others. The associatedsingularvector is
shown on the right of this figure. It indicatesthat it is not possibleto accurately
determinetheabsolutevalueof the focal lengthfrom this specificimagesequence& .
This is not sobadsinceBougnouxindicatedthatan inaccurateestimateof the focal
lengthonly hada relatively smalleffecton thereconstruction[14].

tion 6.4.1.Ô
Notethatanorbitalmotionis notcritical in thiscase.Theproblemis thattheangleof rotationbetween

the extremeviews of the castlesequenceis too small to allow for an accurateself-calibration.This was
verifiedwith syntheticdata.Two sequencesof orbital motionweregenerated.Oneof 60 degrees(similar
to the castlesequence)andoneof 360 degrees.The first sequencesalsoyieldeda jacobianwith a small
singularvalue.Thejacobianof thesecondsequencedid nothaveany smallsingularvalue.In fact,in terms
of self-calibration,thecastlesequenceis relatively closeto puretranslation.
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Figure6.12:Structureof thejacobian.Singularvalues(left) andright singularvector
associatedwith the smallestsingularvalue(right). Thefirst 3 singularvalueswere
clipped,thevaluesare 42,39 and31. Thefirst 24 unknownsare associatedwith the
focal lengths,thenext 3 with thepositionof theplaneat infinity andthelast5 with the
absoluteconic.

Figure6.13showsthereconstructiontogetherwith theestimatedviewpointsof the
camera.In Figure6.14someorthographicviewsof thereconstructedscenearegiven.
Theresultingreconstructionis visuallyconvincingandpreservesthemetricproperties
of theoriginalscenes(i.e.parallelism,orthogonality, ²�²$² ).

A quantitativeassessmentof thesepropertiescanbemadeby explicitly measuring
anglesdirectly on the objectsurface. For this experiment6 lines wereplacedalong
prominentsurfacefeatures,threeoneachobjectplane,alignedwith thewindows. The
threelinesinsideof eachobjectplaneshouldbeparallelto eachother(anglebetween
themshouldbe0 degrees),while thelinesof differentobjectplanesshouldbeperpen-
diculartoeachother(anglebetweenthemshouldbe90degrees).Themeasurementon
theobjectsurfaceshowsthatthisis indeedcloseto theexpectedvalues(seeTable6.4).

6.6.3 Pillar sequence

This sequenceshows a stonepillar with curvedsurfaces.While filming andmoving
away thezoomwaschangedto keeptheimagesizeof theobjectconstant.Thefocal
lengthwasnotchangedbetweenthetwo first images,thenit waschangedmoreor less
linearly. Fromthesecondimageto the last imagethe focal lengthhasbeendoubled
(if the markingson the cameracanbe trusted). In Figure6.15 the 8 imagesof the

angle( ° std.dev.)
parallelism ±	² Ä °�Ät² Ã degrees
orthogonality µ)Æï² Á´°�Ät² º degrees

Table6.4: Resultsof metricmeasurementson thereconstruction
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Figure6.13: Perspectiveview of thereconstructiontogetherwith theestimatedposi-
tion of thecamera for thedifferentviewsof thesequence

sequencecanbeseen.Noticethattheperspectivedistortionis mostvisible in thefirst
images(wide angle)anddiminishestowardsthe endof the sequence(longer focal
length).

Thelinearself-calibrationalgorithmyieldsa goodresult.Thissolutionis usedas
theinitialization for thenonlinearalgorithm.For a varyingfocal lengththealgorithm
yields a solution after 2 iterations(the norm of the residuevector is reducedfrom
0.027to 0.019).For varyingfocal lengthandprincipalpoint thealgorithmneeds11
iterations(thenormof theresiduevectoris reducedfrom 0.027to 0.001).

In Figure 6.16 the focal length for every view is plotted for the differentalgo-
rithms.It canbeseenthatthecalculatedvaluesof thefocal lengthcorrespondto what
couldbeexpected.Whentheprincipalpoint wasestimatedindependentlyfor every
view, it movedaroundup to 50 pixels. It is probablethat theaccuracy of theprojec-
tive reconstructionis not sufficient to allow for the accurateestimationof a varying
principalpointwhenonly a shortsequencewith not toomuchmotionis available.

Similarly to the castlesequence,the changesin focal length seemto be more
accuratelyretrieved than the absolutevalueof the focal length. This variationcan
againbeexplainedby ananalysisof thejacobian.On theleft sideof Figure6.17the
singularvaluesof this jacobianaregiven.Herealsothelastoneis muchsmallerthan
theothers(theratio of the last two singularvaluesis

�PÕ � Ì ��PÕ Ì l � ). Theassociatedsingular
vector is shown on the right of this figure. A changeof the estimatedcalibration
parametersproportionalto this vectorwill only slightly affect theresidue.Note that
thelongerfocal lengthswill bemoreaffectedby thesevariations(evenproportionally)
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Figure6.14: Top, front anssideviewsof theArenberg castlereconstruction.Ortho-
graphicprojectionwasusedto generatetheseviews.
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Figure6.15: Imagesof thepillar sequence. Notetheshortfocal length/wideanglein
thefirst imageandthelong focal lengthin thelast image(closeto orthographic)
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Figure6.16: focal length(in pixels)versusviewsfor thedifferentalgorithms
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Figure6.17:Structureof thejacobian.Singularvalues(left) andright singularvector
associatedwith thesmallestsingularvalue(right). Thefirst 8 unknownsare associ-
atedwith thefocal lengths,thenext 3 with thepositionof theplaneat infinity andthe
last5 with theabsoluteconic.

thantheshorterones.
Figure 6.18 shows a top view of the reconstructedpillar togetherwith the es-

timatedcameraviewpoints. Theseviewpointsare illustratedwith small pyramids.
Their heightis proportionalto theestimatedfocal length. In Figure6.19perspective
views of the reconstructionaregiven. Theview on top is renderedboth shadedand
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Figure6.18:Topview of thereconstructedpillar togetherwith thedifferentviewpoints
of thecamera. Notethechangein focal length(heightof pyramids).

ratio ( ° std.dev.)
all points º)ÄJ² Æ	Á¸°lÆJ² Æ
interiorpoints °eÄJ² µ

Table6.5: Resultsof metricmeasurementson thereconstruction

with surfacetexturemapped.Theshadedview shows thatevenmostof thesmallde-
tails of theobjectareretrieved.Thebottompartshowsa left anda right sideview of
the reconstructedobject. Althoughthereis somedistortionat theouterboundaryof
the object,a highly realisticimpressionof the objectis created.Note the free-form
surfacethathasbeenreconstructed.

A quantitativeassessmentof themetricpropertiesfor thepillar is not soeasybe-
causeof the curvedsurfaces.It is, however, possibleto measuresomedistanceson
therealobjectasreferencelengthsandcomparethemwith thereconstructedmodel.
In thiscaseit is possibleto obtainameasurefor theabsolutescaleandverify thecon-
sistency of thereconstructedlengthswithin themodel.For thiscomparisonanetwork
of referencelines wasplacedon the original objectand27 manuallymeasuredob-
ject distanceswerecomparedwith thereconstructeddistanceson themodelsurface,
asseenin Figure6.20. From eachcomparisonthe absoluteobjectscalefactorwas
computed. Due to the increasedreconstructionuncertaintyat the outerobjectsil-
houettesomedistancesshow a largererrorthantheinteriorpoints.This accountsfor
theoutliers.Theresultsarefoundin Table6.5. Averagingall 27 measureddistances
gave a consistentscalefactorof 40.25with a standarddeviationof 5.4%overall. For
theinteriordistances,thereconstructionerrordroppedto 2.3%.Theseresultsdemon-
stratethemetricqualityof thereconstructionevenfor complicatedsurfaceshapesand
varyingfocal length.

6.7 Conclusions

In thischapterwefocussedonself-calibrationin thepresenceof varyingandunknown
intrinsic cameraparameters.Thecalibrationmodelsusedin previousresearchareon
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Figure6.19:Perspectiveviewsof thereconstruction(with textureandwith shading)

Figure6.20: To allow for a quantitativecomparisonbetweenthe real pillar and its
reconstruction,somedistances,superimposedin black, were measured.
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the onehandtoo restrictive in real imagingsituations(constantparameters)andon
theotherhandtoo general(all parametersunknown). Themorepragmaticapproach
which is followedhereresultsin moreflexibility for theimageacquisition.

A countingargumentwas derived which gives the minimum numberof views
neededfor self-calibrationdependingon which constraintsareused.We provedthat
self-calibrationis possibleusingonly themostgeneralconstraint(i.e. thatimagerows
andcolumnsareorthogonal).Throughgeometricreasoningit wasshown that in fact
any known intrinsic cameraparametercouldbesufficient for this purpose.Of course
moreconstraintswill in generalyield moreaccurateresults.

A versatileself-calibrationmethodwhich canwork with differenttypesof con-
straints(someof the intrinsic cameraparametersconstantor known) was derived.
This methodwasthenspecializedtowardsthepracticallyimportantcaseof a zoom-
ing/focusingcamera(without skew andan aspectratio ��M�ON ½ ± ). Both known and
unknown principal points wereconsidered.It is proposedto alwaysstart with the
principalpointin thecenterof theimageandto first usethelinearalgorithm.Thenon-
linearminimizationis thenusedto refinetheresults,possibly–for longersequences–
allowing theprincipalpoint to bedifferentfor eachimage.Thiscanhoweverdegrade
theresultsif theprojectivecalibrationwasnotaccurateenough,thesequencenot long
enough,or themotionsequencecritical towardsthesetof constraints.

As for all self-calibrationalgorithmsit is importantto dealwith critical motionse-
quences.In this chaptertheproblemof critical motionsequencesfor varyingcamera
parameterswasdiscussed.Somespecificproblemsof the linearalgorithmwereana-
lyzed. We alsoproposeda generalmethodto detectcritical andquasi-criticalmotion
sequences.Someideasaregivenonhow constraintscouldbeselectedautomatically.

Theself-calibrationalgorithmsarevalidatedby experimentswhicharecarriedout
on syntheticaswell asreal imagesequences.The former areusedto analyzenoise
sensitivity andinfluenceof the lengthof thesequence.The lattershow thepractical
feasibilityof theapproach.
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Chapter 7

Metric 3D Reconstruction

7.1 Intr oduction

Obtaining3D modelsfrom objectsis an ongoingresearchtopic in computervision.
A few yearsago the main applicationswere robot guidanceand visual inspection.
Nowadayshowever theemphasisis shifting. Thereis moreandmoredemandfor 3D
modelsin computergraphics,virtual reality and communication.This resultsin a
changein emphasisfor therequirements.Thevisualqualitybecomesoneof themain
pointsof attention.

Theacquisitionconditionsandthetechnicalexpertiseof theusersin thesenew ap-
plicationdomainscanoftennotbematchedwith therequirementsof existingsystems.
Theserequireintricatecalibrationproceduresevery time thesystemis used.Thereis
an importantdemandfor flexibility in acquisition.Calibrationproceduresshouldbe
absentor restrictedto aminimum.

Additionally, theexistingsystemsareoftenbuilt aroundspecializedhardware(e.g.
laserrangescannersor stereorigs) resultingin a high costfor thesesystems.Many
new applicationshoweverrequirerobustlow costacquisitionsystems.Thisstimulates
theuseof consumerphoto-or videocameras.

In this chapterwe presenta systemwhich retrievesa 3D surfacemodel from a
sequenceof imagestakenwith off-the-shelfconsumercameras.Theuseracquiresthe
imagesby freely moving the cameraaroundthe object. Neitherthe cameramotion
nor thecamerasettingshaveto beknown. Theobtained3D modelis a scaledversion
of theoriginalobject(i.e.a metricreconstruction),andthesurfacetextureis obtained
from theimagesequenceaswell.

Otherresearchershavepresentedsystemsfor extracting3Dshapeandtexturefrom
imagesequencesacquiredwith a freelymoving camera.Theapproachof Tomasiand
Kanade[159] usedanaffinefactorizationmethodto extract3D from imagesequences.
An importantrestrictionof thissystemis theassumptionof orthographicprojection.

Debevec, Taylor andMalik [26, 158, 27] proposeda systemthat startsfrom an
approximate3D model and cameraposesand refinesthe model basedon images.
View dependenttexturing is usedto enhancerealism. The advantageis that only a

117



118 Chapter7. Metric 3D Reconstruction

restrictednumberof imagesare required. On the other handa preliminarymodel
mustbeavailableandthegeometryshouldnotbetoocomplex.

Our systemusesfull perspective camerasanddoesnot requireprior modelsnor
calibration. It combinesstate-of-the-artalgorithmsof differentdomains:projective
reconstruction, self-calibrationanddensedepthestimation.

Therestof thechapteris organizedasfollows: In section7.2a generaloverview
of the systemis given. In the subsequentsectionsthe differentstepsareexplained
in moredetail: projective reconstruction(section7.3), self-calibration(section7.4),
densematching(section7.5) andmodelgeneration(section7.6). Section7.7 gives
an ideaof therequiredcomputationtimeswhile Section7.8 proposessomepossible
improvements.Section7.9concludesthechapter.

7.2 Overview of the method

The presentedsystemgraduallyretrievesmoreinformationaboutthe sceneandthe
camerasetup.Thefirst stepis to relatethedifferentimages.This is donepairwiseby
retrieving the epipolargeometry. An initial reconstructionis thenmadefor the first
two imagesof thesequence.For thesubsequentimagesthecameraposeis estimated
in theprojective framedefinedby thefirst two cameras.For every additionalimage
that is processedat this stage,the interestpointscorrespondingto pointsin previous
imagesarereconstructed,refinedor corrected.It is notnecessarythattheinitial points
stayvisiblethroughouttheentiresequence.For sequenceswherepointscandisappear
andreappear(i.e. theimagesshouldsometimesalsobematchedto otherimagesthan
thepreviousone),thealgorithmcanbeadaptedto efficiently dealwith this. Theresult
of this stepis a reconstructionof typically a few hundredto a few thousandinterest
pointsandthe(projective)poseof thecamera.Thereconstructionis only determined
up to a projectivetransformation.

The next stepis to restrict the ambiguityof the reconstructionto a metric one.
In a projective reconstructionnot only the scene,but also the camerais distorted.
Sincethe algorithm dealswith unknown scenes,it hasno way of identifying this
distortionin thereconstruction.Althoughthecamerais alsoassumedto beunknown,
someconstraintson theintrinsiccameraparameters(e.g.rectangularor squarepixels,
constantaspectratio,principalpoint in themiddleof theimage,...) canoftenstill be
assumed.A distortionon thecameramostlyresultsin theviolationof oneor moreof
theseconstraints.A metricreconstruction/calibrationis obtainedby transformingthe
projective reconstructionuntil all theconstraintson thecamerasintrinsic parameters
aresatisfied.

At this point thesystemeffectively disposesof a calibratedimagesequence.The
relative positionandorientationof thecamerais known for all theviewpoints. This
calibrationfacilitatesthesearchfor correspondingpointsandallowsusto useastereo
algorithmthatwasdevelopedfor a calibratedsystemandwhich allows to find corre-
spondencesfor mostof thepixelsin theimages.

From thesecorrespondencesthe distancefrom the points to the cameracenter
canbe obtainedthroughtriangulation. Theseresultsare refinedand completedby



7.3.Projectivereconstruction 119

combiningthecorrespondencesfrom multiple images.
A densemetric3D surfacemodelis obtainedbyapproximatingthedepthmapwith

a triangularwireframe.Thetextureis obtainedfrom theimagesandmappedontothe
surface.

In figure7.1anoverview of thesystemis given. It consistsof independentmod-
uleswhich passon thenecessaryinformationto thenext modules.Thefirst module
computestheprojectivecalibrationof thesequencetogetherwith asparsereconstruc-
tion. In thenext modulethemetriccalibrationis computedfrom theprojectivecamera
matricesthroughself-calibration.Thendensecorrespondencemapsareestimated.Fi-
nally all resultsare integratedin a textured3D surfacereconstructionof the scene
underconsideration.

Throughoutthe restof this chapterthe differentstepsof the methodwill be ex-
plainedin moredetail. Thecastlesequenceof theArenberg castlein Leuvenwill be
usedfor illustration.Thesamesequencewasusedto validatetheself-calibrationalgo-
rithmsof thepreviouschapters(seeSection5.3.5and6.6.2).Imagesof thissequence
canbe seenin Figure7.2. The full sequenceconsistsof 24 imagesrecordedwith a
videocamera.

7.3 Projective reconstruction

At first the imagesarecompletelyunrelated.Theonly assumptionis that theimages
form a sequencein which consecutive imagesdo not differ too much. Thereforethe
localneighborhoodof imagepointsoriginatingfrom thesamescenepointshouldlook
similar if imagesareclosein thesequence.Thisallows for automaticmatchingalgo-
rithmsto retrieve correspondences.Theapproachtakento obtaina projective recon-
structionis verysimilar to theoneproposedby Beardsley, ZissermanandMurray [8]
(seealsoBeardsley etal. [9]).

7.3.1 Relating the images

It is not feasibleto compareevery pixel of one imagewith every pixel of the next
image. It is thereforenecessaryto reducethecombinatorialcomplexity. In addition
notall pointsareequallywell suitedfor automaticmatching.Thelocalneighborhoods
of somepointscontainalot of intensityvariationandarethereforeeasytodifferentiate
from others. An interestpoint detectoris usedto selecta certainnumberof such
suitedpoints. Thesepointsshouldbe well locatedandindicatesalientfeaturesthat
stay visible in consecutive images. Schmidet al. [141] comparedseveral interest
point detectors.The Harris cornerdetector[50] obtainedthe bestrepeatability(i.e.
invarianceto rotation,scaleandillumination)andthehighestinformationcontent(in
thelocalneighborhoodaroundtheextractedpoints).Thisdetectoris thereforeusedto
extractthepointsof interest.Correspondencesbetweentheseimagepointsneedto be
establishedthroughamatchingprocedure.

Matchesaredeterminedthroughnormalizedcross-correlationof theintensityval-
uesof the local neighborhood.Sinceimagesaresupposednot to differ too much,
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Figure7.1: Overview of the system:from the image sequence( � à G è Q æ ) the projec-
tive reconstructionis computed;theprojectionmatrices

�
are thenpassedon to the

self-calibrationmodulewhich deliversa metriccalibration
� j

; thenext moduleuses
theseto computedensedepthmapsÖ à G è Q æ ; all theseresultsareassembledin thelast
moduleto yielda textured3D surfacemodel.Ontheright sidetheresultsof thediffer-
entmodulesare shown:thepreliminaryreconstructions(bothprojectiveandmetric)
are representedby point clouds,the camerasare representedby little pyramids,the
resultsof thedensematchingareaccumulatedin densedepthmaps(light meansclose
anddarkmeansfar).
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Figure 7.2: Someimages of the Arenberg castlesequence(every secondimage is
shown).Thissequenceis usedthroughoutthis chapterto illustratethedifferentsteps
of thereconstructionsystem.
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Table7.1:Robustestimationof theepipolargeometryfromasetofmatchescontaining
outliersusingRANSAC (

�
OK indicatestheprobability that theepipolargeometryhas

beencorrectlyestimated).

correspondingpointscanbe expectedto be found in the sameregion of the image.
Thereforeat first only interestpointswhich have similar positionsareconsideredfor
matching.Whentwo pointsaremutualbestmatchesthey areconsideredaspotential
correspondences.

Sincetheepipolargeometrydescribesthecompletegeometryrelatingtwo views,
this is what shouldbe retrieved. Computingit from the set of potentialmatches
throughleastsquaresdoesin generalnot give satisfyingresultsdue to its sensitiv-
ity to outliers. Thereforea robust approachshouldbe used. Several techniques
have beenproposed[162, 186] basedon robust statistics[136]. Our systemincor-
poratestheRANSAC (RANdomSAmplingConsensus)[40] approachusedby Torr et
al. [162, 163]. Table7.1sketchesthis technique.

Oncethe epipolargeometryhasbeenretrieved, onecan start looking for more
matchesto refinethis geometry. In this casethe searchregion is restrictedto a few
pixelsaroundtheepipolarlines.

Theresultsof theproceduredescribedhereareshown in Figure7.3and7.4. The
top row shows the cornersextractedin the two first imagesof the Arenberg castle
sequence.The bottomrow shows the pointswhich werematchedusingthe robust
epipolargeometrycomputationmethod.

7.3.2 Initial reconstruction

The two first imagesof the sequenceareusedto determinea referenceframe. The
world frameis alignedwith thefirst camera.Thesecondcamerais chosensothatthe
epipolargeometrycorrespondsto theretrieved n l Ì (see[98]).� l ½ ô õ Í	ÛJÍ ö ÷ Í ø� Ì ½ ô ô Ø l Ì ø Û n l Ì ã Ø l Ì�Ú Û ö � Ø l Ì ø (7.1)

where
ô Ø l Ì ø Û indicatesthe vectorproductwith

Ø l Ì . Equation7.1 is not completely
determinedby the epipolargeometry(i.e. n l Ì and

Ø l Ì ), but has4 moredegreesof
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Figure7.3:Thetwoimagesof thetoprowshowstheinterestpointswhich areextracted
in thefirsttwoimagesof thecastlesequence. Thebottomrowshowsthematcheswhich
were obtainedafter carrying out a robustepipolargeometrycomputation.Notethat
in thebottomrow mostpointsin thetreesandin partswhich were only visiblein one
imagehavedisappeared.
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Figure7.4: Details extractedfrom Figure 7.3. The top row givesall the extracted
interestpointswhile thebottomrowgivesthematchedones.

freedom(i.e.
Ú

and � ).
Ú

determinesthe positionof the planeat infinity and � de-
terminesthe global scaleof the reconstruction.To avoid someproblemsduring the
reconstructionit is recommendedto determineç ÿ è ç � è ç�Ü in sucha way thattheplane
at infinity doesnot crossthescene.Our implementationusesanapproachsimilar to
the quasi-Euclideanapproachproposedin [9], but the focal lengthis chosenso that
mostof thepointsarereconstructedin front of thecameras

l
. This approachwasin-

spiredby Hartley’scheirality[53] andtheorientedprojectivegeometryintroducedby
Laveau[79]. Sincethereis no way to determinetheglobalscalefrom theimages,�
canarbitrarilybechosento � ½ ± .

Oncethe camerashave beenfully determinedthe matchescanbe reconstructed
throughtriangulation.Theoptimalmethodfor this is given in [58]. This givesus a
preliminaryreconstruction.

7.3.3 Adding a view

For every additionalview the posetowardsthe pre-existing reconstructionis deter-
mined,thenthereconstructionis updated.This is illustratedin Figure7.5. Thefirst
stepconsistsof finding theepipolargeometryasdescribedin Section7.3.1.Thenthe
matcheswhich correspondto alreadyreconstructedpointsareusedto computethe
projectionmatrix

� � . This is doneusinga robust proceduresimilar to the onelaid[
The quasi-Euclideanapproachcomputesthe planeat infinity basedon an approximatecalibration.

