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Abstract

This thesisdiscusseghe possibility to obtain three dimensionalreconstructionof
scenedrom image sequences.Traditional approachesre basedon a preliminary
calibrationof thecamerasetup.This, however, is notalwayspossibleor practical. The
goalof thiswork wasto investigatehow this calibrationconstrainicouldberelaxed.

Theapproactwastwofold. First,the problemof self-calibrationwasstudied.This
is anapproachwhich retrievesthe calibrationfrom theimagesequencenly. Several
new methodsvereproposedThesanethodsverevalidatedon bothrealandsynthetic
data. The first methodis a stratified approachwhich assumesonstantcalibration
parametersluringthe acquisitionof theimages.A secondnethodis morepragmatic
andallows someparameterso vary. This approachmalkesit possibleto dealwith the
zoomandfocusavailableon mostcameras.

Theotherimportantpartof thiswork consisteaf developinganautomaticsystem
for 3D acquisitionfrom imagesequencesThis wasachiezed by combining,adapt-
ing andintegratingseveral state-of-the-aralgorithmswith the nenly developedself-
calibrationalgorithms.Theresultingsystenoffersanunprecedentefiexibility for the
acquisitionof realisticthree-dimensionahodels.The visual quality of the modelsis
very high. The metricqualitieswereverified throughseveralvalidationexperiments.
This systemwassuccesfullyappliedto a numberof applications.






Notations

To enhancé¢hereadabilitythenotationausedthroughouthetext aresummarizedhere.

For matricesbold facefontsareused(i.e. A). 4-vectorsarerepresentetly A and
3-vectorsby a. Scalarvalueswill berepresentedsa.

Unlessstateddifferentlytheindicesi, j andk areusedfor views, while [ andm
are usedfor indexing points, lines or planes. The notation A ;; indicatesthe entity
A which relatesview i to view j (or goingfrom view i to view j). Theindicesi,j
andk will alsobe usedto indicatethe entriesof vectors,matricesandtensors.The
subscripts?, A, M andE will referto projective, affine, metricandEuclidearentities
respectiely

P

B A=
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ISEEE

(0]
<

SRR

camergprojectionmatrix (3 x 4 matrix)

world point (4-vector)

world plane(4-vector)

imagepoint (3-vector)

imageline (3-vector)

homographyor planell from view ¢ to view j (3 x 3 matrix)
homographyrom planell to imagei (3 x 3 matrix)
fundamentaimatrix (3 x 3 rank2 matrix) A ||
epipole(projectionof projectioncenterof viewpoints into imagey) F(A)
trifocal tensor(3 x 3 x 3 tensor)
calibrationmatrix (3 x 3 uppertriangularmatrix)

) X AT
rotationmatrix .
planeatinfinity (canonicakepresentationiV = 0) 2 ;

absoluteconic

(canonicafepresentationX? + Y2 + Z? = 0 andW = 0)
absolutedualquadric(4 x 4 rank3 matrix)
absoluteconicembeddedh theplaneatinfinity (3 x 3 matrix)
dualabsoluteconicembeddedh the planeatinfinity (3 x 3 matrix)
imageof theabsoluteconic(3 x 3 matrices)

dualimageof theabsoluteconic(3 x 3 matrices)

equialenceupto scale(A ~ B <
indicateshe Frobeniusormof /
indicateshematrix A scaledo |
(i.e. ﬁF)

is thetranspos®f A
istheinverseof A (i.e. AA™! =

is the Moore-Penrospseudadnve
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Chapter 1

Intr oduction

1.1 Scopeof the work

Obtainingthreedimensional(3D) modelsof scenegrom imageshasbeenalonglast-
ing researctopic in computervision. Many applicationsexist which requirethese
models. Traditionally roboticsandinspectionapplicationsvereconsideredin these
casesaccurag was often the main concern. In this caseexpensve devicesworking
only undercontrolledcircumstancewerethetypical solutionsthatwereused.

Nowadayshowever moreandmoreinterestcomesfrom the multimediaandcom-
putergraphicscommunities.The evolution of computerss suchthattodayevenper
sonalcomputersandisplaycomplex 3D models.Many computergamesarelocated
in large3D worlds. Theuseof 3D modelsandervironmentsonthe Internetis becom-
ing commonpractice. This evolution is however slowed down dueto the difficulties
of generatingsuch3D models. Althoughit is easyto generatesimple 3D models,
comple scenesarerequiringa lot of effort. Furthermoreexisting objectsor scenes
areoftenconsideredin thesecaseghe effort requiredto recreateealistic3D models
is oftenprohibitive andtheresultsareoftendisappointing.

A growing demandexists for systemswhich can virtualize existing objectsor
scenes.In this casethe requirementsre very differentfrom the requirementsen-
counteredn previous applications. Most importantis the visual quality of the 3D
models. Also the boundaryconstraintsare different. Thereis animportantdemand
for easyacquisitionproceduresising off-the-shelfconsumeproducts.This explains
the succes®f the Quicktime VR technologywhich combineseasyacquisitionwith
fastrenderingon low-endmachinesNote howeverthatin this caseno 3D is extracted
andthatit is thereforeonly possibleto look aroundandnotto walk around

In this dissertatiorit wasinvestigatechow far the limits of automaticacquisition
of realistic3D modelscould be pushedowardseasyandflexible acquisitionproce-
dures. This hasbeendoneby developinga systemwhich obtainsdensemetric 3D
surfacemodelsfrom sequencesf imagestaken with a hand-heldcamera. Due to
thelimitation in time of this projectsomechoiceshadto be made. The systemwas
built by combiningexisting state-of-the-aralgorithmswith new componentslevel-
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2 Chapterl. Introduction

opedwithin this project. Someof thesecomponentsvhereextendedor adaptedo fit
in the system.

In the researclcommunitya lot of effort wasputin obtainingthe calibrationof
thecamerasetupupto anarbitraryprojectvetransformatiorirom theimagesonly and
sincemary yearsalot of work hadbeendoneto obtaindensecorrespondenamapsfor
calibratedcamerasetups.Therewashoweveramissinglink. Althoughthepossibility
of self-calibration(i.e. restrictingthe ambiguityon the calibrationfrom projective to
metric)hadbeenshawn, practicalalgorithmswerenot giving satisfyingresults. Addi-
tionally, existingtheoryandalgorithmswererestrictedo constantamergparameters
prohibitingthe useof zoomandfocusingcapabilitiesavailableon mostcameras.

In this contet | decidedto concentrat@n the self-calibrationaspect Algorithms
working well on realimagesequencewererequired.It seemedalsousefulto inves-
tigate the possibilitiesof allowing varying cameraparametersespeciallya varying
focal lengthsothatthe systemcould copewith zoomandfocus.

1.2 3D modelsfromimages

In this sectionanoverview of theliteratureis given. Somerelatedresearctpublished
afterthestartof thiswork is alsodiscussedput will beindicatedasrecentwork. This
is importantsincethe evolutionin someof the discusse@reashasbeenimpressvein
thelastfew years.

Obtaining3D modelsfrom imagesequencess a difficult task. This comesfrom
thefactthatonly verylittle informationis availableto startwith. Boththesceneggeom-
etry andthe camerageometryareassumedinknavn. Only very generalassumptions
aremade,e.qg.rigid scenepiecavise continuoussurfaces mainly diffusereflectance
characteristicfor thesceneanda pinholecameramodelfor thecamera.

The generalapproachconsistsof separatinghe problemin a numberof more
manageablsubproblemswhich canthenbe solved by separatenodules. Oftenin-
teractionor feed-backs neededetweerthesemodulego extractthe necessarinfor-
mationfrom theimages.Certainlyfor thefirst stepswhenalmostno informationhas
beenextracted feedbackis veryimportantto verify the obtainechypothesesGradu-
ally moreinformationandmorecertaintyaboutthis informationis obtained.At later
stageshecouplingbetweerthemoduleds lessimportantalthoughit canstill improve
thequality of theresults.

Feature matching Thefirst problemis the correspondenceroblem Givena fea-
turein animage whatis the correspondindeature(i.e. the projectionof the same3D
feature)in the otherimage?This is anill-posedproblemandthereforeis oftenvery
hardto solve. Whensomeassumptionsre satisfied,it is possibleto automatically
matchpointsor otherfeaturesbetweernimages.One of the mostusefulassumptions
is thattheimagesarenot too different(i.e. sameillumination, similar pose). In this
casehecoordinate®f thefeaturesandtheintensitydistributionaroundthefeatureare
similar in bothimages.This allows to restrictthe searchrangeandto matchfeatures
throughintensitycross-correlation.



1.2. 3D modelsfrom images 3

It is clearthat not all possibleimagefeaturesare suitablefor matching. Often
points are usedsincethey are mosteasily handledby the other modules,but line
segmentg140, 23] or otherfeaturegsuchasregions)canalsobe matchedlt is clear
thatnotall pointsaresuitedfor matching.Many pointscanbelocatedn homogeneous
regionswere almostno informationis availableto differentiatebetweerthem. It is
thereforeimportantto usean interestpoint detectomwhich extractsa certainnumber
of pointsusefulfor matching. Thesepointsshouldclearly satisfytwo criteria. The
extractionof the points shouldbe as muchas possibleindependentf camerapose
andillumination changesandthe neighborhoof the selectedointsshouldcontain
asmuchinformationaspossiblgo allow matching.Many interestpointdetectorexist
(e.g.Harris[50], Deriche[24] or Forstner[43). In [141] Schmidetal. concludedhat
theHarriscornerdetectogivesthebestresultsaccordingo thetwo criteriamentioned
above.

In factthefeaturematchings oftentightly coupledwith thestructurefrom motion
estimatiordescribedn thenext paragraphHypotheticaimatchesreusedio compute
thesceneandcamerageometry The obtainedresultsarethenusedto drivethefeature
matching.

Structur e from motion Researchersave beenworking for mary yearson the au-
tomaticextractionof 3D structurefrom imagesequencesrThisis calledthe structue
frommotionproblem:Givenanimagesequencef arigid sceneby acameraindego-
ing unknovn motion, reconstructhe 3D geometryof the scene.To achiese this, the
cameranotionalsohasto berecoveredsimultaneouslyWhenin additionthe camera
calibrationis unknowvn aswell, onespeakf uncalibratedstructurefrom motion.

Early work on (calibrated)structurefrom motion focusedon the two view prob-
lem[84, 16§. Startingfrom asetof correspondindgeaturesn theimagesthecamera
motionand3D scenestructurecouldberecovered.Sincethentheresearcthasshifted
to the moredifficult problemof longerimagesequencesThis allows to retrieve the
scenggeometrymoreaccuratelyby takingadvantageof redundang. Someof therep-
resentatie approachearedueto Azerbayejanetal. [5], Cui etal.[21], Spetsakignd
Aloimonos[148] andSzeliskiandKang[156]. Thesemethodsmake useof afull per
spectve cameramodel. TomasiandKanad€g[159] proposeda factorizationapproach
basedon the affine cameramodel(see[103] for morerecentwork). RecentlyJacobs
proposed factorizationrmethodableto dealwith missingdata[68].

Uncalibrated structur e from motion In this casethe structureof the scenecan
only berecoveredup to an arbitraryprojective transformation.In the two view case
the earlywork wasdoneby Faugerag36] andHartley [51]. They obtainedthe fun-
damentalmatrix as an equialentfor the essentiaimatrix. This matrix completely
describeshe projectve structureof the two view geometry

Sincethenmary algorithmshave beenproposedo computethe fundamentama-
trix from pointmatcheg57, 86, 13,104]. Basedonthesemethodsrobustapproaches
weredevelopedto obtainthe fundamentamatrix from realimagedata(seethe work
of Torr etal. [162, 163 andZhanget al. [186]). Thesetechniquesiserobusttech-
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nigueslike RANSAC [40] or LMedS[136] andfeedbackheresultsto the matcherto
obtainmorematchesThesearethenusedto refinethe solution.

A similar entity canalsobe obtainedfor threeviews. This is calledthe trifocal
tensor It describeshetransferfor points(seeShashudl44]), lines(seeHartley [54])
or both (seeHartley [56]). In factthesetrilinearitieshadalreadybeendiscoreredby
Spetsakisand Aloimonos[148] in the calibratedcase.Rolust computatiormethods
werealsodevelopedfor thetrifocal tensor(e.g. Torr andZissermar{160, 161]). The
propertieof thistensorhave beencarefully studied(e.g.ShashuandAvidan[145]).

Relationshipdpetweemnmoreviews have alsobeenstudied(seethe work of Hey-
den[62], Triggs[165] andFaugerasndMourrain[39]). Se€[98] for arecenttutorial
onthesubject.RecentlyHartley [59] proposed practicalcomputatiormethodfor the
guadrifocaltensor

Up to now no equivalent solutionto the factorizationapproachof Tomasiand
Kanade[159] hasbeenfound for the uncalibratedstructurefrom motion problem.
Someideashave beenproposed63, 154, but thesemethodsareiterative or require
partof the solutionto startwith. Anotherpossibility consistsof carryingout a non-
linear minimizationover all the unknovn parametersit once. This wasfor example
proposedn the early paperof Mohr [96]. Thisis in factthe projective equivalentof
what photogrammetristsall bundle adjustmen{147]. A descriptionof an efficient
algorithmcanbefoundin [79]. Bundleadjustmenhowever requiresa goodinitial-
izationto startwith.

The traditionalapproachfor uncalibratedstructurefrom motion sequenceson-
sistsof putting up a referenceframefrom the two first views andthen sequentially
addingnew views (seeBeardslg etal.[9, 8] or also[79]). Recentlyahierarchicabp-
proachhasbeenproposedy FitzgibbonandZissermar{41] thatbuilds up relations
betweerimagepairs,triplets,subsequencemdfinally thewholesequence.

Self-calibration Sinceprojective structureis often not sufiicient, researchertied
to developmethodsto recover the metric structureof sceneobtainedthroughuncal-
ibratedstructurefrom motion. The mostpopularapproachconsistsof usingsome
constraintson the intrinsic cameraparameterf the camera. This is called self-
calibration.In generafixedintrinsic camergparameterareassumed.

Thefirst approachwas proposedy Maybankand Faugerag95] (seealso[36]).
It is basedon the Kruppaequationg77]. The methodwasdevelopedfurtherin [87]
andrecentlyby Zellerin [183, 184]. This methodonly requiresa pairwisecalibration
(i.e. theepipolargeometry).lt usesthe conceptof the absoluteconicwhich—besides
the planeat infinity— is the only fixed entity for the group of Euclideantransforma-
tions[35]. Mostothermethodsarealsobasedn this concepif theabsoluteconic.

Hartley [53] proposedan alternative approachwhich obtainsthe metric calibra-
tion by minimizing thedifferencebetweertheintrinsiccamergarametersnetriesto
computeandthe onesobtainedthroughfactorizationof the camergprojectionmatri-
ces.A quasi-afine reconstructions usedasinitialization. This initial reconstruction
is obtainedrom theconstrainthatall 3D pointsseenn aview mustbein front of the
camerd52].
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Sincea few yearsseveral new methodshave beenproposed.Someof theseare
part of this work and will be presentedn detail further on. Someother methods
were developedin parallel. Triggs proposeda methodbasedon the absolute(dual)
quadric[166]. This is a disc-quadric(of planes)which encodedoth the absolute
conicandthe planeatinfinity. HeydenandAstrom proposeda similar method[60].

Someresearchersiedto take advantageof restrictedmotionsto obtainsimpleral-
gorithms.Moonsetal.[100, 99] designedx simplealgorithmto obtainaffine structure
from a purely translatingcamera.Armstrong[2] incorporatecdhis in a stratifiedap-
proachto self-calibration Hartley [54] proposed self-calibratiormethodfor apurely
rotatingcameraRecentlyalgorithmsfor planarmotionwereproposedy Armstrong,
ZissermarandHartley [3] andby FaugerasQuanandSturm([33]. In someof these
caseambiguitiesonthereconstructiomxist. Zissermaretal. [189] recentlyproposed
somewaysto reducehis ambiguityby imposing,a posteriori someconstraintonthe
intrinsic parameters.

In somecaseshemotionis notgeneraknougho allow for completeself-calibration.
RecentlySturmestablisheé completecatalogueof critical motionsequencefor the
caseof constanintrinsic camergparameter§l 52, 150.

A morein-depthdiscussiorof someexisting self-calibrationmethodss givenin
Chapten.

Densestereo matching The structurefrom motion algorithmsonly extract a re-
strictednumberof features.Althoughtextured3D modelshave beengeneratedrom
this, theresultsarein generalnot very corvincing. Oftensomeimportantscenefea-
turesaremissedduring matchingresultingin incompletemodels.Evenwhenall im-
portantfeaturesareobtainedheresultingmodelsareoftendented.

Howeveroncethe structurefrom motionproblemhasbeensolved,the poseof the
camerais known for all the views. In this casecorrespondencmatchingis simpler
(sincethe epipolargeometryis known) andexisting stereomatchingalgorithmscan
beused.Thisthenallows to obtaina dense3D surfacemodelof the scene.

Many approachesxist for stereomatching. Theseapproachegan be broadly
classifiedinto feature-and correlation-basedpproache§29]. Someimportantfea-
ture basedapproachesvere proposedby Marr and Poggio[89], Grimson[46], Pol-
lard, Mayhav andFrisby[110] (all relaxationbasednethods)Gimmel'Farb[44] and
Baker andBinford [6] andOhtaandKanadg107] (usingdynamicprogramming).

Successfutorrelation-basedpproachesverefor exampleproposedy Okutomi
andKanade[108] or Cox et al. [20]. The latter wasrecentlyrefinedby Koch[72]
andFalkenhagen31, 30]. It is thislastalgorithmthatis usedin this work. Another
approactbasecdn opticalflow wasproposedy Proesmanstal. [134].

3D reconstruction systems It shouldbe clearfrom the previous paragraphdhat
obtaining3D modelsfrom animagesequencés not aneasytask. It involvessolving
severalcomplex subproblems.

Oneof thefirst systemsvasdevelopedat CMU andis basedon the Tomasiand
Kanadefactorizatio159]. The“modelingfrom videotaping“approacthowever suf-
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fersfrom therestrictionsof the affine cameramodel. In addition,sinceonly matched
featurepointsareusedto generatehe modelsthe overall quality of themodelsis low.

The recentwork of Beardslg et al. [9, 8] at Oxford was usedin a similar way
to obtainmodels. In this casethe intrinsic cameraparametersvere assumedknown
asin the previous case. More recentwork by Fitzgibbonand Zissermar{42] is us-
ing the self-calibrationmethoddescribedn Chapter6 to dealwith varying camera
parameters.

Similarwork wasalsodoneveryrecentlyat INRIA by Bougnoux15, 14]. In this
case however, the systemis anenhance@®D modelingtool includingalgorithmsfor
uncalibratedstructurefrom motion andself-calibration. The correspondencesf the
3D pointswhich shouldbeusedfor themodel,however, haveto beindicatedby hand.
Theresultingmodelsarethereforerestrictecto alimited numberof planarpatches.

Anotherrecentapproactdevelopedby Deberec, TaylorandMalik [26, 158 27] at
Berkeley provedvery successfuin obtainingrealistic3D modelsfrom photographs.
A mixedgeometric-andimage-basedpproachs used.Thetexture mappingis view
dependento enhancegphotorealism An importantrestrictionof this methodis how-
ever the needfor an approximatea priori model of the scene. This modelis fitted
semi-automaticallyo imagefeatures.

Shum,Han and Szeliski[146] recently proposedan interactve methodfor the
constructionof 3D modelsfrom panoramicimages. In this casepoints, lines and
planesareindicatedin the panoramidmage. By addingconstrainton theseentities
(e.g.parallelismcoplanarity verticality), 3D modelscanbe obtained.

Finally somecommercialsystemsexist which allow to generate3D modelsfrom
photographge.g. PhotoModelef109]). Thesesystemsrequirea lot of interaction
from the user(e.g.correspondencdsave to be indicatedby hand)andsomecalibra-
tion information. The resultingmodelscan be very realistic. It is however almost
impossibleto modelcomplex shapes.

1.3 Main contributions

Beforewe entera moredetaileddiscussiorof thesetopics,it seemausefulto summa-
rize the main contributionswe believe aremadethroughthis work:

¢ A stratified self-calibation approachwas proposed.Inspiredby the success-
ful stratifiedapproachesor restrictedmotions,| have developeda similar ap-
proachfor generalmotions. This wasdonebasedon a new constraintfor self-
calibrationthatl derived(i.e.themodulusconstrint). Thiswork waspublished
in thepaperqd111, 123 124, 122, 127] andtechnicalreports[129, 130.

¢ An importantcontrikbution to the state-of-the-artvas madeby allowing self-
calibrationin spiteof varyingcamen parametes. At first arestrictedapproach
wasderivedwhichallowedthefocallengthto varyfor singlecamera$l121, 131]
andfor stereaigs[125, 12€]. Lateron,agenerabhpproactwasproposedvhich
could efficiently work with known, fixed andvarying intrinsic cameraparam-
eterstogethemwith a pragmaticapproactor a cameraequippedwith a zoom.
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A theoremwas derived which shoved that for generalmotion sequencethe
minimal constraintsthat pixels are rectangulaiis sufiicient to allow for self-
calibration. This work was publishedin [112, 12(Q andin the technicalre-
port[128].

e A completesystenfor automaticacquisitionof metric 3D surfacemodelsfrom
uncalibratedimage sequencewasdeveloped. The self-calibrationtechniques
mentionedearlierwereincorporatednto this systemallowing for anunprece-
dentedflexibility in acquisitionof 3D modelsfrom images. This wasthe first
systemto integrateuncalibratedtructurefrom motion,self-calibratioranddense
stereomatchingalgorithms. This combinationresultsin highly realistic 3D
surfacemodelsobtainedautomaticallyfrom imagestakenwith anuncalibrated
hand-heldcamerawithout restrictionon zoomor focus. The completesystem
wasdescribedn [117, 115 118 119.

e Theacquisitionflexibility offeredby this systemmakesnew applicationgossi-
ble. As atestcaseour systemwasappliedon a numberof applicationsfound
in the areaof archaeologyandheritagepreseration[116, 113 114. Someof
theseapplicationsareonly possiblewith a systemasthe onedescribedn this
dissertation.

1.4 OQutline of the thesis

In Chapter2 somebasicconceptausedthroughoutthe text arepresentedProjectve
geometnyis introducedn this chapter Thisis the naturalmathematicaframewvork to
describehe projectionof a sceneontoanimage.Somepropertieof transformations,
conicsandquadricsaregivenaswell. Finally, the stratificationof spacen projective,
affine, metricandEuclideanis described.

This introductioninto the basicprinciplesis continuedin Chapter3 wherethe
cameramodelandimageformationprocessaredescribed.In this context someim-
portantmulti-view relationshipsarealsodescribed.

Chapter4 introducegsthe problemof self-calibration. The methodsproposecdby
othersarepresentedhere bothgeneramethodsandmethodgequiringrestrictedmo-
tions. Someinherentproblemsor limitations of self-calibrationare also discussed
here.

In Chapter5 a stratifiedapproacho self-calibrationis proposed.This approach
is basedon the modulusconstraint.Someexperimentscomparethis methodto other
state-of-the-arinethods.Someadditionalapplicationsof the modulusconstraintare
alsogivenin this chapter

Chapter6 dealswith self-calibrationin the presencef varying intrinsic camera
parametersFirst, sometheoreticalconsiderationgare presentedThena flexible cal-
ibration methodis proposedvhich candealwith known, fixed andvaryingintrinsic
camergarametersBasedon this, a pragmaticapproachs derivedwhichworksfor a
standarccameraequippedvith azoom.Critical motionsequencearealsodiscussed.
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Chapter7 presentshecompletesystenfor 3D modelacquisition.Someproblems
with the actualsystemarealsodiscusse@ndpossiblesolutionsaredescribed.

In Chapter8 resultsandapplicationsof the systemare presented.The systemis
appliedto a highly sculpturedemplesurface to old film footage to theacquisitionof
plenopticmodels,to anarchaeologicasite andto someotherexamples.Herebythe
flexibility andthe potentialof theapproachs demonstrated.

Theconclusion®f ourwork arepresenteth Chapte®. To enhancehereadability
of this text somemoretediousderivationswereplacedin appendices.



Chapter 2

Projective geometry
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“. .. experienceprovesthataryonewho hasstudiedgeometryis infinitely quicker to
graspdifficult subjectghanonewho hasnot”
Plato- TheRepublic,Book7,375B.C.

2.1 Intr oduction

Thework presentedh thisthesisdravs alot on conceptof projectve geometry This
chapterandthe next oneintroducemostof the geometricconceptsisedin therestof
thetext. This chapterconcentratesn projectve geometryandintroducesonceptsas
points,lines,planesconicsandquadricgn two or threedimensionsA ot of attention
goedto thestratificationof geometryin projective,affine, metricandEuclideanayers.
Projectve geometryis usedfor its simplicity in formalism,additionalstructureand
propertiescanthenbe introducedwere neededhroughthis hierarchyof geometric
strata.This sectionwasinspiredby theintroductionson projective geometryfoundin
Faugerasbook[34], in thebookby Mundy andZissermar(in [105]) andby thebook
on projective geometryby SempleandKneebong142].

2.2 Projective geometry

A pointin projectve n-space,P", is givenby a (n + 1)-vectorof coordinatex =
[1...7,41]T. At leastone of thesecoordinatesshould differ from zero. These
coordinategrecalledhomageneousoordinatesin thetext the coordinatevectorand
the point itself will be indicatedwith the samesymbol. Two pointsrepresentedby
(n + 1)-vectorsx andy areequalif andonly if thereexistsa nonzeroscalarA such
thatz; = Ay;, for everyi (1 < i <n+1). Thiswill beindicatedby x ~ y.

9
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Oftenthepointswith coordinater,, ; = 0 aresaidto beatinfinity. Thisis related
to the affine spaceA. This concepis explainedmorein detailin section2.3.

A collineationis amappingbetweerprojective spaceswhich preserescollinear
ity (i.e. collinearpointsaremappedo collinearpoints). A collineationfrom P™ to
P™ is mathematicallyepresentetly a (m + 1) x (n + 1)-matrixH. Pointsaretrans-
formedlinearly: x — x’ ~ Hx. Obsene thatmatricesH and \H with A anonzero
scalamrepresenthe samecollineation.

A projectivebasisis the extensionof a coordinatesystemto projective geometry
A projective basisis a setof n + 2 pointssuchthatnon + 1 of themarelinearly
dependentThesete; = [0...1...0]" foreveryl (1 <1< n+ 1), wherelisinthe
Ith positionande,, 1, = [11...1]" isthestandargrojectvebasis.A projective point
of P™ canbe describedasa linear combinationof ary n + 1 pointsof the standard

basis.For example:
n+1

m = Z )\lel
=1

It canbe shown [36] that ary projective basiscan be transformedvia a uniquely
determinedcollineationinto the standardprojective basis. Similarly, if two setof
pointsmy, ..., m, . andmj, ..., m , , bothform aprojective basis thenthereexistsa
uniquelydeterminectollineationT suchthatm; ~ Tm; for everyl (1 <1 < n + 2).
This collineationT describeshechangeof projective basis.In particular T is invert-
ible.

2.2.1 The projective plane

The projective planeis the projective spaceP?. A point of P? is representedy a
3-vectorm = [zyw]". A line 1 is alsorepresentedly a 3-vector A pointm is located

onaline 1 if andonly if
1'm=0. (2.1)

This equationcan however also be interpretedas expressingthat the line 1 passes
throughthe pointm. This symmetryin the equationshaws that thereis no formal
differencebetweenpoints andlines in the projective plane. This is known asthe
principle of duality. A line 1 passinghroughtwo pointsm; andm, is givenby their
vectorproductm; x my. Thiscanalsobewrittenas

0 w1 —Y1
1~ [ml]xmz with [ml]x = —w1 0 1 . (22)
y1r —z1 0

Thedualformulationgivestheintersectiorof two lines. All thelinespassinghrough
a specificpointform a pencilof lines If two lines1; and1. aredistinctelementsf
thepencil,all the otherlinescanbeobtainedhroughthefollowing equation:

1~ Alr + Aols (2.3)

for somescalars\; and)\,. Notethatonly theratio i—; is important.
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2.2.2 Projective 3-space

Projectize 3D spaceis the projective spaceP3. A point of P3 is representedby a
4-vectorM = [XY ZW]T. In P? thedualentity of a pointis a plane,whichis also
representetly a4-vector A pointM is locatedon a planell if andonly if

n'M=0. (2.4)

A line canbe given by the linear combinationof two points\{M; + A2M, or by the
intersectiorof two planedI; N1I,.

2.2.3 Transformations

Transformationsn the imagesare representedy homaraphiesof P2 — P2. A
homographyof P2 — P? is representethy a 3 x 3-matrix H. Again H and \H
representhe samehomographyfor all nonzeroscalars\. A pointis transformedas
follows:

m—m ~Hn . (2.5)

Thecorrespondingransformatiorof aline canbeobtainedy transforminghepoints
which areontheline andthenfinding theline definedby thesepoints:

1w =1"H 'Hn=1"m=0 . (2.6)

Fromthe previous equationthe transformatiorequationfor aline is easily obtained
withH-T=HHT =H")"!):

1»1~H "1 (2.7)

Similar reasoningn P? givesthe following equationgor transformation®f points
andplanesin 3D space:

M — M ~TM, (2.8)
m — OI'~T N (2.9)

whereT is a4 x 4-matrix.

2.2.4 Conicsand quadrics

Conic A conicin P2 is thelocusof all pointsm satisfyingahomogeneouguadratic
equation:

Sm)=m ' Cm=0, (2.10)

whereC is a3 x 3 symmetricmatrix only definedup to scale.A conicthusdepends
onfiveindependenparameters.
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Dual conic Similarly, the dual conceptexists for lines. A conic ernvelopeor dual
conicis thelocusof all lines1 satisfyinga homogeneougquadraticequation:

1'C*1=0, (2.11)
whereC* is a3 x 3 symmetricmatrixonly definedupto scale.A dualconicthusalso

depend®n five independenparameters.

Line-conic intersection Letm andm’ betwo pointsdefiningaline. A pointon this
line canthenberepresentetdy m + Am’. This pointliesonaconicS if andonly if

Sm+Am') =0,
which canalsobewritten as
S(m) + 2AS (m,m’) + A\2S(m'), (2.12)

where
S(m,m') =m' Cn' = S(m’, m)

Thismeanghataline hasin generakwo intersectiompointswith aconic. Thesenter
sectionpointscanberealor complex andcanbe obtainedby solvingequation(2.12).

Tangentto aconic Thetwo intersectiorpointsof aline with aconiccoincideif the
discriminantof equation(2.12)is zero.This canbewrittenas

S(m,m') — Sm)S(m') =0 .

If thepointm is consideredixed,thisformsaquadraticequationin thecoordinate ®f
m’ which representshe two tangentfrom m to the conic. If m belongsto the conic,
S(m) = 0 andthe equatiorof thetangentdecomes

S(mm)=m' Cn' =0 ,

whichis linearin the coeficientsof m’. This meanghatthereis only onetangentto
the conicata pointof the conic. Thistangentl is thusrepresentedy :

1~C'm=Cn (2.13)

Relation betweenconic and dual conic Whenm variesalongthe conic, it satisfies
m " Cm andthusthetangentine 1 to theconicatm satisfies. "C~'1 = 0. Thisshavs

thatthetangentgo a conic C arebelongingto a dualconicC* ~ C~! (assumingC

is of full rank).
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Transformation of aconic/dualconic Thetransformatiorequationgor conicsand
dualconicsunderahomographyH canbeobtainedn a similarway to Section2.2.3.
Usingequationg2.5)and(2.7)thefollowing is obtained:

n'Cn ~ mH' H TCH 'Hn=0,
1'"Cc*1 ~ 1TH'HC*H'H™ "1=0,
andthus

C » C~H TCH! (2.14)
C* —» CY~HCH' (2.15)

Obsenrethat(2.14)and(2.15)alsoimply that(C')* = (C*)'.
Quadric In projective 3-spaceP? similar conceptsexist. Theseare quadrics. A
guadricis thelocusof all pointsM satisfyinga homogeneougquadraticequation:

M QM=0, (2.16)
whereQ is a4 x 4 symmetricmatrixonly definedupto scale.A quadricthusdepends
onnineindependenparameters.

Dual quadric  Similarly, the dual conceptexists for planes.A dual quadricis the
locusof all planed satisfyingahomogeneougquadraticequation:

n'Qm=0 (2.17)
whereQ* is a3 x 3 symmetricmatrix only definedup to scaleandthusalsodepends
onnineindependenparameters.

Tangentto aquadric  Similarto equation(2.13),thetangeniplanell to aquadricQ
througha pointM of thequadricis obtainedas

I1=QM. (2.18)
Relation betweenquadric and dual quadric WhenM variesalong the quadric,
it satisfiesMm " QM and thus the tangentplanell to Q at M satisfies' Q' = 0.

This shaws that the tangentplanesto a quadricQ are belongingto a dual quadric
Q* ~ Q! (assumindQ is of full rank).

Transformation of aquadric/dual quadric Thetransformatiorequationgor quadrics
anddual quadricsundera homographyT' canbe obtainedin a similar way to Sec-
tion 2.2.3.Usingequationg2.8)and(2.9) thefollowing is obtained

M'QM ~ MT'T-TQT!TM=0
HITQ*/HI ~ HTT—ITQ*TTT—TH =0
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andthus

Q » Q~T'QT! (2.19)
Q* » QY~TQ'TT (2.20)

Obsereagainthat(Q')* = (Q*)'.

2.3 The stratification of 3D geometry

Usuallythe world is percevedasa Euclidean3D space.In somecasege.g.starting
from images)it is not possibleor desirableto usethe full Euclideanstructureof 3D
space. It canbe interestingto only dealwith the more restrictedand thus simpler
structureof projective geometry An intermediatdayer is formed by the affine ge-
ometry Thesestructurescanbe thoughtof asdifferentgeometricstratawhich can
be overlaid on theworld. The simplestbeingprojective, thenaffine, next metricand
finally Euclideanstructure.

This conceptof stratificationis closelyrelatedto the groupsof transformations
actingon geometrientitiesandleaving invariantsomepropertieof configurationof
theseelements Attachedto the projective stratumis the groupof projective transfor
mations attachedo theaffine stratumis the groupof affine transformationsattached
to themetricstratumis the groupof similaritiesandattachedo the Euclideanstratum
is the groupof Euclideantransformationslt is importantto noticethatthesegroups
aresubgroupof eachother, e.g.the metric groupis a subgroupof the affine group
andbotharesubgroup®f the projective group.

An importantaspectrelatedto thesegroupsaretheir invariants. An invariant is
a propertyof a configurationof geometricentitiesthatis not alteredby ary transfor
mationbelongingto a specificgroup. Invariantsthereforecorrespondo the measure-
mentsthatonecando consideringa specificstratumof geometry Thesenvariantsare
oftenrelatedto geometricentitieswhich stayunchanged- atleastasa whole— under
thetransformation®f a specificgroup. Theseentitieswill play averyimportantrole
in this text. Recoreringthemallows to upgradethe structureof the geometryto a
higherlevel of the stratification.

In the following paragraphshe differentstrataof geometryare discussed.The
associategroupsof transformationstheir invariantsandthe correspondingnvariant
structuresrepresentedThisideaof stratificationcanbefoundbackin [142] and[35].

2.3.1 Projective stratum

Thefirst stratumis the projective one. It is the lessstructuredoneandhastherefore
theleastnumberof invariantsandthelargestgroupof transformationassociatevith
it. Thegroupof projective transformation®r collineationss themostgeneralgroup
of lineartransformations.

As seenin the previous chaptera projectie transformatiorof 3D spacecanbe
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representetly a4 x 4 invertiblematrix

P11 P12 P13 P4

Tp ~ P21 P22 P23 P24 (2.21)
P31 P32 P33 P3a
Pa1 Pa2 Pa3  Paa

This transformatiommatrix is only definedup to a nonzeroscalefactorandhasthere-
fore 15 degreesof freedom.

Relationsof incidence,collinearity andtangenyg are projectively invariant. The
cross-ratids aninvariantpropertyunderprojective transformationsswell. It is de-
fined asfollows: Assumethatthe four pointsM;, M, M3 andM, arecollinear Then
they canbe expressedasM; = M + \;M' (assumenoneis coincidentwith M'). The
cross-ratids definedas

A=Az Ao —Xg
M—A A=A

{M17M2;M3)M4} = (222)

The cross-ratids not dependingon the choiceof thereferencepointsM andM’ andis
invariantunderthe group of projective transformation®f P3. A similar cross-ratio
invariantcanbederivedfor four linesintersectingn apointor four planesntersecting
in acommonline.

Thecross-raticcanin factbe seenasthe coordinateof a fourth pointin the basis
of thefirst three,sincethreepointsform a basisfor the projective line P1. Similarly,
two invariantscould be obtainedfor five coplanampoints;and,threeinvariantsfor six
points,all in generalposition.

2.3.2 Affine stratum

The next stratumis the affine one. In the hierarchyof groupsit is locatedin between
the projective and the metric group. This stratumcontainsmore structurethanthe
projectveone,but lessthanthemetricor theEuclidearstrata.Affine geometnydiffers
from projective geometryby identifying a specialplane calledthe planeat infinity.
This planeis usually definedby W = 0 andthusIl,, = [0001]T. The pro-
jective spacecan be seenas containingthe affine spaceunderthe mapping.43 —
P3:[XY Z]" » [XY Z1]T. Thisis a one-to-onemapping. The planeW = 0
in P2 canbe seenas containingthe limit pointsfor |[M|| — oo, sincethesepoints
are[HXT|| ﬁ ﬁ ml | ~ [Xoo Yoo Zoo 0]. This planeis thereforecalledthe planeat
infinity I..,. Strictly speakingthis planeis not part of the affine space the points
containedn it can't be expressedhroughthe usualnon-homogeneous-vectorcoor
dinatenotationusedfor affine, metricandEuclidean3D space.

An affinetransformations usuallypresentedsfollows:

X' a1l G2 Q13 X ai4
Y’ = as1 a29 a23 Y + a24 W|th det(aij) 7é 0
A as1 az2 G33 Z as4
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Usinghomogeneousoordinatesthis canberewritten asfollows M’ ~ T 4M with

a1 a12 a3z Qa4

a21 Q22 a2 a4
Ty ~ 3 ) (2.23)
az1 asz2 a3z a34

0 0 0 1

An affine transformationcounts12 independentiegreesof freedom. It can easily
be verified that this transformatiorieaves the planeat infinity 1, unchangedi.e.
My ~ T;THOO or T Il ~ Iy). Note, however, thatthe positionof pointsin the
planeat infinity canchangeunderan affine transformationput thatall thesepoints
staywithin the planell.

All projective propertiesarea fortiori affine properties.For the (morerestrictive)
affine groupparallelismis addedasa new invariantproperty Linesor planeshaving
their intersectionin the planeat infinity arecalledparallel. A new invariantprop-
erty for this groupis theratio of lengthsalong a certaindirection Notethatthisis
equivalentto a cross-ratiovith oneof the pointsat infinity.

From projectiveto affine  Upto now it wasassumethatthesedifferentstratacould
simplybeoverlaidontoeachother assuminghattheplaneatinfinity is atits canonical
position(i.e.ll,, = [0001]T). Thisis easyto achieve whenstartingfrom a Euclidean
representatiorStartingfrom aprojectiverepresentatiorhowever, thestructures only

determinedup to anarbitraryprojective transformation As wasseen thesetransfor

mationsdo— in general notleave the planeatinfinity unchanged.

Thereforejn a specificprojective representatiorthe planeat infinity canbe ary-
where.In this caseupgradinghegeometricstructurefrom projectiveto affineimplies
thatonefirst hasto find the positionof theplaneatinfinity in the particularprojective
representationnderconsideration.

This can be donewhen someaffine propertiesof the sceneare known. Since
parallellinesor planesareintersectingn the planeatinfinity, this givesconstrainton
thepositionof this plane.In Figure2.1 a projective representationf a cubeis given.
Knowing thisis a cube threevanishingpointscanbeidentified. The planeat infinity
is the planecontainingthese3 vanishingpoints.

Ratiosof lengthsalongaline definethepointatinfinity of thatline. In thiscasethe
pointsMy, M;, My, andthe cross-ratio{M;, My; Mo, Moo } areknown, thereforethe point
M., canbecomputed.

Oncetheplaneatinfinity I, is known, onecanupgradethe projective represen-
tationto anaffine oneby applyinga transformatiorwhich bringsthe planeat infinity
to its canonicabposition.Basedon (2.9) this equationshouldthereforesatisfy

~T "I orT’ ~ g (2.24)

_ o oo
= o O o
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Figure 2.1: Projective(left) and affine (right) structueswhich are equivalentto a
cubeundertheir respectiveambiguities. The vanishingpoints obtainedfrom lines
which are parallel in the affine stratum constain the positionof the planeat infinity
in the projectiverepresentationThis canbe usedto upgradethe geometricstructue
from projectiveto affine
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This determineghe fourth row of T. Since,at this level, the otherelementsarenot
constrainedthe obviouschoicefor thetransformations thefollowing

Izxs 0O
Tpa ~ [ Al 1 (2.25)
with 7, thefirst 3 element®of I, whenthelastelemenis scaledo 1. It isimportant
to note,however, thatevery transformatiorof theform

[ A0 ] with det A # 0 (2.26)

T 1

mapsil,, to[0001]T.

2.3.3 Metric stratum

The metric stratumcorrespondso the group of similarities. Thesetransformations
correspondo Euclideantransformationgi.e. orthonormaltransformationt transla-
tion) complementedvith a scaling. Whenno absoluteyardstickis available,this is
thehighestlevel of geometricstructurethatcanberetrievedfrom images.This prop-
ertyis crucialfor specialeffectssinceit enableghe possibilityto usescalemodelsin
movies.

A metrictransformatiorcanberepresentedsfollows:

X' 11 T12 T13 X 14
YI =0 T21 T22 T23 Y + t24 (227)
A T3y T3z T33 Z t34

with r;; the coeficientsof anorthonormamatrix. The coeficientsr;; arerelatedby
6 independenl:onstraintsZi:1 rieTie = 0ij, (1 <4 < 531 < j < 3) with §;; the
Kronecler deltd . This correspondso the matrix relationthatR" R = RR' = I
andthusR—' = R". RecallthatR is arotationmatrixif andonly if RR" = I and
defR = 1. In particular anorthonormaimatrix only has3 degreesof freedom.Using
homogeneousoordinates(2.27)canberewrittenasM’ ~ T y,M, with

Jgri1 OTri2 0713 tx

JT'21 OTg2 0OT23 ty

gTr31 O0OT32 0T33 tz
0 0 0 1

T ~ (2.28)

A metric transformationthereforecounts7 independentiegreesof freedom,3 for
orientation 3 for translationand1 for scale.

In this casetherearetwo importantnew invariantpropertiesrelativelengthsand
angles Similar to the affine case,thesenew invariant propertiesare relatedto an

d;j =1fori=j

1TheKronecler deltais definedasfollows { A
d;j = 0foré #j
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Figure 2.3: Theabsoluteconicws, and dual absoluteconicw? representedn the
purely imaginary part of the planeat infinity I,

invariantgeometricentity. Besidedeaving the planeatinfinity unchangedimilarity
transformationglsotransformaspecificconicinto itself, i.e. theabsoluteconic This
geometricconceptis moreabstracthanthe planeat infinity. It could be seenasan
imaginarycircle locatedin the planeat infinity. In this text the absoluteconicis
denotecby Q. It will be seenthatit is often morepracticalto representhis entity in
3D spaceby its dualentity 2*. Whenonly the planeatinfinity is underconsideration,
weo andw?, areusedto representheabsoluteconicandthedualabsoluteonic(these
are2D entities). Figure2.2 andFigure 2.3 illustratetheseconcepts. The canonical
form for theabsoluteconic(2 is:

Q:X24+Y?+2Z22=0andW =0 (2.29)

Notethattwo equationsaireneededo representhis entity. Theassociatedualentity,
the absolutedual quadric2*, however, canbe represente@sa single quadric. The
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canonicaformis:

0 ~ (2.30)

OO =
O = O
o O
OO OO

0 00

Notethatll,, = [0001]" is thenull spaceof Q*. LetM,, ~ [X Y Z0]T bea point
of the planeat infinity, thenthatpointin the planeat infinity is easilyparameterized
asmy, ~ [X Y Z]T. In this casethe absoluteconiccanberepresentedsa 2D conic:

100 100
Weo~ |0 1 0 |andw?~|[0 1 0] . (2.31)
00 1 00 1

Accordingto (2.28), applying a similarity transformationto M., resultsin my,
n' o ~ cRmy. Usingequationg2.14),(2.15)and(2.20),it cannow be verified that
a similarity transformationeavesthe absoluteconic andits associateakntitiesun-
changed:

ngg 03 - cR t ngg 03 cR t T (232)
0; 0 0] 1 0 0 0l 1 '

and
Isxs ~ o 'R I3 R 1ot Isxs ~ oRI3ysR o (2.33)

Inversely it is easyto prove thatthe projective transformationsvhich leave the abso-
lute quadricunchangedorm the groupof similarity transformationgthe samecould
be donefor theabsoluteconicandthe planeatinfinity):

T3x3 03 A b][Iw 03] AT < AAT  Ac
[O:;T O]N[cT dHog O][bT d]N{cTAT cTc]
ThereforeAA T ~ I3,3 andc = 03 which areexactly the constraintdor a similarity

transformation.

Anglescanbe measuredising Laguerres formula (seefor example[147]). As-
sumetwo directionsarecharacterizedby their vanishingpointsv andv’ in the plane
atinfinity (i.e.theintersectiorof aline with the planeatinfinity indicatingthedirec-
tion). Computethe intersectionpoints j and j' betweenthe absoluteconic andthe

line throughthe two vanishingpoints. Thefollowing formulabasednthecross-ratio
thengivestheangle(with ¢ = /—1):

1
a= Zlog{vl,v%j,j'} (2.34)

From projective or affine to metric In somecasest is neededo upgradethepro-
jective or affine representatioto metric. This canbe doneby retrieving the absolute
conicor oneof its associate@ntities.Sincetheconicis locatedn the planeatinfinity,
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Figure2.4: Affine (left) and metric (right) representatiorof a cube Theright angles
andtheidenticallengthsin the differentdirectionsof a cubegive enoughinformation
to upgradethe structue fromaffineto metric.

it is easielto retrieve it oncethis planehasbeenidentified(i.e. theaffine structurehas
beenrecovered).lt is, however, possibleo retrieve bothentitiesatthesametime. The
absolutequadricQ* is especiallysuitedfor this purposesinceit encodedothentities
atonce.

Every known angleor ratio of lengthsimposesa constrainion the absoluteconic.
If enoughconstraintareathand,theconiccanuniquelybedeterminedin Figure2.4
the cubeof Figure2.1is further upgradedo metric (i.e. the cubeis transformedso
thatobtainedanglesareorthogonablndthe sidesall have equallength).

Oncethe absoluteconic hasbeenidentified,the geometrycanbe upgradedrom
projective or affine to metricby bringingit to its canonicalmetric) position. In Sec-
tion 2.3.2the procedurdo go from projectve to affine wasexplained. Thereforewe
canrestrictourseheshereto theupgraddrom affine to metric. In thiscasetheremust
be anaffine transformatiorwhich bringsthe absoluteconicto its canonicalposition;
or, inversely from its canonicabositionto its actualpositionin the affine representa
tion. Combining(2.23)and(2.20)yields

* A a ngg 03 AAT 03 . 4&1&T 03
e | R Al | B R Rt

Underthesecircumstanceshe absoluteconic andits dual have the following form
(assuminghe standarcbarameterizatioof theplaneatinfinity, i.e. W = 0):

Weo = A TA 'andw? =AA" (2.36)
Onepossiblechoicefor thetransformatiorio upgraderom affine to metricis

_ A1 03
Tam = [ 0;’ 0 ] (237)
wherea valid A canbe obtainedfrom Q* by Cholesly factorization. Combining
(2.25) and (2.37) the following transformations obtainedto upgradethe geometry
from projective to metricatonce

Tpyv =TamTpa = (2.38)

o 1

A1 O3 ]
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2.3.4 Euclidean stratum

For the sale of completenesd-uclideangeometryis briefly discussed.lt doesnot
differ muchfrom metric geometryaswe have definedit here. The differenceis that
thescaleis fixedandthatthereforenot only relative lengths but absolutdengthscan
be measuredEuclideantransformationsiave 6 degreesof freedom,3 for orientation
and3 for translation A Euclideantransformatiorhasthefollowing form

11 Triz Tz tx

To1 T2 To3 ty
Tg ~ 2.39
o r31 T3z T3z iz ( )

0 0 0 1

with r;; representinghe coeficientsof an orthonormalmatrix, as describedprevi-
ously If R is arotationmatrix (i.e. defR = 1) then,this transformatiorrepresents
rigid motionin space.

2.3.5 Overview of the differ ent strata

Thepropertieof thedifferentstrataarebriefly summarizedn Table2.1. Thedifferent
geometricstrataare presented.The numberof degreesof freedom,transformations
andthe specificinvariantsare given for eachstratum. Figure 2.5 givesan example
of anobjectwhich is equivalentto a cubeunderthe differentgeometricambiguities.
Notefrom thefigurethatfor purpose®f visualizationatleasta metriclevel shouldbe
reachedi.e.is percevedasacube).

2.4 Conclusion

In thischapteisomeconcept®f projective geometrywerepresentedThesewill allow
us, in the next chapterto describedhe projectionfrom a sceneinto animageandto
understandhe intricaterelationshipswhich relatemultiple views of a scene.Based
on theseconceptanethodscanbe concevedthatinversethis processandobtain3D
reconstructionsf the obsenedscenesThis is themainsubjectof this thesis.
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| ambiguity | DOF | transformation invariants

P11 P12 P13 D4

projectve | 15 | Tp= | P2t P22 P23 P cross-ratio

P31 P32 P33 DP3a
Pa1 Pa2 Pa3  Daa

a11 Q12 G13 Q14 relative distances
. a a a a alongdirection

affine 12 | Ta=| 2t 722 %28 7 9

asz1 asz a3z as4 parallelism

0 0 0 1 | planeat infinity

or or or t . .

UTH er 0r13 iy relative distances
metric 7 Ty = = 22 By angles

oT31 O3z 073y ts absoluteconic

0 0 0 1

11 Ti2 T13

t
. T T T t .
Euclidean| 6 Tp=| 21 "2 "2 % absolutedistances
r3y T3z T3z t

z
0 0o 0 1

Table2.1: Numberof degreesof freedomtransformationsndinvariantscorrespond-
ing to the differentgeometricstrata (the coeficientsr;; form orthonormalmatrices)
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Figure2.5: Shapesvhich are equivalento a cubefor thedifferentgeometricambigu-

ities



Chapter 3

Cameramodeland multiple
view geometry

3.1 Intr oduction

Beforediscussindiow 3D informationcanbe obtainedrom imagest is importantto
know how imagesareformed. First, the cameramodelis introduced;andthensome
importantrelationshipdetweermultiple views of a scenearepresented.

3.2 The cameramodel

In this work the perspectie cameramodelis used.This correspond$o anideal pin-
holecameraThegeometrigorocesgor imageformationin apinholecamerehasbeen
nicelyillustratedby Durer (seeFigure3.1). The processs completelydeterminedy
choosingaperspectie projectioncenterandaretinalplane.The projectionof ascene
pointis thenobtainedasthe intersectiorof a line passinghroughthis point andthe
centerof projectionC with theretinalplaneR.
Mostcamerasiredescribedelatively well by thismodel.In somecasesdditional
effects(e.g.radialdistortion)have to betakeninto account(seeSection3.2.5).

3.2.1 A simplemodel

In the simplestcasewherethe projectioncenteris placedat the origin of the world
frameandtheimageplaneis theplaneZ = 1, the projectionprocessanbe modeled
asfollows:

N[>

(3.1)

8

I
<

I
Nl

25
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Figure 3.1: Man Drawing a Lute (The Draughtsmarof the Lute), woodcut1525,
Albrecht Durer.
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optical axis

v

Figure3.2: Perspectiveprojection

For a world point (X,Y, Z) andthe correspondingmagepoint (z,y). Usingthe
homogeneousepresentationf the pointsalinearprojectionequations obtained:

z 1000 )}f
yl~|0100 p (3.2)
1 0010

This projectionis illustratedin Figure3.2. The optical axis passeshroughthe center
of projectionC andis orthogonalto the retinal planeR. It's intersectionwith the
retinalplaneis definedasthe principalpointc.

3.2.2 Intrinsic calibration

With anactualcamerahefocal length f (i.e. the distancebetweerthe centerof pro-
jectionandtheretinalplane)will bedifferentfrom 1, thecoordinate®f equation(3.2)
shouldthereforebescaledwith f to take thisinto account.

In additionthe coordinatesn theimagedo not correspondo the physicalcoordi-
natesin theretinal plane. With a CCD cameraherelationbetweerboth dependn
the size andshapeof the pixels and of the position of the CCD chip in the camera.
With a standardohotocamerat dependn the scanningorocesshroughwhichthe
imagesaredigitized.

Thetransformations illustratedin Figure3.3. Theimagecoordinatesireobtained
throughthefollowing equations:

x pim (tanfa) % & TR
y = E cy yR
1 1 1
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Figure3.3: Fromretinal coorinatesto image coordinates

wherep, andp, arethe width and the heightof the pixels, ¢ = [c, ¢, 1] is the
principalpointanda the skew angleasindicatedin Figure3.3. Sinceonly theratios
p% and% areof importancehe simplifiednotationsof thefollowing equatiorwill be
usedin theremaindeof thistext:

T fz S Cg IR
Yy | = fy ¢y YR (3.3)
1 1 1

with f, and f, beingthefocal lengthmeasuredn width andheightof the pixels,and
s afactoraccountingfor the skew dueto non-rectangulapixels. The abose upper
triangularmatrix is calledthe calibration matrix of the camera;andthe notationK
will beusedfor it. So,thefollowing equatiordescribeshetransformatioromretinal
coordinatego imagecoordinates.

m=Knp . (3.4)

For mostcameraghe pixelsarealmostperfectlyrectangulaandthuss is very close
to zero. Furthermorethe principal point is often closeto the centerof the image.
Theseassumptionsanoftenbeused certainlyto geta suitableinitialization for more
comple iterative estimationprocedures.

For a camerawith fixed opticstheseparametersreidenticalfor all the images
takenwith thecameraFor camerasvhich have zoomingandfocusingcapabilitieghe
focallengthcanobviously changehbut alsothe principalpoint canvary. An extensve
discussiorof this subjectcanfor examplebe foundin thework of Willson [181, 179,
180, 187.

3.2.3 Cameramotion

Motion of scengpointscanbe modeledasfollows

M’:[OE{r ;]M (3.5)
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with R arotationmatrixandt = [t,t,t.]" atranslatiorvector
Themotionof the cameras equivalentto aninversemotion of the sceneandcan
thereforebe modeledas . .
M'=[R _Rt]M, (3.6)

05 1

with R andt indicatingthe motionof the camera.

3.2.4 The projection matrix

Combiningequationg3.2), (3.3) and(3.6) the following expressioris obtainedfor a
camerawith somespecificintrinsic calibrationandwith a specificpositionandorien-
tation:

X
T fz s ¢ 1 0 0 O RT Rt v
Yy ~ 0 fy cy 0 1 0 0 OT 1 Z ’
1 0 0 1 0 010 3 1
which canbesimplifiedto
n~K[R'-R"t]M (3.7)
or even
m~PM . (3.8)

The3 x 4 matrix P is calledthe camea projectionmatrix.
Using (3.8) the planecorrespondingo a back-projectedmageline 1 canalsobe
obtained:Sincel 'm~ 1TPM ~ 1"},

n~P'1 (3.9)

The transformatiorequationfor projectionmatricescanbe obtainedasdescribedn
paragrapl2.2.3.If the pointsof a calibrationgrid aretransformedy the sametrans-
formationasthe cameratheirimagepointsshouldstaythe same:

m~P'M ~PTITM ~ PN (3.10)

andthus
P—»P ~PT! (3.11)

The projectionof the outline of a quadriccan also be obtained. For a line in
animageto betangento theprojectionof the outline of a quadric,the corresponding
planeshouldbeonthedualquadric.Substitutingequation(3.9)in (2.17)thefollowing
constraintL "PQ*P "1 = 0 is obtainedfor 1 to betangento the outline. Comparing
this resultwith the definition of a conic (2.10), the following projectionequationis
obtainedfor quadricqthis resultscanalsobefoundin [71]). :

C*~PQ'PT . (3.12)
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Relation betweenprojection matrices and imagehomographies

The homographieshat will be discussederearecollineationsfrom P2 — P2, A

homographyH describeshetransformatiorfrom oneplaneto another A numberof

specialcasesareof interest,sincetheimageis alsoa plane. The projectionof points
of aplaneinto animagei canbe describedhrougha homographyHy;. The matrix
representationf this homographys dependenbn the choiceof the projective basis
in theplane.

As animageis obtainedby perspeciie projection,therelationbetweerpointsMy
belongingto aplanell in 3D spaceandtheir projectionany; in theimageis mathemat-
ically expressedy a homographyHy;. The matrix of this homographyis found as
follows. If theplanell is givenby Il ~ [z T 1] T andthe pointMy of II is representeds
My ~ [m] 1]T, thenMy belonggto 1 if andonlyif 0 = ITMg = 7 'mg + 1. Hence,

an[rrin]:[_:gmn]:[%;g]mn, (3.13)

Now, if the camergprojectionmatrix is P; = [A;|a;], thenthe projectionmy; of My
ontotheimageis

I
my; ~ PMp = [Aglay] [ _37? ]mn
= [A;— a,~7rT]mH . (3.14)

ConsequentlyHy; ~ A; — a;m .

Note that for the specificplanellzezy = [0001]T the homographiesre simply
givenby Hyer; ~ A;.

It is alsopossibleto definehomographiesvhich describethe transferfrom one
imageto the otherfor pointsandothergeometricentitieslocatedon a specificplane.
The notationH?j will be usedto describesucha homographyfrom view ¢ to 5 for a
planell. Thesehomographiesanbe obtainedthroughthe following reIationHEj =
Hy; Hgil andareindependento reparameterizationsf the plane(andthusalsoto a
changeof basisin P?).

In themetricandEuclideancase A; = K;R; andtheplaneatinfinity is I, =
[0001]T. In this case the homographiegor the planeat infinity canthusbe written
as:

HY = K,R K", (3.15)

whereR;; = R, R; is therotationmatrix thatdescribesherelative orientationfrom
the j* camerawith respectop theit* one.

In the projective and affine case,onecanassumehatP; = [I33|03] (sincein
this caseK; is unknown). In thatcase the homographie¥y; ~ I3x«3 for all planes;
andthus,H®F = Hggr;. ThereforeP; canbefactorizedas
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whereey; is the projectionof the centerof projectionof thefirst camerg(in this case,
[0001]T) in imagei. This point e; is called the epipole for reasonswhich will
becomeclearin Section3.3.1.

Notethatthis equationcanbe usedto obtain H}:* ande;; from P;, but thatdue
to the unknown relative scalefactorsP; can,in generalnot be obtainedfrom H5:F
ande;;. Obsere alsothat, in the affine case(wherell,, = [0001] "), this yields
P,; = [Hixt)leh]

Combiningequationg3.14)and(3.16),oneobtains

Hi; = Hif —eym' (3.17)

This equationgivesanimportantrelationshipgpetweerthehomographiefor all possi-
ble planes.Homographieganonly differ by aterme;;[1 — 7] 7. This meanghatin
theprojective casethe homographie$or the planeat infinity areknown upto 3 com-
monparametersi.e. the coeficientsof 7, in the projective space) Equationg3.17)
and(3.15)will play animportantrolein Chapteb.

Equation(3.16)alsoleadsto aninterestingnterpretatiorof the camergprojection
matrix:

m  ~ [I3x3]03] [ T ] =m (3.18)
m o~ [H ey [ B ] =Hi'm+ ey (3.19)
= AH¥m 4oy = Pi()\|: “g ] + [ 013 ]) (3.20)

In otherwords, a point canthus be parameterize@s beingon the line throughthe
opticalcenterof thefirst camerg(i.e.[0001] ") anda pointin thereferenceplanellggs.
Thisinterpretatioris illustratedin Figure3.4.

3.2.5 Deviations from the cameramodel

The perspectie cameramodeldescribeselatively well theimageformationprocess
for mostcamerasHowever, whenhighaccuray is requiredor whenlow-endcameras
areused additionaleffectshave to betakeninto account.

Thefailuresof theopticalsystemnto bringall light raysrecevedfrom apointobject
to asingleimagepointor to a prescribedjeometrigoositionshouldthenbetakeninto
account.ThesedeviationsarecalledaberrationsMany typesof aberrationgxist (e.g.
astigmatismchromaticaberrationssphericahberrationscomaaberrationsgurvature
of field aberrationand distortionaberration).lt is outsidethe scopeof this work to
discusghemall. Theinterestedeadeiis referredto thework of Willson [181] andto
thephotogrammetniiterature[147].

Many of theseeffectsareneggligible undernormalacquisitioncircumstancesRkRa-
dial distortion,however, canhave a noticeablesffect for shorterfocal lengths.Radial
distortionis alineardisplacementf imagepointsradially to or from the centerof the
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m, Meer,

Figure3.4: A pointM canbe parameterizedsC; + AMggr. ItS projectionin another
image canthenbe obtainedby transferringm; accouing to Igg (i.€. with HYEF) to
image i and applyingthe samelinear combinatiorwith the projectione;; of C; (i.e.
m; ~ ey; + AHEFmy).



3.3. Multi view geometry 33

image,causedy thefactthatobjectsat differentangulardistancefrom the lensaxis
undegodifferentmagnifications.

It is possiblgo cancelmostof this effectby warpingtheimage.Thecoordinatesn
undistortedmageplanecoordinategz, y) canbe obtainedfrom the obseredimage
coordinategz,,y,) by thefollowing equation:

T =1x,+ (To — ) (K17% + Kor* +...)

Y=Y+ (yo - Cy)(Kl’I"z + K27'4 + .. ) (321)

whereK; and K, arethefirst andsecondparametersf theradialdistortionand

r= (2o — 2)” + (Yo — Cy)2
Notethatit cansometimese necessaryo allow the centerof radial distortionto be
differentfrom the principal point[182].

Whenthe focal length of the camerachangegthroughzoom or focus) the pa-
rameterskK; and K, will alsovary. In afirst approximatiorthis canbe modeledas
follows: ) .

T =1, + (z, —cz)(Kfl%z + K2z +..)

T r (3.22)
Y=Y+ (Yo _Cy)(Kflf—z +Kf2f—z +...)

Dueto thechangesn thelenssystenthisis only anapproximationexceptfor digital
zoomswhere(3.22)is exact.

3.3 Multi view geometry

Differentviews of a scenearenot unrelated Severalrelationshipsxist betweerntwo,
threeor moreimages.Theseareveryimportantfor the calibrationandreconstruction
fromimages Mary insightsin theserelationshipsiave beenobtainedn recentyears.

3.3.1 Two view geometry

In this sectionthe following questionwill be addressedGivenan image point in
oneimage, doesthis restrictthe positionof the correspondingmage pointin another
image? It turnsout thatit doesandthatthis relationshipcan be obtainedfrom the
calibrationor evenfrom a setof prior pointcorrespondences.

Althoughthe exactpositionof the scenepoint M is not known, it is boundto be
ontheline of sightof the correspondingmagepointm. Thisline canbe projectedn
anotherimageandthecorrespondingointm’ is boundto be onthis projectedine 1'.
Thisis illustratedin Figure3.5. In factall thepointson theplanell definedby thetwo
projectioncentersandM have theirimageon 1’. Similarly, all thesepointsarepro-
jectedonaline 1 in thefirstimage.1 andl’ aresaidto bein epipolarcorrespondence
(i.e.thecorrespondingoint of every pointon 1 is locatedon 1/, andvice versa).

Every planepassinghroughboth centersof projectionC andc’ resultsin sucha
setof correspondingpipolarlines,ascanbe seenin Figure3.6. All theselinespass
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Figure 3.5: Correspondencdetweentwo views. Evenwhenthe exact position of
the 3D pointM correspondingo the image pointm is not known,it hasto be on the
line throughC which intersectsthe image planein m. Sincethis line projectsto the
line 1’ in the otherimage, the correspondingpointm’ shouldbe locatedon this line.
More geneally, all the pointslocatedon the planedefinedoy ¢, ¢’ andM havetheir
projectionon1 andl’.

Figure 3.6: Epipolar geometry Theline connectingC and ¢’ definesa bundle of
planes. For every one of theseplanesa correspondingine can be foundin eath
image, e.g. for I theseare 1 and1’. All 3D pointslocatedin Il projecton1 andl’ and
thusall pointson 1 havetheir correspondingoointon 1’ andviceversa. Thesdines
are saidto bein epipolarcorrespondenceAll theseepipolarlinesmustpassthrough
e or ', which are theintersectionpointsof theline CC’ with theretinal planesRk and
R' respectivelyThesepointsare calledtheepipoles.
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throughtwo specificpointse ande’. Thesepointsare calledthe epipoles andthey
arethe projectionof the centerof projectionin theoppositeémage.

ThisepipolargeometrycanalsobeexpressednathematicallyThefactthatapoint
misonaline 1 canbeexpressedsl 'm = 0. Theline passingroughm andtheepipole
eis

1~ [e]xm, (3.23)

with [e]x theantisymmetric3 x 3 matrix representinghe vectorialproductwith e.

From (3.9) the planeIl correspondingo 1 is easilyobtainedasn ~ PT1 and
similarly 1 ~ P’ " 1’. Combiningtheseequationgyives:

1~ (P'T)T PT1=HT1 (3.24)

with 1 indicatingthe Moore-Penros@seudo-inerse. The notationH T is inspired
by equation(2.7). Substituting(3.23)in (3.24)resultsin

1'~H "[e]xm .
DefiningF = H~ "[e], we obtain
1 ~Fn, (3.25)

andthus,
m' Fm=0 . (3.26)

This matrix F is calledthe fundamentamatrix. Theseconceptavereintroducedby
Faugerag36] andHartley [51]. Sincethenmary peoplehave studiedthe properties
of this matrix (e.g.[85, 86]) anda lot of effort hasbeenputin robustly obtainingthis
matrix from a pair of uncalibratedmageq162, 163 186.

Having the calibration,F canbe computedanda constraintis obtainedfor cor-
respondingpoints. Whenthe calibrationis not known equation(3.26) canbe used
to computethe fundamentamatrix F. Every pair of correspondingointsgivesone
constrainton F. SinceF is a3 x 3 matrix which is only determinecup to scale,it
has3 x 3 — 1 unknavns. Therefore8 pairsof correspondingointsaresufficient to
computeF with alinearalgorithm.

Note from (3.25)thatFe = 0, becausde]xe = 0. Thus,rankF = 2. Thisis
anadditionalconstrainton F andtherefore? point correspondencesre suficient to
computeF througha nonlinearalgorithm.In Section7.3.1therobustcomputatiorof
thefundamentamatrix from imageswill bediscussedn moredetail.

Relation betweenthe fundamental matrix and imagehomographies

Therealso exists an importantrelationshipbetweenthe homographiengj andthe
fundamentamatricesF;;. Letm; bea pointin image:. Thenm; ~ Hﬁ.‘jmi is the
correspondingpointfor the planell in image;. Thereforem; is locatedon thecorre-
spondingepipolarline; and,

(H}m;) "Fijm; = 0 (3.27)



36 Chapter3. Cameramodelandmultiple view geometry

shouldbe verified. Moreover, equation(3.27) holdsfor every imagepointm;. Since
thefundamentaiatrix mapspointsto correspondingpipolarlines,F;;m; ~ e;; X m;
andequation(3.27)is equialentto ij[e,-J-]xHEjmi = 0. Comparingthis equation
with ijFijmi = 0, andusingthattheseequationamusthold for all imagepointsm;
andm; lying on correspondingpipolarlines, it follows that:

Fi; ~ [ei]']XH?j .

(3.28)

Let1; bealine in image; andletIl bethe planeobtainedby back-projectingL;
into space.If my; is theimageof a point of this planeprojectedin images, thenthe
correspondin@ointin imagej mustbelocatedonthecorrespondingpipolarine (i.e.
F;;mp;). Sincethis pointis alsolocatedon theline 1; it canbe uniquelydetermined
astheintersectiorof both (if theselinesarenotcoinciding):1; x F;;my;. Therefore,
the homograph)HEj is givenby [1,]«F;;. Notethat, sincetheimageof the planell
is aline in imagej, thishomographys not of full rank. An obviouschoiceto avoid
coincidenceof 1; with theepipolarlines,is1; ~ e;; sincethisline doescertainlynot
containtheepipole(i.e. ej;e;; # 0). Consequently

[eij]x Fij (3.29)

correspondgo the homographyof a plane. By combiningthis result with equa-
tions (3.16)and(3.17) one canconcludethatit is always possibleto write the pro-
jectionmatricesfor two views as

P; = [I3x3]|0s]

P, = [[e1z]><F12 - e127i'T |612] (3'30)
Note that this is an importantresult, sinceit meansthat a projectve camerasetup
canbe obtainedrom thefundamentamatrix which canbe computedrom 7 or more
matchesetweentwo views. Note alsothat this equationhas4 degreesof freedom
(i.e. the 3 coeficients of 7 andthe arbitrary relative scalebetweenF,, andejs).

Therefore this equationcanonly be usedto instantiatea new frame(i.e. anarbitrary
projectiverepresentationf thesceneandnotto obtainthe projectionmatricedor all

theviews of asequencéi.e.computePs;, Py, .. .). How this canbedoneis explained
in Section7.3.3.

3.3.2 Threeview geometry

Consideringhreeviewsit is, of course possibleto groupthemin pairsandto getthe
two view relationshipantroducedin the last section. Using thesepairwiseepipolar
relations the projectionof a pointin the third imagecanbe predictedfrom the coor

dinatesin thefirst two images.Thisis illustratedin Figure3.7. The pointin thethird

imageis determinedasthe intersectionof the two epipolarlines. This computation,
however, is notalwaysverywell conditioned Whenthe pointis locatedin thetrifocal

plane(i.e. the planegoing throughthe threecentersof projection),it is completely
undetermined.
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Figure3.7: Relationbetweerthe image of a pointin threeviews. Theepipolarlines
of pointsm andm’ couldbe usedto obtainm”. Thisdoeshowever, notexhaustall the
relationsbetweerthe threeimages. For a pointlocatedin thetrifocal plane(i.e. the
planedefinedby ¢, ¢’ and ") this would not give a uniquesolution,althoughthe 3D

pointcouldstill beobtainedfromits imagein thefirsttwo viewsandthenbe projected
tom”. Theefore, onecanconcludethatin thethreeview casenotall theinformation
is describedby the epipolargeometry Theseadditional relationshipsare described
by thetrifocal tensor

Fortunatelythereareadditionalconstraintbetweertheimagesof a pointin three
views. Whenthe centersof projectionare not coinciding,a point canalwaysbe re-
constructedrom two views. This point thenprojectsto a uniquepoint in the third
image,as canbe seenin Figure 3.7, even whenthis point is locatedin the trifocal
plane.For two views, no constraints availableto restrictthe positionof correspond-
ing lines. Indeed back-projecting line formsa plane the intersectiorof two planes
always resultsin a line. Therefore,no constraintcan be obtainedfrom this. But,
having threeviews, the imageof theline in the third view canbe predictedfrom its
locationin thefirst two imagesascanbeseenin Figure3.8. Similar to whatwasde-
rivedfor two views, therearemulti linearrelationshipselatingthe positionsof points
and/orlinesin threeimageq148]. The coeficientsof thesemulti linearrelationships
canbe organizedin a tensorwhich describeghe relationshipshetweenpoints[144]
andlines[54] or ary combinationthereof[56]. Severalresearcherhave worked on
methodgo computethetrifocal tensor(e.g.see[160, 161)).