Althoughthiscanbeassumedfor mostintrinsicparameters,this is not thecasefor thefocal length.Several
valuesof thefocallengtharetriedoutandfor eachof themthealgorithmcomputestheratioof reconstructed
pointsthatarein front of thecamera.If thecomputedplaneat infinity –basedon a wrongestimateof the
focal length–passesthroughtheobject,thenmany pointswill endup behindthecameras.This procedure
allows usto obtaina roughestimateof thefocal lengthfor theinitial views.
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(a) (b) (c)

Figure7.6: (a) a priori search range, (b) search rangealongtheepipolarline and(c)
search rangearoundthepredictedpositionof thepoint.

out in Table7.1. In this casea minimal sampleof 6 matchesis neededto compute� � . Once
� � hasbeendeterminedtheprojectionof alreadyreconstructedpointscan

bepredicted.This allows to find someadditionalmatchesto refinetheestimationof� � . This meansthatthesearchspaceis graduallyreducedfrom thefull imageto the
epipolarline to thepredictedprojectionof thepoint. This is illustratedin Figure7.6.

Oncethecameraprojectionmatrix hasbeendeterminedthereconstructionis up-
dated. This consistsof refining, correctingor deletingalreadyreconstructedpoints
andinitializing new pointsfor new matches.

After this procedurehasbeenrepeatedfor all theimages,onedisposesof camera
posesfor all the views and the reconstructionof the interestpoints. In the further
modulesmainly the cameracalibrationis used. The reconstructionitself is usedto
obtainanestimateof thedisparityrangefor thedensestereomatching.

7.3.4 Relating to other views

Theprocedureto addaview describedin theprevioussectiononly relatestheimageto
thepreviousimage.In factit is implicitly assumedthatoncea pointgetsoutof sight,
it will notcomeback.Althoughthisis truefor many sequences,thisassumptionsdoes
notalwayshold. Assumethata specific3D pointgotoutof sight,but thatit is visible
againin the last two views. In this casea new 3D point will be instantiated.This
will not immediatelycauseproblems,but sincefor thesystemthesetwo 3D pointsare
unrelatednothingenforcestheirpositionto correspond.

This is especiallycrucialfor longerimagesequenceswheretheerrorsaccumulate.
It resultsin a degradedcalibrationor evencausesthe failureof thealgorithmaftera
certainnumberof views.

A possiblesolutionconsistsof relatingevery new view with all previous views
usingtheprocedureof Section7.3.1.It is clearthatthiswould requirea considerable
computationaleffort. We proposea morepragmaticapproach.Thisapproachworked
well on thecasesweencountered(seeSection8.4).

Let
»� 
 betheinitial estimateof thecameraposeobtainedasdescribedin theprevi-

oussection.A criterionis thenusedto definewhichviewsarecloseto theactualview.
All thesecloseviewsarematchedwith theactualview (asdescribedin Section7.3.1).
For everycloseview asetof potential2D-3Dcorrespondencesis obtained.Thesesets
aremergedandthecameraprojectionmatrix

� 
 is reestimatedusingthesamerobust
procedureasdescribedin theprevioussection.Figure7.7illustratesthisapproach.
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Figure7.7: Sequentialapproach (left) and extendedapproach (right). In the tradi-
tional schemeview 8 wouldbematchedwith view 7 and9 only. A point

�
which would

bevisiblein views2,3,4,7,8,9,12,13and14 wouldtherefore resultin 3 independently
reconstructedpoints.With theextendedapproach only onepointwill beinstantiated.
It is clear that this resultsin a higher accuracy for the reconstructedpoint while it
alsodramaticallyreducestheaccumulationof calibrationerrors.

We applieda verysimplecriterionto decideif viewswerecloseor not. It worked
well for the applicationswe had in mind, but it could easily be refinedif needed.
The position VX
 of the camerais extractedfrom

»� 
 and the distanceJ�
53 to all the
other camerapositionsis computed. Closeviews are selectedas views for whichJ�
53ÞÝ ±	² Ã)J 
 � 
 üml�� . Notethatstrictly speakingsuchmeasureis meaninglessin projec-
tive space,but sincea quasi-Euclideaninitialization wascarriedout andonly local
qualitativecomparisonsaremadetheobtainedresultsaregood.

7.4 Upgrading the reconstructionto metric

Thereconstructionobtainedasdescribedin thepreviousparagraphis only determined
upto anarbitraryprojectivetransformation.Thismightbesufficientfor somerobotics
or inspectionapplications,but certainlynot for visualization.

The self-calibrationmethodsdescribedin the previous chapterscan be usedto
upgradetheprojectivereconstructionto metric. In thecaseof a camerawith constant
intrinsic parametersit is proposedto usethetechniquedescribedin Chapter5. If the
parameterscanvary duringtheacquisitionof the imagesequence–dueto theuseof
thezoomor by refocusing–it is advisedto usethemethodof Chapter6.

To apply this last methodto standardzooming/focusingcameras,someassump-
tions shouldbe made. Often it canbe assumedthat pixels are rectangularor even
square. If necessary(e.g.whenonly a short imagesequenceis at hand,when the
projective calibrationis not accurateenoughor whenthe motion sequenceis close
to critical [152] without additionalconstraints),it canalsobeusedthat theprincipal
point is closeto thecenterof the image. Theseassumptionsareespeciallyusefulin
aninitializationstageandsomecanberelaxedin a refinementstep.

The discussionof the previouschapterswill not be repeated.Somereconstruc-
tions before andafter the self-calibrationstageareshown. Figure7.8 givesthe re-
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Figure7.8: Beforeself-calibration.Thesedifferent imagesillustrate the reconstruc-
tion before self-calibration. A top view (top-left),a general view (top right), a front
view (bottomleft) and a sideview (bottomleft) are given. Notethe importantskew
on thereconstruction.It is clear that this kind of reconstructioncannot beusedfor
renderingnew views.

constructionbeforeself-calibration.Thereforeit is only determinedup to anarbitrary
projectivetransformationandmetricpropertiesof thescenecannotbeobservedfrom
this representation.Figure7.9shows theresultafterself-calibration.At thispoint the
reconstructionhasbeenupgradedto metric.

7.5 Densedepth estimation

Only a few scenepointsarereconstructedfrom featuretracking. Obtaininga dense
reconstructioncouldbeachievedby interpolation,but in practicethis doesnot yield
satisfactoryresults. Small surfacedetailswould never be reconstructedin this way.
Additionally, someimportantfeaturesareoften missedduring the cornermatching
andwould thereforenotappearin thereconstruction.

Theseproblemscanbe avoidedby usingalgorithmswhich estimatecorrespon-
dencesfor almosteverypoint in theimages.Becausethereconstructionwasupgraded
to metric,algorithmswhichweredevelopedfor calibratedstereorigscanbeused.
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Figure7.9: After self-calibration.Theseimagesillustratethereconstructionafter the
self-calibrationstep.Herealsoa topview (top-left),a general view (topright), a front
view (bottomleft) anda sideview (bottomleft) aregiven.In thiscasetheambiguityon
thereconstructionhasbeenrestrictedtometric.Noticethatparallelism,orthogonality
andotherconstraintscannowbeverified.
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rl HH

Figure7.10: Throughtherectificationprocessthe image scanlinesare broughtinto
epipolarcorrespondence. Thisallowsimportantgainsin computationalefficiencyand
simplificationof thedensestereomatchingalgorithm.

7.5.1 Rectification

Sincewe have computedthecalibrationbetweensuccessive imagepairswe canex-
ploit the epipolarconstraintthat restrictsthe correspondencesearchto a 1-D search
range.It is possibleto re-maptheimagepair to standardgeometrywith theepipolar
lines coincidingwith the imagescanlines [72]. The correspondencesearchis then
reducedto a matchingof the imagepointsalongeachimagescan-line.This results
in a dramaticincreaseof thecomputationalefficiency of thealgorithmsby enabling
severaloptimizationsin thecomputations.Therectificationprocedureis illustratedin
Figure7.10. For somemotions(i.e. whenthe epipoleis locatedin the image)stan-
dardrectificationbasedon planarhomographiesis not possibleanda moreadvanced
procedureshouldbeused(seeSection7.8.4).

7.5.2 Densestereomatching

In addition to the epipolargeometryother constraintslike preservingthe order of
neighboringpixels,bidirectionaluniquenessof thematch,anddetectionof occlusions
canbeexploited.Theseconstraintsareusedto guidethecorrespondencetowardsthe
mostprobablescan-linematchusinga dynamicprogrammingscheme[30]. These
conceptsareillustratedin Figure7.11.

For densecorrespondencematchinga disparityestimatorbasedon the dynamic
programmingschemeof Coxetal. [20], is employedthatincorporatestheabovemen-
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Figure7.11: Illustration of the orderingconstraint (left), Densematching as a path
search problem(right).

tionedconstraints.It operatesonrectifiedimagepairs ß+àPáZâ7à½ã�ä wheretheepipolarlines
coincidewith imagescanlines. The matchersearchesat eachpixel in image àPá for
maximumnormalizedcrosscorrelationin à½ã by shiftingasmallmeasurementwindow
(kernelsize5x5 to 7x7pixels)alongthecorrespondingscanline. Theselectedsearch
stepsize åAæ (usually1 pixel) determinesthe searchresolution.Matchingambigu-
ities areresolvedby exploiting theorderingconstraintin thedynamicprogramming
approach(seeKoch [72]). The algorithmwas further adaptedto employ extended
neighborhoodrelationshipsanda pyramidalestimationschemeto reliably dealwith
verylargedisparityrangesof over50%of imagesize(seeFalkenhagen[31, 30]). This
algorithmthatwasat first developedfor calibratedstereorigs (SeeKoch[72]) could
easilybeusedfor ourpurposessinceatthisstagethenecessarycalibrationinformation
hadalreadybeenretrievedfrom theimages.

7.5.3 Multi view matching

Thepairwisedisparityestimationallows to computeimageto imagecorrespondence
betweenadjacentrectifiedimagepairs,andindependentdepthestimatesfor eachcam-
eraviewpoint. An optimal joint estimateis achievedby fusing all independentesti-
matesinto a common3D model. The fusion can be performedin an economical
waythroughcontrolledcorrespondencelinking. Theapproachutilizesaflexible multi
viewpointschemewhichcombinestheadvantagesof smallbaselineandwidebaseline
stereo(seeKoch,PollefeysandVanGool [73]).

Assumean imagesequencewith çÒèêéìëîí images.Startingfrom a reference
viewpoint ç the correspondencesbetweenadjacentimages ß+çWïðé)âOç�ïòñ�âPó�óxó�â�íkä andß�çWô}é;â�çõô
ñXâPó�ó�óxâ9ébä arelinked in a chain. The depthfor eachreferenceimagepointöø÷ is computedfrom thecorrespondencelinking thatdeliverstwo listsof imagecor-
respondencesrelative to thereference,onelinking down from ç�ëùé andonelinking
up from çìë|í . For eachvalid correspondingpoint pair ß�ú ÷ â�ú�û9ä we can triangu-
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Figure 7.12: Depth fusion and uncertaintyreductionfrom correspondencelinking
(left), linking stopswhenanoutlier is encountered(right).

latea depthestimateþIß�ÿ ÷ â�ÿ û ä along ����� with � û representingthedepthuncertainty.
Figure7.12visualizesthedecreasinguncertaintyinterval duringlinking.

While thedisparitymeasurementresolutionåAæ in theimageis keptconstant(at1
pixel), thereprojecteddeptherror � û decreaseswith thebaseline.Outliersaredetected
by controllingthestatisticsof thedepthestimatecomputedfrom thecorrespondences.
All depthvaluesthat fall within theuncertaintyinterval aroundthemeandepthesti-
matearetreatedasinliers. They arefusedby a 1-D kalmanfilter to obtainanoptimal
meandepthestimate. Outliersareundetectedcorrespondencefailuresandmay be
arbitrarily large. As thresholdto detectthe outlierswe utilize the depthuncertainty
interval �Pû .

Theresultof this procedureis a very densedepthmap.Most occlusionproblems
areavoidedby linking correspondencesfrom upanddown thesequence.An example
of suchaverydensedepthmapis givenin Figure7.13.

7.6 Building the model

The densedepthmapsascomputedby the correspondencelinking mustbe approx-
imatedby a 3D surfacerepresentationsuitablefor visualization. So far eachobject
point wastreatedindependently. To achieve spatialcoherencefor a connectedsur-
face,the depthmapis spatially interpolatedusinga parametricsurfacemodel. The
boundariesof theobjectsto bemodeledarecomputedthroughdepthsegmentation.In
afirst step,anobjectis definedasaconnectedregion in space.Simplemorphological
filtering removesspuriousandvery small regions. Thena boundedthin platemodel
is employedwith a secondordersplineto smooththesurfaceandto interpolatesmall
surfacegapsin regionsthatcouldnotbemeasured.

The spatiallysmoothedsurfaceis thenapproximatedby a triangularwire-frame
meshto reducegeometriccomplexity andto tailor themodelto the requirementsof
computergraphicsvisualizationsystems.The meshtriangulationcurrentlyutilizes
the referenceview only to build themodel. Thesurfacefusion from differentview-
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Figure7.13:Densedepthmap(light meansnearanddarkmeansfar).

pointsto completelyclosethemodelsremainsto beimplemented.Sometimesit is not
possibleto obtainasinglemetricframework for largeobjectslikebuildingssinceone
may not be ableto recordimagescontinuouslyaroundit. In that casethe different
frameworkshave to be registeredto eachother. This could be doneusingavailable
surfaceregistrationschemes[18].

Texturemappingonto the wire-framemodelgreatlyenhancesthe realismof the
models. As texture maponecould take the referenceimagetexture aloneandmap
it to thesurfacemodel. However, this createsa biastowardstheselectedimageand
imagingartifactslikesensornoise,unwantedspecularreflectionsor theshadingof the
particularimageis directly transformedontotheobject.A betterchoiceis to fusethe
texturefrom theimagesequencein muchthesamewayasdepthfusion.

The viewpoint linking builds a controlledchainof correspondencesthat canbe
usedfor texture enhancementaswell. The estimationof a robustmeantexturewill
capturethestaticobjectonly andtheartifacts(e.g.specularreflectionsor pedestrians
passingin front of a building) aresuppressed[67]. The texture fusioncouldalsobe
doneona finergrid, yieldingasuperresolutiontexture[106, 19].

An exampleof the resultingmodelcanbeseenin Figure7.14. More resultsare
givenin thenext chapter.

7.7 Someimplementation details

Thesystemwasmainly developedin TargetJr[157]. This is a softwarepackagecon-
sistingof a numberof libraries. It containsan importantnumberof computervision
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Figure7.14: 3D surfacemodelobtainedautomaticallyfrom an uncalibratedimage
sequence, shaded(left), textured(right).

andimageprocessingalgorithms.In addition,TargetJralsooffersroutinestosolvenu-
mericalproblems,e.g.singularvaluedecompositionor Levenbergh-Marquardtmini-
mization.

It is not so easyto give an ideaof thecomputationtimesneededto obtaina 3D
modelfrom an imagesequence.This clearlydependson thenumberof images,the
sizeof theimagesandontheavailablecomputingpower. Someadditionalaspectsalso
influencethecomputationtimes. Thedisparityrange,for example,hasan important
effecton thetimeneededto computethedisparitymap� .

For imagesof �FÃ	��

�Xé	ñ (i.e. PAL resolution)processedonaSiliconGraphicsO2
workstation(R10000@195Mhz)thefollowing figuresgive anideaof typical compu-
tataiontimes.Around30secondsareneededperimagefor theprojectivereconstruc-
tion. This consistsof interestpoint extraction,epipolargeometrycomputationand
matching,projectionmatrix computationandadaptationof the projective structure.
Upgradingthestructureto metricthroughself-calibrationonly requiresafew seconds
for asequenceof 10 images.

The densedepthestimationrequiresmore time sincein this casecomputations
have to becarriedout on every pixel. Theactualimplementationof therectification
requiresabout30 secondsperpair of views. Thedensematchingrequiresaround5
minutesperpair (dependingon thedisparityrange).Computinga densedepthmap
from multiple views takesaround3 minutesfor 10 views (startingfrom thepairwise
disparity maps). Generatinga 3D meshfrom a densedepthmapstakes around1
minute.

In conclusion,generatinga dense3D modelfrom 10 views takesabout1 hourof
computingtime.�

Thiscanbeunderstoodfrom Figure7.11
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It shouldbenoticed,however, that thesystemwasnot optimizedtowardsspeed.
Severalpossibilitiesexist to reducetheamountof computations.In addition,mostof
thecomputationscanbecarriedout in parallel(e.g.oneprocessorperimage).

7.8 Somepossibleimpr ovements

7.8.1 Interestpoint matching

The proceduredescribedin Section7.3.1 only works when the two imagesunder
considerationareverysimilar. This requiressomespecialcareduringtheacquisition
of the images. The problemlies with the similarity measurebetweencorners(i.e.
thenormalizedcross-correlationof theneighborhoods)andwith theassumptionthat
matchingcornersshouldhave similar imagecoordinates.Dissimilarity is not only
causedby a wide baseline(i.e. a cameradisplacementwhich is big comparedto the
camera-scenedistance),but canalsobe causedby a different focusof attentionor
a differentorientationof thecamerafor the two views. In the following paragraphs
somespecificpossibilitiesfor enhancementareproposed.

Global and local homographies Possibleextensionsto the standardprocedureto
dealwith moredifferentimageshave recentlybeenproposedby PritchettandZisser-
man[132, 133]. Thisapproachis briefly describedhere.

Largeimagedifferencesinducedby rotationof thecameracanbecancelledthrough
a globalhomographyappliedto theimage(seeSection4.4.2which handlespurero-
tations). It is proposedto usea hierarchicalapproachbasedon a Gaussianpyramid
of images. An exhaustive searchis carriedout for the different parametersof the
consideredimagetransformationsat the lowestresolutionof the pyramid. At every
resolutionthe parametersof the transformationare refined. Oneof the originals is
replacedby thewarpedimagewhich resemblesthemosttheotherimage.

In the caseof wide baseline(i.e. a translationof the orderof the camera-scene
distance)a globalhomographyis not sufficient. Local homographiesareinstantiated
basedon groupsof 4 lineswhich form parallelogramsin theimages.Theseareused
to generatesetsof potentialmatches(using a RANSAC approachas describedin
Table7.1 for homographiesinsteadof for theepipolargeometry).Thedifferentsets
of matchesarethencombinedto estimatetheepipolargeometry.

Similarity measures An alternative to transformthe imageso that thedifferences
areminimizedconsistsof usingmoregeneralsimilarity measures.Oftennormalized
intensitycross-correlationiscarriedouttoobtainpotentialcorrespondences.Thissim-
ilarity measureis only invariantto translationsin theimagesandthereforedegradesin
thepresenceof othertransformations.Thereforerecentlysomemoreinvolvedmea-
sureshave beenproposed.SchmidandMohr [139] proposeda measureinvariantto
2D Euclideantransformationsin the context of recognition. Tuytelaarset al. [171]
proposedaschemebasedonaffine invariants,with thecrucialextensionthatit comes
with affine invariantneighborhoodsaroundtheinterestpoints.
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Repeatedstructur es Repeatedstructuresin thescenecanleadto matchingambigu-
ities. This problemoccurstypically in man-madeenvironments(e.g.a building with
identicalwindows). In this caseit canhappenthat therobustmatchergetsconfused.
Oftendifferentrepetitionsof thestructurecannotbedifferentiated.It is evenpossible
thatdueto foreshorteningthematcheris biasedtowardsthewronghypothesis.Since
any hypothesiswill have a lot of supportdueto therestof therepeatedstructure,the
robustcornermatchercouldverywell not recover from it.

Onepossibilityconsistsof allowing userinteractionto correctfor thesemistakes.
A betteralternative could be basedon the recentwork of Schaffalitzky andZisser-
man [138]. Their work is aimedat automaticallydetectingrepeatedstructuresin
images. Oncethe repetitionis discoveredit can be dealtwith at a higher level to
disambiguatethematching.More in general,higherlevel matchingcouldbeusedto
bootstrapthematching.

7.8.2 Projective reconstruction

The actualmethodto obtainthe projective reconstructionis not optimal. Although
the quasi-euclideanstrategy [8] works fine in mostof the cases,it canhappenthat
this approachfails. This happenswhenthealgorithmis not ableto obtaina suitable
initialization from thefirst views. In this caseit cannot startat all or it fails aftera
numberof imagesdueto theproximity of theplaneat infinity.

Recently, otherstrategiesfor projective reconstructionhave beenproposed.The
hierarchicalapproachof FitzgibbonandZisserman[41], for example,doesnotdepend
on the choiceof somespecificframesfor the initialization. In additionthis method
only relieson purelyprojectiveconcepts(in 3D space).This resultsin a morerobust
approachto obtaintheprojectivereconstruction.

Therobustnessof the3D reconstructionsystemwouldbeincreasedby incorporat-
ing asimilarapproach.

7.8.3 Surviving planar regions

An importantproblemof projectivereconstructionis thattheprojectionmatricesneed
3D structureto beuniquelydetermined.Whenat somepoint in animagesequencea
dominantplaneis encounteredprojectivereconstructionwill thereforefail. This is an
importantproblemfor whichnosatisfyingsolutionhasyet beenproposed.

However, someimportantresultshave alreadybeenachieved to deal with this
problem.RecentlyTorr, FitzgibbonandZisserman[164] proposedaninterestingap-
proachwhich detectsthesedegeneratecasesthroughrobust model selection. The
principle of modelselectionis basedon the work of Kanatani[70]. This approach
differentiatesbetweenthreemodels:general(3D), planarandpurerotation.Sincethe
correctmodelis used,thepointscanstill betrackedreliably andthesystemis aware
that the projectionmatricescannot be determineduniquely. A homographydeter-
mines8 degreesof freedom,while a projectionmatrixhas11degreesof freedom,the
problembeingthatthecenterof projectioncannotbedetermined.



7.8.Somepossibleimprovements 137

’

iω

C’

L

oo

C

i

j’

j

Ω Π

i’ω
l

l’

i

Figure7.15: Thecircular pointsof plane � mustalwaysprojecton the image of the
absoluteconic. This constraint can be usedto retrieve the absoluteconic and the
circular points.A minimumof 5 viewsis needed( �Ãï�ñ

 ñ
� ñÑí ).

Ontheotherhand,whenthecameraiscalibratedit ispossibletodetermineuniquely
theposefrom theimageof aplane.Thereforeself-calibrationcouldmaybeyield aso-
lution to thisproblem.If thepartof thesequencebeforetheoccurrenceof thedegener-
acy is longenough(andthemotionis notcritical) andtheintrinsiccameraparameters
areconstant,thentheproblemcaneasilybesolved.This will not alwaysbethecase.
In addition,it wouldbebetterto haveamethodwhichusesall availableinformation.

RecentlyTriggs proposedan approachfor calibrationfrom planarscenes[167].
The ideaconsistsof looking at the intersectionof theplanewith theabsoluteconic.
The imageof thesetwo circular points shouldalways be locatedon the imageof
the absoluteconic. Onecanthereforelook for two pointswhich aresystematically
transferredonacertainconic.Thisconicis thentheimageof theabsoluteconic.This
ideais illustratedin Figure7.15

In our casehowever we arenot interestedin pureplanarscenes.The goal is to
uniquelyrelatethe3D structureobtainedbeforeandaftertheplanarregion. Combin-
ing Triggs’ constraintsfor theplanarregion with thetraditionalconstraintswhen3D
structureis seen,will give usa maximumof informationon themetriccalibrationof
thescene.Usingthiscalibrationtheambiguityonthereconstructioncanbeeliminated
andbothscenescanbeintegratedin thesamemetricbasis.

A further refinementcould be achieved by usingguidedmatchingbasedon the
recoveredstructure.If two partsof the reconstructionobtainedbeforeandafter the
planarregion endup (partially) superimposed,registrationtechniquescouldbeused
to refinethealignementof bothparts.
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7.8.4 Generalizedrectification

In somecasestherectificationtechniquebasedon homographies(seeSection7.5.1)
is not possible.For an imagepair with the epipolesin the imagesthis rectification
procedurecannot beusedsinceit transformstheepipolesat infinity. RecentlyRoy,
MeunierandCox [137] presentedanalternative rectificationtechnique.This method
doesnot rectify the imagesto a planebut to a cylinder, therebyavoiding problems
whentheepipoleis in the image.A secondadvantageof their techniqueis thatpixel
losscanbeavoidedwithout requiringhugeimages,which is difficult to ensurewith
thestandardtechnique.

The methodis however relatively complex. This is mainly due to the fact that
the rectificationprocessis carriedout in 3D space.Epipolar lines aremoved from
the imageplaneto the cylindrical surface. This operationconsistsof a rotation,a
changeof coordinatesystemanda projectionontothecylinder. Althoughtheauthors
claim that themethodis readilyapplicableto uncalibratedsystemsit is not sincethe
orientationof theepipolarlinesis not verified. Theresultcouldbethat theright half
of onerectifiedimagematchesthe left sideof the otherandvice versa.This would
causemoststereoalgorithms–whichenforceordering–to fail.

In this work we have developeda techniquewhich avoids the above mentioned
problemsof both techniques.Although the techniqueis muchsimplerthanthe one
describedin [137] it canachieve even smallerimageswithout any pixel loss. Our
techniqueis purely imagebasedanddoesnot requiremorethanan orientedfunda-
mentalmatrix.

Theideais to usepolarcoordinateswith theepipoleasorigin. Sincetheambigu-
ity for thelocationof matchingpointsin a pairof imagesis restrictedto half epipolar
lines [78] we only have to usepositive valuesfor the longitudinalcoordinate.Since
(half-)epipolarline transferis fully describedby anorientedfundamentalmatrix, this
is all ourmethodneeds.Thenecessaryinformationis alsoeasilyextractedfrom (ori-
ented)cameraprojectionmatrices.Theanglebetweentwo consecutive half-epipolar
linesis computedto have theworstcasepixelspreservetheirarea.This is doneinde-
pendentlyfor everyhalf-epipolarline. This thereforeresultsin a minimal imagesize.
In [137] theworstcasepixel is computedfor thewholeimage,whichresultsin larger
images.Thedetailsof our techniquearegivenin appendixD.

As anexamplearectifiedimagepair from thecastleis shown for boththestandard
techniqueandour new generalizedtechnique.Figure7.16shows theoriginal image
pairandFigure7.17showstherectifiedimagepair for bothmethods.

A secondexampleshows that themethodsworksproperlywhentheepipoleis in
the image. Figure7.18shows the two original imageswhile Figure7.19shows the
two rectifiedimages.In this casethestandardrectificationprocedurecannot deliver
rectifiedimages.

A stereomatchingalgorithmwasusedon this imagepair to computethedispari-
ties.Theinterpolateddisparitymapcanalsobeseenin Figure7.19.Figure7.20shows
thedepthmapthatwasobtainedandtwo viewsof theresulting3D model.Notefrom
theseimagesthat thereis an importantdepthuncertaintyaroundtheepipole. In fact
theepipoleformsa singularityfor thedepthestimation.In thedepthmapanartefact
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Figure7.16: Imagepair fromthecastlesequence

Figure 7.17: Rectifiedimage pair for both methods: standard homography based
method(left), new method(right).

Figure7.18: Image pair of a deska few daysbefore a deadline. Theepipoleis indi-
catedbya whitedot (top-rightof ’Y’ in ’VOLLEYBALL’).
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Figure7.19: Rectifiedpair of imagesof the desk(left and middle)and interpolated
disparitymap(right). It canbeverifiedvisuallythatcorrespondingpointsare located
oncorrespondingimagerows.Theright sideof theimagescorrespondsto theepipole.
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Figure7.20: Depthmapfor thefar image of thedeskimage pair (left) andtwo views
of thereconstructionobtainedfromthedeskimagepair (middleandright). Theinac-
curacyat thetopof thevolleyball is dueto thedepthambiguityat theepipole.

canbeseenaroundthepositionof theepipole.Theextentis muchlongerin onespe-
cific directiondueto thematchingambiguityin this direction(seetheoriginal image
or themiddle-rightpartof therectifiedimage).

7.9 Conclusion

An automatic3D scenemodelingtechniquewasdiscussedthat is capableof building
modelsfrom uncalibratedimagesequences.Thetechniqueis ableto extractmetric3D
modelswithout any prior knowledgeaboutthesceneor thecamera.Thecalibration
is obtainedby assuminga rigid sceneandsomeconstraintson the intrinsic camera
parameters(e.g. squarepixels). Somepossibleimprovementshave beenproposed
concerninginterestpoint matching,problemswith dominantplanarstructuresand
rectification.

Work remainsto be doneto get morecompletemodelsby fusing the partial 3D
reconstructions.This will also increasethe accuracy of the modelsand eliminate
artifactsat theoccludingboundaries.For this we canrely on work alreadydonefor
calibratedsystems.
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Chapter 8

Resultsand applications

8.1 Intr oduction

In this chapterwe will focuson the resultsobtainedby the systemdescribedin the
previouschapter. First somemoreresultson3D reconstructionfrom photographsare
given. Thentheflexibility of our approachis shown by reconstructinganamphithe-
aterfrom old film footage.Next –usingtheextensionof section7.3.4–theapplication
to the acquisitionof plenopticmodelsis described.Finally, several applicationsin
archaeologyarediscussed.Theapplicationof oursystemto theconstructionof avir-
tualcopy of thearchaeologicalsiteof Sagalassos(Turkey) –avirtualizedSagalassos–
is described.Somemorespecificapplicationsin the field of archaeologyare also
discussed.

8.2 Acquisition of 3D modelsfr om photographs

Themainapplicationfor oursystemis thegenerationof 3D modelsfrom images.One
of the simplestmethodsto obtaina 3D modelof a sceneis thereforeto usea photo
cameraandtoshootafew picturesof thescenefromdifferentviewpoints.Realistic3D
modelscanalreadybeobtainedwith a restrictednumberof images.This is illustrated
in thissectionwith a detailedmodelof apartof a Jaintemplein India.

A Jain Templein Ranakpur

Theseimageswere taken during a tourist trip after ICCV’98 in India. A sequence
of imageswastakenof a highly decoratedpartof oneof thesmallerJaintemplesat
Ranakpur, India. Theseimagesweretakenwith a standardNikon F50photocamera
and then scanned. All the imageswhich were usedfor the reconstructioncan be
seenin Figure8.1. Figure8.2 shows the reconstructedinterestpointstogetherwith
the estimatedposeandcalibrationof the camerafor the differentviewpoints. Note
thatonly 5 imageswereusedandthat theglobalchangein viewpoint betweenthese

143
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Figure8.1: Photographswhich wereusedto generatea 3D modelof a detailof a Jain
templeof Ranakpur.
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Figure8.2: Reconstructionof interestpointsandcameras.Thesystemcouldautomat-
ically reconstructa realistic3D modelof this complex scenewithoutanyadditional
information.

differentimagesis relativelysmall. In Figure8.3aglobalview of thereconstructionis
given.In thelowerpartof theimagethetexturehasbeenleft outsothattherecovered
geometryis visible. Notetherecoveredshapeof thestatuesanddetailsof thetemple
wall. In Figure8.4 two detailviews from very differentanglesaregiven. Thevisual
qualityof theseimagesis still veryhigh. Thisshows thattherecoveredmodelsallow
to extrapolateviewpointsto someextent. Sinceit is difficult to give animpressionof
3Dshapethroughimageswehaveputthreeviewsof thesamepart–butslightly rotated
eachtime–in Figure8.5.Thisreconstructionshowsthattheproposedapproachis able
to recover realistic3D modelsof complex shapes.To achieve this no calibrationnor
prior knowledgeaboutthescenewasrequired.
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Figure 8.3: Reconstructionof a part of a Jain templein Ranakpur(India). Both
textured(top)andshaded(bottom)viewsaregivento giveanimpressionof thevisual
qualityandthedetailsof therecoveredshape.
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Figure8.4: Twodetailviewsof thereconstructedmodel.
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Figure8.5: Threerotatedviewsof a detail of thereconstructedmodel.

8.3 Acquisition of 3D models fr om preexisting image
sequences

Herethereconstructionof theancienttheaterof Sagalassosis shown. Sagalassosis an
archaeologicalsite in Turkey. More resultsobtainedat this sitearepresentedin Sec-
tions8.5and8.6. Thereconstructionis basedon a sequencefilmed by a cameraman
from theBRTN (BelgischeRadioenTelevisievandeNederlandstaligegemeenschap)
in 1990. Thesequencewasfilmed to illustratea TV programaboutSagalassos.Be-
causeof the motion only fields –andnot frames–could be used. The resolutionof
the imageswe could usewasthusrestrictedto �FÃ���
­ñ���� . The sequenceconsisted
of abouthundredimages,every tenth imageis shown in Figure8.6. We recorded
approximately3 imagespersecond.

In Figure8.7thereconstructionof interestpointsandcamerasis given.Thisshows
thattheapproachcandealwith long imagesequences.

Densedepthmapsweregeneratedfrom this sequenceanda densetextured3D
surfacemodel was constructedfrom this. Someviews of this model are given in
Figure8.8.
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Figure8.6: Thissequencewasfilmedfrom a helicopterin 1990by a cameramanof
theBRT(BelgischeRadioenTelevisie) to illustratea TV programon Sagalassos(an
archaeological sitein Turkey).

Figure8.7: Thereconstructedinterestpointsand camera posesrecovered from the
BRTsequence.
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Figure8.8: Someviewsof thereconstructedmodelof theancienttheaterof Sagalas-
sos.

8.4 Acquisition of plenoptic models

Image-basedrenderingapproachesbasedon plenopticmodeling[93] have lately re-
ceived a lot of attention,sincethey cancapturethe appearanceof a 3D scenefrom
imagesonly, withouttheexplicit useof 3D geometry. Thusonemaybeableto capture
objectswith verycomplex geometrythatcannotbemodeledotherwise.Basicallyone
cachesall possibleviewsof thesceneandretrievesthemduringview rendering.Two
recentapproachesarethelightfield renderingapproach[82] andthelumigraph[45].

The problemcommonto all approachesis the needto calibratethe camerase-
quence.Typically oneusescalibratedcamerarigs mountedon a specialacquisition
device like a robot[82], or a dedicatedcalibrationpatternis usedto facilitatecalibra-
tion [45].

It is clearthatin thiscasethework presentedin thisdissertationcouldoffer some
interestingpossibilities.In thecaseof plenopticfrom a hand-heldcamera,onetypi-
cally generatesverymany (hundreds)of images,but with aspecificdistributionof the
cameraviewpoints.Sincethegoal is to capturetheappearanceof theobjectfrom all
sides,onewill try to sampletheviewing sphere,thusgeneratinga two-dimensional
meshof view points.

Thisapplicationinspiredtheextensionto theinitial reconstructionprocedurepre-
sentedin Section7.3.4. In casewherenot a 1D sequenceis underconsideration,but
wherea 2D samplingof theviewing sphereis executed,it is importantto take advan-
tageof theavailableinformation.Somepreliminarytrialswith thesequentialapproach
showedproblemsdueto accumulationof errorsoververy long imagesequences(sev-
eralhundredsof images).Thiscouldevenleadto thefailureof theprocedurein some
cases.By extendingthematchingprocedureto 2D theapproachcouldtakeadvantage
of theresemblancebetweenimagesfor which theindiceswerefaraway.

Themainproblemof thesequentialapproachin this caseis thatpointswhich are
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Figure8.9: Image of thespheresequence(left) andresultof calibration step(right).
Thecamerasare representedby little pyramids.Imageswhich werematchedtogether
areconnectedwith a black line.

visible in many imagesaregettinginstantiatedover andover. Sincethesepointsare
not connected,the differentinstancesdo not coincide,allowing systematicerrorsto
accumulate.Thisproblemwill beillustratedin thefollowing example.

Figure 8.9 shows one of the imagesof the sphere sequenceand the recovered
cameracalibrationtogetherwith thetrackedpoints.Thiscalibrationcanthenbeused
to generateaplenopticrepresentationfrom therecordedimages.Oncethis is obtained
new viewscanbegenerated.Figure8.10showsall theimagesin whicheach3D point
is tracked. Thepointsarein theorderthat they wereinstantiated.This explainsthe
uppertriangularstructure. It is clearthat for the sequentialapproach,even if some
pointscanbe tracked asfar as30 images,mostareonly seenin a few consecutive
images. From the resultsfor the extendedapproachseveral things canbe noticed.
The proposedmethodis clearly effective in the recovery of pointswhich werenot
seenin thelastimages,therebyavoidingunnecessaryinstantiationsof new points(the
systemonly instantiated2170pointsinsteadof 3792points). The bandstructureof
theappearancematrix for thesequentialapproachhasbeenreplacedby adenseupper
diagonalstructure.Somepointswhich wereseenin thefirst imagesarestill seenin
thelastone(morethan60 imagesfurtherdown thesequence).Themeshstructurein
theuppertriangularpartreflectstheperiodicity in themotionduringacquisition.On
theaverage,apoint is trackedover9.1imagesinsteadof 4.8imageswith thestandard
approach.

Wheretheprevioussequencewasstill acquiredwith arobotarm,mainlyto obtain
groundtruth, thefollowing sequencewasacquiredwith a hand-heldcamcorder. The
completesequenceconsistsof 190 images. An imageof the sequencecanbe seen
in Figure8.11. The recoveredcalibrationtogetherwith the tracked pointsarealso
shown in this figure. Thestatisticsof thepointswerecomputedfor this sequenceas
well. They canbeseenin Figure8.12.
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Figure8.10: Statisticsof thespheresequence. Thisfigure indicatesin which images
a 3D point is seen.Points (vertical) versusimages(horizontal). Theresultsare il-
lustratedfor boththesequentialapproach (left) astheextendedapproach (right) are
illustrated.

Figure8.11: Image of thedesksequence(left) and resultof calibration step(right).
Thecamerasare representedby little pyramids.
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Figure8.12: Statisticsfor desksequence. Thisfigure indicatesin which imagesa 3D
point is seen.Points(vertical) versusimages(horizontal).

8.5 Virtualizing archaeologicalsites

Virtual reality is a technologythatofferspromisingperspectivesfor archaeologists.It
canhelpin many ways.New insightscanbegainedby immersionin ancientworlds,
unaccessiblesitescanbemadeavailableto aglobalpublic,coursescanbegiven“on-
site” anddifferentperiodsor building phasescancoexist.

Oneof themainproblemshowever is thegenerationof thesevirtual worlds.They
requirea hugeamountof on-sitemeasurements.In additionthewholesitehasto be
reproducedmanuallywith a CAD- or 3D modelingsystem. This requiresa lot of
time. Moreover it is difficult to modelcomplex shapesandto take all thedetailsinto
account.Obtainingrealisticsurfacetextureis alsoacritical issue.As aresultwallsare
often approximatedby planarsurfaces,stonesoften all get the sametexture,statues
areonly crudelymodeled,smalldetailsareleft out,etc.

An alternativeapproachconsistsof usingimagesof thesite. Somesoftwaretools
exist, but requirea lot of humaninteraction[109] or preliminarymodels[26]. Our
systemoffersuniquefeaturesin thiscontext. Theflexibility of acquisitioncanbevery
importantfor field measurementswhich areoften requiredon archaeologicalsites.
The fact thata simplephotocameracanbesufficient for acquisitionis an important
advantagecomparedto methodsbasedon theodolitesor otherexpensive hardware.
Especiallyin demandingweatherconditions(e.g.dust,wind, heat,humidity).

Theancientsiteof Sagalassos(south-westTurkey) wasusedasatestcaseto illus-
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Figure8.13: Imagesequencewhich wasusedto build a 3D modelof thecornerof the
Romanbaths

Figure 8.14: Virtualized corner of the Romanbaths,on the right somedetailsare
shown

tratethepotentialof theapproachdevelopedin this work. Theimageswereobtained
with a consumerphotocamera(digitizedon photoCD)andwith a consumerdigital
videocamera.

8.5.1 Virtualizing scenes

The3D surfaceacquisitiontechniquethatwehavedevelopedcanreadilybeappliedto
archaeologicalsites.Theon-siteacquisitionprocedureconsistsof recordinganimage
sequenceof thescenethatonedesiresto virtualize. To allow thealgorithmsto yield
goodresultsviewpoint changesbetweenconsecutive imagesshouldnot exceed5 to
10 degrees.An exampleof sucha sequenceis given in Figure8.13. The result for
the imagesequenceunderconsiderationcanbe seenin Figure8.14. An important
advantageis thatdetailslike missingstones,not perfectlyplanarwalls or symmetric
structuresarepreserved. In additionthesurfacetextureis directly extractedfrom the
images. This doesnot only result in a muchhigher degreeof realism,but is also
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Figure8.15:Threeof thesix imagesof theFountainsequence

importantfor the authenticityof the reconstruction.Thereforethe reconstructions
obtainedwith thissystemcouldalsobeusedasascalemodelonwhichmeasurements
canbecarriedoutor asa tool for planningrestorations.

As a secondexample,thereconstructionof theremainsof anancientfountainis
shown. In Figure8.15threeof thesix imagesusedfor thereconstructionareshown.
All imagesweretaken from thesamegroundlevel. They wereacquiredwith a dig-
ital camerawith a resolutionof approximately1500x1000.Half resolutionimages
wereusedfor thecomputationof theshape.Thetexturewasgeneratedfrom thefull
resolutionimages.

The reconstructioncanbe seenin Figure8.16, the left sideshows a view with
texture,therightview givesashadedview of themodelwithouttexture.In Figure8.17
two close-upshotsof themodelareshown.

8.5.2 Reconstructingan overview model

A first approachto obtaina virtual reality modelfor a wholesiteconsistsof takinga
few overview photographsfrom thedistance.Sinceour techniqueis independentof
scalethis yieldsanoverview modelof thewholesite. Theonly differenceis thedis-
tanceneededbetweentwo cameraposes.For mostactive techniquesit is impossible
to copewith scenesof thissize.Theuseof a stereorig wouldalsobeveryhardsince
abaselineof severaltensof meterswouldberequired.Thereforeoneof thepromising
applicationsof theproposedtechniqueis largescaleterrainmodeling.

In Figure8.183 of the9 imagestakenfrom a hillside neartheexcavationsiteare
shown. Thesewereusedto generatethe 3D surfacemodelseenin Figure8.19. In
additiononecanseefrom the right sideof this figure that this modelcould beused
to generatea Digital TerrainMap or an orthomapat low cost. In this caseonly 3
referencemeasurements–GPSandaltitude–arenecessaryto localizeandorient the
modelin theworld referenceframe.
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Figure8.16:Perspectiveviewsof thereconstructedfountainwith andwithouttexture

Figure8.17:Close-upviewsof somedetailsof thereconstructedfountain

Figure8.18:Someof theimagesof theSagalassosSitesequence
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Figure8.19: Perspectiveviewsof the3D reconstructionof theSagalassossite (left).
Topview of thereconstructionof theSagalassossite(right).
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Figure8.20: Integrationof modelsof differentscales:siteof Sagalassos,Romanbaths
andcornerof theRomanbaths.

8.5.3 Reconstructionsat different scales

Theproblemis that this kind of overview modelis too coarseto beusedfor realistic
walk-throughsaroundthe site or for looking at specificmonuments.Thereforeit is
necessaryto integratemoredetailedmodelsinto this overview model. This canbe
doneby taking additionalimagesequencesfor all the interestingareason the site.
Theseareusedto generatereconstructionsof thesiteat differentscales,going from
a globalreconstructionof thewholesiteto a detailedreconstructionfor every monu-
ment.

Thesereconstructionsthus naturally fill in the different levels of detailswhich
shouldbeprovidedfor optimalrendering.In Figure8.20anintegratedreconstruction
containingreconstructionsat threedifferentscalescanbeseen.

At thispoint theintegrationwasdoneby interactively positioningthelocal recon-
structionsin theglobal3Dmodel.Thisis acumbersomeproceduresincethe7 degrees
of freedomof thesimilarity ambiguityhave to betakeninto account.Researchersare
working on methodsto automatethis. Two differentapproachesarepossible. The
first approachis basedon matchingfeatureswhich are basedon both photometric
andgeometricproperties,thesecondon minimizing a globalalignmentmeasure.A
combinationof bothapproacheswill probablyyield thebestresults.
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Figure8.21: Virtualized landscapeof Sagalassoscombinedwith CAD-modelsof re-
constructedmonuments

8.5.4 Combination with other models

An interestingpossibilityis thecombinationof thesemodelswith othertypeof mod-
els. In thecaseof Sagalassossomebuilding hypothesesweretranslatedto CAD mod-
els. Thesewereintegratedwith our models. The resultcanbe seenin Figure8.21.
Also othermodelsobtainedwith different3D acquisitiontechniquescouldeasilybe
integrated.

8.6 Mor eapplications in archaeology

Sincethese3D modelscanbegeneratedautomaticallyandtheon-siteacquisitiontime
is veryshort,severalnew applicationscometo mind. In thissectionafew possibilities
areillustrated.

8.6.1 3D stratigraphy

Archaeologyis oneof the scienceswereannotationsandprecisedocumentationare
mostimportantbecauseevidenceis destroyed duringwork. An importantaspectof
this is thestratigraphy. This reflectsthedifferentlayersof soil thatcorrespondto dif-
ferenttimeperiodsin anexcavatedsector. Duetopracticallimitationsthisstratigraphy
is oftenonly recordedfor someslices,not for thewholesector.

Our techniqueallows a moreoptimal approach.For every layer a complete3D
modelof the excavatedsectorcan be generated.Sincethis only involves taking a
seriesof picturesthisdoesnotslow down theprogressof thearchaeologicalwork. In
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Figure8.22: 3D stratigraphy, the excavationof a Romanvilla at two different mo-
ments.

additionit is possibleto modelartifactsseparatelywhicharefoundin theselayersand
to includethemodelsin thefinal 3D stratigraphy.

This conceptis illustratedin Figure8.22. Theexcavationsof anancientRoman
villa at Sagalassoswererecordedwith our technique.In thefigurea view of the3D
modelof theexcavationis providedfor two differentlayers.

8.6.2 Generatingand testingbuilding hypotheses

The techniquealsohasa lot to offer for generatingandtestingbuilding hypotheses.
Dueto theeaseof acquisitionandtheobtainedlevel of detail,onecouldreconstruct
everybuilding blockseparately. Thedifferentconstructionhypothesescantheninter-
actively beverifiedona virtual building site.Sometestingcouldevenbeautomated.