Thetrifocal tensorT isa3 x 3 x 3 tensor It contain27 parameterspnly 18 of
which areindependentiueto additionalnonlinearconstraintsThetrilinear relation-
shipfor a pointis givenby thefollowing equation:

mi(mngT,gg - mZTij;,» — m;-Ti3k =+ Tz’jk) =0 (331)

Any triplet of correspondingointsshouldsatisfythis constraint.

1TheEinsteincorventionis used(i.e. indicesthatarerepeatedhouldbe summedover).
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Figure3.8: Relationbetweerntheimage of aline in threeimages.Whilein thetwoview
caseno constaintsare availablefor lines,in thethreeview caseit is alsopossibleto
predictthepositionof a line in a third image fromits projectionin theothertwo. This
transferis alsodescribedby thetrifocal tensor

A similar constraintappliesfor lines. Any triplet of correspondindines should
satisfy:
li ~ Ul T,

3.3.3 Multi view geometry

Many peoplehave beenstudyingmulti view relationship$62, 165 39]. Withoutgoing
into detailwe would like to give someintuitive insightsto the reader For amorein
depthdiscussiorthereadeiis referredto [98].

An imagepointhas2 degreesof freedom.Butn imagesof a3D pointdonothave
2n degreesof freedom but only 3. So,theremustbe 2n — 3 independentonstraints
betweerthem. For lines,which alsohave 2 degreesof freedomin theimage,but 4 in
3D spacen imagesof aline mustsatisfy2n — 4 constraints.

Somemorepropertieof theseconstraintareexplainedhere.A line canbeback-
projectednto spacdinearly (3.9). A pointcanbeseenrastheintersectiorof two lines.
To correspondo arealpointor line the planesesultingfrom the backprojectiomust
all intersecin asinglepointor line. Thisis easilyexpressedn termsof determinants,
i.e.|M; 1314 | = O for pointsandthatall the3 x 3 subdeterminantsf [I1; I;13] should
be zerofor lines. This explainswhy the constraintsare multi linear, sincethis is a
propertyof columnsof adeterminantin additionno constraint€ombiningmorethan
4 imagesexist, sincewith 4-vectors(i.e. the representationf the planes)maximum
4 x 4 determinantsanbeobtained.Thetwofocal(i.e. thefundamentainatrix) andthe
trifocal tensorshave beendiscussedn the previous paragraphsecentlyHartley [59]
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proposedhnalgorithmfor the practicalcomputatiorof the quadrifocatensor

3.4 Conclusion

In this chaptersomeimportantconceptsvereintroduced.A geometriodescriptionof

the imageformation processvasgiven andthe cameraprojectionmatrix wasintro-

duced.Someimportantrelationshipdetweemmultiple views werealsoderived. The

insightsobtainedby carefully studyingthesepropertieshave shawvn thatit is possi-
ble to retrieve a relative calibrationof a two view camerasetupfrom point matches
only. Thisis animportantresultwhich will be exploited further on to obtaina 3D

reconstructiorstartingfrom theimages.
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Chapter 4

Self-calibration

4.1 Intr oduction

Oneof the main contributionsof this work is on the subjectof self-calibration.Be-
fore discussinghe specificalgorithmsthatweredevelopedthe generakonceptsand
severalmethodgdevelopedby otherswill bediscussed.

Thischapteiis organizecasfollows. Firstit is shavedthatwithoutadditionalcon-
straintsa reconstructiorobtainedfrom imagesis only determinedup to an arbitrary
projectivetransformationBeforediscussinghe possibilityof self-calibratiorthetra-
ditional approachefor calibrationarebriefly reviewed. The mainpartof this chapter
is thendedicatedo the subjectof self-calibration. The mostimportantexisting ap-
proaches$or generamotionarereviewed. Thework of Faugeras/Maybank/Luong/Zell&7,
85, 87, 183, Hartley [53], Heydenand,&strbm [60Q], Triggs[166] andPollefeys and
Van Gool [124] is presented.Somespecificmethodsfor restrictedmotionsare also
discussedThecase®f puretranslation173, 100, purerotation[55] andplanarmo-
tion [3, 33| arepresentedFinally, the subjectof motionsequencevhich do notallow
self-calibratioris discussedThework of Sturm[150] on critical motionsequencess
presenteédindsomenew resultsareadded.Thelastsectionsummarizeshis chapter

4.2 Projective ambiguity

Supposea setof imagesof a static sceneis given. If the calibration, positionand
orientationof the camerasreknown, it is possibleto reconstructhe obseredscene
points. Two (or more)correspondingmage points (i.e. pointscorrespondingo the
samescenepoint) can be usedto obtainthe reconstructiorof a scenepoint. This
reconstructeghointis computedastheintersectiorof theraysof sightcorresponding
to theimagepoints. Thisreconstructions uniquelydeterminedn space.

In the uncalibratedcasethe cameracalibration,orientationand positionare un-
known. In themostgenerakasethe following assumptiongremade:

41
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e Theintrinsic cameraparametersre unknovn. Differentcamera(s)settings)
couldbeusedor everyview. Thereforetheparametersf thecalibrationmatrix
K areunknown andcanbe differentfor every view. This meansjn generalb
unknawvn parameterperview.

e The extrinsic cameraparameterarealsounknonn. The positionandthe ori-
entationof the cameraareunknonvn andcanbe differentfor every view. This
means otherunknavn parameteror every view.

e Theonly assumptiomboutthescenasthatit is static. Every pointhas3 degrees
of freedom.

Due to the first two assumption® is unconstrained.The first 3 x 3 partis deter
mined by the productof K andR. It canbe proven (usingthe propertiesof the
QR-decompositionthatany matrix canbeobtainedupto scale.lt is clearthatthelast
column,beinggivenby -R "t, is alsounconstrainedFromthe threeassumptions
follows thatthe pointsM areunconstrainedexceptthatthe sameM hasto be usedfor
all theviews). In conclusiorbothP andM areunconstrained.

Let usassumehatareconstructiorwasobtainedwhich correspondso the origi-
nal sceneup to a projective transformationThis reconstructiortonsistof bothcam-
eraprojectionmatricesandscenepoints. How this canbe achievedwill be explained
in Chapter7. Assumefor now thata valid reconstructiorcould be obtainedfor some
imagepoints. This meanghatfor theimagepointsm;; (with i referringto theimage
in whichthe pointappearsand! indicatingfrom which scenepointit wasprojected)a
reconstructio P;, M; } wasobtained.This reconstructiomustsatisfythe following
equation:

my ~ P;M, Vi, l .

In this case however, alsothefollowing equatiorwill besatisfied:
m;; ~ (PiT_l)(TMl) ~ P;M;, Vi, 1,

with P, = P;T~! andM, = TM; whereT is an arbitrary projective transforma-
tion. This meansthat {P;,M;} is alsoa possiblereconstruction.Without additional
constraintghe reconstructiorthereforeis only determinedup to an arbitrary projec-
tive transformation.This is calleda projectivereconstructiorof the scene.Only the
projectie stratumof thegeometnyis retrieved.

Althoughthis canbesufiicientfor someapplication4135], for mary applications
aprojectivereconstructioms notusable For visualization for example atleastamet-
ric representatios needed.The informationthatis neededo updatethe projective
reconstructiorio a metricstratumaremetricquantitiesof the scenepr, somecalibra-
tion informationaboutthecameraThelattercanconsistof constraint®ntheintrinsic
or extrinsic parametersf thecamera.

A projectivereconstructiofis determinedip to anarbitraryprojectivetransforma-
tion thathas15 degreesof freedom.For the metriccasethe ambiguitytransformation
only has7 degreesof freedom. This meansthat 8 independentonstraintsshould,
in general,be sufiicient to performan upgradeof the calibrationfrom projectie to
metric. How this canbe achievedis describedn the next sections.



4.3. Calibration 43

4.3 Calibration

In this sectionsomeexisting calibrationapproachearebriefly discussedThesecan
be basedon Euclideanor metric knowledgeaboutthe sceneor aboutthe cameraor
its motion. Oneapproactconsistsof first computinga projective reconstructiorand
thenupgradingit a posteriorito a metric (or Euclidean)reconstructiorby imposing
someconstraintsThetraditionalapproachekoweverimmediatelygo for ametric(or
Euclideanyeconstruction.

4.3.1 Sceneknowledge

The knowledgeof (relative) distancesor anglesin the scenecanbe usedto obtain
informationaboutthemetricstructure Oneof theeasiestmneando calibratethescene
atametriclevel is theknowledgeof therelative positionof 5 or morepointsin general
position. Assumethe pointsM; arethe metric coordinatef thereconstructegoints
M;, thenthe transformatiorI’ which upgradeshe reconstructiorfrom projectie to

metriccanbe obtainedirom thefollowing equations

M; ~ TM; or \,M; = T, (4.1)

which can be rewritten as linear equationsby eliminating A;. Boufamaet al. [12]
investigatedhow someEuclideanconstraintsouldbeimposedon anuncalibratede-
constructionThe constraintghey dealtwith areknown 3D points,pointsonaground
plane verticalalignmentandknown distancedetweerpoints.BondyfalatandBoug-
noux[11] recentlyproposed methodin whichtheconstraintarefirst processedty a
geometriceasoningsystemsothata minimal representatioof the scends obtained.
Theseconstraintcanbe incidence parallelismandorthogonality This minimal rep-
resentations thenfedto a constrainedundleadjustment.

The traditional approachtaken by photogrammetristfl6, 47, 147, 48] consists
of immediatelyimposingthe positionof known control pointsduring reconstruction.
Thesemethodsusebundleadjustmen{17] which is a global minimizationof there-
projectionerror. This canbeexpressedhroughthefollowing criterion:

Coundie = i > (@i — Pi() + (g — Pi(M))?) (4.2)

i=11lel;

wherel; is thesetof indicescorrespondingo the pointsseenin view ¢ andP;(14;) de-
scribedtheprojectionof a pointM; with cameraP; takingall distortionsinto account.
Note that¥; is known for control points and unknown for other points. It is clear
thatthis approactresultsin ahugeminimizationproblemandthat,evenif thespecial
structureof the Jacobians takeninto accountjt is computationallyery expensve.

Calibration object In thecaseof a calibrationobject,the parametersf thecamera
areestimatedisingan objectwith knawn geometry The known calibrationcanthen
be usedto immediatelyobtainmetricreconstructions.
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Many approachesxist for this type of calibration.Most of thesemethodsconsist
of atwo stepprocedurenvherea calibrationis obtainedfirst for a simplified (linear)
modelandthena morecomplex model,takingdistortionsinto accountjs fitted to the
measurement§.hedifferencebetweerthemethodamainlyliesin thetypeof calibra-
tion objectthatis expectede.g.planaror not) or the compleity of thecameramodel
thatis used. Someexisting techniquesare Faugerasand Toscani[32], Weng,Cohen
andHerniou[177], Tsai[169, 17( (seealsothe implementatiorby Willson [181])
andLenzandTsai[81].

4.3.2 Cameraknowledge

Knowledge aboutthe cameracan also be usedto restrictthe ambiguity on the re-
constructionfrom projectve to metric or even beyond. Differentparameter®f the
cameracanbe known. Both knowledgeaboutthe extrinsic parametergi.e. position
andorientation)astheintrinsic parametersanbe usedfor calibration.

Extrinsic parameters Knowing therelative positionof theviewpoints,is equivalent
to knowing the relative position of 3D points. Therefore the relative positionof 5
viewpointsin generalpositionsuficesto obtaina metric reconstruction.This is the
principle behindthe omnirig [143] recentlyproposedoy Shashua.l useda similar
approachn [126, 125 to cancelthe effect of a changean focal lengthfor stereorigs
(seeSection5.4.3).

It is lessobviousto dealwith the orientationparametersxceptwhentheintrinsic
parameterarealsoknown (seebelow).

Intrinsic parameters If theintrinsic camergarameterareknown, it is possibleto

obtaina metricreconstructionThis calibrationcanfor examplebe obtainedthrough
off-line calibrationwith a calibrationobject. In the minimal caseof 2 views and
5 points multiple solutionscanexist [38], but in generala uniquesolutionis easily
found. Traditionalstructurefrom motionalgorithmsassumeknown intrinsic parame-
tersandobtainmetricreconstructionsutof it (e.g.[84, 168 5, 21, 148 15€)).

Intrinsic and extrinsic parameters Whenboth intrinsic and extrinsic camerapa-
rametersare known, the full cameraprojectionmatrix is determined.In this casea
Euclidearreconstructions immediatelyobtainedby back-projectinghe points.

In thecaseof known relative positionandorientationof thecamerasthefirst view
canbe alignedwith the world framewithout lossof generality If only the (relative)
orientationandthe intrinsic parameterareknown, thefirst 3 x 3 partof the camera
projectionmatricesis known andit is still possibleto linearly obtainthe transforma-
tion which upgradeshe projective reconstructiorto metric.
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4.4 Self-calibration

In mary caseghe specificvaluesof the intrinsic or extrinsic camergparametergre
not known. Often thereare, however, somerestrictionson theseparameters.Us-
ing theserestrictionsto achieve a metric calibrationis calledself-calibm@tion or auto-
calibration. Thetraditionalself-calibrationproblemis morerestricted.In thatcaseit
is assumedhatall intrinsic camergarametergareunknavn but constantandthatthe
motion of the cameras unrestricted This corresponds$o anunknavn camerawhich
is freely moved around(e.g. hand-held).This problemhasbeenaddressethy mary
researcherf37, 85, 87, 183 53, 60, 166 124, 122 123 andwill bediscussednore
in detailin Sectior4.4.1.

In somepracticallyimportantcaseshowever, the motion of the camerais re-
stricted. This knowledgecan often be exploited to designsimpleralgorithms. But
thesearenotalwaysableto retrieve all the desiredparameterssincerestrictednotion
sequencedo not alwayscontainenoughinformationto uniquelydeterminehe met-
ric stratumof thereconstructionSomeinterestingclasse®f motions,which will be
discussedurtheron, arepuretranslationspurerotationsandplanarmotion.

At theendof this sectionthe problemof critical motion sequenceis introduced.
Thisis mainly basednthework of Sturm[152, 153 150. Somenew resultsarealso
presented.

4.4.1 Generalmotions

Many methodsexist for self-calibration,but they can easily be divided into just a
few classes A first classstartsfrom a projective reconstructiorandtriesto find the
absoluteconic as the only conic which satisfiesall the constraintsimposedon its
image. Typically, this meansthat theseimageshave to be identical, sincethey are
immediatelyrelatedto theintrinsic camergparametersyhich areassumedaonstant.

A seconctlassof methodsalsousegheabsoluteconic,but restrictsheconstraints
to the epipolargeometry The adwantageis that only the fundamentamatricesare
neededOn the otherhand,this methodsuffersfrom severalimportantdisadantages.

Besideghesetwo classesomemethodsexist which factorizethe projectionma-
tricesandimposetheintrinsic camergarameter$o beconstant.

In the following paragraphshesedifferentclassesare discussedgeparately For
every classa few specificmethodshatarerepresentatie for thatclassarepresented.

The image of the absoluteconic

Oneof the mostimportantconceptdor self-calibrationis the absoluteconic andits
projectionin the images. Sinceit is invariantunderEuclideantransformationsits
relative positionto amoving camerds constantFor constanintrinsic camergparam-
etersits imagewill thereforealsobe constantThisis similarto someoneavho hasthe
impressiorthatthe moonis following him whendriving on straightroad. Note that
the absoluteconicis moregeneral becausét is not only invariantto translationsout
alsoto rotationsandreflections.
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It canbe seenasa calibrationobjectwhich is naturallypresentn all the scenes.
It wasseenin 2.3.3thatoncethis objectis localized,it canbe usedto upgradethe
reconstructiorto metric. It is, however, not so simpleto find this objectbackin the
sceneTheonly differencewith otherpropervirtual conics is thatits relative position
towardsthe camerds alwaysunchangedSo,if therelative positionof anothemproper
virtual conic also staysunchangedor a specificimage sequencethereis no way
to differentiatethe real absoluteconic from the other candidate. This problemhas
beenstudiedin depthby Sturm[152, 150 andwill be discussedn Section4.4.3
andSection6.4. Therelationshipbetweerthe absoluteconicandits projectionin an
imageis easilyobtainedusingthedualquadricprojectionequation(3.12)on thedual
absolutequadric:

wi ~ PP . (4.3)

For aEuclidearrepresentationf theworld this resultsin (seeequation(2.30)):

. I 0 R;
wi ~ K;[R] |-R] t] [ (3)?3 03 ] [ -tTi:{i ]KiT =K K] (44
K]

This equationis very useful,becausét immediatelyrelatesthe intrinsic camerapa-
rametergo the (dual)imageof theabsoluteconic.

In the caseof a projectve representatiomf the world the absolutequadric Q*
will not be at its standardposition, but will have the following form accordingto
equation(2.20): Q* = TQ3, T with T beingthe transformatiorfrom the metric
to the projective representationBut, sincetheimageswere obtainedin a Euclidean
world, theimagew; still satisfieg4.4). If Q* is retrieved, it is possibleto upgradethe
geometryfrom projective to metricthroughthe procedurexplainedin Section2.3.3.

Theimageof theabsoluteconiccanalsobetransferredrom oneimageto another
throughthe homographyof its supportingplane(i.e. the planeatinfinity):

—T —1 * * T
wj ~HP wHZ " orw; ~HPw HY . (4.5)

From affineto metric Whentheintrinsiccamergparameterareconstanti.e.w; =
w;) andthe homographyof the planeat infinity H;?]‘?T is known, thenequation(4.5)
canbereducedo a setof linearequationsn the coeficientsof w or w* [53]. By en-
forcingtheequalityof thedeterminantenbothsidesof theequationanexactequality
is obtained(i.e. notupto scale).This canbeachievedby scalingH?? properly:

w* = HSw H " when|HS| =1 . (4.6)

This equationthereforeallows to easily upgradean affine reconstructiorto metric.
Figure4.lillustratestheconcepbf theabsoluteconicandits projectionin theimages.

1A propervirtual conicis a non-dgenerateconic(i.e. rank C=3) which hasno realpoints.
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Figure4.1: Theabsoluteconicandits projectionin theimages

Triggs’ method Theuseof theabsolutequadricfor self-calibratiorwasproposedy
Triggsin [166]. He proposego useequation(4.3) to determinethe absolutequadric
by imposingthatw; = w is constant.The mostimportantproblemwith this equation
is the presenc®f the unknawvn scalefactors:

w* = \P,Q*P] . (4.7)
Thesecanbe eliminatedby takingratiosof componentsindcross-multiplication:
[w*]kl[PiQ*P;r]k/ll - [w*]k:l/ [PIQ*P:]M =0 (48)

where[.]x; denoteghe entryonrow k andcolumnl of the matrix betweerthe square
braclets. Thereare 15 equationsof this type per view, 5 of which are indepen-
dent[166]. Thenumberof unknavnsis 5 for w* and8 for Q* if therank3 constraint
is enforced.

Triggs proposedwo methodgo solve theseequations.Thefirst oneusesa non-
linearconstrainminimizationalgorithmto minimizetheresiduato theequationg4.8)
in analgebraideast-squaresensavhile enforcingrank3 for Q*. In thiscase 3 views,
in generalaresufiicientto obtainametricreconstruction.

Thesecondapproachs quasi-linearThe coeficientsof w* andQ2* canbereomga-
nizedin vectorso* andQ* of respectiely 6 and10 coeficients. The equationg4.8)
arelinearin the coeficientsof [w*Q*] = ©*Q*T andhave rank 15 with regardto
these59 unknavns(sinceeverythingis only determinedip to scale).So, in this case,
4 imagesareneededo obtainthe dual absolutequadric.@* andQ* canbe obtained
from [w*Q*] by takingthe left andright singularvectorsassociateavith the biggest
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singularvalue(closestrank1 approximatiorof [w*Q*]). Whenreconstructing2*, the
closestrank 3 approximatiorshouldbe taken (putting the smallestsingularvalueto
zero).

Triggsreportedhatthenonlinearmethodshouldbe preferreddespitethe needfor
(approximate)nitialization, sinceit is fastey moreaccurateandmorerobust.

Heyden and Astrom’s method Heyden and Astrom were the first to proposea
methodbasedon the dual absolutequadric[60], but they did not give this geomet-
ric interpretatiorto their constraintsTherearetwo importantdifferenceswvith [166].
Thefirst onebeingthatP; is forcedto [I543 | 03]. Thesecondmportantdifferences
thatthe scalefactorsareseemsadditionalunknavnsinsteadof eliminatingthem.

The authorsarelooking for a transformatiorwhich bringsthe projective camera
projectionmatricesto a metricequivalent:

P;Tpy, ~ KR/ |-R/ ] (4.9)

AssumingP; = [I3x3 | 03], R1 = I3x3 andt; = 03, theremustexist sucha trans-
formationof theform

K 0 ] (4.10)

T;}V[ - [ al 1
Sincethelastcolumnof equation(4.9) hasthreeindependentinknavns(i.e. t;), it is
notgoingto be of arny helpandcanbetterbeleft out:

P; [ g ] ~KR] . (4.11)

The rotation componentcan also be eliminatedby multiplying eachside of equa-
tion (4.11)with its transpose.

KK' K'a] T TeT T

P; [ 2TK  aTa ] P, ~KRR K ~KK . (4.12)
Thisequatiorcouldhave beenobtainedmmediatelyfrom (4.3)and(4.4) by imposing
P: = [I5x3]|03]. The adwantageof fixing P; is that the numberof unknownsis
restrictedto 8 insteadof 5+8in [166].

The methodproposedn [60] is now briefly described. Insteadof eliminating
the unknowvn scalefactors they areregardedasindependentinknavns, yielding the
following equations:

KK' aKT'

KK' —\P; [ Ka' a'a

]szogxg ) (4.13)

Notethatthis equationis trivially satisfiedfor P, with \; = 1. Theproblemcanbe
formulatedasan optimizationproblemusingthefollowing goalfunction:

n

CH&A(KJ a, /\l) = Z

=2

T T
KK 2K ]Pj C (414)

Ka' a'a

KK' — \,P; [

F
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where||.||r denoteghe Frobeniushorm. An importantdisadwantageof this method
is the introductionof an additionalunknown \; for every view. This seemdo cause
convergenceproblemsfor longerimagesequences.

This methoddoesnottreatall theimagesalike. Implicitly it is assumedhatthere
is no errorin thefirstimagesinceP; is assumegberfectlyknown.

Alter native method In [124] | proposeda relatedmethodfor self-calibration.In-
steadof usingtheabsolutequadric theabsoluteconicandthe planeatinfinity areused
explicitly. It is, however, shovn thatthe obtainedconstraintsarealgebraicallyequiv-
alent. Theadvantagebeingthe possibilityto dealmore easilywith the scalefactors.
This methodis usedin the next chapterasa refinemenstepin the stratifiedapproach.

Whenthe planeat infinity is known, equation(4.5) canbe usedto determinehe
dualimageof theabsoluteconicw™*:

Aiw* = HEW HS T . (4.15)

Hartley proposedn [53] to eliminatethe scalefactorsby scalingthe determinants
|H$?| = 1. Observingthatthe determinanbn the left- andright-handside of equa-
tion (4.15)mustbeequalresultsin A; = 1. Thereforeequation(4.15)resultsin linear
equationsn the elementof w*.

Whenthepositionof the planeatinfinity (i.e.theaffine calibration)is notknown,
this equationcannotbe usedimmediately From(3.17)it is known thatthehomogra-
phy of the planeatinfinity canbe expressedisfollows:

HY, = HiY — e, - (4.16)
Filling thisin in (4.15)thefollowing nonlinearequationis obtained:
Aiw* = [HEF — ey |w*[HEF —epm ] ]T . (4.17)

The following equationimposeghatthe determinantgor the left andthe right-hand
sideof (4.17)areequal:

)\?|w*| = HYF — eqimoo||w*|- HEF — e1i7oo] (4.18)

with | | representinghe determinantThis allows usto obtaina closedform expres-
sionfor \;: ,

Using expression(4.19), equation(4.17) cannow be usedto determiner,, andw*
andthusalsoK. It is proposedo usethefollowing criterionfor minimization:

c=%" HKKT — M[HYF — e D KK T [HEF — em;]THF . (420
i=2

2Notethatthe specialcasello, = [mo00] Which cant be expressedhroughthis parameterizatiorgan
immediatelybe discardedsincethis would meanthat the first camerawas placedat infinity in the real
world.
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An alternatveto theuseof equation(4.19)is to normalizebothpartsof equation(4.17)
to a Frobeniusormof 1. If we definethe matrix operatorF(A) = ”j—”F, thenthe

following criterionis obtained:

2

¢'= i HF(KKT) — F(HIF — e1imo JKK ' [H{} — emroTo]T)HF . (4.21)
=2

It canbeshowvnthattheequationgproposedy Heydenand,&str'c')m [60Q] areequiv-
alentwith thealternatve constraintproposedn [124]. Startingfrom equation(4.17),
MKKT = [H¥ — o KK [HYF —epyn )T (4.22)

o0

andrewriting this equation(4.12)caneasilybe obtainedusinga = —K "7..):
KK' —KK'7, | [ H¥F'
)\,KKT = [HIIEFleh] [ —W;KKT WOOKKTWOO ] [

B KK' Ka T
= P[aTKT HaHQ]P ) (4.23)

Sincebothconstraint@realgebraicallyequivalent thistechniquealsosuffersfrom
a biastowardsthe first image. This biascanbe eliminatedby not relatingthe dual
imagesof the absoluteconicw; to its imagein thefirstimagew?, but directly to the
dual absoluteconic w?, itself. In a cameracenteredworld frame (i.e. with P; =
[I5x3 | 03]) theplaneatinfinity caneasilybe parameterizedothatthe homographies
fromimagel to i (i.e. H?) andthe homographiesvhich mapthe planeat infinity in
image: (i.e. H,;) arethesame.In this casethe equivalentto equation(4.22)is
MNKKT = [HEF — ey Jw? [HEF —epml]T, (4.24)

oo

which resultsin thefollowing criterionto minimize:

oo

HF(KKT) _F(w? )|

C"(K, oo, wi) =

+ 30, [FOKKT) — P - evinLJoz [HEF — ewinl]T)||
(4.25)

The Kruppa equations

Thefirst methodthatwasproposedor self-calibratior{95, 37] is basednthe Kruppa
equationg77]. Theseequationsare similar to the equationg4.3) and(4.5), but are
restrictedto the epipolargeometry The Kruppaequationamposethat the epipolar
lineswhich correspondo the epipolarplanesangento the absoluteconic,shouldbe
tangento its projectionin bothimages.Thisis illustratedin Figure4.2.
TheKruppaequationcanbederivedstartingfrom equation(4.5) whichis equiva-
lentto
1I'KK'1=01"THFKK HY '1=0,V1 . (4.26)
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Figure4.2: TheKruppaequationsmposethattheimage of theabsoluteconicsatisfies
the epipolar constaint. In bothimagesthe epipolar lines correspondingo the two
planesthroughC; andC; tangentto 2 mustbetangentto theimagesw; andw;.

If oneis only interestedn epipolarlines,! shouldbe parameterize@s|e;;]xm and
thereforeoneobtains:

mT[eij]IKKT[eij]xm =0« mT[eij]IHffKKTHffT[e,-j]xm =0, Vm; (4.27)
which, usingequation(3.28),yields
[eij] i KK [ejj]x ~ FyKK'F, (4.28)

Fromthe 5 equationsbtainedhereonly 2 areindependenfl83]. Scalefactorscan
be eliminatedby cross-multiplication.It is possibleto usea minimizationcriterion
similarto equation4.21)to solve the self-calibratiorproblem:

Cx(K) = i i HF(KKT) - F(FinKTFZ-Tj)HF (4.29)

=2 j=i

An interestingfeatureof this self-calibrationtechniqueis that no consisteniprojec-
tive reconstructiorshouldbe available,only pairwiseepipolarcalibration. This can
be very usefulis somecaseswhereit is hardto relateall the imagesinto a single
projectveframe.

The pricethatis paidfor this advantages that 3 of the 5 absoluteconic transfer
equationsareusedto eliminatethedependencen the positionof the planeatinfinity.
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This explainswhy this methodperformspoorly comparedo otherswhenaconsistent
projectvereconstructiortanbe obtainedseeSection5.3.4).

TheKruppaequationglonotenforcedirectlyaconsistensupportingplanell,,, for
the absoluteconic. In otherwords,if onewould estimatethe positionof the planeat
infinity onceK hasbeenfound,aslightly differentsolutionwould befoundfor every
pair of images.In factsomespecificdegeneraciesxist for theKruppaequationgsee
Sturm[150]).

Hartley’ smethod

A few yearsagoHartley proposedan alternatve self-calibrationmethod[53]. This
methodis not basedon the absoluteconic, but directly usesa QR-decompositiof
the camergprojectionmatrices Hartley derivesanequatiorsimilarto (4.11):

oo

P, [ WIT ] K ~ K:R; (4.30)

whereK andm,, arethe unknowns. It is proposedto computeK; through QR-
decompositiorof theleft-handsideof equation(4.30). Thefollowing equatiorshould
beroughlysatisfiedfor the solution:

K~K;orK'K; ~ 1 (4.31)

The proposedninimizationcriterionis thefollowing:
Cr(K, 7o) = ZHa,K Ki—1I||r (4.32)

whereq; is chosersuchthatthe sumsof square®f diagonalelementf bothterms
areequal.Notethatthis criterionis very closeto thefollowing alternatves

Crr (K, Too) Z |F(K -FO)|, (4.33)

oreven
(K, Too) Z |F(K X))l p (4.34)

which arecloserin notationto the othercnterlausedln this chapter

ThemaindifferencebetweerHartley’s methodandthe otheris thatthe rotational
componenis eliminatedhroughQR-decompositioinsteadof throughmultiplication
by thetranspose.

4.4.2 Restricted motions

For self-calibrationsomerestrictedmotionscanbe very interesting. Restrictedmo-
tionscanresultin simpleralgorithms;but, onthe otherhand,it is not alwayspossible
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to retrieve all the calibrationparameterérom thesemotions. Somespecificmethods
whichtake advantageof restrictedmotionsarediscussedh thefollowing paragraphs.
Theoccurrencef degenerateasedor self-calibrationdueto restrictedmotionswill
bediscussedn sectiond.4.3.

Puretranslation

Van Gool et al. [173] (seealsoMoonset al. [100]) proposeda simplealgorithmto
obtainan affine reconstructiorin the caseof pure cameratranslation. In this case,
the metric cameraprojectionmatricescanbe chosenasP; = K[I|0] andP, =
K[I| - t] andthustheprojectionof apointM = [m" 1] canbedescribedasfollows:

Aimp = K[I|0OM (4.35)
Aomy = K[I|-—tM
= Aim; + e
(4.36)

with e ~ —Kt beingthe epipolein the first image. This meanghat corresponding
pointsandtheepipolesmustbecollinear Thereforetwo pairsof correspondingoints
are sufficient to retrieve the epipole. An affine reconstructionis easily obtainedby
notingthatthefollowing camergorojectionmatrices

P, = [ngg |03] andP2 = [13><3 | e] (437)

canbeobtainedrom themetriconesthroughanaffine transformatiorandthusrepre-
sentanaffine reconstruction.

Note thatin this caseH{S = I3y3 andthatequation(4.5) is thereforetrivially
satisfied.Consequentlyno constraintanbe obtainedto restrict K andto obtaina
metricreconstruction.

Whenbesidegpuretranslationadditional- moregeneral- motionsareavailable,
ametricreconstructiortaneasilybe obtained.Combiningtheresultsof Moons[100]
andHartley [55], Armstrong[2] proposed stratifiedapproachto metric reconstruc-
tion. A puretranslationis carriedout to obtainan affine reconstruction.The pose
for the additionalviews is computedowardsthis affine reconstruction.Theseviews
arethereforealsoaffinely calibrated. In this casethe homographiegor the planeat
infinity H?? arereadilyavailableandcanbeusedin equation(4.5).

Purerotation

Anotherinterestingype of motionis purerotation.However, in this case no parallax
will occur, sinceno translationis involved. In this casethe fundamentamatrix and
theepipolecannotbedeterminedOntheotherhand theimagedisplacementsanbe
describedy ahomographyasshovn next.
Foracameraindegoingapurerotationaroundts centerof projectionthecamera
projectionmatricescanbewritten asP; = K[Isxs| 03] andP; = K[R;|03]. The
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following imagepointsareobtainedor ascenepointM = [m" d] "

m; ~ Km

n; ~ KR,m } =m ~ KR;K 'm (4.38)

independentlypf d. ThereforethehomographyH;; = KR;K~! describesheimage
motionfor all points. Notethatthis homographys alsovalid for the pointsat infinity
andthusH{? = H;; = KR;K~!. Equation(4.5) canthereforeeasily be usedto
determinghe dualimageof the absoluteconicandthe calibrationparameter¥.

Planar motion

A generamotioncanbedescribedsarotationaroundandatranslatioralongascrav
axis. In the caseof planarmotions,only a rotationarounda screv axis takesplace.
This meanghatthe translationis in a planewhich is orthogonalo the rotationaxis.
A sequencef motionsis planarif every motionis planarandif all therotationaxes
areparallel.

Armstronget al. [3] (seealso[4]) proposedo usethis type of motion for self-
calibration.RecentlyFaugera®t al. [33] have proposeda similar approachhasedon
1D projective camerasvhichlivein thetrifocal plane.

An importantconceptin self-calibrationare fixed entities. For generalmotion
therearetwo: the planeat infinity andthe absoluteconic. For sequencesf planar
motionsmore entitiesarefixed. The point at infinity of the rotationaxis v andthe
horizonH (i.e. the vanishingline of the planeof the motion). Sinceintersectionof
fixed entitiesmustalsobe fixed entities,the two pointsof the horizonwhich areon
the absoluteconic mustbe fixed entitiestoo. Theseintersectiorpointsarecalledthe
circularpointsI andJ of the plane.Togetheithese3 pointsarelocatedin theplaneat
infinity I, and—if known — canbeusedto locatethe planeat infinity.

Sincevanishingpoints correspondingo orthogonaldirectionsmustlie on each
otherspolarwith respecto theabsoluteconic,and,becauséhe polarof apointonthis
conicis thetangenthroughthatpoint, the absoluteconicmustbe tangento thelines
1,; andly; in i andj respectiely [142]. Thisis illustratedin Figure4.3. Thisdefines
4 constraintson the absoluteconic which has5 degreesof freedom. Oneadditional
constrainthereforesufficesto uniquelyidentify theabsoluteconicw,,. Knowing that
thepixelsarerectangulatno skew) couldbeusedput is typically degeneratehecause
oneof thecameraaxisoftenis parallelto therotationaxis. Theaspectatio, however,
would bevery usefulto fix thelastdegreeof freedom.

Since— underthe considerednotions— theseentitiesare fixed in spacetheir
imagesshouldbefixedtoo. If theseimagescanbe extracted the scengoointscanbe
obtainedthroughback-projectiorandtriangulation.

To designa practicalalgorithmfor this, it is neededo extractthesefixed entities
from theimages.Thehorizonis easilyextractedastheimageof the planethroughall
the centerf projection.

Thehoropter{94] is definedasthe setof pointswhich have thesamemagein two
views. Its imageis givenby theconicdefinedby the symmetricpartof thefundamen-
tal matrix. In the caseof a planarmotion, it consistsof a two-line conic[4]; one of
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Figure4.3: Thepointsv, i and j are thefixedpointsof the planeat infinity. Sincethe
directionof v is orthogonalon the directiondefinedoy i and j andthesetwo points
are locatedon the absoluteconicw,,, this conicmustbetangentto thelines1,; and
1oj.

thembeingthehorizon,the otherbeingtheimageof therotationaxis. They areeasily
differentiated pecausehe epipolesshouldbe locatedon the horizon. The vanishing
pointv is locatedat theintersectiorof theimagesof all therotationaxes.

Both circularpointsi andj arelocatedon the horizon. They musthave the same
imagein all threeimages. Let us consideri. Taking two arbitrary pointsh; and
h, of the horizon,the imageof this circular point canbe parameterizedsi(\;) =
h; + \;ho. Thisimagemustsatisfythetrifocal point-transfelequation(3.31):

1Ak {1(A)1i(A)mTras — i(A)mTrizs — i(Ai)iThzm + Trim} =0 (4.39)

This equationis a cubicexpressionn );. It hasin generakhreesolutions,all realor
onerealandtwo complex conjugatedin ourcasefwo will becomple, corresponding
to i andj.

4.4.3 Critical motion sequences

It wasnoticedvery soonthatnot all motion sequencearesuitedfor self-calibration.
Someobvious casesarethe restrictedmotionsdescribedn the previous section(i.e.
puretranslation purerotationandplanarmotion). Thereare,however, moremotion
sequencewhichdonotleadto uniquesolutionsfor theself-calibratiomproblem.This
meanghatatleasttwo reconstructionarepossiblewhichsatisfyall constraint®nthe
cameragparametersor all theimagesof the sequenc@andwhich arenot relatedby a
similarity transformation.

Severalresearchenzalizedthis problemandmentionedsomespecificcasesr did
a partialanalysisof the problem[166, 183 127]. Sturm[152, 153 providedacom-



56 Chapter. Self-calibration

pletecatalogueof critical motionsequence@CMS) for constanintrinsic parameters.
Additionally, heidentifiedspecificdegeneraciesf somealgorithms[150].

Due to the importanceof this work in the context of self-calibrationandto the
new resultswhich are basedon this analysis(e.g. Theorem4.2 and Section6.4), an
extendedreview of thiswork is givenhere.

The absoluteconicis a propervirtual conic (PVC) [10]. Problemsoccurwhen
theabsoluteconicis notthe only PVC which hasa fixed projectionin all theimages.
In thatcase thereis no way to determinaewhich onecorrespondso the realabsolute
conicandthe motionsequencés saidto be critical with respecto self-calibration.

Themainideain Sturm’s approachs to turn the problemaroundandto look for
the motion sequencesvhich leave a specificPVC unchanged.The PVC'’s canbe
classifiedn afew differenttypes.

Potential absoluteconicon I, Firstoneshouldconsiderthe PVC's on the plane
at infinity. Thesecan have eithera triple eigervalue,a doubleand a single one or
threedistincteigervalues.Only the absoluteconicitself correspondso thefirst case,
which is thereforenot critical. In the secondcase the eigenspaceorrespond$o a
planeanda line orthogonatto that plane. An arbitraryrotationaroundthatline, or,
arotationof 180° arounda line in the planewhich is incidentto the otherline, will
leave the PVC unchangedas does,of course,alsothe identity transformation. In
the third case,the eigenspaceonsistsof threemutually orthogonallines. Besides
theidentity transformationpnly rotationsof 180° aroundoneof thesdinesleave the
PVCunchanged.

Fromthesecasesfirst classof CMS s obtained.

CMS-Class1: Motion sequencefor which all rotationsareby anarbitraryangle
aboutan axis parallelwith a specificline or by 180° aboutan axis perpendiculato
thisline.

Sturmidentifiesseveral subclassewhich correspondo morerestrictedmotions,
but thereforeto morepotentialabsoluteconics.

CMS-Classl.1Motion sequencefor whichall rotationsareby anarbitraryangle
aboutanaxisparallelwith a specificline.

CMS-Class1.2 Motion sequencefor which all rotationsareby 180° aboutmu-
tually orthogonakxes.

CMS-Class1.3Moation sequencefor whichall rotationsareby 180° aboutsome
specificaxis.

CMS-Class 1.4 Motion sequence$or which no rotationtakes placeat all (i.e.
puretranslations).

Potential absolute conic not on I, In this case,Sturmproposedo startfrom a
PVC andfrom aspecificcamergposeandto look for all theothercamergposesvhich
have the sameimagefor the PVC underconsiderationThe PVC canbebothacircle
or anellipse. As animageof a PVC hasa projectionconeassociatedo it, onecan
justaswell look at possibleposedor this conesothatit containghe PVC.
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Thepossibleorientationdor the cameradependon the Euclideamormalform of
the projectionconé. Any rotationaroundthe vertex of an absoluteconeleavesthe
coneglobally unchanged Arbitrary rotationsaboutthe main axis of a circularcone
or rotationsby 180° aboutanaxisperpendiculabut incidentwith the mainaxisleave
this coneunchanged.Rotationsby 180° degreesaroundan axis of an elliptic cone
leaveit unchanged.

The differentcombinationof conetypesand conic typesshouldbe considered.
Theseresultin anumberof CMS classes.

CMS-Class? For acircle andanelliptic coneinfinitely mary positionsarepos-
sible. Thesearelocatedon two parallelcircles. At eachposition4 orientationsare
possible.

CMS-Class3 For anellipseandanelliptic conesimilarto Class2, but locatedon
adegreel2 curve[150]. At eachposition4 orientationsarepossible.

A circle anda circular coneresultin 2 possiblepositions. At eachpositionthe
cameranayrotatefreely abouttheline joining the projectioncenteror by 180° about
aline orthogonalo it. Thisis not classifiedasa separatelasssincethe combination
of a circle with anabsoluteconewill resultin a moregeneraklass.This classcould
beseenasClassb.1.

CMS-Class4 An ellipseanda circular coneresultin 4 positionsin which the
cameramay freely rotateaboutthe main axis of the coneandby 180° aboutan axis
perpendiculato it.

An ellipsecombinedwith anabsoluteconeis notfeasiblesinceall planarsections
of this conearecircles.

CMS-Class5 The combinationof a circle with an absoluteconeresultsin two
possiblepositionswith arbitrary orientations sincethe orthogonalprojectionof the
vertex onthesupportingplaneof thecircle mustcoincidewith the centerof thecircle.

Sturmidentified somemore specificsubclassesvhich are practicallyimportant.
An overview of thesedifferentclassesand subclassess givenin Table4.1. In Fig-
ure4.4somepracticallyimportantCMS areillustrated.

To getsomeintuitive geometriansightin theseconceptsthereaderis referredto
AppendixC (anexampleis shavn in Figure6.5).

Practical useof the CMS classification The classificationof all possiblecritical
motionsequencess very importantandit canbe usedto avoid critical motionswhen
acquiringanimagesequencen which oneintendsto useself-calibration.In some
caseshowever, anuncalibratedmagesequencés availablefrom which a metricre-
constructiorof therecordedscends expected.In this caseijt is notalwaysclearwhat
canbeachievednorif themotionsequencés critical or not.

Sturm[153] showved that the recoveredmotion sequencdor ary reconstruction
satisfyingthe fixed absoluteconic image constraintwould consistof rigid motions
(i.e. Euclideanmotions).This resultis alsovalid for critical motionsequencesyhere

3Therearethreetypesof imaginarycones:an absoluteconehasonetriple eigewvalue, a circular cone
hasa singleanda doubleeigewalue, andan elliptic conehasthreesingle eigevalues. In the caseof a
circularconethe mainaxisis the oneassociateavith thesingleeigewalue.



58 Chapter. Self-calibration

Class Description #t #R  #Q
1 00® 2x00 00
1.1 oo® o0 o0
1.1.1 planarmotions 002 00
1.4  puretranslations oo® 1 00®
2 2 X 00 4 o0
2.1  orbitalmotions 00 1 00?
3 8 4 4
4 4 2 X 00 3
5 2 003 2
5.2  purerotations 1 00®  oo®

Table4.1: Classeof critical motionsequences#t and #R representrespectively
thenumberof differentpositionsanddifferentorientationsat ead positionof which a
critical motionsequencefthespecificclasscanconsist.#w., indicategheminimum
level of ambiguityon theabsoluteconicfor this classof critical motionsequences.

\\
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<

Figure4.4: lllustration of critical motionsequencesThecamensare representedy
small pyramids. Planar motion(top left), pure translation(top right), orbital motion
(lower left) and pure rotation (lower right).
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the recoveredmotion sequencevould be in the sameCMS classasthe original se-
guence.This is animportantobsenation, becausat allows to identify critical mo-
tions sequenceandto determinethe ambiguityon the reconstructiorfrom ary valid
instantiatiorof thereconstructionIn thatcasemorespecificalgorithmscanbe called
oradditionalconstraint€anbebroughtin to reduceheambiguity[189]. Herewegive
asimplerproofthanin [153]. This proofis basednthe discquadricrepresentation.

Theorem4.1 Let S be a motion sequenceéhat is critical with respectto the dual
quadric®*, andlet P g; betheoriginal projectionmatricesof theframesn S.Let T
be any projectivetransformatiormapping®* to Q* andPp; = Pg; T~! bethepro-
jectionmatricestransformediy T. There existsa Euclideantransformatiorbetween
anypair of Pp;.

Proof: From S beinga critical motionsequencevith respecto ®*, it followsthat
theremustexista K p for which

KrKj ~ ¢; ~Pg®*Pj;
Since®* ~ T~'Q*T~ T andPp; = Pg; T, onegets
KpKp ~ Pp,Q*PL,
DefiningH p; astheleft 3 x 3 partof P p; thisyields
KpK} ~HpH}, or I~ K Hp HL KR

SincethematrixK;,lH p; satisfieghe orthonormalityconstraintsit mustcorrespond
to somerotation matrix, sayRp;. ThusHp; = KpRp;. Therefore,it is always
possibleto write the projectionmatricesP p; asfollows:

Pp; = Kp[Rp; | -Rpitrpi]

m|

This meansthat the sequenceSp consistingof P p; is Euclideanand has, after
transformatiorby T, the samesetof potentialabsoluteconics. Sincethe different
classeof CMS givenin [152] cant betransformednto eachotherthrougha projec-
tive transformationthesequencép will beaCMS of thesameclassasS. Therefore,
onecanconcludethatary reconstructiorbeinga solutionto the self-calibratiorprob-
lem allows usto identify the classof CMS of the original sequencandthusalsoall
ambiguouseconstructions.

A questionthat was not answeredhough, is: Whatcan still be donewith an
ambiguousgeconstructionTheansweiis givenby the next theorem.

But let usfirst defineC'(S) asbeingthe setof potentialabsolutequadricsfor the
motion sequences$. Let us alsodefinethe transformationof S asthe setsof the
transformectlements.

R t
1

s*:{[o3T ]} N TS:{T[R t]} (4.40)

07 1
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Theorem4.2 Let S bea critical motionsequencand P g; the correspondingpro-
jectionmatrices.Let ®* be an arbitrary elemenbof C(S) andlet T be an arbitrary
projectivetransformatiormapping®* to Q*. LetSp = TS andPp; = Py, T~ L.
Let M representa Euclideanmotionfor which C(Sp U M) = C(Sp) andlet P ppey
bethecorrespondingrojectionmatrix. Thenthere existsa Euclideantransformation
betweeP grery = Ppnew T andanyotherPg;.

Proof: FromQ* € C(S), it followsthatTQ*T " € C(Sp). Sinceit is assumedhat
C(SpUM) = C(Sp), it followsthatTheoremt.1canbeappliedto thesequencé pU
M, with thedualquadricTQ* T T, thetransformatiorT ! and{Pp1, ..., Ppn, Ppnew }
asso-calledoriginal projectionmatrices. O

This theoremallows us to concludethat it is possibleto generatecorrectnew
views, evenstartingfrom anambiguougeconstructionin this case we should,how-
ever, restrictthe motion of the virtual camerato the type of the critical motion se-
guencerecoveredin the reconstruction.For example,if we have acquireda model
by doinga planarmotion on the groundplaneandthusrotatingaroundvertical axes,
thenwe shouldnot move the cameraoutsidethis planenor rotatearoundnon-\ertical
axes. But, if we restrictour virtual cameréo this critical motion, thenall thesemo-
tionswill correspondo Euclideanmotionsin therealworld andno distortionwill be
presentin the images(except,of coursefor modelingerrors). Note thatthe recov-
eredcameragparametershouldbe used(i.e. the onesobtainedby factorizingP p; in
Kp[Rp; | -Rp;tpi)).

45 Conclusion

In this chaptedifferentaspect®f self-calibrationverediscussedFirst, somegeneral
conceptsvereintroduced Differentmethodswhich allows to solve the classicakelf-
calibrationproblemwerebriefly presentednddiscussedAll thesemethodsassume
thatthemotionis sufficiently generakothata uniquesolutioncanbeobtained.

In somecaseghe motion of the camerais restricted. On the one hand,this can
leadto simplerself-calibrationalgorithms. The casef puretranslationspurerota-
tions and planarmotionswere discussed On the otherhand,restrictedmotionscan
causeproblemsn thesensehatin thesecases uniquesolutionto theself-calibration
problemcannotalwaysbefound.

Dueto the consequenceshich theserestrictedmotion sequencebave for self-
calibration,this problemwasdiscussedn detail. An interestinggheoremwasderived
whichtells usthatevenfor critical motionsequencet is possibleto generatesorrect
new views, however notfrom all possibleposes.



Chapter 5

Stratified self-calibration

5.1 Intr oduction

In recentyearsseveral methodswere proposedo obtainthe calibrationof a camera
from correspondencdsetweerseveral views of the samescene.Most of thesewere
presentedn the previous chapter Thesemethodsare basedon the rigidity of the
sceneandonthe constang of theintrinsic camergarametersMost existingmethods
startfrom theprojectve calibrationandthenimmediatelytry to solve for theintrinsic
parametersHowever, they all haveto copewith theaffine parameter§é.e.theposition
of the planeatinfinity).

Faugeratal. [37] eliminatedtheseaffine parametergielding two Kruppaequa-
tions for eachpair of views. A morerobust approachwas proposedby Zeller and
Faugerag183]. Heyden andAstrom [60] andTriggs[166] proposednethodshased
on the absolutequadric. Hartley [53] doesa minimizationon all eight parameterso
obtainmetricprojectionmatrices Most of thesemethodsncounteproblemsasthey
have to solve for mary parameterat oncefrom nonlinearequations.

This problemprompteda stratifiedapproachwherestartingfrom a projectie re-
constructionan affine reconstructioris obtainedfirst and usedas the initialization
towardsmetric reconstruction.A similar methodhasbeenproposedoy Armstrong
et al. [2] basedon the work of Moonset al. [100]. But this methodneedsa pure
translationwhich is for examplenot easyto ensurewith a hand-heldcamera. Suc-
cessfulstratifiedapproachebave alsobeenproposedor the self-calibrationof fixed
stereorigs by Zissermaret al. [188], DevernayandFaugerag28] andmorerecently
by HoraudandCsurka[65].

A first generalapproachfor a single camerabasedon the modulusconstraint
neededat leastfour views [122] to obtainthe self-calibration. The methodwas de-
velopedfurtherin [123] and[111]. This enhancednethodis morerobustandcan
obtainthe metric calibrationof a camerasetupfrom only threeimages.This chapter
alsodiscusseshe possibility of usingonly two views of the scene.It will be shavn
thatcombiningconstraintsn theintrinsic camergparametersvith characteristicén-
ferredfrom the scenecansolve the calibrationwherenoneof themseparatelyould.

61
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Finally the modulusconstraintcanalsobe usedto obtainthe self-calibrationin spite
of avaryingfocal length[121].

An alternative approacho self-calibrationwasrecentlyproposed120] andwill
be discussedn the next chapter In casesvhereall the intrinsic camergparameters
exceptthefocallengthare(approximatelyknown, a solutioncanbe obtainedhrough
alinearalgorithm(allowing a varyingfocal length). This solutionis thenusedasan
initialization for anon-linearalgorithmwhich allows varying/constant/knen camera
parametersThis algorithmthereforeoffers moreflexibility, but it alsofailsin certain
cases. The main reasonfor this is the linear parameterizatiorior Q* which does
not enforcethe rank 3 constraintandthereforesuffers from more generalclassef
critical motions.In the casesvhereboth methodsareapplicableandsucceedn their
initialization phasethe final resultswill in generalbe identicalsincethe refinement
stepis the samefor bothmethods.

This chapteris organizedas follows. In section5.2 the modulusconstraintis
derived. Section5.3explainshow theself-calibratiorproblemcanbesolvedusingthe
modulusconstraintIn sections.4two otherapplicationf themodulusconstraingre
presentedin this sectiona similar methodfor sterecarigsis alsopresented125, 126.

5.2 The modulus constraint

A stratifiedapproacho self-calibrationfirst requiresa methodto identify the plane
atinfinity. The propertyof the homographiegor this plane—calledinfinity homo-
graphiesn theremainderof this text— derivedin this paragraptwill be usedfor this

purpose.The infinity homographyfrom view i to j canbe written asa function of

the metric entitiesof equation(3.15) or explicitly asfunctionsof projective entities
andthe positionof the planeatinfinity in the specificprojective referencdrame(see
equation(3.17)).Both representationaregivenin the following equation:

00 cogyoo—1 Tp—-Tyr—1 T Ty-1
Hij ~ Hleli ~ KRJ Rz K ~ \(Hl_j - eleroo)(Hh' - e1,-7roo) B
N ~ _ ~
metric projective

(5.1)

Fromthe Euclideanrepresentatioit follows that HY? is conjugated with a rotation

matrix (up to a scalefactor)which implies thatthe 3 eigervaluesof H;Y musthave

the samemoduli, hencethe modulusconstrainf121, 127. Notefrom equation(5.1)
thatthis propertyrequiregheintrinsic camergparametero be constant.

This canbe madeexplicit by writing down the characteristiequationfor thein-

finity homography:
det(HY — AI) = X3+ A2+ 1A+, =0 (5.2)

It canbe shown thatthe following conditionis a necessargonditionfor the rootsof
equation(5.2)to have equalmoduli (seeAppendixA.1):

1513 = Blo (5.3)

IMatricesA andB areconjugatedf A = CBC~! for somematrix C. Conjugatednatriceshave the
sameeigewalues.
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This yields a constrainton the 3 affine parametergontainedin 7., by expressing
I3,15,11,1lp asa function of theseparametergusingthe projective representation

equation(5.1)). Theinversein the projective representationf H canbe avoided
by usingthe constraintet (H‘f;? — AH$?) = 0 whichis equivalentto equation(5.2).

Factorizingthis expressiorusingthe multi-linearity of determinantsis, I, 1y, o turn

outto belinear in the elementof 7, (seeAppendixA.2). Thereforebetweerevery
pair of views a modulusconstrainis obtained:

Mij : l31’jl1?j - l2?jl0ij =0 (5.4

This resultsin a polynomial equationof degreefour in the coeficientsof 7. In
generakhreeof theseconstraintshouldonly leave afinite numberof solutions— not
morethan64. With moreequationonly onepossiblesolutionshouldpersistexcept
for somecritical motionsequencee.g.sequencewith rotationaboutparallelaxes).
In thecaseof planarmotionthe stratifiedapproachntroducesanadditionalambiguity
(i.e.theplaneatinfinity cannotbeidentifieduniquelyin this case).Seethe work of
Sturm[150] for amorecompletediscussiorof this problem.

5.3 Self-calibration from constantintrinsic parameters

In section5.2a constrainbnthelocationof the planeatinfinity wasderivedfor every
pair of views. Theseconstraintcanthusbe usedfor self-calibration.Oncethe affine
structurehasbeenrecovered, it is easyto upgradethe structureto metric usingthe
conceptof sectiord.4.1.

5.3.1 Finding the planeat infinity

A minimumof threeviews is neededo allow for self-calibrationusingthe modulus
constraint. Threeviews yield the following constraintsM 5, M3 and Ms3. This
third constraintM»3 is in generalindependenof the two first constraints.The fact
thatH,, andH, 3 arebothconjugatedvith rotationmatriceqi.e. havethesameeigen-
valuesasrotationmatrices)doesnotimply thatthis is alsothe casefor Hy3 sincethe
eigervectorsof Hy2 andH3 couldbedifferent.

In the minimal caseof threeconstraint( M2, M13, Ms3) for threeunknown
coeficientsof 7., the mostadequatanethodto solve for theseunknownsis to use
continuation.This is a numericalmethodwhich finds all the solutionsof a systemof
polynomialequationgfor moredetailssee[102]). Having 3 polynomialequationof
degree4 a maximumof 64 solutionscanbe found.

Many of thesesolutionscanbe ruled out. Sinceonly real solutionsare of inter-
est,all complex solutionscanbe discarded.In additionit shouldbe verified thatthe
eigervaluesof Hg; correspondo thoseof arotationmatrix (seeAppendixA.1).

Fortheremainingsolutiongheintrinsiccamergarametersanbecomputedising
the methodproposedn section5.3.2. Only the solutionyielding (quasi)-constant
parametershouldbe takeninto account.If morethanonesolutionpersistthe most
plausibleoneis chosen(no skew, aspectatio aroundone,principal point aroundthe
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middle of the image). This approachworked well for over 90% of the experiments
(seeSection5.3.4).

Whenmoreviews areat handit is importantto take advantageof all the available
constraintgo obtaina moreaccurateandrobustsolution. This canbe doneby com-
bining the differentconstraintsnto a leastsquaresriterionwhich canbe minimized
throughnonlinearoptimization:

Cuc =) > M} . (5.5)

i=1 j=1

The recommendednethodfor initialization of the minimizationis the continuation
method put trying outafew randomstartingvaluesoftenworksin practiceandallows
a simpleralgorithm. Alternativesconsistof using Hartley’s quasi-afine reconstruc-
tion [53] or to computeanapproximatepositionfor the planeat infinity from a priori
knowledgeon theintrinsic camergarameters.

5.3.2 Finding the absolute conic and refining the calibration re-
sults

Oncethe planeat infinity hasbeenobtained,equation(4.6) canbe usedto compute
theabsoluteconicasdescribedn sectiord.4.1. Thisis alinearmethod.

Theseresultscanberefinedthrougha non-lineaminimizationstep. The method
describedn [124] or in Section4.4.1canbe usedfor this purpose.lt is proposedo
minimizecriterion(4.25):

|FOKKT) - Foz,)|
+ 0 | FKKT) - FOHY, + erim L Jwz [HY, + enml] )|

C'(K, oo, w5o) =

Theimplementatiorpresentedn this text usesa Levenbeg-Marquardalgorithmfor
theminimization.

Besideghestratifiedapproactbasedn the modulusconstrainiwith andwithout
refinement)thesimulationsof Sections.3.4werealsocarriedoutusingsomemethods
presentedn the previous chapter The criterion of equation(4.29) wasusedfor the
Kruppaequationg36] andthe criterion of equation(4.25) for the methodsof [60,
166. In thesecaseshe intrinsic cameraparametersvere initialized from a close
guess.

5.3.3 Stratified self-calibration algorithm

stepl: projectie calibration

stepl.1: sequentiallycomputethe projective cameramatricesfor all the
views (se€[9] or Section7.3).

step2: affine calibration
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step2.1: formulatethe modulusconstraintM;; for all pairsof views
step2.2a: find a setof initial solutionsthroughcontinuation

step2.2b: (for n > 3) solve the setof equationsM;; throughminimiza-
tion of criterionCarc (seeeq.(5.5))

step2.3: computetheaffine projectionmatrices

T I 0
Py =P, T withTpy = [ ;#3 13 ]

step3: metriccalibration
step3.1: computethedualimageof the absoluteconicfrom

KK' ~H, ;KK H

ocoli

step3.2: find theintrinsic parameter¥ throughCholesly factorization

step3.3: computethemetric projectionmatrices
-1
P i = P T i With Ty = [ Ig'r 013 ]

3

step4: refinedcalibration

step4.1refinetheresultshroughnonlineaminimizationof C"' (seeeq.(4.25))

step4.2 computetherefinedmetric projectionmatrices
~ -1
Pui = PiTpy, With Tan = [ 51’ 013 ]

o0

5.3.4 Somesimulations

Thesimulationaverecarriedout on sequencesangingfrom 3 to 36 views. Thescene
consistedf 200pointswhichwerepositionedon 2 orthogonall0 x 10 gridsandthen
perturbed For the calibrationmatrix the canonicaform K = I waschosen.Thedis-
tanceto thescenewvaschosenn suchaway thattheviewing conditionscorresponded
to astandard5mmcamera.Theviews werespacedl0° apart,thenarandompertur
bationwasappliedto their positionandorientation. An exampleof sucha sequence
canbeseenin Figure5.1.

Thescenepointswereprojectedontotheimages.Gaussiamoisewith anequia-
lent standardieviationsof 0, 0.2,0.5,1 and2 pixelsfor 500 x 500 imagesvasadded
to theseprojections.Hundredsequenceweregeneratedor every parametecombi-
nation. The projective reconstructiorwasobtainedwith a variantof thefactorization
methodproposedn [154]. Theself-calibrationwascarriedout usingthe methodpro-
posedn this chapter At first the modulusconstraintwasusedto identify the planeat
infinity, thenthe absoluteconicwaslocated. The resultswerethenrefinedusingthe
methodof paragraptb.3.2.
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Figure5.1: Exampleof a sequenceisedfor the simulations.Camea viewpointsare
representedy smallpyramids.

For sale of comparisortwo alternatve methodswereincludedin thetests. The
first methodis basedn the Kruppaequationg37], thesecondn a methodsimilarto
themethodausingtheabsolutequadric[166, 60]. Thissecondnethodin factconsists
of immediatelystartingthe refinemenstepof Section5.3.2on someprior guess.See
Sectiord.4.1for moredetailsonthesemethodsBoththesealgorithmswereinitialized
with valuescloseto the exact solution. The focal lengthwas initialized randomly
within afactorof 2, theaspectatio, theprincipalpointandtheskew wereonly slightly
perturbedwithin £0.1) asproposedn [166, 60]. For all theseimplementationsare
wastakenof normalizingthe dataaccordingo the recommendationsf Hartley [57].

Theresultsof the experimentanbe seenin Figure5.2. The 2D back-projection
errorandtherelative 3D errorwerecomputed.Sincein a numberof caseshe algo-
rithmsfail to obtainsatisfyingresults the medianvaluesof the errorsareshavn. In
additionthefailurerateis given.

In Figure5.3somemoreresultsaregivenfor thestratifiedapproachTheseresults
wereobtainedfrom 1000experimentscarriedout on standardsequencesf 12 views
(0.5 pixels noise). The different subfiguresare histogramsof the obtainedvalues
for the differentcalibrationparameters;, fy, us, uy, s, the layout wasinspired by
equation(3.4). The heightof the peaksin the lower-right subfigureindicateshow
often the algorithm could find a solution (in this case982 and997 resp.). The left
part givesthe resultobtainedimmediatelywith the modulusconstraintandthe right
part after refinement. From this figure one can concludethat the calibrationresults
aregoodandthatthereis no biasin the estimation.Therefinemenprocedureclearly
improvestheresults.

Notice that for shortimagesequenceshe 2D error is small while the 3D error
is big. Usinglongerimagesequencegandthusa wider anglebetweerthe extreme
views)causeshe2D errorto increasesinceanerrorontheintrinsiccamergarameters
canbe compensateby distortingthe structure put only whenthe anglebetweerthe



5.3. Self-calibrationfrom constantntrinsic parameters 67

30

N
(5]

N
[=)

2D error (pixels)
=
[6;]

=
o

10 20 0
5/
4
g
S
@
(e
o™
N
1 1
N
0
10 20 30
100 100
N
80 1 80
g
o 60 60
T
; N
S 40 40
5
20< f 20
y
: 2
2 &
0 0.5 1 15 2
sequence length noise level (pixels)

Figure5.2: Resultof self-calibation experimentor image sequencegaryingfrom3
to 36 views (left; noise0.5 pixels)andnoiserangingfrom0.0to 2.0 pixels(right; 12
views). The2D repmjectionerror (top), therelative3D error (middle)andthefailure
rate (bottom)are given. Themedianof the RMSerror for 100 experimentsvasused
aserror measue. Thealgorithmsare the modulusconstaint O, modulusconstaints
with refinemenbd, absoluteconic V, Kruppaequations/A. Asa refeencetheerror is
alsogivenfor the projectivereconstruction.
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Figure5.3: Computedntrinsic camern parametes for 1000 sequencesf 12 views
(0.5 pixelsnoise). Theresultswere obtainedwith the modulusconstaint (left) and
afterrefinemengright).

viewsis small. This alsoexplainsthelarge 3D errorfor shortimagesequences.

Thealgorithmbasednthemodulusconstraingivesgoodresults especiallywhen
therefinemenprocedureés carriedout. Immediatelyminimizingthecriterionof equa-
tion (4.25)on a prior guesof theintrinsic parametergivessimilar resultsexceptthat
this methodfails morefrequently Theresultsfor the Kruppaequationsarepoor. This
algorithmfails oftenandtheerroris muchhigherthanfor the otheralgorithms.

Theseresultstendto indicatethatself-calibratiorresultsaremoredependentn a
goodestimatiorof the planeatinfinity thanontheimageof theabsoluteconic(i.e.the
intrinsic camergparameters)in factevenwhenthe modulusconstrainitself doesnot
cornvergeto a satisfyingcalibration,the resultsare oftengoodenoughto successfully
initialize the refinementprocedure. On the other handstartingfrom a prior guess
the minimizationsometimesvenfails in the absencef noise,indicatingthatit was
startedin the attractionbasinof a local minimum. This is an argumentin favor of
a stratifiedapproacho self-calibration.In additionthe modulusconstraintdoesnot
requireary prior guesdor theintrinsic camergparameters.

TheKruppaequationsaresimilarto the equationsusedfor refinemenexceptthat
the position of the planeat infinity is eliminatedfrom it. In the presencef noise
this implies thatfor every imagepair a differentplaneat infinity is implicitly used.
All theotheralgorithmswhichareusedhereexplicitly imposeoneconsistenplaneat
infinity. An advantageof the Kruppaequationss thatonly the fundamentamatrices
areneededi.e. pairwisecalibration)andnot a consistenprojective frameoverall the
views. This alsoexplainsthe obsenation of Luong [86] thatthe calibrationresults
obtainedwith the Kruppaequationgmproved oncethe explicit cameraposeswere
computedsincein this stepa consistenframewasintroduced.

The succesf the stratifiedapproachproposechereis consistenwith the very
goodcalibrationresultsthatwereobtainedvhenthe planeatinfinity or atleastits ho-
mographiesouldbeidentifieda priori (e.g.throughpurerotation[55] or puretrans-
lation[100, 2]).
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Figure5.4: Imagesof the Arenbeg castlewhich were usedto geneatethe 3D model
shownin Figures5.5,5.6,5.7. More imagesof this sequencare shownin Figure 7.2

5.3.5 Experiments

The stratifiedapproachto the classicalself-calibrationproblemthat was presented
herehasbeenvalidatedon seseralrealvideo sequencedHeretheresultsobtainedon
two sequencesf the Arenbeg castleare shovn. The calibrationcan be evaluated
gualitatively by looking at the reconstruction A morequantitatve evaluationis also
performedby comparingthe anglebetweenparalleland orthogonallines. Different
partsof the Arenbeg castlein Leuvenwerefilmed. Thesewererecordedvith avideo
camera.

Castlesequence

Someimagesof the first sequencare shovn in Figure5.4. The approachwhich
wasfollowedto generatehe 3D modelcanbriefly be summarizedasfollows. First
the cornermatchingandthe projective cameramatriceswere obtainedfollowing the
methoddescribedn [9]. Thesecameramatriceswere upgradedo metric usingthe
self-calibrationrmethoddescribedn this text andthena 3D modelwasgeneratedis-
ing thesecamerasnda densecorrespondenamapobtainedasin [72]. Thisapproach
is describednorein detailin Chapter7. Remembethat this was obtainedwithout
ary calibrationinformation. The positionof the camerafor the differentviews was
alsounknavn andno knowledgeaboutthe scenewasgivento the algorithm. In Fig-
ure5.5onecansee3 orthographioiews of thereconstructedcene.Parallelismand
orthogonalityrelationsclearly have beenretrieved. Look for exampleat theright an-
glesin thetop view or attherectangulawindows. Figure5.6 andFigure5.7 contain
someperspectie views of the reconstruction.Becauseat this point a densecorre-
spondencenapwasonly calculatedor two imagesherearesomeinaccuracieseft in
thereconstructionThis alsoexplainsthefactthatonly a partialmodelis givenhere.
A guantitatve assessmerdf thesepropertiescan be madeby explicitly measuring
anglesbetweenlines on the objectsurface. For this experimentlines weremanually
selectedhatarealignedwith windows andotherprominentsurfacefeatures.Several
lines wereidentifiedfor threeorthogonaldirections,seeFigure5.8. Thelinesalong
the samedirectionshouldbe parallelto eachother(anglebetweerthemshouldbe 0
degrees)while thelinescorrespondingo differentdirectionsshouldbe perpendicular
to eachother (anglebetweenthemshouldbe 90 degrees). The measuremendn the
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Figure5.5: Orthographicviews of thereconstructionNoticeparallelismandorthog-
onality.
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Figure5.6: Perspectiveviews of the 3D reconstructiorobtainedfrom the sequence
seenn Figure5.4.

Figure5.7: More perspectiveviews of the 3D reconstruction.Noticethat oncea 3D
reconstructions availableit is easyto generteviewswhich wheie not presentin the
original sequence
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Figure5.8: Linesusedto verify theparallelismandorthogonalityin thereconstructed
scene

angle(+std.de.)
parallellines 1.8+ 1.1 degrees
orthogonalines | 89.7 + 1.4 degrees

Table5.1: Resultoof metricmeasuement®n thereconstruction

objectsuriaceshaows thatthis is indeedcloseto the expectedvalues(seeTable5.1).
Notethatthebiasfor theparallelline comesrom thefactthatall measure@nglesare
positive.

Someadditional experimentswere carriedout to verify the dependeng of the
approacton theinitialization procedure As describedn Section5.3.1,thealgorithm
is initialized with the resultsobtainedrom atriplet of views.

For triplets of this sequencehe continuationmethodtypically yieldedaround5
possiblesolutionswhich correspondo real intrinsic parameters.In abouthalf the
caseshemostprobableresult(seeSection5.3.1)wasalreadyvery goodin itself (see
Table5.2). In almostall the caseghe resultsobtainedfrom onespecifictriplet were
goodenoughto succesfullyinitialize the minimizationover all the constraints.For
theinitializationsobtainedfrom 100 arbitrarytripletsthe algorithmcorvergedto the
globalminimumin 97 casegseeTable5.2). Note thattheseresultsaregoodif one
takesinto accounthatthis sequencés closeto critical (seeFigure7.9).
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i 954 4 356 i 933 10 352
K= 1013 329 | | Ky = 989 244
1 1

Table5.2: Estimatedntrinsic camer parametes over thewholesequencéleft) and
for triplet 1,2,3(right)

Figure5.9: Imagesof anotherpart of the Arenbeg castle Everysecondmage of the
sequencés shown. Views from the 3D modelgenemated from this sequencean be
seenin Figure5.10.

Castlesequence?

In Figure5.9 a partof anothersequencés shovn. This wasfilmed at the backof the
castle.Herealsothe methodproposedn this text wasableto extracta metricrecon-
structionof the scene. In Figure5.10someperspectie views of the reconstruction
areshown. To illustratethe metricquality of thereconstructiorrthographioiews of
the reconstructiorwere computed.Theseareshovn in Figure5.11. Notethatthese
views are extremeviews comparedo the viewpoints of the sequence Sincedense
reconstructions notthe mainissuein this chapteri.e. it is only usedto illustratethe
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Figure5.10: Perspectiveviewsof the 3D reconstruction.