Thematchingof thetwo partsof Figure8.23for examplecouldbeverifiedthrough
astandardregistrationalgorithm[18]. An automaticprocedurecanbeimportantwhen
dozensof brokenpartshaveto bematchedagainsteachother.

8.7 Applications in other areas

Besidesarchaeologyseveral otherareasrequire3D measurementsof existing struc-
tures.A few possibleapplicationsarebriefly describedhere.

8.7.1 Ar chitecture and conservation

As an examplea partial 3D reconstructionof the cathedralof Antwerp is shown in
Figure 8.24. An importantregistrationproject hasrecentlystartedand the goal is
to obtain a 3D model of the cathedralthat could be usedas a databasefor future
preservationandrestorationprojects.For someof theseprojectsanaccuratetextureof
themodeliscrucial,sincethelevelof stonedegradationcanbededucedfrom it. In this
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Figure8.23: Two imagesof partsof brokenpillars (top) andtwo orthographicviews
of thematchingsurfacesgeneratedfromthe3D models(bottom)

Figure8.24:Reconstructionof a part of thecathedral of Antwerp.Oneof theoriginal
images(left), twoclose-upviewsof theobtainedreconstruction(middle, right).

context themethodproposedin this work hasa lot to offer. An interestingapproach
wouldconsistof combiningtheexistingclose-rangephotogrammetrictechniqueswith
ourtechniques.Thiscouldleadtoanimportantincreasein productivity withoutgiving
in accuracy.

8.7.2 Other applications

Theflexibility of theproposedsystemsallowsapplicationsin many domains.In some
casesfurtherdevelopmentswould berequiredto do so,in othersthesystem(or parts
of it) could just beusedasis. Someinterestingareasareforensics(e.g.crimescene
reconstruction),robotics(e.g.autonomousguidedvehicles),augmentedreality (e.g.
cameratracking)or post-production(e.g.generationof virtual sets).



162 Chapter8. Resultsandapplications

8.8 Conclusion

In thischaptersomeresultswerepresentedin moredetailto illustratethepossibilities
of this work. It was shown that realistic3D modelsof existing monumentscould
be obtainedautomaticallyfrom a few photographs.The flexibility of the technique
allows it to beusedon existing photoor videomaterial.This wasillustratedthrough
the reconstructionof an ancienttheaterfrom a video extractedfrom the archivesof
theBelgiantelevision. Our systemwasadaptedto theneedsof plenopticmodeling,
makingit possibleto acquirehundredsof imagesof a scenewithout significanterror
accumulation.

The archaeologicalsite of Sagalassos(Turkey) was usedas a test casefor our
system.Severalpartsof thesiteweremodeled.Sinceour approachis independentof
scaleit wasalsousedto obtaina 3D modelof thewholesiteat once.Somepotential
applicationsarealso illustrated,i.e. 3D stratigraphyandgenerating/testingbuilding
hypotheses.

Someapplicationsto otherareaswerealsobriefly discussed.
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Conclusion

9.1 Summary

The work presentedin this dissertationdealswith the automaticacquisitionof real-
istic 3D modelsfrom images. I have tried to develop an approachwhich allows a
maximumof flexibility during acquisition. This work consistedboth of developing
new theoreticalinsightsandtranslatingtheseto approacheswhichwork onrealimage
sequences.

This problemwas decomposedin a numberof tasks. For someof thesetasks
existingapproachesweregiving goodresultsandtherewasnoneedto developanew
approachto achieve our goal. If possibleanexisting implementationwasused.For
self-calibrationhowevernosatisfyingsolutionexisted.Themethodswhichexistedat
thestartof my work werenotgiving satisfyingresultsonrealimagesequencesandin
additioncouldonly dealwith constantcameraparameters.

A first importantpartof thisworkconsistedof developingaself-calibrationmethod
whichwouldgivegoodresultson realimagesequences.Inspiredby thestratifiedap-
proacheswhich hadbeenproposedfor somespecialmotions,I developeda stratified
approachwhich would bridgethe gapfrom projective to metric by first solving for
the affine structure.This approachis basedon a new constraintfor self-calibration,
i.e. themodulusconstraint.Goodresultswereobtainedbothonsyntheticexperiments
andonrealimagesequences.

The traditionalassumptionmadefor self-calibrationis constantbut completely
unknown parameters.On theonehandthis assumptionis restrictive sinceit doesnot
allow azoomor evenfocusingto beusedduringacquisition.Ontheotherhandtypical
camerashave rectangularor evensquarepixelsandoftentheprincipalpoint is close
to thecenterof theimage.A methodwasproposedwhichcoulddealwith all kindsof
constraintson theintrinsiccameraparameters,i.e.known,constantor varying.Based
on thisa pragmaticapproachwasproposedto dealwith realsequencesacquiredwith
a zooming/focusingcamera.Theapproachwasvalidatedon both realandsynthetic
data.

Thesemethodswerecombinedwith othermodulesto obtainacomplete3D recon-
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structionsystem.The input consistsof a sequenceof imagesof a scene.Theoutput
is a realistic3D surfacemodelof this scene.Theprocessingis fully automatic.This
systemoffersaverygoodlevel of detailandrealism,combinedwith anunprecedented
flexibility in acquisition.

This flexibility of the approachwas illustratedthroughthe different examples.
Realistic3D modelswere generatedfrom a few photographsas well as from pre-
existingvideo.Scenesrangingfrom � é ö�� to � é�� ö�� werereconstructed.Through
a small adaptationthe systemcould be usedto recordplenopticfunctionsbasedon
hundredsof images.The systemwasusedwith successin the field of archaeology
whereverypromisingresultscouldbeachieved,enablingnew applications.

9.2 Discussionand further research

The last yearsan ongoingdiscussionhastaken placebetweenprotagonistsof cali-
bratedversusuncalibratedsystems.In my opinionthis is anunnecessarydiscussion.
A whole paletteof possibilitiesexist for 3D acquisitionfrom images.Oneextreme
consistsof usinga fully calibratedsystemundervery restrictedconditions(e.g.con-
trolled lighting, restricteddepth,...). Theotherextremeconsistsof goingout with a
hand-helduncalibratedcameraandtake a few shotsof a scene.In my opinion it is
thetaskof thecomputervision communityto investigatethesedifferentpossibilities.
Thereis no suchthingastheideal3D acquisitionsystem,it all dependson thespeci-
ficitiesof theconsideredapplication.In this context I think it is animportanttaskfor
ourcommunityto explorethelimits of whatcanbeachieved.

Whatshouldbementionedhowever is thattheuncalibratedapproachandtheuse
of projective geometryhasenabledmany new insights. Projective geometryis the
naturalgeometricframework to describetheunderlyingprinciplesrelatingscenesto
images. Often unnecessarycomplex equationsareusedto dealwith the Euclidean
structureof spacewhile theconceptsoneis studyingarealreadypresentat theprojec-
tive level. Notethattheuseof projectivegeometrydoesnotprohibit calibrationto be
used.It however makesit possibleto distinguisheasilybetweenwhatdependson it
andwhatdoesnot.

Thesystemthatwasdescribedin thisdissertationis certainlynotanendpoint.As
wasalreadydescribedat somepointsin the text, severalpossibilitiesexist to further
enhancethesystem.Severalimportantdirectionsof furtherresearchcanbeidentified.

A first importanttaskconsistof enhancingthe systemitself. This is a twofold
task.On theonehandthesystemshouldbemademorerobustsothatit candealwith
a larger classof images. Failure of the algorithmsanddegeneratecasesshouldbe
automaticallydetected.If possiblethesystemshouldrecoverfrom theseby launching
a morerobust or moreappropriateversionof the algorithm. On the otherhandthe
accuracy of thesystemcancertainlybeincreased.Therelativelysimplecameramodel
whichis usedatthispointcanbeextended.Theuseof maximumlikelihoodestimators
canbegeneralizedin thedifferentmodules.

A secondtaskconsistsof extendingthesystem.At thispoint3D surfacemodelsof
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theobservedscenearegenerated.Thesesurfacesarehoweverstill constructedstarting
from a referenceview. Thesystemshouldfusethesedifferentsurfacerepresentation
into a unique3D model. This canbe achievedby resortingto existing merging ap-
proacheswhich have beendevelopedin the context of calibratedrangeacquisition.
Thesemethodsneedhowever to beadaptedto thespecificitiesof our approach.An
interestingideaconsistsof usingdirectfeedbackfromthefinal3Dmodelto theimages
to refinethemodel,thiscouldbetermedphotometricbundleadjustment. Furtherpos-
sibilitiesconsistof fitting parametricrepresentationsto thedata(e.g.planes,quadrics,
etc.) or to infer higher level representationswhich would bring us to modelbased
approachesandsceneunderstanding.

Thisapproachis ageometricapproach.Thesystemtriesto modeleverythingwith
geometricprimitives. Recentlyimage-basedapproachesreceived a lot of attention.
Theseapproachestry to modelthe plenopticfunction (i.e. the light passingin every
directionthroughevery point of thescene).Thesemethodscanthuscapturetheap-
pearanceof 3D scenesfrom imagesonly, without theexplicit useof geometry. Thus
onemaybeableto captureverycomplex geometryandcomplex lighting thatcannot
bemodeledotherwise.Thesemethodshoweversuffer from otherdisadvantages(e.g.
needfor calibration,no navigationinsidethescene,dataintensive,etc.).An interest-
ing approachcould thereforeconsistof combiningthe two typesof approaches.In
this context somepromisingresultswerealreadyobtainedwith our system.Theidea
would be to usegeometrywhenthereprojectionof themodelin the imagesis close
enoughto theoriginalandplenopticrepresentationsotherwise.Theuseof intermedi-
aterepresentationscouldalsobeinteresting(e.g.view dependenttexturing).

Oneof theimportantlimitationsof most3D acquisitionsystemsis thatonly rigid
scenesareconsidered.Dealingwith non-rigidsubjectscouldbeaveryinterestingarea
of furtherresearch.This is howeveralsoaverycomplex problem.Up to now existing
approacheshave mostlybeenlimited to parameterizedmodelswhich arefitted to the
imagedata.Someof theparameterscanthenrepresenta(non-rigid)pose.By exploit-
ing resultsfrom independentmotionsegmentationmorecouldbeachieved.Probably
moreclueswill berequiredto obtaingoodresults(e.g.addcontourinformation).

A last importantareaof furtherresearchconsistof tuningthesystemtowardsap-
plications.A first generalrequirementin this context is an intelligentuserinterface.
By intelligentwemeanthatthenecessaryfailurediagnosisshouldbedoneby thesys-
temitself whichshouldthengoto theuserwith specific–understandable–requestsor
suggestions.Thesystem’s interfaceshouldalsoenforcethedifferentmulti view rela-
tionsandotherconstraintsin a transparentway. Somefurtherspecificdevelopments
towardsthedifferentareasof applicationarecertainlyalsoworthwhilestudying. In
this context it is importantto keepthe systemmodularso that necessaryextensions
caneasilybeintegrated.
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Appendix A

The modulusconstraint

A.1 Derivation of the modulusconstraint

Therootsof equation(5.2)mustobey � ���	�)è�� � � �;è�� � � � . In thisappendixanecessary
conditionis derived.A third orderpolynomialcanbewrittenasfollows.� � � � ï � � � � ï � � � ï �! è � � ß"�Þô#� � äPß"� ô#� � ä�ß"�Þô#� � ä (A.1)

Fromequation(A.1) thefollowing relationsfollow:� � ï$� � ï%� � è ô � �� � (A.2)�&�Ñß'� � ï%� � äCï$� � � � è � �� � (A.3)�&�(� � � � è ô �  � � (A.4)

At leastoneof therootsmustbereal, thereforeit canbeassumedthat ��� is real ( � �
and � � can thenbe either real or complex). If the rootshave the samemoduli the
following equationmustbesatisfied.� � � è)� � � � (A.5)

Rewriting (A.3) using(A.2) and(A.5) yields� � ß�ô � �� � ô#� � ä�ï%� �� è � �� �
or �&�Ãèòô � �� � (A.6)

substituting(A.5) in (A.4) implies � � � èòô �! � � (A.7)
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Eliminating ��� from theequations(A.6) and(A.7) givesa necessaryconditionthatis
only dependingon

� � â � � â � �Ñâ �  . � � � �� è � �� �! (A.8)

Note thatequationA.6 andthusalsoequationA.8 areonly necessaryconditions
for the homographyto have eigenvaluescorrespondingto a rotationmatrix. These
equationscanalsobe satisfiedfor threereal eigenvalues. Whenmultiple solutions
persist,solutionsfor whichno two eigenvaluesareconjugatecanberuledout.

A.2 Expressionsfor *,+.-�* ñ -�* é and *,/
In this sectionexpressionsfor

� � â � � â � �Ñâ �  will bederived. They will beexpressedin
termsof 0�1 è32 4�564&7�4�8:9<; andtheprojectivecalibration.Startingfrom equation5.2
a similarbut simplerequationcanbederivedwhichavoidstheoccurrenceof thema-
trix inversion.

=?>(@ ß'A ÷ û ôB�DCPä è =E>F@HG AI��ûJALK �� ÷ ô#�MCFN è =E>(@�G ALK �� ÷ N =?>(@ ß'AI��û ôB�DAI� ÷ ä�è /O=E>(@ ß'A �Fû ôB�DA � ÷ ä è /
Thefollowingnotationsareusedto simplify theexpressions:A �Fû è�2 P � P �FQ � 9 , A � ÷ è2 Q.R� Q.R� Q.R� 9 , S ��û èTS and S � ÷ èTS R , � AU� meansthedeterminantof A .=E>(@ ßVA ô#�MA R ä è � P � ô#�?P R � P � ô#�?P R� P � ô#�?P R� �è � P � P � ô#�?P R� P � ô#�?P R� �ÑôB�W� P R � P � ô#�?P R� P � ôB�EP R� �è � PM�MP � P � ô#�?P R� � ôX�W� PM�MP R� P � ô#�?P R� �ôX�Y� P R � P � P � ôB�EP R� � ïZ�D�H� P R � P R� P � ôB�EP R� �è � PM�,P � P � � ôX�.� P R � P � P � �©ïZ�D�[� PM�\P R� P R� � ôX� � � P R � P R� P R� �ôX�.� PM�,P R� P � �©ïZ� � � P R � P � P R� �ôX�.� P � P � P R� �©ïZ�D�[� P R � P R� P � � (A.9)

In the above expressionsA ï)S	0:;1 or a similar expressionshouldbe substitutedto2 P � P � P � 9 , 2 P R � P � P � 9 , ..., � P R � P R� P R� � . Thereforethedeterminantof A ï]S�0:;1 shouldalso
befactorized.Theotherdeterminantscanbefactorizedin asimilarway.=E>F@ ßVA ï$S	0 ;1 ä è � P � ï^4 5 S_P � ï^4 7 S`P � ïa4 8 S&�è � PM�MP � ï^4�76S`P � ïa4&8.S&�Pï^4M5b� S_P � ï^4�76S`P � ïa4&8.S&�è � PM�MP � P � ï^4�8cS&� ïH4M5b� S`P � P � ïa4&8.S&�ïH4�7d� PM��S`P � ï^4�8eS&� ïH4�5`4�7I� SfS_P � ï^4�8cS&�g h(i jk  è � PM�MP � P � �bïa4�5
� S_P � P � �9ïa4&7X� PD�lS_P � �bïa4&8H� PM�MP � S��
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It followsfrom thisexpressionthatthecoefficientsof �  and � � of eq.A.9arefirst
orderpolynomialsin 0�1 èm2 4M5n4�7Z4&8�9<; . For � � and �M� thederivationis a bit more
tedious.

For the third order termswe still have two equalcolumns(ex. 4 R5 4 7 4 8 � S R SoS&� )
which meansthat this determinantvanishes.Somesecondordertermsof the factor-
izationdo not vanishat first sight. Thesearethetermswhereboth S and S R appearin
thedeterminants.They canbegroupedin pairs(ex. coefficientof � ):4M5H4�7Eßp� SoS R P � �Pï)� S R S�P � � ä4�564&8Tß,� S�P � S R �Pï)� S R P � S&� ä4�7l4�8Wßp� PM�(SoS R �Pï)� PD�FS R S&� ä
All thesetermsvanishbecausepermutating2 rows of a determinantchangesthesign
of thatdeterminant( � S R S�P � �)è ôW� SoS R P � � ).

Thisfinally yieldsthefollowing expressionsfor the é�qsr orderterms:� P R � P � P � �Pï)� PM�MP R� P � �PïT� PM�MP � P R� �ïH4�5×ß,� S R P � P � �PïT� S`P R� P � �9ï)� S`P � P R� � äïH4&7 ßp� P R � S`P � �Pï)� PM��S R P � �PïT� PM��S`P R� � äïH4&8�ß,� P R � P � S&�Pï)� PM�MP R� S&�Pï)� PD�DP � S R � ä
For thesecondordertermstheaccentsshouldbeinverted.

In conclusionthemodulusconstraintcanbeexpressedas
� � � �� è � �� �  with� � èÞôB� P R � P R� P R� �	ô�4M5t� S R P R� P R� �	ô�4�7c� P R � S R P R� �§ô�4&8M� P R � P R� S R �� � è ß\� PM�\P R� P R� �9ï)� P R � P � P R� �9ï)� P R � P R� P � � äïH4�5 ß,� S`P R� P R� �Pï)� S R P � P R� �Pï)� S R P R� P � � äïH4 7 ßp� P � S R P R� �PïT� P R � S`P R� �9ï)� P R � S R P � � äïH4 8 ßp� P � P R� S R �Pï)� P R � P � S R �Pï)� P R � P R� S&� ä (A.10)� � è ô­ß,� P R � P � P � �9ï)� P � P R� P � �9ï)� P � P � P R� � äô_4 5 ß,� S R P � P � �9ï)� S`P R� P � �Pï)� S_P � P R� � äô_4 7 ßp� P R � S`P � �9ï)� P � S R P � �9ï)� P � S_P R� � äô_4&8Þßp� P R � P � S&�Pï)� PD�\P R� S&�Pï)� PM�,P � S R � ä�  è � PM�MP � P � �bïa4�5%� S`P � P � �9ï^4�7I� PM��S`P � �Pï^4�8n� PM�DP � S&�¸ó

A.3 Expressionsfor *,+:-M* ñ -�* é and *,/ for a varying focal
length

Hereequation(5.15)is elaboratedin detail:=?>(@tuJv K �wyxz|{ ô#� à	} è � � � � ï � � � � ï � �F� ï �  è /
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yieldswith 4 ÷ û asthecoefficientsof theaffinecameraprojectionmatrix
z|{� � è ô"é� � è ßV~��F4 � � ïB~&�\4 � � ï^4 �,� ä�� ï^4 �,� ïa4 �p� ô�~&��4 � � ôL~��,4 � �� � è ßV~�� ß�4 � � 4 � � ô�4 � � 4 �,� äkïU~&��ß�4 � � 4 � � ô�4 �,� 4 � � äïH4 � � 4 � � ï^4 � � 4 � � ô�4 �p� 4 �,� ô�4 �p� 4 �,� äp� (A.11)ïd~ � ß�4 � ��4 �,� ô�4 � ��4 � � äkïB~ � ß�4��p��4 � � ô�4 � �s4&� � äCï^4 � ��4�� � ô�4��p�s4 �,��! è ������

4 �p� 4 � � 4 � �4 � � 4 �p� 4 � �4 � � 4 � � 4 �p� ������
�

In this caseit is interestingto analyzethe solutionsof the modulusconstraint.
Theconstraint

� � ß'�mä � �)ß"�mä � è � � ß'�mä � �  ß'�mä wasobtainedby imposingequalmoduli to
theeigenvaluesof

v K �w xz|{ (themodulusconstraint).If � is a realsolutionthen ôX�
will alsobea solution. Changingthesignof thefocal lengthis equivalentto a point
reflectionof theimagearoundtheprincipalpoint,whichmeansthatthemoduliof the
eigenvaluesof

v K �w xz { will staythe same(only signscanchange).Whatdoesthis
meanfor the coefficientsof equation(5.16)? We choose� � and ôX� � to be the real
roots� . �[� ß'� � ô#� �� äPß"� � ï$�(� ïU�9ä è /�[� ß"� � ï$�(� � ï}ßV�¨ôB� �� ä�� � ôB� �� �(�Þô#� �� �9ä è / (A.12)

Fromequation(A.12) onecaneasilyobtain � � which is thedesiredsolutionfor � � .�¶è)�
� � �� � (A.13)

Here

� � and

� � arethecoefficientsof thefirst orderresp.third ordertermof equation
(A.12). Thesecoefficientsareobtainedby filling in

� �§ß"�mä , � � ß"�mä , � � ß"�mä , � � ß'�mä from
equation(A.11) in equation(A.8).

�
A differentrealroot � � would imply �:� � to beasolutiontoo. Thiswould leadto �l��� andthusalso��� ��� and � � ��� in eq.(5.16).In practicewe only encountered4 realrootsfor puretranslation.Three

wereidenticalandonehadoppositesign.



Appendix B

Self-calibration fr om
rectangularpixels

In this appendixtheproof of Theorem6.1 is given. Beforestartingtheactualproof a
lemmawill begiven. This lemmagivesa way to checkfor theabsenceof skew from
thecoefficientsof

z
directly without needingthefactorization.A cameraprojection

matrix canbefactorizedasfollows
z è�2 AU� �	9Tè v 2 ���§ôL�
�(9 . In what follows Q ÷

and � ÷ denotetherowsof A and � .

Lemma B.1 Theabsenceof skew is equivalentwith ß Q �Z
 Q � äPß Q � 
 Q � äTè / .
Proof: It is alwayspossibleto factorizeA as

v � . Thereforethe following canbe
written: ß Q ��
 Q � äPß Q � 
 Q � äè.ß�ß'� � ����ï$�J� � ïB~�� � ä�
�� � ä�ßOß"� � � � ïB�[� � äf
�� � äè.ß�ß'� � ����ï$�J� � äf
�� � ä�ß'� � � � 
�� � äè ôX� � � � � � ���Tï%� � � ���\���ÃèT� � � ó
Because� �¢¡è / thisconcludestheproof. £

Equippedwith this lemmathefollowing theoremcanbeproven.
Theorem6.1Theclassof transformationswhich preservestheabsenceof skew is the
groupof similarity transformations.
Proof: It is easyto show that the similarity transformationspreserve the calibration
matrix

v
andhencealsotheorthogonalityof theimageplane:v 2 ���	ô#�
�F9H¤ � R¦¥ K � � R/ ¥ K �¨§è v 2 ��� R � ¥ K � ßV�
� R ô#�Y�	ä�9Þó

Thereforeit is now sufficientto provethattheclassof transformationswhichpreserve
the condition ß Q �©
 Q � äPß Q � 
 Q � ä è / is at mostthe groupof similarity transfor-
mations. To do this a specificset of positionsand orientationsof camerascan be
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chosen,sincetheabsenceof skew is supposedto bepreservedfor all possibleviews.
In general

z
canbetransformedasfollows:z R è�2 AU� �	9`¤Uª «¬ ; þ § è®­�A ª ï%� ¬ ; � A « ï%�Zþ�¯

If � è / then A R è v � ª andthusß QcR� 
 Q.R� ä�ß Q.R� 
 QcR� äè.ß�ß"����� � ïU~M� � ä ª 
�� � ª äkß�ß"��� � � ïB�[� � ä ª 
�� � ª ä�ó
Thereforetheconditionof thelemmais equivalentwithß<��� ª 
�� � ª äPß<� � ª 
�� � ª äTè / ó
Choosingfor therotationmatrices� � , � � and � � , rotationsof ° /	± aroundthe ÿ -, ² -
and ³ -axis,imposesthefollowing equationsto hold:ßV´M�|
�´ � ä�ß"´ � 
�´ � ä�è / âßV´ � 
�´���ä�ß"´ � 
�´M�9ä�è / âßV´ � 
�´ � ä�ß"´M�Z
�´ � ä�è / ó (B.1)

Henceß"´M�_
µ´ � ä , ß"´M�`
µ´ � ä and ßV´ � 
µ´ � ä defineasetof 3 mutuallyorthogonalplanes
wheréM� , ´ � and ´ � form theintersectionandarethereforealsoorthogonal.