Figure5.11: Orthographicviewsof the 3D reconstruction.

metric calibrationresults),only a simpledensecorrespondencelgorithmwasused.
Thedentatthelower partof theroof is dueto thealignmentof epipolarlineswith the
gutterwhich causesn ambiguityfor the matcher Sincethe left partof the building
is only visible in the distancethe accurag of thatpartof thefacadds low. Although
someartifactsof the densereconstructiorbecomeclearly visible here, the overall
metric qualitiesare clearly recoveredby our reconstructiorscheme.Parallelismand
orthogonalitycanbe obseredfrom thedifferentorthographioviews.
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5.4 Specialcases

Themodulusconstrainturnsoutto beparticularlysuitedfor somemorespecificself-
calibrationproblems Heretwo of thesecasesrediscussed.

5.4.1 Twoimagesand two vanishing points

For a pair of imagesonly one modulusconstraintexists which is not enoughto lo-
cateuniquelythe planeat infinity. On the otherhand,two vanishingpointsarealso
insufficient to obtainthe planeatinfinity. Combiningboth constraints/ields enough
informationto obtainthe affine calibration.

Vanishing points

Somescenesontainparallellines. Theseresultin vanishingpointsin the images.
Techniqueshave beenproposedto automaticallydetectsuchpoints[90, 177. To
identify the planeat infinity threevanishingpointsarenecessaryBy usingthe mod-
ulus constraintthis numbercanbe reducedby one. This reductioncanbe crucialin
practice. For examplein the castlesequencdseefigure 5.4) two vanishingpoints
couldbeextractedautomaticallyin all framesusingthealgorithmdescribedn [172].
Thethird point couldonly be foundin someimagesat the endof the sequenceThis
is typicalfor alot of scenesvhereonevanishingpointis extractedfor horizontallines
andonefor verticallines. Evenwhenthreecandidatevanishingpointsareidentified,
the modulusconstraintcan still be very useful by providing a meansto checkthe
hypothesis.

Whenavanishingpointv is identifiedin thetwo imagest canbe usedasfollows
to constrainthe homographyof the planeatinfinity:

Vo ~ [H}lué:F - elzﬂ;] \'Al (56)

Thisresultsin onelinearequatiorfor the coeficientsof n, (from thethreeequations
only two areindependentiueto the epipolarcorrespondencef v; andv, andoneis
neededo eliminatethe unknowvn scalefactor).
With two known vanishingpointswe arethusleft with a oneparametefamily of
solutionsfor HS:
HS = HYF —eppy(Mr) + 1)) (5.7)

with 7, andn, beingvectorsdescribinghe nullspaceof thelinearequation.

Using the modulus constraint

Applying the modulusconstraintis much easierthanin the generalcase. The co-
efficientsls, ls, 11,1y (Seeequation(5.2)) canbe evaluatedfor bothw, andx,. The
modulusconstrainin thetwo view casethentakeson thefollowing form:

(A3 (ma) + 13(m)) (N1 (74) + 11 (m5))? (5.8)
= (Ma(ma) + la(m3) )3 (Mo (ma) + lo(ms)) - '
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Thisresultsin a polynomialof degree4 in only onevariable) (notdegree6 asSturm
anticipated151] ). Thereforeatmost4 solutionsarepossible Becausequation(5.8)
is only a necessargonditionfor Hf$ to be conjugatedvith a scaledrotationmatrix,
this propertyshouldbe checledout. This caneliminateseveralsolutions.If different
solutiongpersistatthis stagesomecanstill beeliminatedin themetriccalibrationpart.

Metric calibration

Oncethe affine calibrationis known equation(4.5) canbe usedasdescribedn 4.4.1.
This will however not yield a uniquesolution. If Vg is theintersectionpoint of the
planeatinfinity with therotationaxisto go from oneviewpointto the other, thennot
only the absoluteconic, but alsothe degenerateconic VzV}, is a fixed conic of the
planeatinfinity andthusalsoeverylinearcombinationof these.This resultsin aone
parametefamily of solutionsfor the dualabsoluteconicw, .

Additional constraintdike someknown aspectratio, orthogonalityof the image
axesor sceneorientationscanbe usedto restrictw?, to oneuniquesolution. If more
than one affine calibrationwas still underconsiderationtheseconstraintscan also
helpout. Also thefactthatw? shouldbe positive definiteandthatthe principalpoint
shouldbe moreor lessin the centerof the imagecanbe usedto find the true affine,
andthusalsometric, calibration.

The applicationof theseconstraintds not so hard. Herethe caseof orthogonal
orientationsn thescenewill bediscussedThis canfor examplebeappliedwhenit is
assumedhatthe extractedvanishingpointscorrespondo orthogonabrientations.

Thepointsv, andv| aretwo vanishingpointsin thefirstimage.Thecorrespond-
ing scengpointscanbeobtainedrom thefollowing equation:

vi ~ K[I|0] [ ‘6 ] (5.9)

Thusv = K~ 'v; representshe associatedirection. Orthogonalitynow meanshat
vv' =0or
vi KTTK v =v/wv) =0 . (5.10)

Thereforeit is moreappropriatg¢o usethe dualequationof (4.5):
w~ HSTWHSS (5.11)

which of coursealsoyields a oneparametefamily of solutionsfor w. Adding equa-
tion (5.10)resohesthis ambiguity

Fromw = K- TK~! first K—! is extractedby Cholesly factorizatiorandsubse-
guentlyinvertedto obtainK which containsghe camerantrinsic parameters.

Simulation

Somesimulationsvereperformedor the 2 view casewith 2 known vanishingpoints.
The sametype of simulateddatawasusedasin the generalcase(seesection5.3.4).
A noiselevel of 1 pixel waschoserfor the correspondenced.helocalizationof the
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Figure5.12: Computedntrinsic camen parametesfor low noiselevel (left) andhigh
noiselevel (right).

vanishingpointswasalsoperturbedoy somenoise.Firstthe pointsatinfinity (the3D
pointscorrespondingo vanishingpointsin theimages)werechoserasfollows:

Vx=[1 00 vx] andiy=[0 1 0 wy ] (5.12)

wereVx andVy arethepointsatinfinity correspondingo the X andY direction,vx
andvy is anoisetermwith a meanof zeroandsomespecificstandarddeviation o .
This meanghatinsteadof having a point which is exactly at infinity, mostly a point
is obtainedof the orderof Uil Thevanishingpointsusedfor this simulationarethen
obtainedasfollows:

vx; = P;Vx andvy; = P;Vy . (513)

Thesecoordinatesvereadditionallyperturbedoy somenoisewith standardleviation
o4 pixels.

Themodulusconstraintandthe two vanishingpointswere usedto obtainthe ho-
mographyof the planeatinfinity. This homographydetermineshe absoluteconicup
to one parameter This parametemasretrieved by imposingorthogonalitybetween
thedirectionscorrespondindo the vanishingpoints.

A first setof 100 simulationswas carriedout with a smallamountof noise(i.e.
o1 = 0.01,00 = 10), a secondsetof 100 simulationswas carriedout with a high
amountof noise(i.e. o1 = 0.1,02 = 100). Theresultsof thesesimulationscanbe
seenin Figure5.12. Theleft partshavs the resultswhich were obtainedwith only a
smallamountof noise.Thelayoutis similarto Figure5.3.

It canbe seenthat the resultsare goodfor a smallamountof noise(left part of
Figure5.12). With a lot of noisethe resultsseriouslydeteriorate(seeright part of
Figure5.12). Althoughmostsolutionsaresituatedaroundthe correctvalues,a much
biggerspreadxists. In additionthe algorithmfailsin 30% of thecases.
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Figure5.13:Images2 and 24 of the castlesequence

Experiment

It wasseenin section5.4.1that two imagescould be sufficient for self-calibration
whentwo vanishingpointscorrespondingo orthogonabirectionscanbeidentifiedin
thesemages.

Thefirst stepisto obtaintheweakcalibrationfor thetwo images.Thiscorresponds
to identifying the fundamentaimatrix. From this a valid instanceof the projectve
cameramatricescanbe chosen.The secondstepconsistsof identifying at leasttwo
vanishingpointsin bothimages.Thiswasdoneusinga cascadetioughapproachA
first Houghtransformis usedto identify linesin dualspaceasecondHoughtransform
isthenusedoidentify coincidencepoints.In scenegontainingegularstructurege.g.
buildings) thesepointsaretypically vanishingpoints. More detailsof this approach
canbefoundin [172].

Combiningtheseresultsallows usto follow the stepsdescribedn section5.4.1:

Affine calibration:(1) writing down themodulusconstrainfor thetwo images,
(2) filling in the oneparametefamily of solutionsfor theinfinity homography
H,, definedby thetwo vanishingpointsandtheprojective calibration,(3) com-

putingthesolutionsandextremaof the obtainedequation(4) selectinghebest

oneaccordingo equalmoduli of eigervalues.

Metric calibration: (1) determiningthe one parametefamily for the absolute
coniccorrespondingvith theinfinity homography(2) determininghe solution
for which thevanishingpointscorrespondo orthogonaldirections.

Two imagesof the castlesequencavere usedin this experiment. Thesecanbe
seenin Figure5.13. In additionto the projectie calibrationtwo vanishingpoints
were automaticallyretrieved from theseimages. The coordinatesof the computed
vanishingpoints can be found in Table5.3. Using the describedmethodthe fol-
lowing intrinsic camergparametersvereobtained(seeTable5.4). Theseparameters
arerelatively closeto the parametersbtainedwith the generaimethodon the whole
sequence Exceptfor the skew which is relatively large (around6 degrees). These
aretypical resultsalthoughfor someimage pairslessaccurateresultsor no results
wereobtained.This couldbeexpectedrom thesimulationgseeSection5.4.1)which
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im2(H) [ im 2 (V) | im 24 (H) | im 24 (V)
2490 -1366 209 1275
37| -41954 437| -10582

Table5.3: Image coorinatesof the extractedvanishingpoints

875 98 381
K= 880 197
1

Table5.4: Resultobtainedfromimage 2 and 24

shaveda strongnoisesensitvity for this method.For moreaccurateesultsa bundle
adjustmenshouldbe appliedonthe projective reconstructioranda moreaccuratdo-
calizationmethodshouldbeusedfor thevanishingpoints(themaingoalof themethod
thatwasused[172] wasdetectionandnotaccuratdocalization).

In somecaseghis methodwasnt ableto obtainarny solution. Theseobsenations
canbe explainedby the absencef redundang whenonetriesto extractthe metric
calibrationfrom ascendrom two imagesonly. Theself-calibratiorproblemis known
to be a hard problemandthereforeas muchredundang aspossibleshouldbe used.
Sometimesven this is not enoughsincemary critical motion sequencesxist (see
Sectior4.4.3).

5.4.2 Varying focallength

The modulusconstraintcan also be usedfor other purposeghan affine calibration
(see[12]] for moredetails). The constraintdependon two conditions: the affine

calibrationand constanintrinsic cameraparametersFor eachview exceptthe first

onewe getavalid constraint.This meanghatinsteadof “spending”the constrainion

solvingfor affine calibration,onecanin the traditionalscheme-whereaffine calibra-
tion amountsfrom translationbetweenthe first two views [100]— usethe constraint
to retrieve one changingparametefor eachsupplementaryiew. An alternatve ap-

proachwould beto leave thecamergparametersinchangedintil the affine calibration
is retrieved and only then startvarying the cameraparameters.The mostpractical
applicationis to allow thefocal lengthto vary. Thisallowsto copewith auto-focusing
and zoomingin the image sequence.A similar approachwas proposedfor stereo
rigs[125], this casewill bediscussedh 5.4.3.

Modeling the changein focallength

The first stepis to modelthe effect of changesn focal length. Thesechangesare
relatively well describedoy scalingthe imagearounda fixed focus of expansion .
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This canbeexpressedsfollows:

1 0 ('=1
;=K withK =0 1 ( t-1) (5.14)
0 0 -1
where ; arethe pointsthat onewould have seenif no changein focal length had
occurredandwith  ; theimagepointsfor somerelativefocal length . Notethat
this equationalsomalesit possibleto cancelthe effect of the zoomby dezoominga
projectionmatrix usingK —*.

Thefirstthingto dois to retrievethefocusof expansion . Fortunatelythisis easy
for acamerawith variablefocallength, beingtheonlyfinite fixedpointwhenvarying
thefocallengthwithoutmoving thecamerd80, 83]. Theaffinecameracalibrationcan
thenbe retrieved from two views with a differentfocal lengthanda puretranslation
betweerthetwo views, usingthe methoddescribedn [121].

Using the modulus constraint

The modulusconstraintis only valid for an affinely calibratedcamerawith constant
intrinsic cameraparameter®r afterthatthe effect of the changein focal lengthhas
beentakenaway. Stateddifferently, themodulusconstrainmustbevalid for acamera
matrixP = K~'P . Writing down the characteristiequationwe getanequation
similarto equation(5.2):

(K™UHSS — AT) = 1303 + A2 + i + 1 = 0 (5.15)

The expressiondor I4,12,13,1 areworked out in AppendixA.3. Substitutingthe
obtainedcoeficientsin equation(5.3)we obtaina4 degreepolynomialequationin

+ 3%+ 224 4 4+ =0 (5.16)
This equationhas4 possiblesolutions. It canbe proventhatif is areal solution,

then— mustalsobea solution(seeappendixA.3). Imposingthis to equation(5.16)
yieldsthefollowing result:

o |-

(5.17)

Now that hasbeenretrieved, K~ canbe usedto getnormalizedmagesandcam-
eras. Theseaffine camergprojectionmatricescanthenbe upgradedo metricasde-
scribedin section5.3.2.

Simulation

Somesimulationswere also carriedout for this case. Here again,the sametype of
simulateddatawas usedasin the generalcase(seesection5.3.4). Differentnoise
levelswereusedfor the simulations For every experimentfour views weregenerated.
The first two only differ in focal length( 1 = 1, 2 = 2) which allows us to
estimatethe focus of expansion. The focal lengthfor the otherviews is chosenat
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Figure5.14: Computedntrinsic camen parametesfor low noiselevel (left) andhigh
noiselevel (right).

randombetween ; and ,. For the third view a pure translationwas carriedout.
From this the affine reconstructiorwas obtained,in spite of an unknovn changein
focallength.For thelastimageacombinatiorof arotationandatranslationvasused.

For every noiselevel hundredexperimentswvere carriedout. The resultsfor 0.2
and2 pixelsof noiseareshavn in Figure5.14. This correspondso a low anda high
level of noiseon the correspondence3helayoutis similarto Figure5.3.

It canbe seenthat the resultsare very good for a small amountof noise (left
partof Figure5.12). With morenoisetheresultsarestill good. The othercomputed
parametersi.e. the focusof expansionandtherelative focal lengthsfor the different
views) arenot shavn. In generalthe focusof expansionandthe relative focal length
for views 2 and3 arevery accuratelyobtained.This is dueto the high redundang of
the equationsn thesecases.The quality of the estimatefor the relative focal length
for view 4 is of the sameorderasthe absoluteestimateof thefocallength(i.e. ).

Experiment

In this caseanindoorscenenvasusedfor ourexperiment.Firstthefocusof expansion
wasidentifiedby zooming. Thena puretranslatiorwascarriedout which allowedto
retrieve the affine structure.Finally an additionalmotion wasusedto getthe metric
structureof thescene.

Here someresultsobtainedfrom a sceneconsistingof two boxesanda cup are
given. Theimagesthatwereusedcanbe seenin Figure5.15. The scenewaschosen
to allow a goodqualitatve evaluationof the metric reconstruction.The boxeshave
right anglesandthe cupis cylindrical. Thesecharacteristicsnustbe preseredby a
metric reconstructionput will in generalnot be presered by an affine or projective
reconstruction.

Firstacornematchemwasusedo extractpointcorrespondencdmtweerthethree
images.Fromthesethe methodallowing varying focal lengthswas usedto obtaina
metric calibrationof the cameras.Subsequentlthe algorithmof [134] wasusedto
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Figure5.15: The 3 imagesthat were usedto build a Euclideanreconstruction.The
camen wastranslatedbetweerthefirsttwo views (thezoomwasusedto keepthesize
mote or lessconstant).For thethird image thecamen wasalsorotated.

Figure5.16: Differentviewsof the 3D reconstruction.

computedensepoint correspondenced.hesewereusedto build thefinal 3D recon-
structionusingthe previously recoveredcalibration.

Figure 5.16 shows threeviews of the reconstructedgcene. The left imageis a
front view, the middle imagea top view, while the right imageis a sideview. Note
especiallyfrom thetop view, that90 anglesarepreseredandthatthe cupkeepsits
cylindrical form whichis anindicationof the quality of the metricreconstruction.

5.4.3 Stereorig with varying focallength

Theauto-calibrationtechniquegproposedy Zissermaretal. [188] andDevernayand
Faugera$28] (or morerecentlyby HoraudandCsurka[65]) for two views takenwith
a rotatingfixed stereorig canalsobe generalizedo allow changesn focal lengths
for bothcamerasndependentlyandpurelytranslationamotions. In factthe method
is easierthanfor a singlecamera.For afixedsterearig the epipolesarefixedaslong
asonedoesnt changethe focal length. In this casethe movementof the epipolein
onecamerds in directrelationwith the changeof its focal length. This is illustrated
in figure 5.17. Knowing the relative changein focal lengthandthe principal points
allowsto removetheeffectof thischange€rom theimages.Fromthenonthestandard
techniquedor fixedsterearigs canbeused[188, 28, 65].
Thesamedeawasrecentlyextendedoy Shashul43] to allow all intrinsic cam-
eraparameterandorientationf anomnirig (rig with 5 camerasn whichthecenters
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of projectionarefixed)to vary. With commonpointsbetweentwo views of this om-
nirig it is possibleto self-calibrateit. Without commonpointsit is still possibleto
obtain a metric frameif the rig had beencalibratedbefore,evenif all parameters
changedn the meanwhile.The5 projectioncentersareusedto transformthe projec-
tive reconstructionio a metricone.

(uxR,uyR)

(0,0)

Figure5.17: this figureillustrateshowthe epipoleswill movein functionof a change
in focal length.

By first extractingthe principalpoints-i.e. mildly calibratingthecamera onecan
thenalsogeta Euclideanreconstructioreven for a translatingstereorig, which was
not possiblewith earliermethodq188, 28]. Betweenary pair of cameras and we
have thefollowing constraints:

Ai w*=HPOH® ' (5.18)

For two views with a fixed stereorig thereare 3 differentconstraintf the type of
equation(5.18): for the left camera(betweenview 1 and 2), for the right camera
(betweernview 1 and2) andbetweenrthe left andthe right camera.For a translation
H>., = I which meanghatthetwo first constraintdbecometrivial. The constraint
betweertheleft andtheright cameran generaglveSS independenequations. This
is notenoughto solvefor |, , | , B R R E R Assumingthatthe
principal point coincideswith the focus of expanS|onand assumlngperpend|cular
imageaxes[188] restrictsthe numberof unknavnsto 4. This problemcanthenbe
solved througha systemof linear equationgsee[126]). In practicalcaseshis can
beimportantbecausevith earliertechniquesary motion of the stereorig whichwas
closeto translationgave unstableresults.

It is alsousefulto notethatin the caseof a translationalmotion of therig, the
epipolargeometrycanbe obtainedwith asfew as3 pointsseenin all 4 views. After
cancellinghechangen focallengthandsuperimposinghetranslatediiews, it is asif
oneobsenrestwo translatedopiesof the points. Choosingwo of thethreepoints,one
obtainsfour coplanaipointsfrom thetwo copiescoplanarityderivesfrom thefactthat
therig translates).Togetherwith projectionsof the third point, this sufficesto apply
thealgorithmpropoundedn [13]. Needingasfew as3 pointsclearlyis advantageous
to detecte.g.independentotionsusingRANSAC stratgyies[162)].

thecamera®f the sterearig shouldnot have the sameorientation.
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Experiments

The algorithmdescribedn the previous section,wasappliedto syntheticimagesas
well asrealimages.Fromtestswith syntheticdataone canconcludethatrestricting
the motionto translationgivesmore stableresults. For a reporton theseresults,we
referto [131].

Someresultsobtainedfrom a real sceneare presentechere. The sceneconsists
of a box anda cylindrical objecton a textured background.Imageswere acquired
with atranslatingstereorig. They canbeseenin Figure5.18. Figure5.19shavsthe

Figure5.18: Two pairs of imagesof a scendakenwith a translatingsteeorig.

reconstructiomesults.Noticethatanglesarewell presered(e.g.thetop andthefront
view differ by 90 , thebox andthefloor have right anglesin thereconstruction)The
inaccuraciesn the reconstructior{like the dentin the cylindrical object)are mainly
dueto therenderingprocesshich usedriangulationbetweermatchecdpointsandare
notrelatedto theaccurag of the calibration.

5.5 Conclusion

In this chapterthe modulusconstraintandits applicationto self-calibrationproblems
was discussed.It hasbeenshavn that this versatileconstraintcan be usedto ob-
tain the self-calibrationof cameragn differentcircumstancesrirstthe classicakelf-
calibrationproblemwassolved. The modulusconstraintallows to follow a stratified
approach. The projective calibrationis upgradedo affine by identifying the plane

Figure5.19: Differentviews of the 3D reconstructiorof thescene
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at infinity, thenthe absoluteconicis locatedanda metric calibrationis obtained. A
non-lineaminimizationstepallows to refinethis calibration.

The experimentson syntheticdatashav that a stratifiedapproachcan be more
successfuin obtaininga satisfyingcalibrationthananapproactbasedon ana priori
guesdor theintrinsic camergparametersTheseexperimentonfirmtheimportance
of a goodlocalizationof the planeat infinity for a successfuktalibration. Besides
experimentson syntheticdatasomerealimagesequencewereusedto illustratethe
feasibility of themethod.

Someotherapplicationsof the modulusconstraintwerealsoproposed.ln mary
circumstancesvo or morevanishingpointsareknown or canbefoundin theimages.
In this casethemodulusconstraintanevenresultin self-calibratiorfrom two images
only. Interestingresultshave also beenobtainedfor a varying focal length. Once
the affine calibrationhasbeenobtained(i.e. from a pure translation)the modulus
constraintcanbe usedto retrieve the focal lengththrougha closedform equation.A
similarapproactor stereaigs wasalsobriefly discussed.
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Chapter 6

Flexible self-calibration

6.1 Intr oduction

In recentyearsresearcherbave beenstudyingself-calibratiormethodsor cameras.
Mostly completelyunknavn but constanintrinsic camergparametersvereassumed.
Several of thesetechniqueswvere discussedn the two previous chapters. This has
the disadwantagethatthe zoomcannot be usedandevenfocusingis prohibited. On
the otherhand,the proposederspectie modelis oftentoo generalcomparedo the
rangeof existing cameras.Mostly the imageaxes canbe assumedrthogonaland
oftenthe aspectratio is known. Thereforea tradeof canbe madeandby assuming
theseparameterso be known, onecanallow (someof) the otherparameterso vary
throughoutheimagesequence.

Sinceit becameslearthatprojectivereconstructionsouldbeobtainedrom image
sequencealone[36, 51], researchergied to find waysto upgradethesereconstruc-
tionsto metric (i.e. Euclideanup to unknavn scale). Many methodsweredeveloped
which assumedaonstanintrinsic camergparameter$37, 87, 183 60, 166, 124, 123
53]. Most of thesemethodsarebasedon the absoluteconic which is the only conic
which staysfixed underall Euclideantransformation$142]. This coniclaysin the
planeat infinity andits imageis directly relatedto the intrinsic cameraparameters,
hencethe advantageor self-calibration.

Sofarnotmuchwork hadbeendoneonvaryingintrinsiccamergarametersin the
previous chapter(seealso[121]) a stratifiedapproactfor the caseof a varyingfocal
lengthwasproposedbut thismethodrequireda puretranslatiorasinitialization,along
thelinesof Armstrongetal.s[2] earlieraccounfor fixedintrinsiccamergparameters.
RecentlyHeydenandAstrbm [61] provedthatself-calibrationvaspossiblewhenthe
pixelscouldbe assumedo be squaresThe self-calibratiormethodproposedn their
paperis basedn bundleadjustmentvhich requiresnon-linearminimizationover all
reconstructeghointsandcamerasimultaneouslyNo methodwasproposedo obtain
asuitableinitialization.

In this chapterthis proofis extended It will beshavn thatthe knowledgethatthe
pixels arerectangulaiis sufiicientto allow self-calibration. Throughgeometricrea-

87
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soningthisresultwill evenbeextendedo anyintrinsiccamergarameterA versatile
self-calibrationmethodis proposedvhich candealwith varyingtypesof constraints.
Thiswill thenbe specializedowardsthe casewherethe focal lengthvaries,possibly
alsotheprincipalpoint.

Section6.2 discussesometheoreticabspect®f self-calibratiorfor varyingcam-
eraparameters.Section6.4 discusseghe problemof critical motion sequencef
the caseof varyingintrinsic parameters.Section6.5 discussesomeaspectof the
automaticselectionof constraintdor self-calibration. The methodis thenvalidated
throughthe experimentsof Section6.6. Section6.7 concludeghis chapter

6.2 Sometheory

Before developinga practicalself-calibrationalgorithmfor varying intrinsic param-
eterssometheoreticalaspectsof the problemare studiedin this section. First a
countingargumentis givenwhich stateghe minimal sequencéengththatallows self-
calibrationfrom aspecificsetof constraintsThenatheoremis givenwhich stateghat
self-calibrationis possiblefor the minimal casewherethe only availableconstrainis
the absencef skew. Basedon the geometricinterpretatiorof somecalibrationcon-
straintsthisis generalizedo any known intrinsic parameter

6.2.1 A counting argument

To restricttheprojectve ambiguity(15 degreesof freedom)to ametricone(3 degrees
of freedomfor rotation, 3 for translationand 1 for scale),at least8 constraintsare

needed. This thus determineghe minimum length of a sequencdrom which self-

calibrationcanbe obtained dependingn the type of constraintavhich areavailable
for eachview. Knowing anintrinsiccamergarametefor viewsgives constraints,
fixing oneyieldsonly — 1 constraints.

( )+ =1 ) 8

Of coursethis countingargumentis only valid if all the constraintsareindependent.
In this contet critical motion sequencesare of specialimportance(seeSection6.4
andesp.6.4.2).

Thereforegheabsencef skew (1 constrainperview) shouldin generabeenough
to allow self-calibrationon a sequenc®f 8 or moreimages.In Section6.2.3it will
be shavn thatthis simpleconstraints not boundto be degeneratelf in additionthe
aspectratioisknown (e.g. = ) then4 viewsshouldbesuficient. Whenalsothe
principalpointis known, a pair of imagess enough.A few moreexamplesaregiven
in Table6.2.1.

6.2.2 A geometricinterpretation of self-calibration constraints

In this sectiona geometridnterpretatiorof a camergprojectionmatrixis given. It is
seerthatconstraint®ntheinternalcamergarametersaneasilybegivenageometric
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constraints known fixed min #images
no skew 8

fixedaspectatio andno skew —
known aspectatio andno skew , —

only focallengthis unknavn Ty
standardself-calibratiorproblem T

W N Ot

Table 6.1: A few examplesof minimum sequencdength required to allow self-
calibration

interpretationin space. This will thenbe usedin the next sectionto generalizethe
theoremgivenin [120] (andAppendixB).

A camergprojectionplanedefinesa setof threeplanes.Thefirst oneis parallelto
theimageandgoesthroughthe centerof projection. This planecanbe obtainedby
back-projectingheline atinfinity of theimage(i.e.[001]T). Thetwo othersrespec-
tively correspondo the back-projectiorof theimage - and -axis(i.e. [010]T and
[100]T resp.).A line canbeback-projectedhroughequation(3.9):

~PT N[_T ]KT (6.1)

Letuslook attherelative orientationof theseplanes.Thereforeherotationandtrans-
lation canbeleft out withoutlossof generality(i.e. a cameracenteredepresentation
is used).Let usthendefinethevectorsv , v andv; asthethreefirst coeficientsof
theseplanes.Thisthenyieldsthefollowing threevectors:

0 0
v = , V. = s, Vi = 0 (62)
1

The vectorscoincidingwith thedirectionof the andthe axiscanbe obtainedby
intersection®f theseplanes:

=v wv;=|0 and =v v;=| — . (6.3)
0 0

Thefollowing dot productscannow betaken:

= , Vv .v; = andv .v; = (6.4)
Equation(6.4) provesthatthe constraintfor rectangulapixels(i.e. = 0), andzero
coordinatedor the principalpoint(i.,e. = 0and = 0) canall be expressedn

termsof orthogonalitybetweervectorsn space Notefurtherthatit is possibleto pre-
warptheimagesothata known skew! or known principal point parametersoincide
with zero. Similarly a known focal lengthor aspectatio canbe scaledo one.

In this casethe skew shouldbe givenasananglein theimageplane.If theaspectatiois alsoknown,
this corresponds$o ananglein theretinalplane(e.g. CCD-array).
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It is alsopossibleto give a geometricinterpretationto a known focal lengthor
aspectratio. Put a plane parallelwith the image at distance from the centerof
projection(i.e. = in cameracenteredcoordinates).In this casea horizontal
motionin theimageof  pixelswill move theintersectiorpoint of the line of sight
over a distance . In otherwords a known focal lengthis equivalentto knowing
thatthe lengthof two (typically orthogonallvectorsareequal. If the aspectratio is
definedastheratio betweerthe horizontalandvertical sidesof a pixel (which makes
it independenof ), asimilarinterpretationis possible.

6.2.3 Minimal constraintsfor self-calibration

In this paragraplit is statedthatthe knowledgethatthe pixelsarerectangulacanbe
sufficient to yield a metric reconstructior(the actualproof is givenin AppendixB).
This is an extensionof the theoremproposedy Heydenand,&strbm [61] which be-
sidesorthogonalityalsorequiresthe aspectatio to be known (i.e. squarepixels). In
the meanwhileHeyden andAstrom [64] independentlyproposeda generalizatiorof
theirtheorem.

Theorem 6.1 Theclassof transformationsvhich preservesectangularpixelsis the
groupof similarity transformations.

Theoriginalproofis givenin appendixB. Herewe giveageometrigroofbasednthe
insightsof theprevioussection.Thesensightsallow usto generalizélheoren®.1for
ary known intrinsic parameterThe proof for rectangulapixels (no skew) or known
coordinatef the principal pointis givenin Figure6.1. While the proof for known
focallengthor known aspectatiois givenin Figure6.2. In thesefiguresapair of lines
represents specificcamerapose. Dependingon the figure orthogonalityor equal
lengthconstraintsshouldbe satisfiedfor every pair of lines. If a constructioncanbe
obtainedwhichfixesall parametersf projective distortion(i.e. restricttheambiguity
to a similarity) we disposeof an exampleof a non-critical motion sequence.This
shaws that the constraintis not boundto be degenerateandthusthatin generalthe
constraintareindependent.

If asequencés generalenough(in its motion)it follows from Theorem6.1 that
only a projective representationf the camerasvhich canbe relatedto the original
onesthrougha similarity transformationpossiblyincludinga mirroring) would sat-
isfy the orthogonalityof rows and columnsfor all views. Using orientedprojective
geometry[78] themirroringambiguitycaneasilybeeliminated. Thegeometrigroofs
givenin Figure6.1andFigure6.2 generalizahis towardsary known intrinsic camera
parameterThereforeself-calibratiorandmetricreconstructiomrepossiblefrom min-
imal constraintssupposinghe motionis generalenough. Of coursemorerestricted
cameranodelsyield moreaccurateesultsanddiminishthe probability of encounter
ing critical motionsequenceseeSection6.4).
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L

3

Jr
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Figure6.1: geometricprooffor skew or principal point: Everypair of linesrepresent
anorthogonalityconstaint. Constaints1,2 and 3 definea setof mutuallyorthogonal

lines. The pairs of constaints 1-4, 2-5 and 3-6 definethe pointsat infinity of these
lines and thusfix the planeat infinity. At this point only a scalingalong one of the

threeaxesis possible Thisis madeimpossiblehroughthe constaints 7 and 8. Only

a globalscaleandarigid transformatiorof the wholeconstructionare still possible

QED.

1

Figure6.2: Geometricproof for focal lengthor aspectratio: In this caseevery pair
of linesrepresentan equallengthconstaint. Startingin a plane constaints1,2and
3 giveusarhomtus. Constaint 4 imposesqualdiagonals,which thusresultsin a
squae. Atthis stagetheambiguityontheplaneis restrictedto a 2D similarity. Putting
up the construction5-6-7 we obtain a first fixed point out of the plane Constaint 8
is positionedsothattheline  passedhrough andis perpendicularto the plane
(the basepointcan easilybe computedrom the positionsof 5,6 and 7). Theknown
scalefactor — allowsto obtainthepointat infinity of theline. Togetherwith theline
at infinity of the planethis fully determineshe affine structue of the scene Since
wasconstructegerpendiculaito the plane(andtherelativescaleto the planeis also
fixed)theambiguityis restrictedto a similarity. QED.
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6.3 Self-calibration of a camerawith varying intrinsic
parameters

It is a well-known resultthat from imagecorrespondenceslonethe cameraprojec-
tion matricesandthe reconstructiorof the scenepointscanbe retrieved up to a pro-
jective transformatiorwithout assumingarny knowledgeaboutthe intrinsic camera
parameter§36, 51]. A practicalmethodis describedn Section7. Notethatwithout
additionalconstraintsiothingmorecanbeachiered. Thiswasshavn in Sectiord.2.

In general,however, someadditional constraintsare available. Someintrinsic
parametersare known or can be assumecdtonstant. This yields constraintswhich
shouldbeverifiedwhenP is factorizedasin equation(3.7).

It wasshawn in the previous sectionthatwhenno skew is presentor whenan-
otherintrinsic camergarameteis known), theambiguityof thereconstructiortanbe
restrictedto metric. Althoughthis is theoreticallysufiicient, underpracticalcircum-
stance®ftenmuchmoreconstraintareavailableandshouldbeused.

In Euclideanspacewo entitiesareinvariant—setwisenot pointwise—-underrigid
transformationsThefirst oneis theplaneatinfinity ., whichallowsto obtainaffine
measurementsThe secondentity is the absoluteconic  which is embeddedn the
planeatinfinity. If besidegheplaneatinfinity ., theabsoluteconic hasalsobeen
localized,metricmeasuremeni@repossible.

Whenlooking at a staticscenefrom differentviewpointsthe relative position of
thecameraowards ., and is invariant.If themotionis generalenoughponly one
conicin onespecificplanewill satisfythiscondition. Theabsoluteconiccantherefore
beusedasa virtual calibrationpatternwhichis alwayspresenin thescene.

A practicalwayto encodeboththeabsoluteconic  andtheplaneatinfinity o is
throughthe useof theabsolutedualquadric * [142] (introducedn computenision
by Triggs[166]). It wasintroducedin Section2.3.3andits applicationin the context
of self-calibrationwasdiscussedh Sectiond.4.1.1ts projectionin theimagess given
by equation(4.3):

wi =K,K/ ~P; *P] (6.5)

This equationcan also be seenas describingthe back-projectiorof the dualimage
absoluteconicw;? = K;K, into 3D space.Constraintsn the intrinsic camerapa-
rametersn K; canthereforebetranslatedo constrainton the absolutedualquadric.
If enoughconstraintsare at handonly one quadricwill satisfythemall, i.e. the ab-
solutedual quadric. At that point the scenecanbe transformedo the metric frame
(which brings * to its canonicalform). Someof theseconceptsareillustratedin
Figure6.3.

6.3.1 Non-linear approach

Equation(4.3) canbe usedto obtainthe metric calibrationfrom the projective one.