Choosing� � and �n¶ as ��� and � � followed by a rotationof ·o� ± aroundthe³ -axis,thefollowing two equationscanbederived:ß�ß"´M�Tï%´ � ät
�´ � ämßOßV´M� ôL´ � ä�
�´ � ä�è /ß�ß"´ � ï%´ � ät
�´ � ämßOßV´ � ôL´ � ä�
�´ � ä�è / ó (B.2)

Carryingout somealgebraicmanipulationsandusing ´M¸�¹º´D»�¹º´D¼ this yields the
following result: � ´ � � � è�� ´ � � � è�� ´ � � � ó
Theseresultsmeanthat ª è ¥ � with ¥ a scalarand � anorthonormalmatrix. The
availableconstraintsarenot sufficient to impose

=E>(@ � è©é , thereforemirroring is
possible.

Choose��½×è3� � and ��;½ è¾2xé /`/ 9 , then
G ßV´ � ï ¬ ;�ä�
�´ � N ßV´ � 
^´ � äÃè / must

hold. Using(B.1)and ´ � 
b´ �d¿ ´ � thisconditionis equivalentwith ß ¬ 
b´ � ä�´ � è / .
Writing ¬ as � � ´M¸AïÀ� � ´D»AïÁ� � ´?¼ this boils down to � � è / . Taking �nÂ­èÃ� � ,�JÂ èÄ2 /`/ é(9<; , ��Å èÆ� � and ��Å è¦2 / é / 9Ç; leadsin a similar way to � � è / and�J� è / andthereforeto ¬ ; è32 /`/`/ 9 .

In conclusionthe transformation ¤#ª «¬ ; þ § is restrictedto the following form¤ ¥ � �/ é § whichconcludestheproof. £
Remarkthat8 viewswereneededin thisproof.Thisis consistentwith thecounting

argumentof Section6.2.1.



Appendix C

Planar sectionsof imaginary
cones

In thisappendixit is shownhow planarsectionsof imaginaryconescanberepresented
throughrealentities.Thismakesit possibleto use(classical)geometricinsightto deal
with complex problemswhich includeimaginaryobjects.

We definethemappingbetweenanimaginaryellipse È�É anda realellipse È�Ê as
follows:È É èËA ;{ºÌÍ é /Î// é //Ï/ é ÐÑ A {#Ò È Ê èTA ;{�ÌÍ é / // é //Î/ ô"é ÐÑ A { (C.1)

where Ó { representsan arbitrary2D affine transformation.Let us alsodefinethe
mappingbetweenanimaginaryconeanda family of realellipsoids:Ô É èTÓ ;{ ÌÕÕÍ é /Î/Î// é /Î//Ï/ é //Ï/Î/Î/

Ð�ÖÖÑ Ó { Ò Ô Ê ß"�IäTèËÓ ;{ ÌÕÕÍ é /Î/ // é / //Ï/ é //Ï/Î/ ôX�M�
Ð�ÖÖÑ Ó { (C.2)

whereÓ { representsanarbitrary3D affinetransformation.Let usalsodefinetheratio
of intersectionbetweena planeandanellipsoidas1 whentheplanepassesthrough
thecenterof theellipse,as0 whenit is tangentandlinearly(with thedistancebetween
theplanes)in between.

TheoremC.1 The intersectionof the imaginary cone
Ô É with plane � can be ob-

tainedas È�É correspondingto È�Ê which is the intersectionof the ellipsoid
Ô Ê ß'� ä

where � is determinedsothat theratio of intersectionis �× � .
Proof: Let usfirst prove this for thesimplecasewhere

Ô ÉYØoÙI�Wï$ÚW��ïÜÛÝ�Òè /
and ÞÆØoÛ
è é :Ô É|Ø�Ù � ïUÚ � ï]Û � è / Ò Ô ÊUØ�Ù � ïUÚ � ï$Û � è)ß ñ �È É Ø�Ù��TïUÚµ��ï
é è / Ò È Ê Ø�ÙI�Tï%ÚW�Wï�éEè)ß ñ � (C.3)
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All other relative positionsof planesandconescanbe achieved by applyingaffine
transformationsto thegeometricentitiesdefinedabove. Sincetangency, intersections
andratiosof lengthsalongsomeline areaffine invariantsit follows thatthemapping
is valid for all imaginaryconesandall planes. £

This thereforegivesusaneasyway to visualizetheplanarintersectionof imagi-
narycones.This is usefulto getsomeintuitive insightin sometypeof critical motion
sequences.Seefor exampleFigure6.5wheretheseconceptswereapplied.



Appendix D

Generalizedrectification

Thetraditionalrectificationschemeconsistsof transformingtheimageplanessothat
thecorrespondingspaceplanesarecoinciding.This is howevernotpossiblewhenthe
epipoleis locatedin the image. Even whenthis is not the casethe imagecanstill
becomeverybig (i.e. if theepipoleis closeto theimage).This is thereasonwhy Roy,
MeunierandCox [137] proposedacylindrical rectificationscheme.

Theproceduredescribedin [137], however, is relativelycomplex andsomeimpor-
tantimplementationdetailswerenotdiscussed.Many operationsareperformedin 3D
while everythingcanbe donein the images.Additionally, advantagewasnot taken
from the fact that the two halvesof an epipolarplanearecompletelyseparate(i.e.
shouldnever bematched).In fact in theuncalibratedcasethis couldevengive prob-
lemsin somecasessincethey in factassumethat thecamerasareorientedcorrectly,
which is in generalnotguaranteedfor aprojectivereconstruction.

Herewe presenta very simplealgorithmfor rectificationwhich worksoptimally
in all possiblecases.It only requirestheorientedfundamentalmatrixbetweenthetwo
images.

D.1 Oriented epipolar geometry

Theepipolargeometrydescribesthe relationsthatexist betweentwo images.Every
pointin aplanethatpassesthroughbothcentersof projectionwill beprojectedin each
imageontheintersectionof thisplanewith thecorrespondingimageplane.Therefore
thesetwo intersectionlinesaresaidto bein epipolarcorrespondence.

This geometrycaneasilyberecoveredfrom the imagesasseenin Section7.3.1.
Theepipolargeometryis describedby thefollowing equation:ú Ráà úìè / (D.1)

where ú and ú R arehomogenousrepresentationsof correspondingimagepointsandà is the fundamentalmatrix. This matrix hasrank two, the right andleft nullspace
correspondsto the epipoles S and S R which arecommonto all epipolarlines. The
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epipolarline correspondingto a point ú is thusgivenby â R ¿ à ú with ¿ meaning
equalityup to a non-zeroscalefactor(a strictly positive scalefactorwhenoriented
geometryis used,seefurther).

Epipolar line transfer Thetransferof correspondingepipolarlinesis describedby
thefollowing equations: â R ¿ A K ; â or â ¿ A ; â R (D.2)

with A ahomographyfor anarbitraryplane.As seenin Section3.3.1a valid homog-
raphycanimmediatelybeobtainedfrom thefundamentalmatrix:A è�2 S R 9�ã à ï$S R 0 ; (D.3)

with â a randomvectorfor which detA ¡è / so that A is invertible. If onedisposes
of cameraprojectionmatricesan alternative homographyis easilyobtainedas (see
equation(3.24)): A K ; è u�z R ; }lä z ; (D.4)

where å indicatestheMoore-Penrosepseudoinverse.

Orienting epipolar lines Theepipolarlinescanbeorientedsuchthatthematching
ambiguityis reducedto half epipolarlinesinsteadof full epipolarlines.This is impor-
tantwhentheepipoleis in theimage.This factwasignoredin theapproachof Roy et
al. [137].

FigureD.1 illustratesthisconcept.Pointslocatedin theright halvesof theepipolar
planeswill be projectedon the right part of the imageplanesanddependingon the
orientationof the imagein this planethis will correspondto the right or to the left
partof theepipolarlines. Theseconceptsareexplainedmorein detail in thework of
Laveau[78] onorientedprojectivegeometry(seealso[52]).

In practicethis orientationcanbe obtainedasfollows. Besidesthe epipolarge-
ometryonepoint matchis needed(notethat7 or morematcheswereneededanyway
to determinetheepipolargeometry).An orientedepipolarline â separatestheimage
planeinto apositiveanda negativeregion:�çæ	ß�úIä�èÀâ ; ú with ú¶è32 ÿÝ² é(9 ; (D.5)

Notethatin thiscasetheambiguityon â is restrictedto astrictly positivescalefactor.
For apairof matchingpoints ßxú�â�ú R ä both �çæÑßxú�ä and �çæ�è�ßxú R ä shouldhavethesamesign
. Sinceâ R is obtainedfrom â throughequation(D.2), thisallowsto determinethesign
of A . Oncethis signhasbeendeterminedtheepipolarline transferis oriented.We
taketheconventionthatthepositivesideof theepipolarline hasthepositiveregionof
theimageto its right. This is clarifiedin FigureD.2.



D.1. Orientedepipolargeometry 193

l4

l’4

3

1
l2
l

3

Π3

4Π

2

l’

l

1Π
Π

1e’
2l’

l’

e

FigureD.1: Epipolargeometrywith theepipolesin theimages.Notethatthematching
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FigureD.3: theextremeepipolarlinescaneasilybedetermineddependingon thelo-
cationof theepipolein oneof the9 regions.Theimagecornersaregivenby é�â�êmâpëIâ�ì .
D.2 GeneralizedRectification

Thekey ideaof our new rectificationmethodconsistsof reparameterizingthe image
with polarcoordinates(aroundtheepipoles).Sincetheambiguitycanbereducedto
half epipolarlinesonly positivelongitudinalcoordinateshaveto betakeninto account.
The correspondinghalf epipolarlines aredeterminedthroughequation(D.2) taking
orientationinto account.

Thefirst stepconsistsof determiningthecommonregion for both images.Then,
startingfrom oneof theextremeepipolarlines,therectifiedimageis build up line by
line. If theepipoleis in theimageanarbitraryepipolarline canbechosenasstarting
point. In this caseboundaryeffectscanbeavoidedby addinganoverlapof thesize
of thematchingwindow of thestereoalgorithm(i.e.usemorethan360degrees).The
distancebetweenconsecutiveepipolarlinesis determinedindependentlyfor everyhalf
epipolarline sothatno pixel compressionoccurs.This non-linearwarpingallows to
obtaintheminimalachievableimagesizewithout losingimageinformation.

The differentstepsof this methodaredescribedmorein detail in the following
paragraphs.

Determining the common region Beforedeterminingthe commonepipolarlines
the extremalepipolarlines for a singleimageshouldbe determined.Thesearethe
epipolarlinesthattouchtheouterimagecorners.Thedifferentregionsfor theposition
of theepipolearegivenin FigureD.3. Theextremalepipolarlinesalwayspassthrough
cornersof the image(e.g.if theepipoleis in region 1 theareabetweenS�ê and S	ì ).
Theextremeepipolarlinesfrom thesecondimagecanbeobtainedthroughthesame
procedure.They shouldthenbetransferedto thefirst image.Thecommonregion is
theneasilydeterminedasin FigureD.4.

Determining the distancebetweenepipolar lines To avoid losingpixel informa-
tion theareaof everypixel shouldbeat leastpreservedwhentransformedto therecti-
fiedimage.Theworstcasepixel is alwayslocatedontheimageborderoppositeto the
epipole.A simpleprocedureto computethisstepis depictedin FigureD.5. Thesame
procedurecanbecarriedout in theotherimage.In thiscasetheobtainedepipolarline
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FigureD.4: Determinationof thecommonregion. Theextremeepipolarlinesareused
to determinethemaximumangle.

l

l i-1

e=c

l

l

l1

n

l c’

i

i

b =b’i

i-1

a

a’

b
i
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FigureD.6: Theimage is transformedfrom (x,y)-spaceto (r,ô )-space. Notethat theô -axis is non-uniformso that everyepipolar line hasan optimalwidth (this width is
determinedover thetwo images).

shouldbetransferredbackto thefirst image.Theminimumof bothdisplacementsis
carriedout.

Constructing the rectified image The rectified imagesarebuild up row by row.
Eachrow correspondsto acertainangularsector. Thelengthalongtheepipolarline is
preserved.FigureD.6 clarifiestheseconcepts.Thecoordinatesof everyepipolarline
aresavedin a list for laterreference(i.e. transformationbackto original images).The
distanceof thefirst andthe lastpixelsarerememberedfor every epipolarline. This
informationallows a simpleinversetransformationthroughthe constructedlook-up
table.

Note that an upperboundfor the imagesize is easily obtained. The height is
boundby thecontourof theimageñZ
¸ß"õ ï�ö ä . Thewidth is boundby thediagonalß õ � ï%ö � . Notethattheimagesizeis uniquelydeterminedwith ourprocedureand
thatit is theminimumthatcanbeachievedwithoutpixel compression.

Transfering information back Informationabouta specificpoint in the original
imagecanbe obtainedas follows. The informationfor the correspondingepipolar
line canbelookedupin thetable.Thedistanceto theepipoleshouldbecomputedand
substractedfrom the distancefor thefirst pixel of the imagerow. The imagevalues
caneasilybeinterpolatedfor higheraccuracy.

To warpa completeimagebacka moreefficient procedurethana pixel-by-pixel
warpingcanbedesigned.Theimagecanbereconstructedradially(i.e.radarlike). All
thepixelsbetweentwo epipolarlinescanthenbefilled in atoncefrom theinformation
thatis availablefor theseepipolarlines.Thisavoidsmultiple look-upsin thetable.



Nederlandsesamenvatting

Zelf-calibratie en metrische 3D reconstructieuit onge-
calibreerdebeeldsequenties

Inleiding

Het bekomenvandrie-dimensionele(3D) modellenuit beeldenis eenuitdagendon-
derwerp. In het gebiedvan computervisiewordt dit onderwerpreedsvele jarenon-
derzocht. Er bestaanveel toepassingendie gebaseerdzijn op dit soort modellen.
Vroegerwerdenvooralroboticaeninspectietoepassingenaangepakt.In dezecontext
is nauwkeurigheidmeestaldebelangrijkstefactorenwordt meestalgebruikgemaakt
vanduretoestellendieonderwelbepaalde–restrictieve–omstandighedenwerken.

Tegenwoordig is er meeren meerinteressevanuit de multimedia-en computer-
visualisatie-gemeenschap.De evolutie van de computersis zo dat vandaagde dag
zelfseenstandaardpersoonlijke computerprobleemlooscomplexe 3D modellenkan
visualiseren.Veelcomputerspelenwordenin complexe3D wereldengeplaatst.OpIn-
ternetgeraakthetgebruikvan3D modellenenomgevingenmeerenmeeringeburgerd.
Dezeevolutie wordt echtervertraagddoordemoeilijkheidom zulke 3D modellente
bekomen.Hoewelhetgemakkelijk is ommetbehulpvanmodelleringspakketteninter-
actiefeenvoudige3D modellentegenereren,vragencomplexesc̀enesbehoorlijkveel
tijd. Daarenbovenwenstmenmeestalbestaandeobjectenof sc̀eneste modelleren.In
dit geval vergt hetbekomenvaneenrealistische3D modelmeestalerg veelmoeiteen
is hetresultaatvaakteleurstellend.

Er bestaateengroeiendevraagnaarsystemendie bestaandeobjectenof sc̀enes
kunnenvirtualiseren. In dit geval zijn de vereistenechterheelverschillendvan wat
voordevroegere,industrïele,toepassingenvereistwas.Hetbelangrijksteaspectis nu
de visuelekwaliteit van het 3D model. Ook de randvoorwaardenzijn verschillend.
Er is eengrotevraagnaareenvoudigeacquisitieproceduresdie gebruikmaken van
standaardfoto- en videoapparatuur. Dit verklaarthet succesvan de QuickTime VR
technologiedieeenvoudigeacquisitiemetsnelleweergavecombineert.Let wel datin
dit geval geen3D informatiewordt opgenomenendatmenslechtskanrondkijkenen
niet rondwandelen.

In dit werkwerdonderzochthoevermenkongaanin hetontwerpvaneenvoudige
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en flexibele proceduresvoor automatischeacquisitievan realistische3D modellen.
Hiertoewerd eensysteemontworpendat in staatis om getextureerdemetrische3D
modellenuit sequentiesvanbeeldente halendie meteenmetdehandvastgehouden
camerawerdenopgenomen.Omwille vandetijdsbeperkingvanhetprojectmoesten
eenaantalkeuzesgemaaktworden. Het systeemwerd opgebouwddoor eenaantal
geavanceerdealgoritmeste combinerenmet eenaantalnieuwecomponentendie in
dit projectontworpenwerden. Sommigealgoritmesuit de huidigestandvan zaken
werdenaangepastof uitgebreidomin hetsysteemtepassen.

In deonderzoeksgemeenschapwerdheelwat moeitegedaanom vanuiteenonge-
calibreerdebeeldsequentiede calibratievande camera-opstellingte bekomentot op
eenwillekeurigeprojectievetransformatieenreedsvelejarengebeurterheelwatwerk
omdichtecorrespondentie-kaartentebekomenvoorgecalibreerdecamera-opstellingen.
Er wasechtereenmissendeschakel. Hoewel demogelijkheidtot zelf-calibratie(i.e.
het beperkenvande ambigüıteit vanprojectieftot metrisch)aangetoondwas,gaven
practischealgoritmesgeenbevredigenderesultaten.Daarenbovenbleven bestaande
theorieenalgoritmesbeperkttot constanteintrinsieke camera-parameters.Daardoor
washetniet mogelijkom gebruikte makenvandezoomenfocusmogelijkhedendie
aanwezigzijn opdemeestecamera’s.

In dezecontext beslisteik om mij te concentrerenop het zelf-calibratieaspect.
Algoritmesdie goederesultatengaven op echtebeeldsequentieswarenvereist. Het
bleekookinteressantomteonderzoekenin welkematedoordezealgoritmesrekening
kon gehoudenwordenmet variërendecameraparameters,bv. eenvarierendefocale
lengtezodatzoomenfocuskondengebruiktworden.

Projectievemeetkunde

Hetwerkdatin dezethesiswordtgepresenteerdsteuntopmeetkundeen,meerbepaald,
op projectieve meetkunde.Dit is namelijk het natuurlijke kaderom het beeldvorm-
ingsprocesin te beschrijven. Verschillendegeometrischeentiteiten,zoalspunten,lij-
nen,vlakken,kegelsnedenenkwadrieken,wordengedefinieerd.Heteffect vantrans-
formatiesop dezeentiteitenwordt besproken. Eenaantalandereeigenschappenwor-
deneveneensafgeleid.

Destratificatie van 3D meetkunde

Heel wat aandachtgaatnaarde stratificatievan de meetkunde.Hiermeewordt be-
doelddatdeeuclidischemeetkundekangezienwordenalsbestaandeuit eenprojec-
tief, affien, metrischen euclidischstratum. Projectieve meetkundewordt gebruikt
omwille van de eenvoud van het formalisme. Bijkomendestructuuren eigenschap-
penkunnendanwordentoegevoegdaandehandvandezehiërarchievanmeetkundige
strata.

Hetconceptvanstratificatieis rechtstreeksgerelateerdmetdetransformatie-groepen
dieagerenopgeometrischeentiteitenendieeigenschappenvanconfiguratiesvandeze
elementenonveranderdlaten. Met het projectieve stratumkomt de groepvan pro-
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jectieve transformatiesovereen,met het affienestratumis dat de groepvan affiene
transformaties,met het metrischestratumde groepvan de similariteitenen met het
EuclidischestratumdegroepvanEuclidischetransformaties.Het is belangrijkomop
temerkendatdezegroepensubgroepenzijn vanelkaar, bv. demetrischegroepis een
subgroepvan de affienegroep,beidenzijn danweersubgroepenvan de projectieve
groep.

Een belangrijkaspectgerelateerdmet dezegroepenzijn de respectievelijke in-
varianten. Een invariant is eeneigenschapvan eenconfiguratievan geometrische
entiteitendie niet verandertonderinvloed van transformatiesdie tot de bijhorende
groepbehoren.Invariantenkomendusovereenmetmetingendiemenkandoenin een
welbepaaldstratumvandegeometrie.Dezeinvariantenzijn dikwijls gerelateerdtot
entiteitendie –alsgeheel–onveranderdblijvenondertransformatiesvandezespeci-
fiekegroep.Dezeentiteitenspeleneencrucialerol in dit werk. Het terugvindenervan
laat immerstoe om de structuurvan de geometrietot op eenhogerniveauvan de
stratificatietebrengen.

In devolgendeparagrafenwordendeverschillendestrataafzonderlijkbesproken.
De geassocieerdetransformatie-groepen,hun invariantenende overeenkomstigein-
varianteentiteitenwordenvoorgesteld.

Projectief stratum Het eerstestratumis het projectieve stratum. Dezebezit de
minstestructuuren heeft dus het minste invariantenen de meestalgemenetrans-
formatiegroep. De groepvan projectieve transformatiesof collineatiesis de meest
algemenegroepvan lineaire transformaties.Eenprojectieve transformatieheeft15
vrijheidsgraden.

Het samenvallen,het rakenendecollineariteitzijn projectiefinvariant.Verderis
ook dekruisverhoudingvanvier collineairepunten(of deequivalentenvoor rechten
envlakken)invariantvoordegroepvanprojectievetransformaties.

Affien stratum Hetvolgendestratumin dezestratificatieis hetaffienestratum.Dit
stratumheeftmeerstructuurdandeprojectievemaarminderdandemetrischeof Eu-
clidischestrata.Affienemeetkundeverschiltvanprojectievemeetkundedoorhetiden-
tificerenvaneenspecifiekvlak, nl. het vlak op oneindig. Daareenaffienetransfor-
matiehetvlak oponeindigopzichzelfafbeeldt,heefthetslechts12vrijheidsgraden.

Alle projectieve invariantenzijn a fortiori affieneeigenschappen.Voor de–meer
restricitieve–affienegroepwordt parallellismetoegevoegd alseennieuweinvariante
eigenschap.Lijnen of vlakken die hun doorsnedein het vlak op oneindighebben
wordenalsparallel aanzien.Deverhoudingvanlengtesvolgenseenbepaalderichting
vormteennieuweinvarianteeigenschapvoordit stratum.