The dualimageabsoluteconicsw; shouldbe parameterizeth sucha way thatthey

enforcethe constraintson the calibrationparametersFor the absolutedual quadric
* aminimum parameterizatio(8 parameters$houldbe used.This canbe doneby
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Figure6.3: Theabsolutedual quadric * which encodedoththeplaneat infinity .,
(affinerefeenceentity)andtheabsoluteconic  (metricrefeenceentity), projectsto
the dualimage of theabsoluteconicw; = K;K," . Theprojectionequationallowsto
translateconstaintson theintrinsic parametes to constaintson  *.

putting 3; = 1 andby calculating * from therank3 constraint. The following

parameterizationatisfiegsheserequirements:
. KK' —-KK'r, 6.6)
—mLKK' 7l KK 7 '

Herer., definesthe positionof the planeatinfinity ., = 71, 1]T. In this casethe
transformatiorfrom projective to metricis particularlysimple:

K- 0
-1 % 6.7)
An approximatesolutionto theseequationscanbe obtainedthroughnon-linearleast
squaresThefollowing criterionshouldbe minimized(with () — ):
Ki, )= (KK, 7o) = (K:K/)- (P; *P/) . (6.8)

i
If onechoose® = [I| ], equation(4.3)canberewrittenasfollows:

KK'  -KK'r]

KK, P, *P, with K KT 7. K KTWOTO

(6.9)

andthefollowing criterionis obtained:

" (K Too) = (KK[)- (P; "P]) . (6.10)

i
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In thisway 5 of the 8 parametersf the absoluteconic areeliminatedat once,which
simplifiescorvergenceissues.On the otherhandthis formulationimplies a biasto-
wardsthe first view sinceusingthis parameterizatiothe equationgor thefirst view
areperfectlysatisfied whereaghe noisehasto be spreadover the equationdor the
otherviews. In the experimentst will be seenthatthis is not suitablefor longerse-
guencesvherein this casethe presenredundang cannot be usedoptimally. There-
fore it is proposedo first usethe simplified criterion of equation(6.10) andthento
refinetheresultswith the unbiasedtriterionof equation(6.8).

To applythisself-calibratiormethodto standardzooming/focusingamerassome
assumptionshouldbe made.Oftenit canbe assumedhatthereis no skew andthat
theaspectratio is tunedto one. If necessarye.g.whenonly ashortimagesequence
is at hand,whenthe projective calibrationis not accurateenoughor whenthe motion
sequenceés closeto critical without additionalconstraints)jt canalso be usedthat
the principal point is closeto the centerof the image. This leadsto the following
parameterizationfor K; (transformtheimagesto have (0, 0) in themiddle):

z'Oz' iO

Ki = i i or K,’ = i (611)

_= o O

Theseparameterizationsanbe usedin (6.8). It will be seenin the experimentsof
Section6.6 that this methodgivesgoodresultson syntheticdataaswell ason real
data.

6.3.2 Linear approach

The previous nonlinearapproachneedsan initialization. Thereforein this section
a non-iteratve approachs developedbasedon linear constraints.Even if someof
theseconstraintareonly roughly satisfiedthis canbe sufiicientto provide a suitable
initialization for the nonlinearmethod.

To obtaina linearalgorithmbasedn equation(4.3) linearconstraintoon thedual
image absoluteconic are needed. The problemis that the constraintsare givenin
termsof intrinsic camergparametersvhich aresquaredn w*:

2+ 2+2 +
W~ KK ~ + 24 2 (6.12)

However, aknown principal pointyieldstwo independentinear constrainton w*. If

theprincipalpointis known thena known skew alsoresultsin alinearconstraint(i.e.
by transformingthe imageso thatthe skew vanishes).If thesethreeconstraintsare
available,thena known focal lengthor aspectatio alsoresultsin alinearconstraint.
Thedifferentusefulcasesaresummarizedn Table6.2.

HerecaseB is workedout, but theapproacthis similar for thetwo othercasesThe



6.3. Self-calibratiorof a camerawith varyingintrinsic parameters 95

unknavn parameters constraints w*
everythingknown but [ 2 0 0]
caseA | free/unknavnfocallength = = =0 0 20
free/unknevn aspecratio | 0 0 1 |
everythingknown but = [ * 0 0]
caseB 0 %20
free/unknevn focal length = = =0 0 0 1
_ 1 100
caseC everythingknown - 010

Table6.2: Usefulcasesavhich canbe solvedwith thelinear algorithm

constraintave imposesimplify equation(4.3) asfollows:

2 [ ]
8]

=P, 2 P, (6.13)
[ J

with A anexplicit scalefactor Fromthe left-handside of equation(6.13)it canbe

seenthatthefollowing equationhave to be satisfied:

Oap ©
— oo

i = w?, (6.14)
wt? o= oW =wr® =0 (6.15)
;.k 2 = w: 3 = w;k 32 = 0 . (616)

with w?  representinghe elementon row  andcolumni of w;. Note thatdue
to symmetry (6.15)and(6.16) resultin identicalequations. Theseconstraintscan
thusbe imposedon the right-handside, yielding 4 independentinear constraintdn
i, = 1...10for everyimage:

* T = .2 * ZT
1 k3 k3 1
T
2i *12 =0
.
2, *°% =0
9 2 *.3T - 0

with . representingow of P; and * parameterizedsin (6.13). Therank3

2
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constrainttanbeimposedby takingthe closestrank3 approximation(usingSVD for
example).This approactoldsfor sequencesf 3 or moreimages.

The specialcaseof 2 imagescanalsobe dealtwith, but with a slightly different
approachWhenonly two views areavailablethe solutionis only determinedip to a
oneparametefamily of solutions % + ;. Imposingtherank3 constraintin this
caseshouldbe donethroughthedeterminant:

(+ D=0. (6.17)

This resultsin up to 4 possiblesolutions. The constrainthatthe squarecpbarameters
shouldbe positive can be usedto eliminate someof thesesolutions. If morethan
one solution persistsadditional constraintsshouldbe used. Thesecan comefrom
knowledgeaboutthecamerge.g.constanfocallength)or aboutthescenge.g.knowvn
angle).

6.3.3 Maximum Lik elihood approach

The calibrationresultscould be refinedeven more througha Maximum Lik elihood

approachTraditionally severalassumptionaremadein this case.lt is assumedhat

theerroris only dueto mislocalizationof the imagefeatures. Additionally, this error

shouldbe uniformly andnormally distributecd®. This meanghatthe proposectamera
modelis supposedo be perfectly satisfied. In thesecircumstanceshe maximum
likelihoodestimationcorrespondso the solutionof a least-squareproblem. In this

casea criterionof thetype of equation(4.2) shouldbe minimized:

( Ki, & )= (= )2+ ( -2 (6.18)

%
where ; is the setof indicescorrespondingdo the pointsseenin view andP;
[ ] 5 13] =K;[ [|- [ i InthisequationK; shouldbe parameterizedothat

K3
the self-calibrationconstraintsare satisfied. The modelcould also be extendedwith
parameterfor radialdistortion.

An interestingextensionof this approactwould beto introducesomeuncertainty
on the appliedcameramodelandself-calibrationconstraints.Insteadof having hard
constraint®n theintrinsic camergparametergamposedhroughthe parameterization,
onecouldimposesoft constrainton theseparametershrougha trade-of duringthe

minimizationprocessThis would yield a criterionof thefollowing form:

! ( 7Ki7 iy 1') = i ( i — — )22+( i_—)2 (619)
with A aregularizationfactorand ,-(Ki) representinghe constraintson the in-
trinsic cameraparameterse.g. ; = ; — . (known aspectatio), »; =
(known principalpoint)yor , — (constanfocal length). Thevaluesof thefactors

A depencdbn how stronglythe constraintshouldbe enforced.

Thisis arealisticassumptiorsinceoutliersshouldhave beenremovedat this stageof the processing.
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Figure 6.4: Potential images of the absoluteconic for different constaints. From
left to right more constaintsare added.No constaints(far left), knownskew (middle
left), knownprincipal point(middleright) andknownaspectatio (far right). Aknown
focal lengthwouldresultin a knownradiusfor theimage of the absoluteconic. Note
that the projectionof the true absoluteconicin theretinal planeis alwaysI, whatis
observeds, howerer, theimage plane

6.4 Critical motion sequences

In this chaptera self-calibrationrmethodwas proposedhat could dealwith different
setsof constraintson the intrinsic cameraparameters.In this casecritical motion
sequencesan, of course,alsooccutr The type of critical motion sequencesvhich

canoccur, however, dependn the constraintavhich areimposedfor self-calibration.
Theextremesheingall parameter&nown, in which casealmostno degeneraciesxist;

and,no constraintstall, in which caseall motionsequencearecritical.

Thework of Sturmon critical motionsequencefl52, 153 150 canbeusedasa
startingpoint. This analysissupposedhatall intrinsic camergparametersverecon-
stant. Thealgorithmproposedn this chaptercanhowever dealwith known, constant
or varyingcamergarameters.

Known intrinsic parameterarerelatively easyto dealwith sincethey reducethe
possibilitiesfor critical motion sequencesOnly the potentialabsoluteconicswhich
satisfythe constraintshave to be dealtwith. SinceSturm’s analysiswasdonefor a
constantimageof the absoluteconic, all the conicsof a specificconstanparameter
critical motion sequencevill satisfythe constraintor nonewill. This meanghatthe
classof motioninvolvedwill be the samewhensomeparametergreknown andthe
othersareconstan{assuminghistypeis still critical with theaddedconstraints)The
ambiguity however, will bereducedsincepotentialabsoluteconicshaveto satisfythe
imposedconstraints.Figure 6.4 illustratesthe effect of the constraintoon the image
absoluteconic. Note for examplethatin the casewhereonly the focal lengthis not
known the projectionconeof theimageabsoluteconicis boundto bea circularcone.

Varyingintrinsic parametersire more difficult to dealwith. An analysiscanbe
madealongthe samelinesasfor constanintrinsic camergparametersGivena spe-
cific type of conic, which combinationsof positionand orientation satisfythe con-
straints? Fromthis classe®f critical motionsequencesanbederived.
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6.4.1 Critical motion sequencesor varying focallength

Oneof the mostinterestingcasesconsistsof a camerawith all intrinsic parameters
known, exceptthe focal lengthwhich canvary. To analyzeCMS it is simplerto use
the projectionof the absoluteconicin theretinal planeinsteadof in theimage.For a
Euclidearrepresentatiothe trueimagein theretinal planeis obviouslyI. Dueto an
unknawn focal length, self-calibrationalgorithmshave no way to discardalternatve
solutionswhich satisfy

N2 o000
wi~ | 0 A2 0] . (6.20)
0 0 1

A \; = 1 corresponddo a wrong estimate ; of the focal length(i.e. ; = \; ;
insteadof ;). Onecanalsodeducerom equation(6.20)thatw., mustbeof theform
Woo ~ (, ,1). Hereagainthecasedor potentialabsoluteconicson andoff the
planeatinfinity shouldbeconsidered.

Potential absoluteconicsin the plane at infinity  In this caseonly doubleor triple
eigervaluesarepossiblefor the absoluteconic. Sinceatriple eigervaluecorresponds
to therealabsoluteconic,only the caseof a doubleeigervalueshouldbe considered.
The projectionof the absoluteconic on its imagefor a camerawith orientation ; is
describedisw; ~ jwao ; . Dueto theform of w; andw., thepossibleorientations
are:

0 0
=\ - 0] o = - 0 (6.21)
0 0 1 0 0 -1

CMS-ClassF1 This meanghatcritical motionsequencesf this classconsistof mo-
tionsfor which therotationsareaboutthe opticalaxisby anarbitraryangleor by 180
degreesaboutanaxis perpendiculato the opticalaxis.

Potential absolute conic out of the plane at infinity  Sincewe have to dealwith
acircular conethe classeof Section4.4.3basedon elliptic conescanbe discarded
immediately The locusis however more generalsincefor almostevery A another
positioncanbefound. Notethattheprojectionconecorrespondingdp thetrueabsolute
conic is always an absoluteone and that thereforecylindrical conescorrespondo
wrong estimatef the focal length. Thereforein this context relative focal length
meangheestimatedocal lengthoverrealfocal length.

CMS-ClassF2 An ellipseaspotentialabsoluteconicis obtainedvhenthemotion
is restrictedto a hyperbolaandanassociateellipsein anorthogonalplane(this spe-
cific casewasworked out by Sturm[155]). Sincea uniquepotentialabsoluteconic
correspondso a hyperbolaandthe sameis true for the ellipse,restrictingthe motion
to oneof themdoesnotincreasehecriticality of thesequenceThis cases illustrated
in Figure6.5basedn the principlewe have derivedin AppendixC. Theopticalaxis
of the cameramustbe tangento the hyperbolaresp. ellipse;arbitraryrotationabout
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Class Description

F1 translationsand 3 2
rotationsaboutopt. axis

F2 hyperbolicand/orelliptic motion 2 2 2

F3 2 or 3 2

F3.1  forwardmotion 2 2

F3.2 2 3 2

F3.2.1 purerotations 1 3 3

Table6.3: Classef critical motionsequencefor varyingfocallength.  and
representrespectivelythe numberof differentpositionsandthe different orientations
at eadh positionof which a critical motionsequencef the specificclasscan consist.

w indicatesthe minimumlevel of ambiguityon the absoluteconic for this classof
critical motionsequences.

theopticalaxis,and,of 180degreesaboutanaxisperpendiculatoit, arethusallowed.
Notethat,to every positioncorresponda specificA (seefigure).

CMS-ClassF3 A circle aspotentialabsoluteconicis obtainedwhenthe motion
is restrictedto a line. The orientationshouldbe so that the optical axis is aligned
with this line, exceptfor two positionswherean arbitraryorientationis allowed (for
thesetwo pointsthe projectionconeis anabsolutecone). Thereareseveralimportant
subclassefor this class.

CMS-ClassF3.1 All opticalaxesalignedwith theline containingall the centers
of projection. In this caseall circlesin planesperpendiculato the line (including
the planeat infinity) and centeredaroundthe lines intersectionwith this planeare
potentialabsoluteconics.

CMS-ClassF3.2 All centersof projectionrestrictedto two positions. An arbi-
trary orientationds allowed for the camerasin this casethe projectionconesarean
absolutecones Notethatthis cases still degeneratevhenthefocallengthis known!

CMS-ClassF3.2.1If only oneof thetwo positionsis usedthenthe positionof the
planeatinfinity is completelyfree. This corresponds$o purerotation.

Thedifferentclasse®f critical motionsequencefr varyingfocal lengtharesum-
marizedin Table6.3.

Specificdegeneracie®f the linear algorithms

In the caseof alinearalgorithmsomespecificdegeneraciesanoccur Thesearedue
to thefactthatlinearalgorithmsonly imposetherank3 constraintof * aposteriori.
Notethatthisis not specificto the algorithmthatwasproposedn this chapter Triggs
alsoreportedhis problemfor hislinearalgorithmfor constanintrinsiccamergaram-
eters[166]. Sturmalsodiscussedpecificalgorithmdependentiegeneracie$150].
The problemof thelinear algorithmsandof the Kruppaequationsonsistin thefact
thatthe planarityof the absoluteconicis notenforced.
Specificdegeneraciemccur whenthe camerafixes a real point. In the caseof
this algorithm the degeneracie®nly occur when the fixed point correspondswith
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Figure6.5: Critical motionsequencéor varyingfocallength,ClassF2. Motionalong
ahyperbola(H, left) and/oranellipse( , right). Thepotentialabsoluteconic isthe
intersectionof thecircularcones , , , (representedy ellipsoidsasexplained
in AppendixC) with the plane . It hasthe sameexcentricityastheellipsoid (in
both cases). The plane containingH, the plane containing andthe plane are
mutuallyorthogonal. Notethat for the ellipsoidsassociatedvith the hyperbola(left)
the smallesteigervalueis doublewhile on for the onesassociatedwvith the ellipse
(right) it isthelargestonethatis double Thefactor ) is givenbytheratio of thesingle
eigervalue (associatedvith the optical axis) and the doubleeigervalue (associated
with theimage plane). Thisgivestheratio betweerthe true focal lengthandthe one
obtainedby considering astheabsoluteconic.

¥

Figure6.6: Specificdegenerciesof the linear algorithm. If point is fixatedat the
centerof theimage, all real andimaginary spheeswith their centerin  will satisfy
theconstaintsof thelinear algorithm(caseA and B). Notethatthe distancebetween
thecamem andthepoint canvaryfreely
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the principal point. Sincethe fixation point is typically kept closeto the middle of
theimageandthuscloseto the principal point, this constraintis not very helpful in
practice.Sincethefocallengthis freeto vary, varyingthe distanceo thefixatedpoint
doesnotrestrictthe ambiguity
In this caseall spheres-realor imaginary-with their centeratthefixedpointare

solutionsof thelinearalgorithmsinceit doesnotenforcerank3. Supposédor example
thatthefixedpointis = [0001] T, thenthefollowing quadricswill all satisfytheself-
calibrationconstraints:

0 0

(o3 0 o |
1
0

1
* * 2 T _ 0
= 0 0 (6.22)
ey

0

1

0
L 00
Thisisillustratedin Figure6.6. Theonly constrainthatcanstill differentiateheabso-
lute quadricfrom all the othersis thatit hasexactly rank3. Notethatthedoublepoint
quadric " hasonly rank1. A nonlinearalgorithmenforcingthat the determinant
of the quadricis zerowould thusprobablyendup with  * (givena goodinitializa-

tion), but couldalsoyield . A linearalgorithmwill justgive ary solution. Thus,
an additionalclassof critical motion sequencesxists which is specificto the linear

algorithm:

CMS-ClassFL In this casethe positionis unrestricted = 2). Theorienta-
tionis sothataspecificpointis alwaysprojectecontheprincipalpoint( =2 ).
Theabsoluteconicis only determinedip to oneparamete( = )

Note thatfor mostclassesf Table 6.3 the dimensionalityof the solutionspace
(i.,e. ) will behigherfor thelinearalgorithm.

Note alsothatif thefocal lengthis known (seeTable6.2, caseC) thenalmostno
degeneracieganoccur(i.e. only CMS-ClassF4 andF4.1,seeTable 6.3). In some
critical casest canthusbe usefulto usean approximategocal lengthto initialize the
nonlinearalgorithm.How this canbe doneautomaticallyis explainedin Section6.5.

6.4.2 Detectingcritical motion sequences

A completedescriptionof all typesof critical motionsequencefor all differentpos-
siblesetsof constraintsvould take ustoo far. For the specificcasewhereall intrinsic
camergparametergrefixed,suchananalysisvascarriedout by Sturm[152].

Herea more practicalapproachs taken. Givenanimagesequencea methodis
givento analyzeif that particularsequencés (closeto) critical or not. The method
candealwith all differentcombinationsof constraints. It is basedon a sensitvity
analysistowardsthe constraints.An importantadvantageof the techniqueis thatit
alsoindicatesquasi-criticalmotion sequenceslt canbe usedon a syntheticmotion
sequencaswell asonarealimagesequencé&om whichthe—potentiallyambiguous—
rigid motionsequencavasobtainedhroughself-calibration.

Withoutlossof generalitythe calibrationmatrix canbe choserto be K = I (and
thusw? =1I). In the caseof realimagesequencethisimpliesthattheimagesshould

first be transformedwith K~ . In this caseit canbe verified that =5 (W) .
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=3 (w;‘)22, = (w}) 3 = (w;'k)3 U= (w;)zg = (w:'k)gz anq =
(w}) 5 = (wy), . Now thetypical constraintsvhich areusedfor self-calibration
canall be formulatedaslinear equationsn the coeficientsof K. As an exampleof
sucha systemof equationsconsiderthecase = 0, — = 1 and =constant.By
Iinearizinggroundw* =I_thisyie|ds (Wi) 5 =0, (W;) = (Wf)g Wi =
w* . Whichcanberewrittenas

Wag
0 01 0 w* o,
1 0 0 -1 . =0 (6.23)
1 -1 0 0 .

Wa

Morein generakhelinearizedself-calibrationequationcanbewritten asfollows:
w' =0 (6.24)

with w* a columnvectorcontainingthe differentialsof the coeficientsof the dual
image absoluteconic w; for all views. The matrix ~ encodeshe imposedset of
constraintsSincetheseequationsresatisfiedor theexactsolution,this solutionwill
be anisolatedsolutionof this systemof equationdf andonly if any arbitrarysmall
changeo thesolutionviolatesatleastoneof the conditionsof equation(6.24).Using
equation(4.3) asmallchangecanbemodeledasfollows:

o = [“’] s (6.25)

with * = * % * % 3 * 3 %]7 andthe Jacobian — evaluatedat
the solution. To have the expressiorof equation(6.25) differentfrom zerofor every
possible *, meanghatthematrix ' shouldbeof rank8 (' shouldhave aright
null spaceof dimensiorD). In practicethis meanghatall singularvaluesof ' should
significantlydiffer from zero,elsea smallchangeof theabsolutequadricproportional
to right singularvectorsassociateavith smallsingularvalueswill almostnot violate
the self-calibrationconstraints.

To usethis methodonresultscalculatedrom arealsequencéhe cameramatrices
P shouldfirst beadjustedo have the calculatedsolutionbecomeanexactsolutionof
the self-calibrationequations.

6.5 Constraint selection

In this chaptera methodwas proposedhat could deal with differenttypesof con-
straintson theintrinsic camergparametersTheseparametersanbeknown, constant
or freeto vary. Thistechniquethereforeoffersa lot of flexibility. Onthe otherhand
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onemustnow determinewhich constraintsshouldbe usedto determinethe absolute
quadric.

It would beniceif thealgorithmcould determingrom the datawhich setof con-
straintsis mostappropriatdor determiningthe metric structureof the scene At first
onecouldthink of applyingmodelselectiorbasedn somekind of Akaike'sinforma-
tion criterion[1]. Kanatani[70] andTorr etal. [164] shaved usthatthis could give
goodresultso determinghebestmotionmodel. Theprincipleis thefollowing: Select
themodelwhich hasthesmallestexpectedesidual Theexpectedresidualconsistof
theactualresidualplusatermpenalizingfor the complexity of themodel.

The problemis, however, that, in the caseof self-calibration,this can not be
used. This canbe understoodasfollows. Assumesomeprojectionmatriceswhich
have a very smallreprojectionerror. All thesematricessatisfymoreor lessthe self-
calibrationconstraintsbut notexactly. It is thenvery probablethatthe bestmodel(in
thesenseof Akaike)is theprojective one.

This is very well, but we would have preferredan approximatecalibrationover
no calibrationat all. In fact what Akaike tells usis to keepthe projective camera
matricesafter self-calibration(i.e. to useP; — andnotK;[ [ |- [ 7i] with K;
exactly satisfyingthe self-calibrationconstraints).

The approachwe proposeis thus not to minimize the expectedresidueon the
reconstructionput the expectedvarianceon the absolutequadric. The problemis
howeverthatnotheoryhasbeenworkedoutfor thisyet. Intuitively onecanunderstand
thatwhennot enoughconstraint@areusedthevarianceas highandthattheuseof non-
consistentonstraintsvill causethevarianceto getlarger.

Linear algorithm To dealwith thedegeneraciesf thelinearalgorithma simplified
versionof the above ideawasimplemented For linearequationgheratio of the two
smallestsingularvaluesgivesanindicationof thevarianceon the solution.

This valueis comparedor case® (freefocallength)andC (known focallength)
of the linear algorithm. For caseC a very crudeestimateof the focal lengthcanbe
taken. For the caseslegeneratdor B andnot for C, the solutionfor B will have two
comparablysmallsingularvalues(oc _ o 0) while thesolutionfor C will only
haveone(o _ o 0).

In non neardegenerateasesa uniquesolutionwill clearly standout for caseB.
This meansgthat the smallestsingularvaluewill be muchsmallerthanall the others
(o - o ). Enforcingawrongvaluefor thefocal lengthwill causea largeresidue
in this case. Sincethis correspondso the squareof the smallestsingularvaluethe
ratio underconsideratiowill besmall(c - o ).

SincemostmotionscausingcaseB of the linear algorithmto fail canbe solved
correctlyby thenon-linearapproachthefocallengthcanbereleasedn therefinement
step.
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6.6 Experiments

In this sectionsomeexperimentsaredescribedFirst syntheticimagesequencewere
usedto assesshe quality of the algorithmundersimulatedcircumstancesBoth the
amountof noiseandthe lengthof the sequencewerevaried. Thenresultsaregiven
for two outdoorvideo sequencesBoth sequenceweretaken with a standardsemi-
professionatamcordethatwasmovedfreely aroundthe objects. Thefirst sequence
is the Castlesequencevhich wasalreadyusedin Section5.3.5. This sequencavas
filmed with constanttameraparameters-like mostalgorithmsrequire. The new al-
gorithm —which doesnt imposethis— could thereforebe testedon this. A second
sequencevas recordedwith varying intrinsic parameters A zoomfactor(2 ) was
appliedwhile filming.

6.6.1 Simulations

The simulationswere carriedout on sequencesf views of a syntheticscene. The
sceneconsistedf 50 pointsuniformly distributedin a unit spherewith its centerat
theorigin. Theintrinsic camergparametersverechoserasfollows. Thefocal length
was differentfor eachview, randomlychosenwith an expectedvalue of 2.0 anda
standarddeviation of 0.5. The principal point hadan expectedvalueof (0,0) anda
standarddeviation of 0.1 2. In additionthe syntheticcamerahadan aspectatio of
oneandno skew. Theviews weretakenfrom all aroundthe sphereandwereall more
or lesspointing towardsthe origin. An exampleof sucha sequence&anbe seenin
Figure6.7.

The scenepoints were projectedinto the images. Gaussiarwhite noisewith a
known standardleviation wasaddedo theseprojections Finally, the self-calibration
methodproposedn this paperwas carriedout on the sequence.For the different
algorithmsthe metric error was computed. This is the meandeviation betweerthe
scengpointsandtheirreconstructiomfteralignment.Thesceneandits reconstruction
are alignedby applying the metric transformatiorwhich minimizesthe difference
betweerboth. For comparisonthesameerrorwasalsocalculatedafteralignmentwith
aprojectve transformationBy defaultthe noisehadanequivalentstandardieviation
of 1.0pixelfor a500 500 image.To obtainsignificantresultsevery experimentwas
carriedout 10 timesandthe meanwascalculated.

To analyzethe influenceof noiseon the algorithms,noisevaluesof 0, 0.1, 0.2,
0.5,1, 1.5and2 pixelswereusedon sequencesf 6 views. Theresultscanbe seen
in Figure6.8. It canbe seerthatfor smallamountsf noisethemorecomplex model
(i.e. varyingfocal lengthand principal point) shouldbe preferred.If morenoiseis
addedthe simplemodel(i.e. only focal lengthvarying) givesthe bestresults. This
is dueto thelow redundanyg of the systemof equationgor the modelswhich, beside
thefocal length,alsotry to estimatethe positionof the principal point.

Anotherexperimentwascarriedout to evaluatethe performancef the algorithm
for differentsequencéengths. Sequencegangingfrom 4 to 40 views wereused. A
noiselevel of onepixel wasused.Theresultsareshovn in Figure6.9. For shortimage
sequenceshe resultsare betterwhen the principal point is assumedn the middle



6.6. Experiments 105

Figure6.7: Exampleof sequenceisedfor simulations(the views are representedy
the optical axisandtheimage axesof thecamen in thedifferentpositions.)
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Figure6.8: Relative3D error in functionof noise
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Figure6.9: Relative3D error for sequencesf differentlengths

Figure6.10: Someof the Imagesof the Arenbeg castlewhich were usedfor there-
construction

of the image,even thoughthis is not exactly true. For longerimagesequencethe
constrainton the aspectatio andthe imageskew aresufiicientto allow anaccurate
estimationof the metric structureof the scene.In this casefixing the principal point
will degradetheresultsby introducingabias.

6.6.2 Castlesequence

The first sequenceshawving part of the Arenbeg castlewas recordedwith a fixed
zoom/focus.lt is thereforea goodtestfor the algorithmspresentedn this chapterto
checkif they indeedreturnconstantintrinsic parameterdor this sequence.n Fig-
ure 6.10someof theimagesof the sequencareshaovn, moreof thesecanbe seenin
Figure7.2.

Thelinearalgorithmprovidesa goodresult,eventhoughthe motion sequencés
closeto critical with respectto this algorithn®. This solutionis usedasthe initial-

Thereconstructednotion sequencéseeFigure6.13)is closeto the CMS classFL describedn Sec-
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Figure6.11:focal length(in pixels)versusviewsfor the differentalgorithms

izationfor the nonlinearalgorithm. This algorithm corvergeswithout problemsfor

the caseof avaryingfocal length. After 6 iterationsthe normof the residuevectoris

reducedrom 0.57to 0.11. Whenalsothe principalpointis allowedto vary, thealgo-
rithm convergencedo a wrong solution. This is mostprobablydueto the restricted
motionof the cameraduringthe acquisitionof the sequence.

In Figure6.11the computedocal lengthsareplottedfor every view, bothfor the
linear algorithmandfor the nonlinearalgorithm. For both algorithmsthe retrieved
focal lengthis almostconstantasit shouldbe. This constantvalue however differs
for both algorithms. The reasonfor this is explainedbasedon the analysisof the
jacobianof the self-calibrationequations.

Ontheleft sideof Figure6.12the singularvaluesof this jacobianaregiven. Note
thatthe last oneis muchsmallerthanthe others. The associateagingularvectoris
shavn on the right of this figure. It indicatesthat it is not possibleto accurately
determinethe absolutevalue of the focal lengthfrom this specificimagesequence
This is not so badsinceBougnouxindicatedthat aninaccurateestimateof the focal
lengthonly hadarelatively smalleffect on thereconstructiorj14].

tion 6.4.1.

Notethatanorbital motionis notcritical in this case Theproblemis thattheangleof rotationbetween
the extremeviews of the castlesequencés too smallto allow for an accurateself-calibration. This was
verified with syntheticdata. Two sequencesf orbital motionweregeneratedOneof 60 degrees(similar
to the castlesequenceandoneof 360 degrees. The first sequencealsoyieldeda jacobianwith a small
singularvalue. Thejacobianof thesecondsequencelid nothave ary smallsingularvalue.In fact,in terms
of self-calibrationthe castlesequencés relatively closeto puretranslation.
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Figure6.12: Structue of thejacobian. Singularvalues(left) andright singularvector
associatedvith the smallestsingular value (right). Thefirst 3 singular valueswere
clipped,thevaluesare 42,39 and 31. Thefirst 24 unknownsare associatedvith the
focallengthsthenext 3 with the positionof the planeat infinity andthelast5 with the
absoluteconic.

Figure6.13shavsthereconstructionogethemwith theestimatediiewpointsof the
cameraln Figure6.14someorthographicsiews of thereconstructedcenearegiven.
Theresultingreconstructions visually corvincingandpreseresthemetricproperties
of theoriginal scenegi.e. parallelism,orthogonality. . .).

A quantitatve assessmeiaif thesepropertieccanbemadeby explicitly measuring
anglesdirectly on the objectsurface. For this experiment6 lines wereplacedalong
prominentsurfacefeaturesthreeon eachobjectplane alignedwith thewindows. The
threelinesinsideof eachobjectplaneshouldbe parallelto eachother(anglebetween
themshouldbe0 degrees)while thelinesof differentobjectplanesshouldbeperpen-
dicularto eachother(anglebetweenthemshouldbe90degrees). Themeasuremerin
theobjectsuriaceshavsthatthisis indeedcloseto theexpectedsaluegseeTable6.4).

6.6.3 Pillar sequence

This sequencashaows a stonepillar with curved surfaces.While filming andmoving
away thezoomwaschangedo keeptheimagesizeof the objectconstant.The focal
lengthwasnotchangedetweerthetwo firstimagesthenit waschangednoreor less
linearly. Fromthe secondmageto the lastimagethe focal lengthhasbeendoubled
(if the markingson the cameracanbe trusted). In Figure 6.15the 8 imagesof the

angle(+std.de.)
parallelism 1.0 + 0.6 degrees
orthogonality 92.5 + 0.4 degrees

Table6.4: Resultof metricmeasuement®n thereconstruction
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Figure6.13: Perspectiveview of the reconstructiortogetherwith the estimatedposi-
tion of thecamea for thedifferentviewsof the sequence

sequenceanbeseenNoticethatthe perspectie distortionis mostvisible in thefirst
images(wide angle)and diminishestowardsthe end of the sequencélongerfocal
length).

Thelinearself-calibrationalgorithmyields a goodresult. This solutionis usedas
theinitialization for the nonlinearalgorithm.For a varyingfocal lengththe algorithm
yields a solution after 2 iterations(the norm of the residuevectoris reducedfrom
0.027to 0.019). For varyingfocal lengthandprincipal point the algorithmneedsl 1
iterations(the normof theresiduevectoris reducedrom 0.027to 0.001).

In Figure 6.16 the focal length for every view is plottedfor the differentalgo-
rithms. It canbe seerthatthe calculatedsaluesof thefocal lengthcorrespondo what
could be expected.Whenthe principal point was estimatedndependenthfor every
view, it movedaroundup to 50 pixels. It is probablethatthe accurag of the projec-
tive reconstructioris not sufficient to allow for the accurateestimationof a varying
principalpointwhenonly a shortsequenceavith nottoo muchmotionis available.

Similarly to the castlesequencethe changesn focal length seemto be more
accuratelyretrieved than the absolutevalue of the focal length. This variationcan
againbe explainedby ananalysisof the jacobian.On theleft sideof Figure6.17the
singularvaluesof this jacobianaregiven. Herealsothelastoneis muchsmallerthan
the others(the ratio of the lasttwo singularvaluesis —2-). Theassociatedingular
vectoris shavn on the right of this figure. A changeof the estimatedcalibration
parameterproportionalto this vectorwill only slightly affect the residue.Note that
thelongerfocallengthswill bemoreaffectedby thesevariationsevenproportionally)
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Figure6.14: Top, front anssideviews of the Arenbeg castlereconstruction.Ortho-
graphicprojectionwasusedto generatetheseviews.
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Figure6.15: Imagesof the pillar sequenceNotethe shortfocal length/wideanglein
thefirstimage andthelongfocal lengthin thelastimage (closeto orthographic)
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Figure6.16:focal length(in pixels)versusviewsfor the differentalgorithms
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Figure6.17: Structue of thejacobian. Singularvalues(left) andright singularvector
associatedvith the smallestsingular value(right). Thefirst 8 unknownsare associ-
atedwith thefocal lengths the next 3 with the positionof the planeat infinity andthe
last 5 with the absoluteconic.

thantheshorterones.

Figure 6.18 shaws a top view of the reconstructegillar togetherwith the es-
timated cameraviewpoints. Theseviewpointsare illustratedwith small pyramids.
Their heightis proportionalto the estimatedocal length. In Figure6.19 perspectie
views of thereconstructioraregiven. Theview on top is renderedboth shadecand
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Figure6.18: Top view of thereconstructegbillar togetherwith thedifferentviewpoints
of thecamen. Notethe changein focal length(heightof pyramids).

ratio (+std.de.)
all points 40.25 £ 2.2
interior points +0.9

Table6.5: Resultoof metricmeasuement®n thereconstruction

with surfacetexture mapped.The shadedriew shows thatevenmostof the smallde-
tails of the objectareretrieved. The bottompartshows a left andaright sideview of
the reconstructedbject. Although thereis somedistortionat the outerboundaryof
the object,a highly realisticimpressionof the objectis created.Note the free-form
surfacethathasbeenreconstructed.