Om vertrekkendevan eenprojectieve voorstellingvan eensc̀enetot eenaffiene
voorstellingte komenmoet men dus het vlak op oneindiglocaliseren. Daar waar
vertrekkendevan eenEuclidischevoorstellingde positie van het vlak op oneindig
gekendis, is dat in hetalgemeenniet zo wanneermenslechtsbeschiktover eenpro-
jectieve voorstelling.Het kennenvaneenaantalaffieneeigenschappenvandesc̀ene
(bv. parallellelijnen) laatechterwel toeomdepositievandit vlak terugtevinden.



200 Nederlandssamenvatting

Metrisch stratum Hetmetrischestratumkomtovereenmetdegroepvandesimilar-
iteiten.DezetransformatieskomenovereenmetEuclidischetransformatiesaangevuld
meteenschaalaanpassing.Wanneergeenabsolutemetingenmogelijk zijn, is dit het
hoogsteniveauvangeometrischestructuurdatuit beeldenkangehaaldworden.In de
filmindustriewordt dankbaargebruikgemaaktvandezeeigenschap.Ze laat immers
toeschaalmodellenaantewendenvoorspecialeeffecten.Eenmetrischetransformatie
heeft7 vrijheidsgraden(3 voororientatie,3 voor translatieen1 voorschaal).

In dit geval zijn er twee nieuweinvarianteeigenschappen:relatieve lengtesen
hoeken. Zoalsin hetaffienegeval, zijn dezenieuweinvarianteeigenschappengerela-
teerdmeteeninvariantegeometrischeentiteit. Buitenhetinvariantlatenvanhetvlak
op oneindig,laateenmetrischetransformatieeveneenseenspecifieke kegelsnedein-
variant,nl. de absolutekegelsnede. De overeenkomstigedualekegelsnedeen duale
kwadriekzijn eveneensinvariant.Naargelanghetprobleemkanaandeeneof dean-
derevoorstellingdevoorkeurgegevenworden.

Om demetrischestructuurvaneensc̀enetebekomenuit deprojectieveof affiene
structuurmoetmenbeschikkenover eenaantalmetrischemetingenom de absolute
kegelsnedete localiseren.Vermitsdezekegelsnedein het vlak op oneindigligt kan
mendezeeenvoudigerbekomenalsdit vlak reedsvoordiengelocaliseerdwerd.

Euclidisch stratum Om volledig tezijn wordtEuclidischemeetkundeook kort be-
sproken.Veelverschilis ernietmetdemetrischegroep.Hetverschilis datdeabsolute
schaalvastligt endatdusniet enkel relatieve lengtes,maarook absolutelengtesin-
variantzijn. EenEuclidischetransformatieheeft6 vrijheidsgraden,3 voor orientatie
en3 voor translatie.

Cameramodelenverband tussenmeerderebeelden

Alvorenste besprekenhoe3D informatieuit beeldenkanbekomenwordenis hetbe-
langrijk om tewetenhoebeeldenwordengevormd.Eerstwordt hetgebruiktecamer-
amodelvoorgesteldendanwordeneenaantalbelangrijkeverbandentussenmeerdere
zichtengegeven.

Cameramodel

In dit werk wordt het perspectiefcameramodelgebruikt. Het beeldvormingsproces
wordt volledig bepaalddoorhetvastleggenvanhetprojectiecentrumenhet retinaal
vlak. De projectievaneen3D puntwordt danbepaaldalshetsnijpuntvandelijn die
het3D puntverbindtmethetprojectiecentrumenhetretinaalvlak. Decoördinatenin
hetbeeldhangendanaf vandeparametrisatievanhetretinaalvlak. De meestecam-
era’s wordenrelatiefgoedbeschrevendoordit model. In sommigegevallenmoeten
bijkomendeeffectenin rekeningwordengebracht(bv. radialedistortie).

Eenperspectiefcamerawordtdooreenaantalparametersbeschreven.Dezebestaan
uit tweecategoriëen. De extrinsieke cameraparametersende intrinsieke camerapa-
rametersDeextrinsiekeparametersbeschrijvendepositieenorientatievandecamera.
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De intrinsieke parametersbeschrijvenhet projectieproceszelf. De belangrijkste
parameteris defocalelengte(deafstandtussenhetprojectiecentrumenhetbeeldvlak
uitgedruktin pixelafmetingen).Verderzijn er ook decoördinatenvanhet focaalpunt
(hetpuntvanhetbeeldvlakdathetdichtstbij hetprojectiecentrumligt) endevormvan
eenpixel (meestalvierkant,maarkanook eenrechthoekof zelfseenparallellogram
zijn). Dezeparameterswordenmeestalsamengebrachtin een + 
 + bovendriehoeks-
matrix

v
.

projectiematrix Gebruikmakendevanhomogenecoördinatenkanhetprojectiepro-
cesvolledigbeschrevenwordenm.b.v. een+ 
¢· projectiematrix. Debovenvermelde
parameterskunnenhieruit bekomenwordendoorQR-decompositie.In dit werkwor-
deneveneenseenaantalinteressanteverbandentussendecameraprojectiematrix en
homografiëentussenvlakkenbesproken.

Verband tussenmeerdere zichten

Er bestaanheelwat interessanteverbandentussenmeerderezichtenvan eensc̀ene.
Eenaantalvandezeverbandenwordenbesprokenin devolgendeparagrafen.

Tweezichten Voor eenperspectiefcameramoethet 3D punt dat overeenkomt met
eenbepaaldbeeldpunt,gelegenzijn op de rechtedie het beeldpuntverbindtmethet
projectiecentrum.In eentweedezichtzalhetovereenkomstigebeeldpuntgelegenzijn
opdeprojectievandezerechte.

In feite moetende projectiesvan alle puntengelegenin eenvlak dat door beide
projectiecentragaat,gelegenzijn opdeintersectievandit vlak methetrespectievelijke
beeldvlak.Vandezerechtenzegt mendatzein epipolaire correspondentieverkeren.
Doorvandezeeigenschapgebruiktemakenkanhetcorrespondentieprobleemtussen
tweezichtentot ééndimensieherleidworden.

WiskundigwordendezeverbandenbeschrevendoordefundamentelematrixDeze
matrixgeeftvoorelk beeldpuntdeovereenkomstigeepipolairelijn in hetanderebeeld
(nl. de lijn waarhet overeenkomstigepunt op gelegenmoetzijn). Dezematrix kan
dusgebruiktwordenom het zoeken van corresponderendepuntente vergemakkeli-
jken. Omgekeerdkunneneenaantalcorresponderendepuntengebruiktwordenom
dezematrix te bepalen. Hiervoor volstaan7 puntcorrespondenties(nl. het aantal
vrijheidgradenvandefundamentelematrix). Dezematrix vertoontook eenaantalin-
teressanteverbandenmetdehomografiëenvoorvlakken.Dezewordeneveneenskort
besprokenin dit werk.

Drie zichten Wanneerdrie zichtenbeschouwdworden,kan mennatuurlijk beeld-
parenvormenen de epipolairebeperkingengebruiken. Eenbeeldpuntin eenderde
beeldkan danvoorspeldwordenals de intersectievan beideepipolairelijnen in het
derdebeeld. Dezestrategie werkt echterniet voor puntendie coplanairzijn met de
drieprojectiecentra.Naexplicietereconstructieaandehandvandebeeldpuntenin de
eerstetweebeeldenkanmendeprojectiein hetderdebeeldechterwel bekomen.Dit
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betekentdusdatniet alle verbandentussendrie beeldenbeschrevenwordendoorde
fundamentelematrix. Deprojectievaneenrechtein eenbeeldkaneveneensvoorspeld
wordenuit deprojectiesin tweeanderebeelden.

Al dezeverbandenwordenwel beschreven door de trifocal tensor. Dit is een+ 
 + 
 + tensormet18vrijheidsgraden.Dezekanbepaaldwordenuit 6 of meercor-
responderendepuntentussendriezichten.Lijnen gevenook beperkingendie toelaten
omdetrifocaletensortebepalen.

Meerdere zichten Een beeldpuntheeft twee vrijheidgraden. í afbeeldingenvan
hetzelfde3D punthebbenechtergeenñ§í vrijheidsgraden,maarslechts3. Er moeten
dus ñÑí"ô + onafhankelijkebeperkingenbestaantussendezeafbeeldingen.Voor lijnen,
die eveneens2 vrijheidsgradenhebbenin eenbeeld,maar4 in de ruimte,moetení
projectiesaan ñÑíìô�· beperkingenvoldoen.

Zelf-calibratie

Eenvan de belangrijkstebijdragenvan dit werk situeertzich op het vlak van zelf-
calibratie. Alvorensde specifieke algoritmesdie ontwikkeld werden,te bespreken,
wordendealgemeneconceptenaangebrachtenwordeneenaantalmethodesvoorgesteld
diedooranderenontwikkeldwerden.

Projectieveambigüıteit

Verondersteldateenaantalbeeldenvaneenstatischesc̀enegegevenzijn. Als decal-
ibratie, positieen orientatiegekendzijn, is het mogelijk om de geobserveerdepun-
ten te reconstrueren.Twee (of meer)corresponderendebeeldpuntenzijn hiervoor
voldoende. Dezereconstructiewordt bekomenals het snijpunt van de rechtendie
overeenkomenmetde respectievelijke beeldpunten.Dezereconstructieis eenduidig
bepaaldin deruimte.

In hetongecalibreerdegeval zijn zowelcalibratie,orientatieenpositievandecam-
eraonbekend.In hetmeestalgemenegevalheeftmendusgeenenkelebeperkingopde
projectiematrix.Daardesc̀eneeveneensalsongekendbeschouwdwordt, zijn er ook
geenbeperkingenvoor de positievande3D punten.Voor eenbepaaldereconstruc-
tie die compatibelis metdegeobserveerdepuntengeldtdatelke projectievetransfor-
matievandezereconstructieeveneenseengeldigerecontructieis. Zonderbijkomende
beperkingenis dereconstructiedusenkel bepaaldtot op eenwillekeurigeprojectieve
transformatiena.Dit wordteenprojectievereconstructiegenoemd.

Alhoewel dezereconstructievoldoendekanzijn voor eenaantaltoepassingen,is
dezevoor heelwat anderetoepassingenniet bruikbaar. Voor visualisatieheeftmen
bijvoorbeeldminstenseenmetrischereconstructienodig. Om de reconstructievan
projectiefnaarmetrischte brengen,zijn ofwel eenaantalmetrischeeigenschappen
vandesc̀enevereist,ofwel eenaantalbeperkingenopdecalibratievandecamera.Dit
laatstekanbestaanuit eenaantalbeperkingenop deintrinsiekeof extrinsiekecamera
parameters.
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Calibratie

Standaardcalibratietechniekenzijn gebaseerdopEuclidischeof metrischekennisvan
desc̀eneof camera,of op dekennisvandebewegingvandecamera.Eeneerstemo-
gelijkheidbestaaterinomeersteenprojectievereconstructietebekomenendezedana
posteriorite transformerennaareenmetrische(of zelfsEuclidische)reconstructie.De
traditioneleaanpakbestaater echterin omrechtstreekseenmetrische(of Eucldische)
reconstructietebepalen.

Zelf-calibratie

In veelgevallenzijn despecifieke waardenvoor deintrinsieke of extrinsieke camera
parametersniet gekend. Meestalzijn dezeparametersechterook niet volledig vrij.
Dezebeperkingenkunnengebruiktwordenom eenmetrischecalibratievandecam-
eraopstellingte bekomen. Dit wordt zelf-calibratie genoemd.Het traditionelezelf-
calibratieprobleemis meerbeperkt.In dit geval verondersteltmendatalle intrinsieke
parametersconstantblijven. De exactewaardenvoor de intrinsieke parameterszijn
echterniet gekendendebeweging vandecamerais niet beperkt.Dit komt overeen
meteenongekendecameradie vrij wordt verplaatst(bv. manueelvastgehouden).Dit
probleemwerddoorheelwatonderzoekersbestudeerd.

In eenaantalbelangrijkegevallenis debewegingvandecamerabeperkt.Dezeex-
tra informatiekangebruiktwordenom eenvoudigeralgoritmeste ontwikkelen.In dit
geval is hetechternietsteedsmogelijkomalleparameterstebepalen,vermitsbeperkte
bewegingssequentiesnietsteedsgenoeginformatieopleverenvoorzelf-calibratie.Een
aantalinteressantegevallendieverderbesprokenwordenzijn: puretranslatie,purero-
tatieenvlakkebeweging.

In eenaantalgevallenwaardebewegingnietalgemeengenoeg is, kanhetzijn dat
zelf-calibratieniet in staatzijn om deambigüıteit op dereconstructiete beperkentot
metrisch.Dit probleemvankritischebewegingssequentieswordteveneensbesproken.
Eenaantalnieuweresultatenwordengepresenteerd.

Algemenebeweging

Er bestaanheelwat methodesvoor zelf-calibratie.Dezekunnenechtereenvoudigin
eenaantalklassenonderverdeeldworden.Eeneersteklassevertrektvaneenprojec-
tieve reconstructieen probeertde absolutekegelsnedete indentificerenals de enige
kegelsnededieaaneenaantalbeperkingenbeantwoord.Typischmoetendeprojecties
vandezekegelsnedeidentiekzijn voorallebeelden,daardezerechtstreeksgerelateerd
zijn metdeintrinsiekecameraparametersdieconstantverondersteldworden.

Een tweedeklassemethodesis eveneensgebaseerdop de absolutekegelsnede,
maardevergelijkingenwordenbeperkttot deepipolairegeometrie.Het voordeelis
dat enkel de fundamentelematricesnodig zijn. Anderzijdsvertoontdezemethodes
ookeenaantalbelangrijkenadelen.

Naastdezetweeklassenvanmethodesbestaaner eveneenseenaantalmethodes
diedeprojectiematricesfactorizerenenrechtstreeksopleggendatdeintrinsiekecam-
eraparametersconstantmoetenzijn.
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Beperktebewegingen

Zoalsreedsgezegd,kunnenbeperktebewegingenvoorzelf-calibratieheelinteressant
zijn. Dezebewegingenkunnenresulterenin eenvoudigeralgoritmes.Anderzijdsis
hetdanniet steedsmogelijkomalle parameterseenduidigtebepalen.Eenpaarinter-
essantevoorbeeldenwordenverderuitgewerkt.

Puretranslatie In hetgeval vanpuretranslatieblijft hetvlak oponeindignietenkel
alsgeheelonveranderd,maarook punt perpunt. Dit laat toe om zeereenvoudigdit
vlak terug te vindenen zo onmiddelijk eenaffienereconstructiete bekomen. Ver-
mits in dit geval alle kegelsnedenin hetvlak op oneindigconstantblijven,is hetniet
mogeliijk omeenmetrischereconstructietebekomen.

Pure rotatie In dit geval hangtdeverplaatsingvandebeeldpuntenenkel af vande
rotatievandecameraennietvandeafstandvandepuntentot decamera.Daardooris
ergeenonderscheidtussenpuntenvanhetvlak oponeindigenandere.Alle beeldpun-
tenondergaandezelfdehomografie.Dezehomografieis dusook geldigvoorhetvlak
op oneindigzodatmeneenvoudigebeperkingenkrijgt voor deintrinsieke camerapa-
rameters.Merk echterwel opdatin dit geval geenenkele3D informatiekanbekomen
wordenendatdezestrategiedusenkel kandienenomdeparametersvandecamerate
bepalenennietomeenscenete reconstrueren.

Vlakk ebeweging Met eenvlakkebewegingwordteenbewegingbedoeldwaarvoor
alleverplaatsingentot eenwelbepaaldvlak beperktblijvenenalle rotatiesassenlood-
rechtopdit vlak staan.In dit gevalzijn erookeenaantalentiteitendieonveranderdbli-
jven.In hetvlak oponeindigis erdehorizon(nl. dedoorsnedevanhetbewegingsvlak
methetvlak op oneindig)enhetvluchtpuntvanderotatieas.Door dezeentiteitente
bepalenkan menredelijk eenvoudig de positievan het vlak op oneindigbekomen.
Uiteindelijk kanmenop éénparameternaeenmetrischreconstructiebekomen.

Kritische bewegingssequenties

Zoalsreedsgeblekenis uit devorigeparagrafen,kaneenbeperktebewegingssequentie
tot gevolg hebbendatdemetrischestructuurvandesc̀eneniet volledig bepaaldkan
worden. In het algemeenwordt zelf-calibratiebekomendoor de kegelsnedeterug
te vindendie dezelfdeprojectieheeft in alle beelden.Enkel de absolutekegelsnede
beantwoordtin hetalgemeenaandezebeperking.Omgekeerdkanhetechterwel zijn
dat voor eenspecifieke beweging meerderekegelsnedenhieraanbeantwoorden. In
datgeval is hetniet mogelijk om eenonderscheidte makentussendeechteabsolute
kegelsnedeenanderemogelijkekandidaten.

Recentwerd eenvolledigeclassificatieafgeleidvan de verschillendetypesvan
beweging die aanleidinggeventot meerdanéénpotentïeleabsolutekegelsnede.Het
basisideebestaaterinomhetprobleemomtedraaienentezienwelkebewegingenhet
beeldvaneenwelbepaaldekegelsnedeonveranderdlaten.
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Dezeclassificatiekanenerzijdspreventiefgebruiktworden.Men kanervoor zor-
gendatdebeweging vandecamerabij deopnamesniet beperktblijft tot éénvande
kritischebewegingssequenties.

Anderzijdswerd ook eentheoremaafgeleiddat toelaatom na zelf-calibratiete
verifiërenof menal danniet te makenhadmeteenkritischebewegingssequentie.In
hetkadervanmijn werkwerdeeneenvoudigerbewijs afgeleidvoordezestelling.De
stellingluidt alsvolgt:
Theorema4.1 Laat Seenbewegingssequentievoorstellendie kritisch is tenaanzien
van de dualekwadriek ÷bø , en laat

z|ù ÷ de originele camera projectiematriceszijn
voordeverschillendezichtenvanS.Laat Ó eenprojectievetransformatiezijn die ÷
ø
op de absoluteduale kwadriek ú ø afbeeldten, laat

z|û ÷ è z|ù ÷ Ó K � de projectie
matriceszijn na transformatiedoor Ó . Danbestaater eenEuclidischetransformatie
tussenelke twee

z|û ÷ .
Hieruit kanmenafleidendatdebekomenbewegingeveneenseenkritischebeweg-

ing is vandezelfdeklassealsdeoorspronkelijkebeweging. Daardooris hetmogelijk
om uit om het even welke potentieelemetrischereconstructiehet type –al danniet
kritische–bewegingssequentiete bepalen.Hierdoorkanmendanook deambigüıteit
opdereconstructiebepalen.

Eenandereinteressantevraagdie nogniet beantwoordwas,is: “Wat kunnenwe
doenmeteenambiguereconstructie?”. Het volgendetheorema,dat ik hebafgeleid,
geefthiereenantwoordop. In hetvolgendetheoremawordtmet ü ß'��ä deverzameling
vanpotentieeleabsolutekwadriekenvoordebewegingssequentie� bedoeld.
Theorema4.2LaatSeenkritischebewegingssequentiezijnenlaat

z ù ÷ deovereenkom-
stige projectiematriceszijn. Laat ÷bø eenwillekeurig elementzijn van ü ß"��ä enlaatÓ eenwillekeurige projectievetransformatiezijn die ÷bø op ú©ø afbeeldt.Laat � û de
door Ó getransformeerdebewegingssequentievoorstellenen laat

z|û ÷ è z|ù ÷ Ó K � .
Laat ý eenEuclidischebeweging voorstellenwaarvoor ü ß'� û¢þ ý äAè�ü ß"� û ä en
laat

z|ûlÿ�� � decorresponderendeprojectiematrix zijn. Dan bestaater eenEuclidis-
chetransformatietussen

z|ù:ÿ�� � è z|ûlÿ�� � Ó enelkeandere
z|ù ÷ .

Dit laatdustoeomzelf in hetgeval vaneenambiguereconstructienieuwezichten
te genererenzonderdistorties.Dit kannamelijkwanneerdebeweging beperktblijft
tot despecifieke kritischebewegingssequentie.Bijvoorbeeldalseenmodelbekomen
werddooreenvlakkebeweginguit tevoerenmetdecamera,kanmencorrectenieuwe
zichtengenererenvoor zover mende translatiesvan de virtuele camerain het vlak
uitvoertenderotatiesrondassenloodrechteroplaatgebeuren.

Gestratifieerdezelf-calibratie

Delaatstejarenwerdenheelwatmethodesvoorgesteldomdecalibratievaneencam-
eratebekomenuit correspondentiestussenverschillendebeeldenvandezelfdesc̀ene.
Dezemethodeszijn gebaseerdopderigiditeit vandesc̀eneenophetconstantzijn van
deintrinsiekecameraparameters.Demeestebestaandetechniekenvertrekkenvaneen
projectievereconstructieenproberenonmiddelijkdeintrinsiekecameraparameterste
bepalen.Al dezemethodesmoetenechterop éénof anderemanierrekeninghouden
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methetaffienestratumvandegeometrie(nl. depositievanhetvlak oponeindig).
Bij de Kruppa vergelijkingenwordt de positie van het vlak op oneindiguit de

vergelijkingengëelimineerd.Dezeoplossingvertoonteenaantalbelangrijkegebreken.
De meesteanderetechnieken trachtende onbekendeparametersvan het affieneen
metrischestratumtegelijkertijd uit dezelf-calibratievergelijkingenop te lossen.Dit
resulteertmeestalin eencomplex optimisatieprobleemdatniet altijd convergeert.

Dit probleemzetteonsaanom eengestratifieerdeaanpakuit te bouwen. In dit
geval bepaaltmen, vertekkendevan eenprojectieve reconstructie,eersthet affiene
stratumengaatmendanpasver tot hetmetrischestratum.Eengelijkaardigeaanpak
werd reedsvoorgesteldvoor het geval menbeschiktover eenpuretranslatiebeweg-
ing waaruitrechtstreekshetaffienestratumkanbepaaldworden. In hetalgemeenis
zulke bewegingechtermoeilijk te garanderen.Succesvolle gestratifieerdestrategieën
werdeneveneensvoorgesteldvoordezelf-calibratievanvastestereo-opstellingen.

In dit werk werd eengestratifieerdezelf-calibratiemethodeuitgewerkt die niet
enkel zeergoederesultatenoplevert voor experimentenop synthetischegegevens,
maarookopechtebeeldsequentiesdiemeteenhand-gehoudenvideocameraopgenomen
werden. Dezemethodewordt in de volgendeparagrafenvoorgesteld. Het centrale
conceptis demodulusbeperking.

Demodulusbeperking

Eengestratifieerdeaanpakvoor zelf-calibratievereisteenmethodeom het vlak op
oneindigvandeanderevlakkentedifferentïeren.Eeneigenschapvandehomografiëen
voor dit vlak zal hiervoor gebruiktworden. Dezehomografiekan zowel geschreven
wordenals functie van de euclidischeentiteiten,als in functie van projectieve en-
titeiteneneenaantalonbekenden.

In heteerstegeval laatonsdit toeom eenmodulusbeperkingaf te leiden.De ho-
mografiëenvoor het vlak op oneindigmoetennamelijkaltijd geconjugeerdzijn met
rotatiematricesop eenschaalfactorna. Dit betekent dat de modulusvan alle eigen-
waardengelijk moetzijn.