A quantitatve assessmemtdf the metric propertiesfor the pillar is not so easybe-
causeof the curved surfaces. It is, however, possibleto measuresomedistancen
thereal objectasreferencdengthsandcompareghemwith the reconstructeanodel.
In this caseit is possibleto obtainameasurdor theabsolutescaleandverify thecon-
sisteny of thereconstructetengthswithin the model. For this comparisora network
of referencdines was placedon the original objectand 27 manuallymeasuredb-
jectdistancesverecomparedvith the reconstructedlistancesn the modelsurface,
asseenin Figure6.20. From eachcomparisorthe absoluteobjectscalefactorwas
computed. Dueto the increasedeconstructioruncertaintyat the outer objectsil-
houettesomedistanceshaow alargererrorthantheinterior points. This accountgor
theoutliers. Theresultsarefoundin Table6.5. Averagingall 27 measuredlistances
gave a consistenscalefactorof 40.25with a standarddeviation of 5.4%overall. For
theinterior distancesthereconstructiorerrordroppedo 2.3%. Theseresultsdemon-
stratethe metricquality of thereconstructiorvenfor complicatedsurfaceshapesnd
varyingfocal length.

6.7 Conclusions

In this chaptemve focussean self-calibrationin the presencef varyingandunknaovn
intrinsic camergparametersThe calibrationmodelsusedin previousresearchareon
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Figure6.19: Perspectiveviews of the reconstructior{with texture andwith shading)

Figure 6.20: To allow for a quantitativecomparisonbetweerthe real pillar and its
reconstructionsomedistancessuperimposeth black, were measued.
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the one handtoo restrictive in real imaging situations(constantparametersandon
the otherhandtoo general(all parametersinknavn). The morepragmaticapproach
whichis followedhereresultsin moreflexibility for theimageacquisition.

A countingargumentwas derived which gives the minimum numberof views
neededor self-calibrationdependingon which constraintsareused. We provedthat
self-calibratioris possibleusingonly themostgenerakonstrain{i.e. thatimagerows
andcolumnsareorthogonal).Throughgeometricreasoningt wasshown thatin fact
ary known intrinsic camergparametecould be sufiicient for this purpose Of course
moreconstraintwill in generalield moreaccurateesults.

A versatileself-calibrationmethodwhich canwork with differenttypesof con-
straints(someof the intrinsic cameraparametergonstantor known) was derived.
This methodwasthenspecializedowardsthe practicallyimportantcaseof a zoom-
ing/focusingcamera(without skew and an aspectratio — = 1). Both known and
unknavn principal points were considered.It is proposedo always startwith the
principalpointin thecenterof theimageandto first usethelinearalgorithm.Thenon-
linearminimizationis thenusedto refinetheresults possibly—for longersequences
allowing theprincipalpointto be differentfor eachimage.This canhoweverdegrade
theresultsif the projectie calibrationwasnotaccurateenoughthesequenceaotlong
enoughpr themotionsequenceritical towardsthe setof constraints.

As for all self-calibratioralgorithmsit is importantto dealwith critical motionse-
guenceslIn this chapterthe problemof critical motionsequencefor varyingcamera
parametersvasdiscussedSomespecificproblemsof the linearalgorithmwereana-
lyzed. We alsoproposeda generaimethodto detectcritical andquasi-criticalmotion
sequencesSomeideasaregivenon how constraintcouldbe selectecautomatically

Theself-calibratioralgorithmsarevalidatedby experimentsvhich arecarriedout
on syntheticaswell asrealimagesequencesThe former areusedto analyzenoise
sensitvity andinfluenceof the lengthof the sequenceThe latter shav the practical
feasibility of theapproach.



116 Chapter6. Flexible self-calibration



Chapter 7

Metric 3D Reconstruction

7.1 Intr oduction

Obtaining3D modelsfrom objectsis an ongoingresearchopic in computervision.
A few yearsago the main applicationswere robot guidanceand visual inspection.
Nowadayshowever the emphasiss shifting. Thereis moreandmoredemandor 3D
modelsin computergraphics,virtual reality and communication. This resultsin a
changen emphasidor therequirementsThevisualquality become®neof themain
pointsof attention.

Theacquisitionconditionsandthetechnicakxpertiseof theusersn thesenew ap-
plicationdomainscanoftennotbematchedvith therequirementsf existing systems.
Theserequireintricatecalibrationproceduregvery time the systemis used.Thereis
animportantdemandor flexibility in acquisition. Calibrationprocedureshouldbe
absenbr restrictedo aminimum.

Additionally, theexisting systemsreoftenbuilt aroundspecializedhardware(e.g.
laserrangescannerr stereorigs) resultingin a high costfor thesesystems.Many
new applicationhoweverrequirerobustlow costacquisitionsystemsThis stimulates
theuseof consumephoto-or videocameras.

In this chapterwe presenta systemwhich retrievesa 3D surfacemodel from a
sequencef imagegakenwith off-the-shelfconsumecamerasTheuseracquiregshe
imagesby freely moving the cameraaroundthe object. Neitherthe cameramotion
nor the camerasettingshave to beknown. The obtained3D modelis a scaledversion
of theoriginal object(i.e. ametricreconstruction)andthe surfacetextureis obtained
from theimagesequencaswell.

Otherresearchersave presentedystemdor extracting3D shapeandtexturefrom
imagesequenceacquiredwith afreely moving camera.Theapproactof Tomasiand
Kanadd159] usedanaffinefactorizatiormethodo extract3D fromimagesequences.
An importantrestrictionof this systemis the assumptiorof orthographigrojection.

Debevec, Taylor andMalik [26, 158 27] proposeda systemthat startsfrom an
approximate3D model and cameraposesand refinesthe model basedon images.
View dependentexturing is usedto enhanceaealism. The advantageis thatonly a

117
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restrictednumberof imagesare required. On the other handa preliminary model
mustbe availableandthe geometryshouldnotbetoo complex.

Our systemusesfull perspectie camerasanddoesnot requireprior modelsnor
calibration. It combinesstate-of-the-aralgorithmsof differentdomains: projective
reconstructionself-calibration anddensedepthestimation

Therestof the chapteris organizedasfollows: In section7.2 a generalovervienv
of the systemis given. In the subsequensectionsthe differentstepsare explained
in moredetail: projective reconstructior(section7.3), self-calibration(section7.4),
densematching(section7.5) and modelgenerationsection7.6). Section7.7 gives
anideaof the requiredcomputatiortimeswhile Section7.8 proposesomepossible
improvements Section7.9 concludegshe chapter

7.2 Overview of the method

The presentedsystemgraduallyretrieves more informationaboutthe sceneandthe
camerasetup.Thefirst stepis to relatethe differentimages.Thisis donepairwiseby
retrieving the epipolargeometry An initial reconstructionis thenmadefor the first
two imagesof the sequencekor the subsequenmagesthe camergooseis estimated
in the projective frame definedby the first two cameras.For every additionalimage
thatis processeat this stage the interestpointscorrespondingo pointsin previous
imagesarereconstructedefinedor correctedlt is notnecessarthattheinitial points
stayvisiblethroughoutheentiresequencel-or sequencewherepointscandisappear
andreappealfi.e. theimagesshouldsometimeslsobe matchedo otherimagesthan
thepreviousone),thealgorithmcanbeadaptedo efficiently dealwith this. Theresult
of this stepis a reconstructiorof typically a few hundredto a few thousandnterest
pointsandthe (projective) poseof the camera.Thereconstructions only determined
upto a projective transformation.

The next stepis to restrictthe ambiguity of the reconstructiorto a metric one.
In a projective reconstructiomot only the scene,but also the camerais distorted.
Sincethe algorithm dealswith unknovn scenesjt hasno way of identifying this
distortionin thereconstructionAlthoughthe cameras alsoassumedo beunknawn,
someconstraint®n theintrinsic camergparameterge.g.rectangulaor squarepixels,
constantaspectatio, principal pointin the middle of theimage,...) canoftenstill be
assumedA distortionon the cameramostly resultsin theviolation of oneor moreof
theseconstraints A metricreconstruction/calibratiois obtainedby transformingthe
projective reconstructioruntil all the constraintson the camerasntrinsic parameters
aresatisfied.

At this point the systemeffectively dispose®f a calibratedmagesequenceThe
relative positionandorientationof the camerais known for all the viewpoints. This
calibrationfacilitatesthesearcHor correspondingointsandallows usto usea stereo
algorithmthatwasdevelopedfor a calibratedsystemandwhich allows to find corre-
spondencefr mostof the pixelsin theimages.

From thesecorrespondencethe distancefrom the pointsto the cameracenter
can be obtainedthroughtriangulation. Theseresultsare refinedand completedby
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combiningthe correspondencdsom multiple images.

A densemetric3D surfacemodelis obtainedoy approximatinghedepthmapwith
atriangularwireframe.Thetextureis obtainedrom theimagesandmappedntothe
surface.

In figure 7.1 anoverview of the systemis given. It consistof independenimod-
uleswhich passon the necessarynformationto the next modules.The first module
computegheprojective calibrationof the sequencéogethemith a sparsaeconstruc-
tion. In thenext modulethemetriccalibrationis computedrom the projectve camera
matriceshroughself-calibration.ThendensecorrespondenamapsareestimatedFi-
nally all resultsare integratedin a textured 3D surfacereconstructiorof the scene
underconsideration.

Throughoutthe restof this chapterthe differentstepsof the methodwill be ex-
plainedin moredetail. The castlesequenceof the Arenbeg castlein Leuvenwill be
usedfor illustration. Thesamesequencgasusedto validatethe self-calibratioralgo-
rithmsof the previouschaptergseeSection5.3.5and6.6.2).Imagesof this sequence
canbe seenin Figure7.2. Thefull sequenceonsistsof 24 imagesrecordedwith a
videocamera.

7.3 Projectivereconstruction

At first theimagesarecompletelyunrelated.The only assumptioris thattheimages
form a sequencén which consecutie imagesdo not differ too much. Thereforethe
localneighborhooaf imagepointsoriginatingfrom thesamescenepointshouldiook
similarif imagesareclosein the sequenceThis allows for automaticmatchingalgo-
rithmsto retrieve correspondenced.he approachakento obtaina projective recon-
structionis very similar to the oneproposedy Beardslg, ZissermarandMurray [8]
(seealsoBeardsly etal. [9]).

7.3.1 Relating the images

It is not feasibleto compareevery pixel of oneimagewith every pixel of the next
image. It is thereforenecessaryo reducethe combinatorialcompleity. In addition
notall pointsareequallywell suitedfor automatianatching.Thelocalneighborhoods
of somepointscontainalot of intensityvariationandarethereforeeasyto differentiate
from others. An interestpoint detectoris usedto selecta certainnumberof such
suitedpoints. Thesepointsshouldbe well locatedandindicatesalientfeaturesthat
stay visible in consecutie images. Schmidet al. [141] comparedseveral interest
point detectors. The Harris cornerdetector{50] obtainedthe bestrepeatability(i.e.
invarianceto rotation,scaleandillumination) andthe highestinformationcontent(in
thelocal neighborhoo@roundthe extractedpoints). This detectoiis thereforeusedto
extractthepointsof interest.Correspondencdsetweerthesemagepointsneedto be
establishedhrougha matchingprocedure.
Matchesaredeterminedhroughnormalizedcross-correlationf theintensityval-
uesof the local neighborhood. Sinceimagesare supposechot to differ too much,
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Figure7.1: Overviav of the system:from the image sequencé ( , )) the projec-
tive reconstructioris computedthe projectionmatricesP are thenpassedn to the
self-calibmtionmodulewhich deliveisa metriccalibration P ; thenext moduleuses
theseto computedensedepthmaps ( , ); all theseresultsareassembleéh thelast
moduleto yield a textured 3D surfacemodel.Ontheright sidetheresultsof thediffer-
entmodulesare shown:the preliminary reconstructiongboth projectiveand metric)
are representedy point clouds,the camens are representedy little pyramids,the
resultsof thedensematting are accumulatedn densedepthmaps(light meansclose
anddark meandar).
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Figure 7.2: Someimages of the Arenbeg castle sequencdevery secondimage is
shown).Thissequencés usedthroughoutthis chapterto illustrate the differentsteps
of thereconstructiorsystem.
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r epeat

- take mninmal sanple (7 matches)
- conpute
- estimte % 1

until k(% 1, 1) 95%

refine (using all inliers)

Table7.1: Rolustestimatiorof theepipolargeometryfroma setof matdhescontaining
outliersusingRANSA ( ok indicatesthe probability thattheepipolargeometryhas
beencorrectlyestimated).

correspondingoints canbe expectedto be found in the sameregion of the image.
Thereforeat first only interestpointswhich have similar positionsare consideredor
matching.Whentwo pointsaremutualbestmatcheghey areconsideredspotential
correspondences.

Sincethe epipolargeometrydescribeshe completegeometryrelatingtwo views,
this is what should be retrieved. Computingit from the set of potentialmatches
throughleastsquaregoesin generalnot give satisfyingresultsdueto its sensitv-
ity to outliers. Thereforea robust approachshouldbe used. Sereral techniques
have beenproposed162, 186 basedon rohust statistics[136]. Our systemincor-
porategshe RANSAC (RANdomSAmplingConsensugy0] approachusedby Torr et
al.[162, 163. Table7.1sketcheghistechnique.

Oncethe epipolargeometryhasbeenretrieved, one can startlooking for more
matchedo refinethis geometry In this casethe searchregion is restrictedto a few
pixelsaroundthe epipolarlines.

Theresultsof the proceduredescribechereareshavn in Figure7.3and7.4. The
top row shaws the cornersextractedin the two first imagesof the Arenbeg castle
sequence.The bottomrow shows the points which were matchedusing the robust
epipolargeometrycomputatiormethod.

7.3.2 Initial reconstruction

The two first imagesof the sequenceare usedto determinea referencerame. The
world frameis alignedwith thefirst camera.The seconccameras chosersothatthe
epipolargeometrycorrespondso theretrieved 5 (see[98]).

P =] Is s | 03 ]

P2 = [ [e 2] 2+ e 27TT | ge 9 ] (71)

where[e 2] indicatesthe vectorproductwith e 5. Equation7.1is not completely
determinedby the epipolargeometry(i.e. 5 ande »), but has4 more degreesof
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Figure7.3: Thetwoimagesof thetoprowshowsheinterestpointswhich are extracted
in thefirsttwoimagesofthecastlesequenceThebottomrow showshematheswhich
were obtainedafter carrying out a robust epipolargeometrycomputation.Notethat
in the bottomrow mostpointsin the treesandin partswhich were only visiblein one
image havedisappeaed.
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Figure 7.4: Details extractedfrom Figure 7.3. Thetop row givesall the extracted
interestpointswhile the bottomrow givesthe matdhedones.

freedom(i.e. w ando). 7 determineghe positionof the planeat infinity ando de-
terminesthe global scaleof the reconstruction.To avoid someproblemsduring the
reconstructiont is recommendetb determind x,ly,l in suchaway thattheplane
atinfinity doesnot crossthe scene.Our implementatiorusesan approachsimilar to
the quasi-Euclideampproachproposedn [9], but the focal lengthis chosenso that
mostof the pointsarereconstructedh front of the cameras. This approachwasin-
spiredby Hartley’'s cheirality[53] andthe orientedprojective geometryintroducecby
Laveau[79]. Sincethereis noway to determinethe globalscalefrom theimageso
canarbitrarilybechoserto o = 1.
Oncethe camerashave beenfully determinedhe matchescanbe reconstructed

throughtriangulation. The optimal methodfor this is givenin [58]. This givesusa
preliminaryreconstruction.

7.3.3 Adding aview

For every additionalview the posetowardsthe pre-&isting reconstructioris deter
mined,thenthe reconstructions updated.This is illustratedin Figure7.5. Thefirst
stepconsistof finding the epipolargeometryasdescribedn Section7.3.1. Thenthe
matcheswhich correspondo alreadyreconstructegoints are usedto computethe
projectionmatrix P . Thisis doneusinga robust proceduresimilar to the onelaid

The quasi-Euclidearapproachcomputesthe planeat infinity basedon an approximatecalibration.
Althoughthis canbeassumedor mostintrinsic parameterghisis notthecasefor thefocallength. Several
valuesof thefocallengtharetried outandfor eachof themthealgorithmcomputesheratio of reconstructed
pointsthatarein front of the camera.lf the computedplaneatinfinity —basedn a wrong estimateof the
focal length—passeshroughthe object,thenmary pointswill endup behindthe camerasThis procedure
allows usto obtainaroughestimateof thefocal lengthfor theinitial views.
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k-l . image match
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R
Figure7.5:Image matdes( _ , ) arefoundasdescribedbefore. Sincetheimage

points, _ ,relateto objectpoints, ,theposeforview canbecomputedromthe
inferredmatdes( , ).
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@ (b) (©

Figure7.6: (a) a priori seach rangg, (b) seach range alongthe epipolarline and(c)
search range aroundthe predictedpositionof the point.

outin Table7.1. In this casea minimal sampleof 6 matchess neededo compute
P . OnceP hasbeendeterminedhe projectionof alreadyreconstructeghointscan
be predicted.This allows to find someadditionalmatchego refinethe estimationof
P . This meanghatthe searchspacds graduallyreducedrom the full imageto the
epipolarline to the predictedorojectionof the point. Thisis illustratedin Figure7.6.

Oncethe cameraprojectionmatrix hasbeendeterminedhereconstructions up-
dated. This consistsof refining, correctingor deletingalreadyreconstructeghoints
andinitializing new pointsfor new matches.

After this procedurénasbeenrepeatedor all theimagesonedispose®f camera
posesfor all the views andthe reconstructiorof the interestpoints. In the further
modulesmainly the cameracalibrationis used. The reconstructiontself is usedto
obtainanestimateof thedisparityrangefor the densestereamatching.

7.3.4 Relatingto other views

Theprocedurgo addaview describedn the previoussectiononly relategheimageto
the previousimage.In factit is implicitly assumedhatoncea pointgetsout of sight,
it will notcomeback.Althoughthisis truefor mary sequenceshisassumptiongoes
notalwayshold. Assumethata specific3D pointgot out of sight,but thatit is visible
againin the lasttwo views. In this casea new 3D point will be instantiated. This
will notimmediatelycauseproblemshut sincefor thesystemhesewo 3D pointsare
unrelatedhothingenforcegheir positionto correspond.

Thisis especiallycrucialfor longerimagesequencewheretheerrorsaccumulate.
It resultsin a degradedcalibrationor even causeghe failure of the algorithmaftera
certainnumberof views.

A possiblesolution consistsof relating every new view with all previous views
usingthe procedureof Section7.3.1.1t is clearthatthis would requirea considerable
computationaéffort. We proposea morepragmaticapproachThis approactworked
well onthe casesve encountere@seeSection3.4).

LetP; betheinitial estimateof thecameragoseobtainedasdescribedn theprevi-
oussection.A criterionis thenusedto definewhich views arecloseto theactualview.
All thesecloseviews arematchedvith theactualview (asdescribedn Section7.3.1).
For every closeview a setof potential2D-3D correspondences obtained.Thesesets
aremergedandthe camergorojectionmatrix P; is reestimatedisingthe samerobust
procedureasdescribedn the previoussection.Figure7.7illustratesthis approach.
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Figure 7.7: Sequentiabpproadc (left) and extendedapproach (right). In the tradi-
tional schemeview 8 wouldbe matthedwith view 7 and9 only. A point which would
bevisiblein views 2,3,4,7,8,9,12,1and 14 wouldtherefore resultin 3 independently
reconstructegboints. With the extendedapproad only onepointwill beinstantiated.
It is clear that this resultsin a higher accuacyfor the reconstructegoint while it
alsodramaticallyreducegheaccumulatiorof calibration errors.

We appliedavery simplecriterionto decideif views werecloseor not. It worked
well for the applicationswe hadin mind, but it could easily be refinedif needed.
The position ; of the camerais extractedfrom P, andthe distance ; to all the
other camerapositionsis computed. Closeviews are selectedas views for which

i 1.6 ; ;— . Notethatstrictly speakingsuchmeasures meaninglesi projec-
tive space but sincea quasi-Euclidearnitialization was carriedout and only local
gualitatve comparisonaremadethe obtainedresultsaregood.

7.4 Upgrading the reconstructionto metric

Thereconstructiombtainedasdescribedn thepreviousparagraplis only determined
upto anarbitraryprojectivetransformationThis mightbesuficientfor somerobotics
or inspectionapplicationsput certainlynot for visualization.

The self-calibrationmethodsdescribedn the previous chapterscan be usedto
upgradethe projective reconstructiorio metric. In the caseof a camerawith constant
intrinsic parameter# is proposedo usethetechniquedescribedn Chapters. If the
parameterganvary duringthe acquisitionof theimagesequence-dueto the useof
thezoomor by refocusing-it is advisedo usethe methodof Chapter6.

To apply this last methodto standardzooming/focusingcamerassomeassump-
tions shouldbe made. Oftenit canbe assumedhat pixels are rectangulamor even
square. If necessarye.g.whenonly a shortimagesequences at hand,whenthe
projectie calibrationis not accurateenoughor whenthe motion sequences close
to critical [152] without additionalconstraints)jt canalsobe usedthatthe principal
pointis closeto the centerof the image. Theseassumptiongre especiallyusefulin
aninitialization stageandsomecanberelaxedin arefinemenstep.

The discussiorof the previous chapterswill not be repeated.Somereconstruc-
tions before and after the self-calibrationstageare shovn. Figure 7.8 givesthe re-
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Figure7.8: Before self-calibration. Thesedifferentimagesillustrate the reconstruc-
tion before self-calibation. A top view (top-left),a geneal view (top right), a front

view (bottomleft) and a side view (bottomleft) are given. Notethe importantskew

on thereconstruction t is clear that this kind of reconstructiorcan not be usedfor

renderingnew views.

constructiorbeforeself-calibration.Thereforet is only determinedip to anarbitrary
projectie transformatiorandmetricpropertieof the scenecannotbe obseredfrom
thisrepresentatior-igure7.9 shawvs theresultafter self-calibration At this pointthe
reconstructiomasbeenupgradedo metric.

7.5 Densedepth estimation

Only a few scenepointsarereconstructedrom featuretracking. Obtaininga dense
reconstructiorcould be achiezed by interpolation,but in practicethis doesnot yield
satishctoryresults. Small surfacedetailswould never be reconstructedn this way.
Additionally, someimportantfeaturesare often missedduring the cornermatching
andwould thereforenot appeaiin thereconstruction.

Theseproblemscan be avoided by using algorithmswhich estimatecorrespon-
dencedor almostevery pointin theimages.Becauséhereconstructionvasupgraded
to metric,algorithmswhich weredevelopedfor calibratedstereorigs canbeused.
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Figure7.9: After self-calibration.Theseémagesillustratethereconstructiorafter the
self-calibmationstep.Here alsoa top view (top-left),a geneial view (topright), a front
view (bottomleft) anda sideview (bottomleft) are given.In this casetheambiguityon
thereconstructiorhasbeerrestrictedto metric. Noticethatparallelism,orthogonality
andotherconstaintscannowbe verified.
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Figure7.10: Throughtherectificationprocesshe image scanlines are broughtinto
epipolarcorrespondenceThisallowsimportantgainsin computationaéfiiciencyand
simplificationof the densesteleo matding algorithm.

7.5.1 Rectification

Sincewe have computedhe calibrationbetweensuccessie imagepairswe canex-
ploit the epipolarconstraintthat restrictsthe correspondencsearchto a 1-D search
range.lt is possibleto re-maptheimagepair to standardyeometrywith the epipolar
lines coincidingwith the imagescanlines[72]. The correspondencsearchis then
reducedo a matchingof the imagepointsalongeachimagescan-line. This results
in a dramaticincreaseof the computationakfficiengy of the algorithmsby enabling
severaloptimizationdgn thecomputationsTherectificationproceduras illustratedin
Figure7.10. For somemotions(i.e. whenthe epipoleis locatedin the image)stan-
dardrectificationbasedon planarhomographiess not possibleanda moreadvanced
procedureshouldbeused(seeSection7.8.4).

7.5.2 Densestereomatching

In additionto the epipolargeometryother constraintdike preservingthe order of
neighboringpixels,bidirectionaluniquenessf thematch,anddetectiorof occlusions
canbeexploited. Theseconstraintareusedto guidethe correspondenc®wardsthe
most probablescan-linematchusing a dynamicprogrammingschemeg30]. These
conceptareillustratedin Figure7.11.

For densecorrespondencmatchinga disparity estimatorbasedon the dynamic
programmingchemef Coxetal. [20], is emplosedthatincorporatesheabose men-
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Figure7.11: lllustration of the ordering constaint (left), Densematding as a path
search problem(right).

tionedconstraintslt operate®nrectifiedimagepairs wheretheepipolarlines
coincidewith imagescanlines. The matchersearchest eachpixel in image for
maximumnormalizedcrosscorrelationin by shiftingasmallmeasurementindow
(kernelsize5x5to 7x7 pixels)alongthe correspondingcanline. Theselectedsearch
stepsize (usually 1 pixel) determineghe searchresolution. Matchingambigu-
ities areresoled by exploiting the orderingconstraintin the dynamicprogramming
approach(seeKoch [72]). The algorithmwas further adaptedto employ extended
neighborhoodelationshipsanda pyramidalestimationschemeo reliably dealwith
verylargedisparityrangesof over50%of imagesize(seeFalkenhagei3l, 30]). This
algorithmthatwasat first developedfor calibratedstereorigs (SeeKoch[72]) could
easilybeusedfor our purposesinceatthisstagehenecessargalibrationinformation
hadalreadybeenretrievedfrom theimages.

7.5.3 Multi view matching

The pairwisedisparityestimationallows to computeimageto imagecorrespondence
betweeradjacentectifiedimagepairs,andindependentepthestimate$or eachcam-
eraviewpoint. An optimaljoint estimateis achieszed by fusing all independenesti-
matesinto a common3D model. The fusion can be performedin an economical
way throughcontrolledcorrespondendinking. Theapproactutilizesaflexible multi
viewpointschemevhichcombinegheadwantage®f smallbaselineandwide baseline
stereo(seeKoch, PollefeysandVan Gool [73]).

Assumean imagesequencavith images. Startingfrom a reference
viewpoint the correspondencdsetweenadjacentimages and

arelinkedin a chain. The depthfor eachreferencamagepoint

is computedrom the correspondenciinking thatdeliverstwo lists of imagecor
respondence®lative to the referencepnelinking down from andonelinking
up from . For eachvalid correspondingpoint pair we cantriangu-
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Figure 7.12: Depth fusion and uncertaintyreductionfrom correspondencéinking
(left), linking stopswhenan outlier is encounteed(right).

late a depthestimate along with  representinghe depthuncertainty
Figure7.12visualizeghe decreasingincertaintyinterval duringlinking.

While thedisparitymeasuremenesolution in theimageis keptconstan{at1
pixel), thereprojectedieptherror decreasewith thebaseline Outliersaredetected
by controllingthe statisticsof the depthestimatecomputedrom thecorrespondences.
All depthvaluesthatfall within the uncertaintyinterval aroundthe meandepthesti-
matearetreatedasinliers. They arefusedby a 1-D kalmanfilter to obtainanoptimal
meandepthestimate. Outliers are undetectedcorrespondencéailuresand may be
arbitrarily large. As thresholdto detectthe outlierswe utilize the depthuncertainty
interval

Theresultof this proceduras a very densedepthmap. Most occlusionproblems
areavoidedby linking correspondencdsom up anddown thesequenceAn example
of suchavery densedepthmapis givenin Figure7.13.

7.6 Building the model

The densedepthmapsas computedby the correspondencknking mustbe approx-
imatedby a 3D surfacerepresentatiosuitablefor visualization. So far eachobject
point was treatedindependently To achieve spatialcoherencdor a connectedsur
face,the depthmapis spatiallyinterpolatedusinga parametricsurfacemodel. The
boundarie®f theobjectsto bemodeledarecomputedhroughdepthsegmentationin
afirst step,anobjectis definedasa connectedegionin space Simplemorphological
filtering removesspuriousandvery smallregions. Thena boundeahin platemodel
is employedwith asecondrdersplineto smooththe surfaceandto interpolatesmall
surfacegapsin regionsthatcould notbe measured.

The spatiallysmoothedsurfaceis thenapproximatedy a triangularwire-frame
meshto reducegeometriccompleity andto tailor the modelto the requirement®f
computergraphicsvisualizationsystems. The meshtriangulationcurrently utilizes
the referenceview only to build the model. The surfacefusionfrom differentview-
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Figure7.13: Densedepthmap(light meansearanddark meandar).

pointsto completelyclosethemodelsremaingo beimplementedSometimedt is not
possibleto obtaina singlemetricframework for large objectslik e buildingssinceone
may not be ableto recordimagescontinuouslyaroundit. In that casethe different
frameworks have to be registeredto eachother This could be doneusingavailable
surfaceregistrationscheme$18].

Texture mappingonto the wire-framemodel greatlyenhanceshe realismof the
models. As texture map one could take the referenceémagetexture aloneand map
it to the surfacemodel. However, this createsa biastowardsthe selectedmageand
imagingartifactslik e sensonoise,unwantedspeculareflectionsor the shadingof the
particularimageis directly transformedntothe object. A betterchoiceis to fusethe
texturefrom theimagesequencén muchthe sameway asdepthfusion.

The viewpoint linking builds a controlledchain of correspondencehat canbe
usedfor texture enhancemeraswell. The estimationof a robust meantexture will
capturethe staticobjectonly andtheartifacts(e.g.speculareflectionsor pedestrians
passingn front of a building) aresuppresse{b7]. Thetexture fusioncouldalsobe
doneonafinergrid, yielding a superresolutiontexture[106, 19].

An exampleof the resultingmodelcanbe seenin Figure7.14. More resultsare
givenin thenext chapter

7.7 Someimplementation details

The systemwasmainly developedin TargetJr[157]. Thisis a softwarepackagecon-
sistingof a numberof libraries. It containsanimportantnumberof computervision
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Figure 7.14: 3D surfacemodelobtainedautomaticallyfrom an uncalibratedimage
sequenceshadedleft), textured (right).

andimageprocessin@lgorithms.In addition, TargetJralsooffersroutinesto solve nu-
mericalproblemsg.g. singularvaluedecompositioror Levenbegh-Marquadt mini-
mization.

It is not so easyto give anideaof the computatiortimesneededo obtaina 3D
modelfrom animagesequenceThis clearly dependson the numberof imagesthe
sizeof theimagesandontheavailablecomputingpower. Someadditionalaspectslso
influencethe computatiortimes. The disparityrange for example,hasanimportant
effectonthetime neededo computethe disparitymap .

Forimagesf 6 (i.e. PAL resolution)processednaSilicon Graphics02
workstation(R10000@ 195Mhzbhe following figuresgive anideaof typical compu-
tataiontimes. Around 30 secondsreneedederimagefor the projective reconstruc-
tion. This consistsof interestpoint extraction, epipolargeometrycomputationand
matching,projectionmatrix computationand adaptatiorof the projectie structure.
Upgradingthe structureto metricthroughself-calibratioronly requiresafew seconds
for asequencef 10images.

The densedepthestimationrequiresmoretime sincein this casecomputations
have to be carriedout on every pixel. The actualimplementatiorof the rectification
requiresabout30 secondgper pair of views. The densematchingrequiresaround5
minutesper pair (dependingon the disparityrange). Computinga densedepthmap
from multiple views takesaround3 minutesfor 10 views (startingfrom the pairwise
disparity maps). Generatinga 3D meshfrom a densedepth mapstakes around1
minute.

In conclusiongeneratinga dense3D modelfrom 10 views takesaboutl hour of
computingtime.

This canbeunderstoodrom Figure7.11



7.8. Somepossiblemprovements 135

It shouldbe noticed,however, thatthe systemwasnot optimizedtowardsspeed.
Several possibilitiesexist to reducethe amountof computationsin addition,mostof
thecomputationganbe carriedoutin parallel(e.g.oneprocessoperimage).

7.8 Somepossibleimprovements

7.8.1 Interestpoint matching

The proceduredescribedin Section7.3.1 only works when the two imagesunder
consideratiorarevery similar. This requiressomespecialcareduringtheacquisition
of the images. The problemlies with the similarity measurebetweencorners(i.e.
the normalizedcross-correlationf the neighborhoodsandwith the assumptiorthat
matchingcornersshouldhave similar image coordinates.Dissimilarity is not only
causedvy a wide baseling(i.e. a cameradisplacementvhich is big comparedo the
camera-scendistance) but canalso be causedby a differentfocus of attentionor
a differentorientationof the camerafor the two views. In the following paragraphs
somespecificpossibilitiesfor enhancemerdreproposed.

Global and local homographies Possibleextensionsto the standardprocedureo
dealwith moredifferentimageshave recentlybeenproposeddy PritchettandZisser
man[132, 133. Thisapproachs briefly describedere.

Largeimagedifferencesnducedy rotationof thecameracanbecancelledhrough
a globalhomographyappliedto theimage(seeSectiond.4.2which handlespurero-
tations). It is proposedo usea hierarchicalapproachbasedon a Gaussiarpyramid
of images. An exhaustve searchis carriedout for the differentparameterof the
consideredmagetransformationsit the lowestresolutionof the pyramid. At every
resolutionthe parametersf the transformatiorare refined. One of the originalsis
replacedoy thewarpedimagewhich resembleshe mostthe otherimage.

In the caseof wide baseling(i.e. a translationof the order of the camera-scene
distance) globalhomographys not sufficient. Local homographiesreinstantiated
basedon groupsof 4 lineswhich form parallelogramsn theimages.Theseareused
to generatesetsof potentialmatches(usinga RANSAC approachas describedn
Table 7.1 for homographie#nsteadof for the epipolargeometry).The differentsets
of matchesarethencombinedo estimatehe epipolargeometry

Similarity measures An alternatve to transformthe imageso that the differences
areminimizedconsistsof usingmoregenerakimilarity measuresQOften normalized
intensitycross-correlatiors carriedoutto obtainpotentialcorrespondence3hissim-
ilarity measurés only invariantto translationsn theimagesandthereforedegradesn
the presencef othertransformationsThereforerecentlysomemoreinvolved mea-
sureshave beenproposed.Schmidand Mohr [139] proposeda measurenvariantto
2D Euclideantransformationsn the contect of recognition. Tuytelaarset al. [171]
proposedh schemébasedn affine invariantswith the crucialextensionthatit comes
with affineinvariantneighborhoodsaroundtheinterestpoints.
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Repeatedstructures Repeatedtructuresn thescenecanleadto matchingambigu-
ities. This problemoccurstypically in man-madesrnvironments(e.g.a building with
identicalwindows). In this caseit canhapperthatthe robustmatchergetsconfused.
Oftendifferentrepetitionsof the structurecannotbedifferentiatedlt is evenpossible
thatdueto foreshorteninghe matcheiis biasedtowardsthe wrong hypothesis Since
ary hypothesiwill have alot of supportdueto the restof therepeatedtructurethe
robustcornermatchercouldvery well notrecoverfromiit.

Onepossibility consistof allowing userinteractionto correctfor thesemistales.
A betteralternatie could be basedon the recentwork of Schafalitzky and Zisser
man[138]. Their work is aimedat automaticallydetectingrepeatedstructuresin
images. Oncethe repetitionis discoveredit canbe dealtwith at a higherlevel to
disambiguat¢he matching.More in general higherlevel matchingcould be usedto
bootstraghe matching.

7.8.2 Projective reconstruction

The actualmethodto obtainthe projective reconstructioris not optimal. Although
the quasi-euclideamstratgy [8] works fine in mostof the casesjt canhappenthat
this approactfails. This happensvhenthe algorithmis not ableto obtaina suitable
initialization from the first views. In this caseit cannot startat all or it fails aftera
numberof imagesdueto the proximity of the planeatinfinity.

Recently otherstratgiesfor projective reconstructiorhave beenproposed.The
hierarchicahpproactof FitzgibbonandZissermarn41], for example doesnotdepend
on the choiceof somespecificframesfor theinitialization. In additionthis method
only relieson purely projective conceptgin 3D space).This resultsin a morerobust
approacho obtainthe projective reconstruction.

Therobustnes®f the3D reconstructiorsystemwould beincreasedby incorporat-
ing asimilar approach.