Dezebeperkingkanopgelegdwordenaandeprojectievevormvandehomografie
vanhetvlak oponeindig.In dit geval geeftdezevergelijking eenbeperkingopdeon-
bekendepositievanhetvlak op oneindig.Waneergenoeg vergelijkingenvoorhanden
zijn kanmenhieruitdepositievanhetvlak oponeindigbepalen.

De modulusbeperkinglevert eenvierdegraadsvergelijking op voor elk paarvan
beelden.Hetaantalonbekendenis drie,nl. depositievanhetvlak oponeindig.

Zelf-calibratie met constanteintrinsieke parameters

Metbehulpvandemodulusbeperkinghebik eengestratifieerdezelf-calibratieprocedure
uitgewerkt.Eenminimumvandriebeeldenis noodzakelijk omhetvlak oponeindigte
kunnenbepalen(in dit geval kunnendeparen1-2,1-3en2-3gebruiktworden).In het
minimalegeval is het gebruikvan eencontinuatiealgoritmeaangewezenzodatalle
mogelijke oplossingengevondenworden. Na eliminatievan onmogelijke oplossin-
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gen(bv. imaginair),wordt demeestwaarschijnlijke oplossinggeselecteerd.Dit kan
uitgesteldwordentot nademetrischecalibratie.

Indien menover meerzichtenbeschikt,kunnenalle beperkingengecombineerd
wordenin eenoptimisatiecriterium. Het minimisatiealgoritmekan gëınitialiseerd
wordenmetderesultatenvandecontinuatiemethode.In dit geval zal er in hetalge-
meenslechtśeénoplossingzijn.

Eenshetvlak oponeindiggelocaliseerdis, kanmendeintrinsiekecameraparam-
eterseenvoudigbepalendooreenlineairestelselvanvergelijkingenop te lossen.Om
eenhogerenauwkeurigheidte bekomenis het echteraangewezenom in eenlaatste
stapeenglobaleminimisatietedoenopdeparametersvanhetaffieneenhetmetrische
stratum.

Uit onzeexperimentenblijkt dat dezezelf-calibratiestrategie zeergoederesul-
tatenoplevert. Dezemethodewerdeveneensvergelekenmet eenaantalalternatieve
technieken. De Kruppa methodeblijkt in de praktijk zeerslechteresultatenop te
leveren(wat trouwensook theoretischverklaardkanworden).De anderetechnieken
vertrekkenvaneenruweschattingvandeparametersenproberenonmiddelijkéénof
anderevorm vanglobaleminimisatieover alle parametersvanhetprobleem.Op het
vlak vannauwkeurigheidzijn dezemethodesvergelijkbaarmetdegestratifieerdeaan-
pak,maarophetvlak vanrobuustheidpresteerdeonzeaanpaktijdensdeexperimenten
duidelijk beter.

Dewerkbaarheidvanonzeaanpakwerdeveneensaangetoondaandehandvaneen
aantalbeeldsequentiesvanhetArenberg kasteel.Metingentonenaandatdemetrische
eigenschappenvandesc̀enein dereconstructieteruggevondenworden(bv. orthogo-
naliteit).

Andere toepassingen

Demodulusbeperkingblijkt eveneenszeergeschikttezijn vooreenaantalmeerspec-
ifiekezelf-calibratieproblemen.Tweegevallenwordenin dit werkbesproken.

Tweebeeldenentweevluchtpunten Voor éénbeeldpaarbeschiktmenslechtsover
één modulusbeperking.Dit is niet voldoendeom zelf-calibratietoe te laten. Twee
vluchtpuntenopzichzijn eveneensonvoldoendeomdepositievanhetvlakoponeindig
te bepalen.Door beidebeperkingente combinerenheeftmenechterwel voldoende
informatieomhetvlak oponeindigte localiseren.

In dit geval blijkt demodulusbeperkingheeleenvoudigtoetepassen.Dezemeth-
odewerd uitgewerkt en zowel op synthetischedataals op echtebeeldentoegepast.
In dit laatstegeval hebbenwe gebruik gemaaktvan eenalgoritmedat automatisch
vluchtpuntenuit beeldenlocaliseert(in heelwat sc̀eneskanmenautomatisch2 maar
niet3 vluchtpuntenlocaliseren).De resultatenzijn goed,maardemethodeblijkt zeer
gevoelig te zijn aanruis op demetingen.Dit is te verwachtenvoor eenmethodedie
werktmeteenminimalehoeveelheidinformatie.

Een vari ërende focale lengte De modulusbeperkingkan eveneensvoor andere
doeleindendanaffienecalibratiegebruiktworden.Debeperkingis gebaseerdoptwee
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voorwaarden:de affiene calibratieen constanteintrinsieke cameraparameters.In
plaatsvandebeperkingtegebruikenomdeaffienecalibratietebekomen,kanmenin
hethettraditionelegeval –waaraffienecalibratiedoorpuretranslatiebekomenwordt–
dezebeperkingengebruiken om het variërenvan eenparameterop te vangen. De
meestpraktischetoepassingis het variërenvan de focal lengte. Dit laat toe om de
zelf-calibratiete bekomenondankshetgebruikvanzoomenauto-focus.Dezetech-
niekwerdgëımplementeerdengëevalueerdopzowel reëelealssynthetischegegevens.

Eenvastestereoopstellingmet vari ërendefocalelengte Vooreenvastestereoop-
stelling is hetmogelijk om variërendefocalelengtestoe te laten. In dit geval wordt
echtergeengebruikgemaaktvandemodulusbeperking,maarvandeepipolairege-
ometrie. Voor eenvastestereoopstellingis deepipolairegeometrienormaalgezien
constant.Wanneerde focalelengtevariëertzal de afstandtussende epipoolen het
centrumvan het beeldvolgensdezelfdeverhoudingveranderen.Door het beeldte
herschalenzodatde epipoolterugop zijn plaatskomt, is het mogelijk om deveran-
deringin focalelengtete compenseren.Daarnakunnendestandaardalgoritmesvoor
vastestereoopstellingengebruiktworden.

Flexiebelezelf-calibratie

De laatstejarenwerd de mogelijkheidtot zelf-calibratievan camerasdoor heelwat
onderzoekersbestudeerd.Meestalwerdenconstantemaarvolledigongekendeparam-
etersverondersteld.Het belangrijke nadeelhiervan is dat het tijdensopnamesniet
toegelatenis om tezoomenof te focussen.Anderzijdsis hetvoorgesteldeperspectief
cameramodelmeestalte algemeenvergeleken met de klassenvan bestaandecam-
eras. Meestalkan men veronderstellendat pixels rechthoekig–of zelf vierkantig–
zijn. Daardoorkaneenmeerpragmatischeaanpakgevolgd worden.Door eenaantal
parametersals gekendte veronderstellen,kan menandereparameterslatenvariëren
tijdensdeopnames.

Theorie

Alvorenseenpractischalgoritmevoor te stellen,wordeneenaantaltheoretischeas-
pectenvanhetzelf-calibratieprobleemvoorvariërendecameraparametersbesproken.

Een tel argument Eenprojectieve transformatieheeft15 vrijheidsgraden,terwijl
eenmetrischtransformatieer slechts7 telt. Er zijn dus8 onafhankelijkevergelijkin-
gennodig om de ambigüıteit van projectieftot metrischte beperken. Elke gekende
parameterlevert éénvergelijking perbeeldop,eenconstantemaarongekendeparam-
eterlevert éénvergelijking minderop. Hetvolgendetelargumentwordtdusbekomen
(met í hetaantalbeelden):í#
Âß ��� �ç�E�bíCþ�äCï}ß�í¶ô ébäf
�ß � � � ����ä
	 �
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Dit laattoeomtebepalenwatdeminimalelengteis waarvoorzelf-calibratiebekomen
kanworden.Dit is natuurlijkenkel geldigwanneermennietmeteenkritischebeweg-
ingssequentietemakenheeft.

Een geometrischeinterpretatie van zelf-calibratie beperkingen Om eenbeter
inzicht te krijgen in het zelf-calibratieprobleemwerd een geometrischeinterpre-
tatie afgeleidvoor de verschillendezelf-calibratiebeperkingen.De beperkingvan
rechthoekigepixelsengekendeparametersvoor het focalepuntkomenovereenmet
het opleggenvanorthogonaliteittussentweevlakken in de ruimte. De beperkingen
vaneengekendefocalelengteof vaneengekendeverhoudingtussenhoogteenbreedte
vanpixelskomt neerop eengekendeverhoudingtussentwee–typischorthogonale–
vectorenin deruimte.

Minimale voorwaardenvoor zelf-calibratie Er werdaangetoonddatzelf voorhet
minimalegeval waarslechtswordt aangenomendatdepixelsrechthoekigzijn, zelf-
calibratiein principe mogelijk is. Dit werd gedaanaande handvan het volgende
theorema.
Theorema6.1De klassevantransformatiesdie rechthoekigheidvanpixelsbewaard
is degroepvandesimilariteiten

Gebruikmakendevandeconceptenvandevorigeparagraafwerdhetbesluitvan
dit theoremaveralgemeendtot eenderwelke gekendeintrinsieke parameter. Het be-
wijs datgeleverdwordt, is puurgeometrischenwordt gëıllustreerdin Figuur6.1 en
6.2.

Zelf-calibratie van eencameramet vari ërendeintrinsieke parame-
ters

Zoalsreedshogervermeldwerd,zijn zelf-calibratiealgoritmesmeestalgebaseerdop
de absolutekegelsnede.De projectieshiervan zijn rechtstreeksgerelateerdmet de
intrinsiekecameraparameters.

De aanpakdie we voorstellenbestaaterin om de beperkingenop de intrinsieke
cameraparameterste vertalennaarbeperkingenop het beeldvandeabsolutekegel-
snede.Dit gebeurteenvoudigdoormiddelvaneenparametrisatie.

Door middelvandeprojectievergelijking wordendebeperkingenvoor elk beeld
van de absolutekegelsnedeteruggeprojecteerdnaarbeperkingenvoor de absolute
kegelsnedezelf. Dezewordt dangevondenals de kegelsnededie het bestaanalle
beperkingenbeantwoordt.

Niet-lineaire methode Eenniet-lineairalgoritmekan eenvoudig opgezetworden.
In dit geval brengtmen alle beperkingensamenin één optimisatie-criterium. De
nauwkeurigheiddiehiermeebehaaldwordtiszeergoed,maarmenmoetwelbeschikken
over een initialisatie. Hiervoor werd een lineair algoritmeopgestelddat een be-
naderendeoplossingoplevert.
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Lineair emethode Wanneereenaantalveronderstellingenwordengedaan(nl. rechthoekige
pixelsenhetfocaalpuntgekend),kanmenhetstelselvanvergelijkingentoteenlineair
stelselherleiden.Bijkomendebeperkingenopdeintrinsiekeparametersresulterendan
eveneensin lineairevergelijkingen. Zelfs wanneeraandezeveronderstellingenniet
perfectvoldaanwordt, laatdezemethodemeestaltochtoeom eengoedeinitialisatie
tebekomenvoordehetoplossenvanhetniet-lineairestelselvanvergelijkingen.

Kritische bewegingssequenties

In devorigeparagrafenwerdeenmethodegepresenteerddieverschillendetypesbeperkin-
genopdeintrinsiekecameraparameterskancombineren.In dit gevalkunnenkritische
bewegingssequentiesnatuurlijk ook voorkomen. Welk type kritischebewegingsse-
quentieskunnenvoorkomenhangtaf vanwelkespecifiekebeperkingengebruiktwor-
den voor zelf-calibratie. De twee uiterstenzijn: volledig gekendeparametersmet
bijna geenkritischegevallen; en helemaalgeenbeperkingenwaarvoor alle beweg-
ingssequentieskritischzijn.

Vertrekkendevan de analysevoor constanteparameters,kan men relatief een-
voudigrekeninghoudenmeteenaantalgekendeintrinsiekecameraparameters.Enkel
dekritischesequentiesdieeffectiefdeopgelegdewaardenvandegekendeparameters
hebben,zijn dannog kritisch. Dit wil zeggendat in dit geval dezelfdeklassenvan
kritischebewegingssequentiesblijvenbestaan,maardatdeambigüıteit op de recon-
structiekleineris.

Hetismoeilijkeromrekeningtehoudenmetvariërendeintrinsiekecamera-parameters.
Eengelijkaardigeanalysekan echteruitgevoerdwordenals voor constanteparame-
ters: Gegeveneenspecifiekkegelsnede, welke combinatiesvanpositiesenorientatie
beantwoordenaanalle beperkingen?Doordit probleemoptelossenvoordeverschil-
lendetypeskegelsneden,bekomt mendeklassenvankritischebewegingssequenties
voordeverondersteldebeperkingen.

Kritische bewegingssequentiesvoor een vari ërende focale lengte Eén van de
meestinteressantegevallen is hetgeval waaralle parametersgekendzijn behalve de
focalelengtedie vrij kan variëren. De verschillendeklassenvankritischebewegin-
genwerdenafgeleid:F1: rotatieronddeoptischeasen translaties,F2: hyperbolis-
che en/of elliptischebeweging, F3: voorwaartsebeweging, F4: twee positiesmet
willekeurigerotaties,F4.1: purerotaties.

In appendixwerdeveneenseenmethodeafgeleidom dezekritischebewegingen
te visualizeren. Dit laat toe om eenintuı̈tief inzicht te verwerven in dit complexe
probleem.

Daar het lineaire algoritmede planariteit van de dualeabsolutekwadriek niet
oplegt, zijn er in dit geval extra kritischebewegingssequenties.Dezetredenop wan-
neerdecameraeenvastpuntfixeerttijdensdeopnames.

Het ontdekken van kritische bewegingssequentiesEr werdeenmethodeafgeleid
omvooreenspecifiekebewegingssequentienumerieknatekijkenof debewegingsse-
quentiekritisch of quasi-kritischwas. Dit kan zeernuttig zijn om te beslissenof er
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bijkomende(benaderende)beperkingenmoetenopgelegd wordenaandeparameters
omtocheen(quasi-)metrischereconstructietebekomen.

Selectievan beperkingen

In dezeparagraafwordeneenaantalalgemeneprincipesvoorgesteldom vanuit de
opnameszelf automatischtebepalenwelkebeperkingenvantoepassingzijn. Menkan
het vergelijken met automatischemodelselectie(bv. Akaike’s informatiecriterium),
maardezeprincipeszijn in dit geval niet rechtstreekstoepasbaar.

Voor het lineairealgoritmewerdeenpragmatischeoplossingvoorgesteldom het
probleemvan de bijkomendekritischebewegingenop te vangendoor indien nodig
–automatisch–defocalelengtevastte leggenop eenbenaderendewaarde.Dit blijkt
in depraktijk goedtewerken.

Experimenten

Eenaantalexperimentenwerdenuitgevoerdomdevaliditeit vandevoorgesteldezelf-
calibratiealgoritmesaante tonen.Hiervoor werdenzowel synthetischegegevensals
echtebeeldsequentiesgebruikt.De resultatentonenaandatdealgoritmeser effectief
in slagenomdemetrischestructuurvandeopgenomensc̀eneste reconstrueren.

Metrische 3D reconstructie

Het bekomenvan3D modellenvanobjectenis eenonderwerpdat in hetdomeinvan
computervisiereedsvele jarenbestudeerdwordt. Eenpaarjarengeledenwasdebe-
langrijkstetoepassingrobot navigatie en visueleinspectie. Tegenwoordig is dit ve-
randerd. Er is meeren meervraagnaar3D modellenvanuit computervisualizatie,
virtuelerealiteitencommunicatie.Dit heefttot gevolg dateenaantalaspectenvanhet
reconstructieprobleemveranderen.De visuelekwaliteit vandemodellenwordt één
vandebelangrijkstepunten.

Voordezenieuwetoepassingenzijn deopnameomstandighedenenhetniveauvan
expertisevandegebruikersvaakheelandersdanwat verwachtwordt om demeeste
bestaande3D opnametechnieken te gebruiken. De bestaandetechnieken vereisen
vaakhetuitvoerenvancomplexecalibratieproceduresbij elkeopname.Er is ookeen
belangrijke vraagnaarflexibiliteit tijdensdeopnames.Calibratieproceduresmoeten
afwezigzijn, of tot eenminimumbeperktblijven.

Daarenbovenzijn heelwatbestaandetechniekenopgebouwdrondgespecialiseerde
hardware(bv. laserrangescannersof stereoopstellingen)wat resulteertin eenhoge
kostvoor dezesystemen.Veelnieuwetoepassingenvergenechtergoedkopeopname
technieken.Dit stimuleerthetgebruikvanstandaardfoto- of videocamera’s.

In dit werk werdeensysteemuitgebouwddat3D modellengenereertvanhetop-
pervlakvanobjectenuit eensequentievanbeeldendiemeteengewonecamerawerden
opgenomen.De gebruiker neemtde beeldenop door vrij rond het object te bewe-
gen.Nochdecamerabeweging,nochdecamerainstellingenmoetengekendzijn. Het
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bekomenmodelis eenschaalmodelvanhetoorspronkelijkeobject(nl. eenmetrische
reconstructie).De textuurwordteveneensrechtstreeksuit debeeldengehaald.

Andereonderzoekershebbenreedseenaantalsystemenvoorgesteldom 3D mod-
ellen uit beeldente halen. Dezesystemenhebbenechterallemaaleenaantalbelan-
grijke beperkingenin vergelijking tot ons systeem. Ofwel wordt slechtsrekening
gehoudenmeteenorthografischcameramodel,ofwel is er a priori informatienodig
over desc̀ene. Meestalwordenslechtseenbeperktaantalpuntengereconstrueerten
nieteenvolledigoppervlaktemodel.

Ons systeemgebruikt eenperspectiefcameraen heeft geenspecifieke a priori
informatienodig,nochoverdesc̀ene,nochoverdecamera.Hetsysteemis gebaseerd
op recentealgoritmesvoor projectievereconstructie, zelf-calibratie endichtediepte-
schatting. In devolgendeparagraafwordthetsysteemmeerin detailbesproken.

Het 3D reconstructiesysteem

Het systeembestaatuit eenaantalmodules.Door hetsysteemwordt geleidelijkaan
meerenmeerinformatieoverdesc̀eneendecameraopstellingbekomen.

Projectieve reconstructie In eeneerstestapwordende verschillendebeeldenten
opzichtevan elkaargerelateerd.Dit wordt paarsgewijs gedaandoor de epipolaire
geometrietebepalen.Eeniniti ëlereconstructiewordtdangemaaktaandehandvande
eerstetweebeelden.Voordevolgendebeeldenwordteerstdecameraposetenopzichte
vande reedsbekomenprojectieve reconstructiegeschat.Voor elk vandezebeelden
wordendande puntendie in correspondentiewerdengebrachtmet eenpunt uit het
vorigebeeld,gereconstrueerd,verfijndof verbeterd.Daardooris hetnietnodigdatde
oorspronkelijkepuntenzichtbaarblijventijdensdegehelesequenties.Voorsequenties
waarpuntenverdwijnenenlaterweerzichtbaarworden,werdhetalgoritmeaangepast
zodathier–opeenefficientemanier– meerekeningwerdgehouden.In dit geval wordt
hethuidigebeeldnietenkel gerelateerdmethetvorigebeeld,maarookmeteenaantal
anderezichten.Hetresultaatvandezevolledigeprocedureis typischeenpaarhonderd
tot eenpaarduizendgereconstrueerdepuntenende(projectieve)posevandecameras.
Dezereconstructieis enkel bepaaldtot op eenwillekeurigeprojectieve transformatie
na.

Van eenprojectieve naar eenmetrische reconstructie De volgendestapbestaat
erin om dezeambigüıteit te beperkentot op eenwillekeurigemetrischetransformatie
na. Bij eenprojectieve reconstructieis niet enkel desc̀ene,maarook decameraver-
vormd. Vermitsdit algoritmeomgaatmetonbekendesc̀enesis hetniet mogelijk om
automatischvervormingenvan de sc̀enevast te stellen. Alhoewel de cameraeve-
neensnietgekendis, bestaaner in demeestegevallentochwel eenaantalbeperkingen
op de intrinsieke cameraparameters(bv. rechthoekigeof vierkantepixels,eencon-
stanteverhoudingtussendezijdenvandepixels,hetfocaalpuntin hetmiddenvanhet
beeld).Eenvervormingvandecamera’sresulteertmeestalin hetnietmeeropgaanvan
éénof meervandezebeperkingen.Eenmetrischereconstructieencalibratieworden
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bekomendoor de projectieve reconstructiete transformerenzodatalle beperkingen
op deintrinsieke cameraparameterszo goedmogelijk opgaan.Praktischemethoden
hiervoorwerdenuitvoerigbesprokenin dit werk.

Dichte diepte schatting Na deproceduresvandevorigeparagrafente hebbenuit-
gevoerd,beschiktmenovereengecalibreerdebeeldsequentie.De relatieve positieen
orientatievandecamera’s is gekendvooralle zichten.Dezecalibratievergemakkeli-
jkt hetzoekennaarcorrespondentiesenlaatonstoeomstereo-algoritmestegebruiken
dieontwikkeldwerdenvoorgecalibreerdesystemen.Hiermeekunnenvoorbijnaelke
pixel decorresponderendepixelsin anderebeeldenbepaaldworden.

Dezecorrespondentieslaten dan toe om door triangulatiede afstandtussende
cameraen het oppervlakvan het geobserveerdobject te bepalen. Dezeresultaten
wordenverfijnddoorderesultatenvoormeerderezichtentecombineren.

Opbouwvanhet3Dmodel Eendichtmetrisch3Doppervlaktemodelwordtbekomen
doordeberekendedieptetegebruikenomin deruimteeendriehoekennetoptebouwen
dathetoorspronkelijkeoppervlakbenadert.De textuur wordt uit debeeldengehaald
enophetoppervlakgeplaatst.

Overzicht van het systeem In FiguurD.7wordteenoverzichtvanhetuitgebouwde
systeemgegeven. Het bestaatuit eenaantalonafhankelijke modulesdie de nodige
informatiedoorspelennaardevolgendemodules.De eerstemodulebepaalteenpro-
jectieve reconstructievan de camera-opstellingtegelijkertijd met eenspaarserecon-
structievandesc̀ene.Devolgendemoduleberekentdemetrischecalibratievandere-
constructieaandehandvanzelf-calibratie.Vervolgenswordendichtecorrespondentie
kaartenbepaald.Uiteindelijk wordenalle resultatengeintegreerdin eengetextureerd
3D oppervlaktemodelvandeopgenomensc̀ene.

Implementatie

Er wordenkort eenaantalaspectenvan de implementatietoegelicht. Alhoewel de
vereisterekentijdsterkafhangtvandegebruiktebeeldsequentie,wordentocheenaan-
tal typischeuitvoeringstijdengegeven. Om eenvolledig 3D modelop te bouwenuit
eentientalbeeldenheefteenstandaardwerkstationongeveer1 uur rekentijdnodig.

Eenpaar mogelijkeverbeteringen

Hetsysteemwerkt reedsopheelwat beeldsequenties,maarer zijn gevallenwaarvoor
hetsysteemfaalt. Er wordeneenaantalsuggestiesgemaaktom bepaaldeproblemen
op te lossen.Sommigenhiervanwerdenreedsgëımplementeerd.

Bepaling van puntcorr espondenties Dit is eenvandemeestkritischepuntenvan
hetsysteem.Wanneertweeopeenvolgendebeeldenteerg vanelkaarverschillen,faalt
hethelesysteem.Eenmanieromdit optevangenbestaaterinomgebruikersinteractie
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FigureD.7: Overzichtvanhetsysteem:Uit debeelden( àIß�ÿ�â�²�ä ) wordtdeprojectieve
reconstructieberekend;Deprojectievecameramatrices

z
wordendoorgegevenaande

zelf-calibratiemoduledie eenmetrischecalibratie
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aflevert; De volgendemodule
gebruiktdezeom dichtecorrepondentiekaartenæ¸ß�ÿ�â�²�ä te bepalen;Alle dezeresul-
tatenwordensamengebrachtin delaatstemoduletot eengetextureerd3D oppervlak-
temodel.Rechtswordenderesultatenvandeverschillendemodulesweergegeven:de
voorlopigereconstructies(zowel projectiefals metrisch)wordenweergegevendoor
een puntenwolk, de camera’s worden weergegeven door kleine pyramides,de re-
sultatenvandedichtecorrespondentiebepalingwordengeaccumuleerdin eendichte
correspondentiekaart(licht betekentdichtbij endonkerbetekentveraf).
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toe te laten. Recentwerdenechtereenaantalinteressanteresultatenbehaaldop het
vlak vanautomatischepuntcorrespondentiebepaling.Het integrerenvandezenieuwe
technieken in het systeemzal resulterenin het verhogenvan de robuustheiden zal
debeperkingentijdensdeopnamesverminderen.Het verschiltussenopeenvolgende
zichtenmaggroterzijn.

Voorzeerverschillendebeeldenbestaanertweetechnieken.Deeerstebestaaterin
omdebeeldeneersttetransformerenmetbehulpvaneenglobaleof lokalehomografie
zodathetverschiltussendebeeldenwordt verkleind.Eenandereaanpakbestaaterin
om eenmeeralgemenesimilariteitmetingte gebruiken die bv. niet enkel invariant
voor translatie, maarook voor rotatie,schaalen belichting. Uiteindelijk kunnener
ook andereproblemenoptredenzoalsrepetitievestructurendie –wanneermener niet
opeenhogerniveaurekeningmeehoudt–decorrespondetiebepalingin dewarkunnen
sturen.

Projectieve reconstructie De methodedie op dit momentgebruiktwordt voor de
projectievereconstructieis nietvolledigoptimaal.Hetgrootstenadeelis dathetalgo-
ritme faaltwanneerdeinitialisatieaandehandvandeeerstebeeldenmislukt.

Recentwerdenechtertechniekenvoorgestelddienietmeervaneenspecifiekpaar
vanbeeldenafhankelijk zijn voor de initialisatievande reconstructie.Daarenboven
makendezemethodesenkel enalleengebruikvanprojectieve meetkunde(in de3D
ruimte). Het op dezemanieraanpassenvandemodulevoor projectieve reconstructie
zouderobuustheidvanonssysteemmoetenverbeteren.

Het overleven van vlakke delen Dit is ook eenbelangrijkprobleem.Projectieve
posebepalingwerkt niet als alle zichtbarepuntenin eenvlak liggen. Er werd een
mogelijke strategie voorgestelddie zelf-calibratievroeger inschakelt. Voor vlakke
delenhoeft danslechtseenmetrischeposegeschatte worden(wat wel mogelijk is
voorvlakkesc̀enes).

Veralgemeenderectificatie Demeestestereoalgoritmeswerkenopgerectificeerde
beelden.Dit betekentdatmener door transformatievandeoorspronkelijke beelden
voorzorgtdatovereenkomstigerijenvanhetbeeldin epipolairecorrespondentiestaan.
Dit laattoeomzeerefficiëntealgoritmestebekomen.

Bij destandaardtechniekwordengerectificeerdebeeldenbekomendoordeepipool
naaroneindigte transformeren,watgeenprobleemis voordemeestestereoopstellin-
gen. In ons geval kunnenwe echterniet garanderendat er geenbelangrijke voor-
waartseverplaatsingplaatsgrijpttussentweeopeenvolgendebeeldenzodatdeepipool
in hetbeeldterechtkomt. In dit geval is destandaardtechniekniet toepasbaar. Recent
werdeenmethodevoorgestelddiedit geval wel aankon,maardezemethodeheefteen
aantalbelagrijkenadelen.

Er werd eennieuwetechniekvoorgesteldvoor rectificatie. Dezeeenvoudigeen
efficiëntetechniekwerdgëimplementeerd.Het basisideebestaaterin om polaireco-
ordinatente gebruikenrond de epipolen. De groottevan de resulterendebeeldenis
optimaal(zoklein mogelijkzonderpixelstecomprimeren).
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Resultatenen toepassingen

Het systeemwerd toegepastop heelwat verschillendebeeldsequenties.In de vol-
gendeparagrafenwordeneenaantalvoorbeeldengegevenvantoepassingenwaarvoor
hetsysteemgebruiktwerd. De bijhorendefigurenkunnenteruggevondenwordenin
Hoofdstuk8.

Acquisitie van 3D modellenmet foto’s

De belangrijkstetoepassingvan onssysteemis het verkrijgenvan 3D modellenuit
beelden. Eén van de eenvoudigstemethodesom een3D modelvan eenbestaande
sc̀enete bekomenbestaater dusin om eenaantalfoto’s vanuit verschillendestand-
puntente nemen.Dezekunnendanautomatischverwerktwordendoorhet systeem
tot eenrealistisch3D modelvandebeschouwdesc̀ene.

De mogelijkhedenvanonssysteemop dit vlak werdengëıllustreerdmet behulp
vaneenzeerfijn afgewerkt deelvaneenJaintempelin Ranakpur(India). Er werden
5 foto’s gebruikt. Het algoritmeverwerktedezeautomatischtot eengedetaileerd3D
oppervlaktemodelvanhetopgenomenstuktempel.

Acquisitie van 3D modellenuit bestaandebeeldsequenties

Dankzij deflexibiliteit vanhetsysteemis hetzelfsmogelijkom bestaandfilmmateri-
aaltegebruikenom3D modellentegenereren.Dezemogelijkheidwerdgëıllustreerd
metbehulpvaneenopnamevanhetantieke theatervanSagalassosdateenpaarjaar
geledendoordeBRTN werdopgenomen.Dezeopnamekon doorhetsysteemprob-
leemloostot een3D modelverwerktworden.

Acquisitie van plenoptischemodellen

Delaatstejarenwerdheelwatonderzoekgedaannaarplenoptischemodellen.In plaats
vaneensc̀enegeometrischte modelleren,gaatmenhier rechtstreekshetuitzicht van
eensc̀enetrachtenop te nemen.Dit gebeurtdoorhet licht dat in elke richting door
elk puntvandesc̀enepasseert,op temeten.Typischwordtzo’n modelbekomendoor
eenenormehoeveelheidbeeldenoptenemenvaneensc̀ene.Eénvandebelangrijkste
problemenhierbij is het bepalenvan de positie, orientatieen de calibratievan de
cameravoorelk zicht. Totnogtoegebeurdedit meestaldoordecameratemonterenop
eenrobotarmof dooreencalibratieobjectop tenemenin desc̀ene.

Na eenaanpassingvanonssysteemkon hetprobleemloosgebruiktwordenvoor
deacquisitievanplenoptischmodellen.Er werdbijvoorbeeldeenbeeldsequentievan
meerdan180beeldenverwerkt.Hetsysteemkondeposeencalibratievanallezichten
berekenen. Dit kon danverdergebruiktwordenom eenplenoptischmodel te con-
strueren.
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Het virtualizer envan archaeologischesites

Archaeologieis eenideaaltoepassingsgebiedvoor onzetechniek.Er zijn belangrijke
toepassingenvoor 3D modellenvanopgegravensites. Zowel voor metingenals om
gebruiktemakenvandenieuwemogelijkhedendievirtuelerealiteittoelaat.

Virtualizer en van sc̀enes Door eenaantalfoto’s te nemenvan eengebouw, steen
of andereobject op eenarchaeologischesite kan men er met ons systeemeen3D
modelmeegenereren.Men bekomt duseenvirtuelecopievandeopgenomensc̀ene.
Dit werd in Sagalassos(Turkije) met succestoegepastop heelwat sc̀enes:fontein,
heroon,theater, stenen,etc.

Het reconstrueren van eenglobaal model Onssysteemis onafhankelijk van de
schaalvan de op te nemensc̀ene. Het enigeverschil is de afstanddie tussenhet
opnemenvan tweeopeenvolgendefoto’s afgelegd moetworden. Daardoorkan men
ookzeergrotesc̀enesreconstrueren.In Sagalassosheeftdit onstoegelatenomdehele
sitein éénkeerop tenemenvanafeennabij gelegenheuvel.

Reconstructiesop verschillendeschalen Dit overzichtsmodelis echterniet vol-
doendegedetailleerdom de verschillendemonumentendie op de site te vindenzijn
realistischweerte geven. Daaromwerdenhiervanapartereconstructiesgemaakt(uit
lokalebeeldsequenties)endezewerdengëıntegreerdin hetglobalemodel.

Combinatie met andere modellen De modellendie met onzetechniekbekomen
wordenkunneneenvoudiggecombineerdwordenmetandere3Dmodellen.Zowerden
bijvoorbeeld3D CAD modellenvanmonumentenuit Sagalassosprobleemloosin het
globale3D modelvanSagalassosgëıntegreerd.

Andere toepassingenin archaeologie

In het domeinvan archaeologiezijn nog heelwat andereinteressantetoepassingen
mogelijkvanonzetechniek.

3D stratigrafie Tijdensopgravingenis hetheelbelangrijkom zoveelmogelijk in-
formatieop te nemen.Laterzal dit niet meermogelijk zijn. Momenteelwordt enkel
eenprofielvandeverschillendestratigrafischegrondlagenopgemeten.Hetzouechter
veel interessanterzijn mochtde stratigrafievan eenbepaaldesectorvolledig in 3D
opgenomenworden.

Testendie uitgevoerd werdenmet onzetechniektonenaandat dit haalbaaris.
Daarenbovenis hetzelfszo datdeopnametijd op desitezelf korterwordt. Het gaat
namelijksnelleromeenpaarfoto’s tenemendanomeenprofielop temeten.
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Het genererenentestenvanconstructiehypothesen Eenanderetoepassingbestaat
erin om gebrokenbouwelementenof delenvan ingestortegebouwenweersamente
brengendankzij 3D copiëendie veel gemakkelijker gemanipuleerdkunnenworden.
Bovendienzoumenzelf automatischeregistratietechniekenkunnentoepassen.

Toepassingenin andere gebieden

Naastarchaeologiebestaaner nog heelwat anderedomeinendie 3D metingenvan
bestaande3D structurenvergen.Heelwat interessantetoepassingenkunnengevonden
wordenin het domeinvan architectuuren conservatie. Zo werdeneenaantaltesten
uitgevoerdopdekathedraalvanAntwerpen.

De flexibiliteit vandevoorgesteldetechniekmaakttoepassingenmogelijk in vele
domeinen. In eenaantalgevallen moet het systeemuitgebreidworden, in andere
gevallenkanhetsysteem(of eendeelervan)onmiddelijkgebruiktworden.Eenaantal
interessantedomeinenzijn forensischonderzoek(bv. virtuele reconstructiesvaneen
misdaadsc̀ene),robotica(bv. 3D modelleringvandeomgevingvoorautonomevoertu-
igen),virtueeluitgebreiderealiteit(bv. camerapositiebepaling)of post-productie(bv.
virtueleopnamesetsgenereren).

Besluit

Het werk datwerdvoorgesteldin dezethesishandeltoverdeautomatischeacquisitie
vanrealistische3Dmodellenuit beelden.Ik hebgetrachtomeensysteemteontwikke-
len dat eenmaximumaanflexibiliteit toelaattijdensde opnames.Dit werk bestond
zowel uit hetontwikkelenvannieuwetheoretischeconceptenalsuit hetvertalenvan
dezeconceptennaartechniekendie werkenopechtebeeldsequenties.

Dit probleemwerd onderverdeeldin eenaantaldeeltaken. Voor eenaantalvan
dezetaken bestondenreedsoplossingendie voldoeninggeven en was er dus geen
nood aanhet ontwikkelen van eennieuwetechniekom ons doel te bereiken. In-
dienmogelijkwerdeenbestaandeimplementatiegebruikt.Voorzelf-calibratieechter
leverdenallebestaandemethodesbij deaanvangvanmijn werkgeengoederesultaten
op voor echtebeeldsequenties.Ze kondenbovendienniet omgaanmet variërende
cameraparameters.

Eeneerstebelangrijkdeelvandit werkbestonderdusin omeenzelf-calibratieal-
goritmeteontwikkelendatgoederesultatengafopechtebeeldsequenties.Gëınspireerd
doordegestratifieerdetechniekendiegoederesultatengavenvoorbepaaldespecifieke
bewegingen,ontwikkeldeik eentechniekdiedemetrischestructuuruit deprojectieve
bekomt dooreerstdeaffienestructuurte bepalen.Dezetechiekis gebaseerdop een
nieuwezelf-calibratie-beperking:de modulusbeperking. Goederesultatenwerden
bekomen,zowel tijdenssynthetischeexperimentenalsopechtebeelden.

De veronderstellingdie traditioneelbij zelf-calibratiegemaaktwordt, is die dat
de intrinsieke cameraparametersconstantmaarvolledig ongekendzijn. Enerzijdsis
dezeveronderstellingbeperkendvermitshet gebruikvan zoomen focusuitgesloten
worden.Anderzijdsis zetealgemeenomdatdemeestecamera’srechthoekigeof zelfs
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vierkantepixelshebbenenhet focaalpunt in debuurt vanhetcentrumvanhetbeeld
ligt. Een methodewerd voorgestelddie met alle mogelijke beperkingenop de in-
trinsieke cameraparameterskon rekeninghouden,nl. gekend,constantof variërend.
Dezemethodeliet onstoeomeenalgoritmeteontwikkelendatwerktopechtebeeld-
sequentiesdie opgenomenwordenmeteencamerawaarvandezoomenfocuszonder
probleemgebruiktmag worden. Dezemethodewerd gevalideerdop reële en syn-
thetischegegevens.

Dezemethodeswerdengecombineerdmet anderemodulesom eenvolledig 3D
reconstructiesysteemtebouwen.Hetsysteemvertrektvaneenbeeldsequentievaneen
sc̀ene. Het resultaatis eenrealistischgetextureerd3D oppervlaktemodelvan deze
sc̀ene.Deverwerkingis volledigautomatisch.Dit systeembiedteenzeergoedniveau
vandetailenrealismeaan,gecombineerdmeteenvoorheennooitbereikteflexibiliteit
voordeacquisitie.

Dezeflexibiliteit vanhetsysteemwerdgëıllustreerdaandehandvandeverschil-
lendevoorbeelden.Realistische3D modellenwerdenzowel bekomenuit eenpaar
foto’s alsuit bestaandevideoopnames.Sc̀enesvanzeerverschillendegrootteswer-
dengereconstrueerd(vanéénenkelesteentot eenarchaeologischesitedie zich over
verschillendevierkantekilometersuitstrekt). Na eenkleineaanpassingkon het sys-
teemgebruiktwordenomplenoptischemodellen,gebaseerdophonderdenbeeldenop
tenemen.Hetsysteemwerdmetsuccesgebruiktin hetdomeinvanarcheologiewaar
veelbelovenderesultatenbehaaldwerden. Het systeemlaat zelfs eenaantalnieuwe
toepassingentoedievoorheenonhaalbaarwaren.

Discussieenverder onderzoek

Sindseenaantaljarenis ereendiscussieaandegangtussendevoor- entegenstanders
vangecalibreerdeversusongecalibreerdesystemen.Volgensmij is dit eenonnodige
discussie.Eenheelpaletaanmogelijkhedenbestaatvoor deacquisitievan3D infor-
matieuit beelden.Aan het eneuiterstevind meneenvolledig gecalibreerdsysteem
datenkel onderzeerbeperkendeomstandighedenwerkt (bv. gecontroleerdebelicht-
ing, beperktedieptevariatie). Aan het andereuiterstezou meneensysteemkunnen
hebbendat genoeg heeftaaneenpaarwillekeurigezichtenvan eenobject. Volgens
mij is het de taakvan de computervisie-gemeenschapom dezeverschillendealter-
natievente onderzoeken. Het ideale3D acquisitiesysteembestaatniet, alleshangtaf
vandespecifieke toepassingdiemenvoorogenheeft.In dezecontext denkik dathet
eenbelangrijketaakvanonzegemeenschapis omdegrenzenteonderzoekenvanwat
bereiktkanworden.

Wat echterwel moetgezegd wordenis datdeongecalibreerdeaanpakenhetge-
bruik vanprojectieve meetkundeheelwat nieuweinzichtenheeftmogelijk gemaakt.
Projectievemeetkundeishetnatuurlijkekaderomdeonderliggendeprincipestebeschri-
jvendiebeeldenensc̀enerelateren.Dikwijls wordenonnodigvergelijkingengebruikt
om rekeningte houdenmet Euclidischeaspectenterwijl de eigenschappendie men
bestudeertreedsaanwezigzijn op hetprojectieve niveau. Merk trouwensop dathet
gebruikvanprojectievemeetkundecalibratieniet uitsluit. Het laatechterwel toeom
eenduidelijk onderscheidtemakentussenwatervanafhangtenwatniet.
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Hetsysteemdatin dit werk beschrevenwerd,is zeker geeneindpunt.Zoalsreeds
op eenaantalplaatsenwerd opgemerkt,bestaaner meerderemogelijkhedenom het
systeemverderteverbeteren.Verschillenderichtingenvoorverderonderzoekkunnen
gëıdentificeerdworden.

Eeneerstebelangrijke taakbestaaterin om hetsysteemzelf te verbeteren.Deze
taakbestaatuit tweedelen.Eenerzijdszouhetsysteemmeerrobuustmoetengemaakt
wordenzodathetopeengrotereklassebeeldentoepasbaaris. Het falenvaneenalgo-
ritmezouautomatischgedetecteerdmoetenworden.Indienmogelijkzouhetsysteem
dit probleemte bovenmoetenkomendoor eenmeerrobuustof meergeschiktalgo-
ritme te gebruiken. Anderzijdskan denauwkeurigheidvanhetsysteemzeker opge-
drevenworden.Het relatiefeenvoudigecameramodeldatmomenteelgebruiktwordt
kanverfijndworden.Hetgebruikvangrootstewaarschijnlijkheidschatters(maximum
likelihoodestimators)kanveralgemeendwordenin deverschillendemodules.

Eentweedetaakbestaaterin om hetsysteemuit te breiden.Op dit ogenblikwor-
den3D oppervlaktemodellenvandesc̀enegegenereerd.Dezeoppervlakkenworden
echternogsteedsopgebouwdvanuiteenreferentiezicht. Het systeemzoudezever-
schillendevoorstellingenmoetensamenbrengenin eenunieke 3D voorstelling. Dit
kangebeurendoorberoeptedoenop bestaandefusietechniekendie ontwikkeldwer-
denin de context van gecalibreerdedieptebepaling. Dezemethodendienenechter
aangepastte wordenaandespecifieke eigenschappenvanonzeaanpak.Eeninteres-
santideebestaaterinomhetuiteindelijke3D modelteverfijnendoorhetrechtstreeks
te vergelijkenmet de oorspronkelijke beelden.Dit zou kunnenbestempeldworden
als fotometrische bundelaanpassing. Bijkomendemogelijkhedenzijn het fitten van
parametrischvoorstellingenaandedata(bv. vlakken,kwadrieken,etc)of hetinfereren
vanhogereordevoorstellingenwatonszouleidentot modelgebaseerdestrategieënof
tot sc̀ene-analyse.

Onzeaanpakis eengeometrischaanpak.Het systeemtrachtalleste modelleren
aandehandvangeometrischeprimitieven.Recentkennenbeeldgebaseerdevoorstellin-
genheelwatbelangstelling.Dezetechniekentrachtendeplenoptischefunctie(i.e. het
licht datin elkerichtingdoorelk puntvandesc̀enepasseert)teberekenen.Dezetech-
niekenslagenerdusin omhetuitzichtvaneen3Dsc̀enetemodellerenzonderexpliciet
gebruikte makenvangeometrie.Het wordt dusmogelijk om zeercomplexe vormen
encomplexe lichteffectendie andersniet kondengemodelleerdwordentochvoor te
stellen.Dezetechniekenhebbenechtereveneenseenaantalanderenadelen:denood
aangekendecalibratieenpose,geenmogelijkheidtot navigatie in desc̀ene,datain-
tensief,enz.Eeninteressanteaanpakzouerinkunnenbestaanomdetweetechnieken
te combineren.In dezecontext werdenreedseenaantalveelbelovenderesultatenbe-
haaldmetonssysteem.Eenmogelijkeaanpakzouhetgeometrischemodelgebruiken
wanneerdeterugprojectiefoutin hetbeeldklein genoeg is enzouandersberoepdoen
op eenplenoptischevoorstelling.Het gebruikvantussenliggendevoorstellingenkan
eveneensinteressantzijn (bv. gezichtspuntafhankelijketexturen).

Eénvandebelangrijkstebeperkingenvandemeeste3D opname-systemenis dat
slechtsstatischesc̀enesopgenomenkunnenworden.Hetaanpakkenvanniet-statische
onderwerpenis zeker een heel interessantmaar ook een zeer complex probleem.
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Totnogtoezijn bestaandesystemenmeestalbeperkttot het fitten van parametrische
modellenaandebeelddata.Sommigeparameterskunnendaneen(niet-rigiede)pose
voorstellen.Door gebruikte makenvanresultatenop hetbepalenvanonafhankelijke
bewegingkanmenzekermeerbereiken.Waarschijnlijkzullenechtermeerdereaanwi-
jzingenmoetengecombineerdwordenomgoederesultatentebekomen(bv. toevoegen
vancontourinformatie).

Eenlaatstebelangrijkgebiedvoorverderonderzoekis hetaanpassenvanhetsys-
teemvoor gebruik in nieuwetoepassingen.Een eerstealgemenebehoeftein deze
context is eenintelligentegebruikersinterface.Met intelligentwordt hier bedoelddat
hetsysteemzelf denodigediagnosemoetkunnenstellenalser ietsmis gaatendan
met–verstaanbare–vragenof suggestiesnaardegebruiker toegaat.De interfacevan
hetsysteemzoueveneensdeverschillendeverbandentussenmeerderezichtenenan-
derebeperkingenop eenvoor de gebruiker transparantewijze moetopleggen. Een
aantalmeerspecifieke ontwikkelingennaarverschillendetoepassingsdomeinenzijn
zekerookinteressantomteonderzoeken.In dezecontext is hetbelangrijkomhetsys-
teemmodulairtehoudenzodatuitbreidingenenaanpassingeneenvoudiggëıntegreerd
kunnenworden.
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