7.8.3 Surviving planar regions

An importantproblemof projectivereconstructions thatthe projectionmatricesneed
3D structureto be uniquelydetermined Whenat somepointin animagesequence
dominantplaneis encounteregrojective reconstructiomwill thereforefail. Thisis an
importantproblemfor which no satisfyingsolutionhasyet beenproposed.

However, someimportantresultshave alreadybeenachiesed to dealwith this
problem.RecentlyTorr, FitzgibbonandZissermar{164] proposedaninterestingap-
proachwhich detectsthesedegeneratecasesthrough robust model selection. The
principle of modelselectionis basedon the work of Kanatani[70]. This approach
differentiatedetweerthreemodels:general3D), planarandpurerotation. Sincethe
correctmodelis used,the pointscanstill betrackedreliably andthe systemis aware
that the projectionmatricescan not be determineduniquely A homographydeter
mines8 degreesof freedom while a projectionmatrix has11 degreesof freedom the
problembeingthatthe centerof projectioncannotbedetermined.
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Figure7.15: Thecircular pointsof plane mustalwaysproject on the image of the
absoluteconic. This constaint can be usedto retrieve the absoluteconic and the
circular points. A minimumof 5 viewsis needed ).

Ontheotherhand whenthecameras calibratedt is possibleio determinauniquely
theposefrom theimageof a plane.Thereforeself-calibrationcouldmaybeyield aso-
lution to thisproblem.If thepartof thesequencéeforetheoccurrencef thedegener
agy is long enough(andthe motionis not critical) andtheintrinsic camergparameters
areconstantthenthe problemcaneasilybe solved. This will notalwaysbethecase.
In addition,it would be betterto have a methodwhich usesall availableinformation.

RecentlyTriggs proposedan approachfor calibrationfrom planarsceneg167).
Theideaconsistsof looking at the intersectionof the planewith the absoluteconic.
The image of thesetwo circular points should always be locatedon the image of
the absoluteconic. One canthereforelook for two pointswhich are systematically
transferrednacertainconic. This conicis thentheimageof theabsoluteconic. This
ideais illustratedin Figure7.15

In our casehowever we are not interestedn pureplanarscenes.The goalis to
uniquelyrelatethe 3D structureobtainedoeforeandafterthe planarregion. Combin-
ing Triggs’ constraintdor the planarregion with the traditionalconstraintsvhen3D
structureis seenwill give usa maximumof informationon the metric calibrationof
thesceneUsingthiscalibrationtheambiguityonthereconstructiowanbeeliminated
andbothsceneganbeintegratedin the samemetricbasis.

A further refinementcould be achieved by using guidedmatchingbasedon the
recoveredstructure. If two partsof the reconstructiorobtainedbeforeand after the
planarregion endup (partially) superimposedggistrationtechniquesould be used
to refinethe alignemenbf bothparts.
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7.8.4 Generalizedrectification

In somecaseghe rectificationtechniquebasedon homographieg¢seeSection7.5.1)
is not possible. For animagepair with the epipolesin the imagesthis rectification
procedurecannot be usedsinceit transformshe epipolesat infinity. RecentlyRoy,
MeunierandCox [137] presentednalternatve rectificationtechnique.This method
doesnot rectify the imagesto a planebut to a cylinder, therebyavoiding problems
whentheepipoleis in theimage. A secondadwvantageof their techniques thatpixel
losscanbe avoidedwithout requiringhugeimages,which is difficult to ensurewith
thestandardechnique.

The methodis however relatively complex. This is mainly dueto the fact that
the rectificationprocesss carriedout in 3D space. Epipolarlines are moved from
the imageplaneto the cylindrical surface. This operationconsistsof a rotation, a
changeof coordinatesystemanda projectionontothe cylinder. Althoughtheauthors
claim thatthe methodis readily applicableto uncalibratedsystemst is not sincethe
orientationof the epipolarlinesis not verified. Theresultcould be thattheright half
of onerectifiedimagematcheghe left sideof the otherandvice versa. This would
causeamoststereaalgorithms-whichenforceordering—to fail.

In this work we have developeda techniquewhich avoids the abore mentioned
problemsof both techniques.Although the techniquels muchsimplerthanthe one
describedn [137] it canachieve even smallerimageswithout ary pixel loss. Our
techniqueis purely imagebasedand doesnot requiremore thanan orientedfunda-
mentalmatrix.

Theideais to usepolarcoordinatesvith the epipoleasorigin. Sincetheambigu-
ity for thelocationof matchingpointsin a pair of imagess restrictedo half epipolar
lines[78] we only have to usepositive valuesfor the longitudinalcoordinate.Since
(half-)epipolarine transferis fully describedy anorientedfundamentamatrix, this
is all our methodneeds.The necessarinformationis alsoeasilyextractedfrom (ori-
ented)camergprojectionmatrices. The anglebetweerntwo consecutie half-epipolar
linesis computedo have theworstcasepixelspreseretheirarea.Thisis doneinde-
pendentlyfor every half-epipoladine. This thereforeresultsin aminimal imagesize.
In [137] theworstcasepixel is computedor thewholeimage,whichresultsin larger
images.Thedetailsof ourtechniquearegivenin appendixD.

As anexamplearectifiedimagepair from the castleis shovn for boththestandard
techniqueandour new generalizedechnique.Figure7.16 shows the original image
pairandFigure?7.17shavstherectifiedimagepair for bothmethods.

A secondexampleshaws thatthe methodsworks properlywhenthe epipoleis in
theimage. Figure 7.18 shavs the two original imageswhile Figure 7.19 shows the
two rectifiedimages.In this casethe standardectificationprocedurecannot deliver
rectifiedimages.

A stereomatchingalgorithmwasusedon this imagepair to computethe dispari-
ties. Theinterpolatedlisparitymapcanalsobeseenn Figure7.19.Figure7.20showns
thedepthmapthatwasobtainedandtwo views of theresulting3D model.Notefrom
theseimagesthatthereis animportantdepthuncertaintyaroundthe epipole. In fact
the epipoleformsa singularityfor the depthestimation.In the depthmapan artefict
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Figure7.16: Image pair fromthe castlesequence

Figure 7.17: Rectifiedimage pair for both methods: standad homaraphy based
method(left), new method(right).

Figure7.18: Image pair of a deska few daysbefor a deadline Theepipoleis indi-
catedby a whitedot (top-rightof'Y” in 'VOLLEYBALL).
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Figure 7.19: Rectifiedpair of images of the desk(left and middle)and interpolated
disparitymap(right). It canbeverifiedvisuallythat correspondingointsare located
oncorrespondingmage rows. Theright sideof theimagescorrespondso theepipole
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Figure7.20: Depthmapfor the far image of the deskimage pair (left) andtwo views
of thereconstructiorobtainedfromthedeskimage pair (middleandright). Theinac-
curacyat thetop of thevolleyball is dueto thedepthambiguityat the epipole

canbe seenaroundthe positionof the epipole. The extentis muchlongerin onespe-
cific directiondueto the matchingambiguityin this direction(seetheoriginal image
or themiddle-rightpartof therectifiedimage).

7.9 Conclusion

An automatic3D scenemodelingtechniquevasdiscussedhatis capableof building
modelsfrom uncalibratedmagesequenceslhetechniqués ableto extractmetric3D
modelswithout ary prior knowledgeaboutthe sceneor the camera.The calibration
is obtainedby assuminga rigid sceneand someconstraintson the intrinsic camera
parameterge.g. squarepixels). Somepossibleimprovementshave beenproposed
concerninginterestpoint matching, problemswith dominantplanar structuresand
rectification.

Work remainsto be doneto get more completemodelsby fusing the partial 3D
reconstructions.This will alsoincreasethe accurag of the modelsand eliminate
artifactsat the occludingboundaries For this we canrely on work alreadydonefor
calibratedsystems.
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Chapter 8

Resultsand applications

8.1 Intr oduction

In this chapterwe will focuson the resultsobtainedby the systemdescribedn the
previouschapter First somemoreresultson 3D reconstructiorirom photographsre
given. Thenthe flexibility of our approachs shovn by reconstructinganamphithe-
aterfrom old film footage.Next —usingthe extensionof section7.3.4—-theapplication
to the acquisitionof plenopticmodelsis described.Finally, several applicationsin
archaeologwrediscussedTheapplicationof our systemto the constructiorof avir-
tual copy of thearchaeologicasite of Sagalassoflurkey) —avirtualizedSagalassos—
is described. Somemore specificapplicationsin the field of archaeologyare also
discussed.

8.2 Acquisition of 3D modelsfrom photographs

Themainapplicationfor our systenis thegeneratiorof 3D modelsfrom images.One
of the simplestmethodsto obtaina 3D modelof a sceneis thereforeto usea photo
cameraandto shootafew picturesof thescendrom differentviewpoints.Realistic3D
modelscanalreadybe obtainedwith arestrictechumberof images.Thisis illustrated
in this sectionwith a detailedmodelof a partof a Jaintemplein India.

A Jain Templein Ranakpur

Theseimageswere taken during a tourist trip after ICCV’98 in India. A sequence
of imageswastaken of a highly decoratedart of one of the smallerJaintemplesat
Ranakpurindia. Theseimagesweretakenwith a standardNikon F50 photocamera
and thenscanned. All the imageswhich were usedfor the reconstructiorcan be
seenin Figure8.1. Figure8.2 shaws the reconstructednterestpointstogetherwith
the estimatedposeand calibrationof the camerafor the differentviewpoints. Note
thatonly 5 imageswereusedandthatthe global changen viewpoint betweerthese

143
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Figure8.1: Photagraphswhich were usedto geneatea 3D modelof a detail of a Jain
templeof Ranakpur
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Figure8.2: Reconstructiomf interestpointsandcameas. Thesystentouldautomat-
ically reconstructa realistic 3D modelof this complex scenewithoutany additional
information.

differentimagess relatively small. In Figure8.3aglobalview of thereconstructioris
given.In thelower partof theimagethetexture hasbeenleft outsothattherecovered
geometryis visible. Note therecoveredshapeof the statuesanddetailsof thetemple
wall. In Figure8.4two detailviews from very differentanglesaregiven. Thevisual
quality of theseimagesds still very high. This shavsthattherecoseredmodelsallow
to extrapolateviewpointsto someextent. Sinceit is difficult to give animpressiorof
3D shapehroughimageswve have putthreeviews of thesamepart—hut slightly rotated
eachtime—in Figure8.5. Thisreconstructioshavsthattheproposedipproachs able
to recover realistic3D modelsof complex shapesTo achieve this no calibrationnor
prior knowledgeaboutthe scenavasrequired.
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Figure 8.3: Reconstructiorof a part of a Jain templein Ranakpur(India). Both
textured (top) andshadedbottom)viewsare givento giveanimpressionof thevisual
quality andthe detailsof therecoreredshape
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Figure8.4: Two detail views of thereconstructeanodel.
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Figure8.5: Threerotatedviews of a detail of thereconstructeanodel.

8.3 Acquisition of 3D modelsfrom preexistingimage
sequences

Herethereconstructiorof theancientheatef Sagalassas shovn. Sagalassas an
archaeologicasitein Turkey. More resultsobtainedat this site arepresentedn Sec-
tions8.5and8.6. Thereconstructions basedon a sequencéilmed by a cameraman
fromtheBRTN (BelgischeRadioenTelevisie vande Nederlandstaliggemeenschap)
in 1990. The sequenceavasfiimedto illustratea TV programaboutSagalassosBe-
causeof the motion only fields —andnot frames—could be used. The resolutionof
the imageswe could usewasthusrestrictedto 6 . The sequenceonsisted
of abouthundredimages,every tenthimageis shavn in Figure 8.6. We recorded
approximately3 imagespersecond.

In Figure8.7thereconstructiomf interestpointsandcamerass given. Thisshavs
thattheapproackcandealwith longimagesequences.

Densedepthmapswere generatedrom this sequenceand a densetextured 3D
surface model was constructedrom this. Someviews of this model are given in
Figure8.8.
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Figure8.6: This sequenceavasfilmedfrom a helicopterin 1990by a cameamanof
the BRT (Belgishe Radioen Televisie)to illustratea TV programon Sagalassogan
archaeolmical sitein Turkey).

Figure8.7: Thereconstructednterest pointsand camen posesrecosered from the
BRTsequence
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Figure8.8: Someviews of the reconstructeanodelof the ancienttheaterof Sagalas-
S0s.

8.4 Acquisition of plenoptic models

Image-basedenderingapproachebasedon plenopticmodeling[93] have lately re-
ceived a lot of attention,sincethey cancapturethe appearancef a 3D scenefrom
imagesonly, withouttheexplicit useof 3D geometry Thusonemaybeableto capture
objectswith very complex geometrythatcannotbemodeledotherwise Basicallyone
cachesall possibleviews of the sceneandretrievesthemduringview rendering.Two
recentapproachearethelightfield renderingapproacti82] andthelumigraph[45].

The problemcommonto all approachess the needto calibratethe camerase-
guence.Typically oneusescalibratedcamerarigs mountedon a specialacquisition
device like arobot[82], or a dedicatectalibrationpatternis usedto facilitatecalibra-
tion [45].

It is clearthatin this casethework presentedh this dissertatiorcouldoffer some
interestingpossibilities. In the caseof plenopticfrom a hand-heldcamerapnetypi-
cally generatesery mary (hundredspf imagesput with aspecificdistribution of the
cameraviewpoints. Sincethe goalis to capturethe appearancef the objectfrom all
sides,onewill try to samplethe viewing sphere thusgeneratinga two-dimensional
meshof view points.

This applicationinspiredthe extensionto theinitial reconstructioprocedurere-
sentedn Section7.3.4. In casewherenot a 1D sequencés underconsiderationbut
wherea 2D samplingof the viewing spherds executedjt is importantto take advan-
tageof theavailableinformation.Somepreliminarytrialswith thesequentiaapproach
shavedproblemsdueto accumulatiorof errorsoververylongimagesequenceser-
eralhundredf images).This couldevenleadto thefailureof theprocedurén some
casesBYy extendingthe matchingprocedureo 2D theapproacttouldtake advantage
of theresemblanceetweerimagesor whichtheindiceswerefar away.

Themainproblemof the sequentiabpproachin this caseis thatpointswhich are
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Figure8.9: Image of the spheresequencéleft) and resultof calibration step(right).
Thecameasare representedy little pyramids.Imageswhich were matthedtogether
are connectedvith a black line.

visible in mary imagesaregettinginstantiatecover andover. Sincethesepointsare
not connectedthe differentinstancesio not coincide,allowing systematicerrorsto
accumulateThis problemwill beillustratedin thefollowing example.

Figure 8.9 shaws one of the imagesof the sphee sequencend the recovered
camereacalibrationtogethemith thetrackedpoints. This calibrationcanthenbe used
to generata plenopticrepresentatiofrom therecordedmages Oncethisis obtained
new views canbegeneratedFigure8.10shavsall theimagesn which each3D point
is tracked. The pointsarein the orderthatthey wereinstantiated.This explainsthe
uppertriangularstructure. It is clearthat for the sequentiabpproachgvenif some
points canbe tracked asfar as 30 images,mostare only seenin a few consecutie
images. From the resultsfor the extendedapproachsereral things can be noticed.
The proposedmethodis clearly effective in the recovery of pointswhich were not
seerin thelastimagestherebyavoiding unnecessaristantiation®f new points(the
systemonly instantiated2170 pointsinsteadof 3792points). The bandstructureof
theappearancmatrix for thesequentiahpproacthasbeenreplacedy a denseaupper
diagonalstructure.Somepointswhich wereseenin thefirst imagesarestill seenin
thelastone(morethan60 imagesfurtherdown the sequence)Themeshstructurein
the uppertriangularpartreflectsthe periodicityin the motionduringacquisition.On
theaverageapointis trackedover9.1limagesnsteadof 4.8imageswith thestandard
approach.

Wheretheprevioussequencavasstill acquiredwith arobotarm, mainlyto obtain
groundtruth, the following sequencevasacquiredwith a hand-heldcamcorder The
completesequenceonsistsof 190 images. An imageof the sequenceanbe seen
in Figure8.11. The recoveredcalibrationtogetherwith the tracked pointsare also
shawvn in this figure. The statisticsof the pointswerecomputedor this sequenceas
well. They canbeseenin Figure8.12.
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Figure8.10: Statisticsof the spheresequenceThisfigure indicatesin which images
a 3D pointis seen. Points (vertical) versusimages (horizontal). Theresultsare il-

lustratedfor boththe sequentiabpproadc (left) asthe extendedapproad (right) are
illustrated.

Figure8.11: Image of the desksequencéleft) and resultof calibration step(right).
Thecameansare representedy little pyramids.
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Figure8.12: Statisticsfor desksequenceThisfigure indicatesin which imagesa 3D
pointis seen.Points(vertical) versusimages(horizontal).

8.5 Virtualizing archaeologicalsites

Virtual reality is a technologythatofferspromisingperspectiesfor archaeologistdt
canhelpin mary ways. New insightscanbe gainedby immersionin ancientworlds,
unaccessiblsitescanbe madeavailableto aglobalpublic, coursesanbegiven“on-
site” anddifferentperiodsor building phasesancoexist.

Oneof themainproblemshoweveris the generatiorof thesevirtual worlds. They
requirea hugeamountof on-sitemeasurementdn additionthe whole site hasto be
reproducednanuallywith a CAD- or 3D modelingsystem. This requiresa lot of
time. Moreoverit is difficult to modelcomplex shapesndto take all the detailsinto
account.Obtainingrealisticsurfacetextureis alsoacritical issue.As aresultwallsare
often approximatedy planarsurfaces stonesoften all getthe sametexture, statues
areonly crudelymodeled smalldetailsareleft out, etc.

An alternatve approactconsistof usingimagesof the site. Somesoftwaretools
exist, but requirea lot of humaninteraction[109] or preliminary models[26]. Our
systenoffersuniquefeaturesn this context. Theflexibility of acquisitioncanbevery
importantfor field measurementahich are often requiredon archaeologicasites.
Thefactthata simple photocameracanbe sufiicient for acquisitionis animportant
adwantagecomparedo methodsbasedon theodolitesor other expensve hardware.
Especiallyin demandingveatherconditions(e.g.dust,wind, heat,humidity).

Theancientsite of Sagalasso&outh-westTurkey) wasusedasatestcaseo illus-
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Figure8.13: Image sequenceavhich wasusedto build a 3D modelof thecornerof the
Romarbaths

Figure 8.14: Virtualized corner of the Romanbaths, on the right somedetails are
shown

tratethe potentialof the approactdevelopedin thiswork. Theimageswereobtained
with a consumeiphotocamera(digitized on photoCD)andwith a consumedigital
videocamera.

8.5.1 Virtualizing scenes

The3D surfaceacquisitiontechniquethatwe have developedcanreadilybeappliedto
archaeologicadites. Theon-siteacquisitionprocedureonsistf recordinganimage
sequencef the scenethatonedesirego virtualize To allow the algorithmsto yield
goodresultsviewpoint changedetweenconsecutie imagesshouldnot exceed5 to
10 dggrees. An exampleof sucha sequencés givenin Figure8.13. The resultfor
the imagesequenceinderconsideratiorcan be seenin Figure 8.14. An important
adwantageis thatdetailslike missingstonesnot perfectlyplanarwalls or symmetric
structuresarepresered. In additionthe surfacetextureis directly extractedfrom the
images. This doesnot only resultin a muchhigher degreeof realism, but is also
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Figure8.15: Threeof the siximagesof the Fountainsequence

importantfor the authenticityof the reconstruction. Thereforethe reconstructions
obtainedwith this systencouldalsobeusedasa scalemodelonwhich measurements
canbe carriedout or asatool for planningrestorations.

As a secondexample,the reconstructiorof the remainsof an ancientfountainis
shawvn. In Figure8.15threeof the six imagesusedfor thereconstructiorareshavn.
All imagesweretaken from the samegroundlevel. They wereacquiredwith a dig-
ital camerawith a resolutionof approximatelyl500x1000. Half resolutionimages
wereusedfor the computatiorof the shape.The texture wasgeneratedrom the full
resolutionimages.

The reconstructiorcan be seenin Figure 8.16, the left side shovs a view with
texture,therightview givesashadediiew of themodelwithouttexture. In Figure8.17
two close-upshotsof themodelareshown.

8.5.2 Reconstructingan overview model

A first approactto obtaina virtual reality modelfor a whole site consistsof takinga
few overview photographdrom the distance.Sinceour techniqueis independenof
scalethis yields anoverviev modelof the whole site. The only differencels the dis-
tanceneededetweertwo camergposes.For mostactive techniquest is impossible
to copewith scene®f thissize. The useof a sterearig would alsobe very hardsince
abaselineof severaltensof meterswould berequired.Thereforeoneof the promising
applicationsof the proposedechniques large scaleterrainmodeling.

In Figure8.183 of the 9 imagestakenfrom a hillside nearthe excavationsite are
shavn. Thesewereusedto generatehe 3D surfacemodelseenin Figure8.19. In
additionone canseefrom the right side of this figure that this modelcould be used
to generatea Digital Terrain Map or an orthomapat low cost. In this caseonly 3
referencemeasurementsGPSandaltitude—are necessaryo localizeandorientthe
modelin theworld referencdrame.
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Figure8.16: Perspectiveviewsof thereconstructedountainwith andwithouttexture

Figure8.17: Close-upviewsof somedetailsof thereconstructedountain

Figure8.18: Someof theimagesof the SagalassosSitesequence
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Figure8.19: Perspectiveviews of the 3D reconstructiorof the Segalassossite (left).
Top view of thereconstructiorof the Segalassosite (right).
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Figure8.20: Integration of modelf differentscales:siteof SegalassosRomarbaths
andcornerof the Romarbaths.

8.5.3 Reconstructionsat differ ent scales

The problemis thatthis kind of overvien modelis too coarseto be usedfor realistic
walk-throughsaroundthe site or for looking at specificmonuments.Thereforeit is
necessaryo integratemore detailedmodelsinto this overview model. This canbe
doneby taking additionalimagesequences$or all the interestingareason the site.
Theseareusedto generateeconstructionsf the site at differentscalesgoing from
aglobalreconstructiorof thewhole siteto a detailedreconstructiorior every monu-
ment.

Thesereconstructionshus naturallyfill in the differentlevels of detailswhich
shouldbe providedfor optimalrendering.In Figure8.20anintegratedreconstruction
containingreconstructionst threedifferentscalesanbeseen.

At this pointtheintegrationwasdoneby interactvely positioningthelocal recon-
structiongn theglobal3D model. Thisis acumbersomerocedurssincethe7 degrees
of freedomof the similarity ambiguityhave to betakeninto accountResearcherare
working on methodsto automatethis. Two differentapproachesre possible. The
first approachis basedon matchingfeatureswhich are basedon both photometric
andgeometricpropertiesthe secondon minimizing a global alignmentmeasure A
combinationof bothapproachewiill probablyyield thebestresults.
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Figure8.21: Virtualized landscapeof Sagalassoscombinedwith CAD-modelf re-
constructednonuments

8.5.4 Combination with other models

An interestingpossibilityis the combinationof thesemodelswith othertype of mod-
els. In the caseof Sagalassosomebuilding hypothesesveretranslatedo CAD mod-
els. Thesewereintegratedwith our models. The resultcanbe seenin Figure8.21.
Also othermodelsobtainedwith different3D acquisitiontechniquesould easilybe
integrated.

8.6 Moreapplicationsin archaeology

Sincethese3D modelscanbegeneratecdutomaticallyandthe on-siteacquisitiorntime
is veryshort,severalnew applicationcometo mind. In this sectionafew possibilities
areillustrated.

8.6.1 3D stratigraphy

Archaeologyis oneof the sciencesvere annotationsand precisedocumentatiorare
mostimportantbecausevidenceis destroyed duringwork. An importantaspeciof
thisis the stratigraphy This reflectsthe differentlayersof soil thatcorrespondo dif-
ferenttime periodsin anexcavatedsector Dueto practicalimitationsthisstratigraphy
is oftenonly recordedor someslices,notfor thewhole sector

Our techniqueallows a more optimal approach.For every layer a complete3D
model of the excavatedsectorcan be generated.Sincethis only involvestaking a
seriesof picturesthis doesnot slow down the progresf thearchaeologicalvork. In
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Figure 8.22: 3D stratigraphy the excavationof a Romanvilla at two different mo-
ments.

additionit is possibleto modelartifactsseparatelyvhich arefoundin thesdayersand
to includethemodelsin thefinal 3D stratigraphy

This conceptis illustratedin Figure8.22. The excavationsof anancientRoman
villa at Sagalassowererecordedwith our technique.In the figure a view of the 3D
modelof theexcavationis providedfor two differentlayers.

8.6.2 Generatingand testing building hypotheses

Thetechniquealsohasa lot to offer for generatingandtestingbuilding hypotheses.
Dueto the easeof acquisitionandthe obtainedevel of detail, onecould reconstruct
every building block separatelyThedifferentconstructiorhypothesesantheninter-
actively beverifiedon avirtual building site. Sometestingcouldevenbe automated.

Thematchingof thetwo partsof Figure8.23for examplecouldbeverifiedthrough
astandardegistrationalgorithm[18]. An automatigprocedureanbeimportantwhen
dozensof brokenpartshave to be matchedagainsteachother

8.7 Applicationsin other areas

Besidesarchaeologysereral otherareasrequire3D measurementsf existing struc-
tures.A few possibleapplicationsarebriefly describedere.

8.7.1 Architecture and consewation

As an examplea partial 3D reconstructiorof the cathedralof Antwerpis shavn in
Figure 8.24. An importantregistrationproject hasrecently startedand the goal is
to obtaina 3D model of the cathedralthat could be usedas a databasdor future
preserationandrestoratiorprojects.For someof theseprojectsanaccurateaextureof
themodelis crucial,sincethelevel of stonedegradatiorcanbededucedromit. In this
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Figure8.23: Two imagesof parts of broken pillars (top) and two orthographic views
of the matcting surfaceggeneratedfromthe 3D modelsbottom)

Figure8.24: Reconstructiomf a part of the cathedal of Antwerp.Oneof theoriginal
images(left), two close-upviewsof the obtainedreconstructior(middle right).

contect the methodproposedn this work hasa lot to offer. An interestingapproach
would consisiof combiningtheexisting close-rang@hotogrammetritechniquesvith
ourtechniquesThiscouldleadto animportantincreasén productvity withoutgiving
in accurag.

8.7.2 Other applications

Theflexibility of theproposedystemsallows applicationdn mary domains.In some
casedurtherdevelopmentsvould be requiredto do so, in othersthe system(or parts
of it) couldjust be usedasis. Someinterestingareasareforensics(e.g.crimescene
reconstruction)robotics(e.g. autonomouguidedvehicles),augmentedeality (e.qg.
camerdracking)or post-productiorfe.g.generatiorof virtual sets).
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8.8 Conclusion

In this chaptersomeresultswerepresented moredetailto illustratethe possibilities
of this work. It was shawvn that realistic 3D modelsof existing monumentsould
be obtainedautomaticallyfrom a few photographs.The flexibility of the technique
allows it to be usedon existing photoor video material. This wasillustratedthrough
the reconstructiorof an ancienttheaterfrom a video extractedfrom the archivesof
the Belgiantelevision. Our systemwasadaptedo the needsof plenopticmodeling,
makingit possibleto acquirehundredf imagesof a scenewithout significanterror
accumulation.

The archaeologicakite of Sagalasso$Turkey) was usedas a test casefor our
system.Several partsof the siteweremodeled.Sinceour approachs independentf
scaleit wasalsousedto obtaina 3D modelof the whole site at once. Somepotential
applicationsarealsoillustrated,i.e. 3D stratigraphyand generating/testinguilding
hypotheses.

Someapplicationdo otherareasverealsobriefly discussed.



Chapter 9

Conclusion

9.1 Summary

The work presentedn this dissertatiordealswith the automaticacquisitionof real-
istic 3D modelsfrom images. | have tried to develop an approachwhich allows a
maximumof flexibility duringacquisition. This work consistecboth of developing
new theoreticainsightsandtranslatingheseto approachewhichwork onrealimage
sequences.

This problemwas decomposedn a numberof tasks. For someof thesetasks
existing approacheweregiving goodresultsandtherewasno needto developanewn
approacho achieve our goal. If possiblean existing implementatiorwasused. For
self-calibratiorhowever no satisfyingsolutionexisted. The methodswhich existedat
thestartof my work werenot giving satisfyingresultson realimagesequenceandin
additioncouldonly dealwith constantamergparameters.

A firstimportantpartof thiswork consistef developingaself-calibratiormethod
whichwould give goodresultson realimagesequencednspiredby the stratifiedap-
proachesvhich hadbeenproposedor somespecialmotions,| developeda stratified
approachwhich would bridge the gap from projective to metric by first solving for
the affine structure. This approachs basedon a new constraintfor self-calibration,
i.e.themodulusconstraint.Goodresultswereobtainedbothon syntheticexperiments
andonrealimagesequences.

The traditional assumptiormadefor self-calibrationis constantbut completely
unknavn parametersOn the onehandthis assumptioris restrictive sinceit doesnot
allow azoomor evenfocusingto beusedduringacquisition.Ontheotherhandtypical
camerahave rectangulaor even squarepixels and oftenthe principal pointis close
to thecenterof theimage.A methodwasproposedvhich coulddealwith all kindsof
constraintontheintrinsic camergparameters,e. known, constanbr varying. Based
onthis a pragmaticapproactwasproposedo dealwith realsequenceacquiredwith
a zooming/focusingcamera.The approachwasvalidatedon both real and synthetic
data.

Thesemethodsverecombinedwith othermodulego obtainacomplete3D recon-

163



164 Chapte9. Conclusion

structionsystem.The input consistof a sequenc®f imagesof a scene.The output
is arealistic3D surfacemodelof this scene.The processings fully automatic.This
systenoffersaverygoodlevel of detailandrealism,combinedwith anunprecedented
flexibility in acquisition.

This flexibility of the approachwas illustratedthroughthe different examples.
Realistic3D modelswere generatedrom a few photographsaswell asfrom pre-
existing video. Scenesangingfrom to werereconstructedThrough
a small adaptatiorthe systemcould be usedto recordplenopticfunctionsbasedon
hundredsof images. The systemwas usedwith successn the field of archaeology
wherevery promisingresultscouldbe achiezed,enablingnew applications.

9.2 Discussionand further reseach

The last yearsan ongoingdiscussiorhastaken placebetweenprotagonistof cali-

bratedversusuncalibratedsystemsIn my opinionthisis anunnecessargliscussion.
A whole paletteof possibilitiesexist for 3D acquisitionfrom images. One extreme
consistsof usingafully calibratedsystemundervery restrictedconditions(e.g.con-
trolled lighting, restricteddepth,...). The otherextremeconsistsof going out with a

hand-helduncalibratedcameraandtake a few shotsof a scene.In my opinionit is

thetaskof the computervision communityto investigatehesedifferentpossibilities.
Thereis no suchthing astheideal 3D acquisitionsystem|t all depend®n the speci-
ficities of the consideredapplication.In this contet | think it is animportanttaskfor

our communityto explorethelimits of whatcanbeachiered.

Whatshouldbe mentionechowever is thatthe uncalibratechpproachandthe use
of projective geometryhasenabledmary new insights. Projectve geometryis the
naturalgeometricframework to describethe underlyingprinciplesrelatingscenego
images. Often unnecessargomple« equationsare usedto dealwith the Euclidean
structureof spacewhile theconceptoneis studyingarealreadypresenttthe projec-
tive level. Notethatthe useof projectve geometrydoesnot prohibit calibrationto be
used. It however makesit possibleto distinguisheasilybetweenwhatdependson it
andwhatdoesnot.

Thesystemhatwasdescribedn this dissertatioris certainlynotanendpoint.As
wasalreadydescribedat somepointsin the text, several possibilitiesexist to further
enhancehesystem.Severalimportantdirectionsof furtherresearcttanbeidentified.

A first importanttask consistof enhancinghe systemitself. This is a twofold
task.Onthe onehandthe systemshouldbe mademorerobustsothatit candealwith
a larger classof images. Failure of the algorithmsand degeneratecasesshouldbe
automaticallydetectedIf possiblethe systermmshouldrecorerfrom theseby launching
a morerobust or more appropriateversionof the algorithm. On the otherhandthe
accurag of thesystencancertainlybeincreasedTherelatively simplecameranodel
whichis usedatthis pointcanbeextended.Theuseof maximumlik elihoodestimators
canbegeneralizedn thedifferentmodules.

A secondaskconsistf extendingthe system At this point 3D surfacemodelsof
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theobseredscenaregeneratedT hesesurfacesarehoweverstill constructedtarting
from areferenceview. The systemshouldfusethesedifferentsurfacerepresentation
into a uniqgue3D model. This canbe achiered by resortingto existing memging ap-
proachesawvhich have beendevelopedin the context of calibratedrangeacquisition.
Thesemethodsneedhowever to be adaptedo the specificitiesof our approach.An
interestingdeaconsistof usingdirectfeedbackKrom thefinal 3D modelto theimages
to refinethe model,this couldbetermedphotometridoundleadjustmentFurtherpos-
sibilities consistof fitting parametricepresentation® thedata(e.g.planesgquadrics,
etc.) or to infer higherlevel representationhich would bring us to modelbased
approacheandsceneunderstanding.

Thisapproachs ageometricapproachThesystentriesto modeleverythingwith
geometricprimitives. Recentlyimage-basedpproacheseceved a lot of attention.
Theseapproachesry to modelthe plenopticfunction (i.e. the light passingn every
directionthroughevery point of the scene).Thesemethodscanthus capturethe ap-
pearancef 3D scenegrom imagesonly, without the explicit useof geometry Thus
onemaybeableto capturevery comple« geometryandcomplex lighting thatcannot
be modeledotherwise.Thesemethodshowever suffer from otherdisadwantagege.g.
needfor calibration,no navigationinsidethe scenedataintensie, etc.). An interest-
ing approachcould thereforeconsistof combiningthe two typesof approachesin
this context somepromisingresultswerealreadyobtainedwith our system.Theidea
would be to usegeometrywhenthe reprojectionof the modelin the imagesis close
enoughto the original andplenopticrepresentationstherwise.The useof intermedi-
aterepresentationsouldalsobeinteresting(e.g.view dependentexturing).

Oneof theimportantlimitationsof most3D acquisitionsystemss thatonly rigid
scenesireconsideredDealingwith non-rigidsubjectsouldbeaveryinterestingarea
of furtherresearchThisis howeveralsoavery complex problem.Up to now existing
approachebave mostly beenlimited to parameterizedhodelswhich arefitted to the
imagedata.Someof theparametersanthenrepresené (non-rigid)pose.By exploit-
ing resultsfrom independenitotion sgmentatiormorecould be achieved. Probably
moreclueswill berequiredto obtaingoodresults(e.g.addcontourinformation).

A lastimportantareaof furtherresearcltonsistof tuningthe systemtowardsap-
plications. A first generakequirementin this contet is anintelligentuserinterface.
By intelligentwe meanthatthenecessarfailurediagnosishouldbedoneby the sys-
temitself which shouldthengoto the userwith specific-understandablerequest®r
suggestionsThe systems interfaceshouldalsoenforcethe differentmulti view rela-
tionsandotherconstraintdn a transparentvay. Somefurtherspecificdevelopments
towardsthe differentareasof applicationare certainly alsoworthwhile studying. In
this context it is importantto keepthe systemmodularso that necessargxtensions
caneasilybeintegrated.



166 Chapte9. Conclusion



Bibliography

[1] H. Akaike, “A new look at the statisticalmodelidentification”, IEEE Trans.on
AutomaticContol, 19-6,pp 716-723,1974.

[2] M. Armstrong,A. ZissermarandP. Beardslg, “Euclideanstructurefrom uncal-
ibratedimages”,Proc. British Machine Vision Confeence 1994.

[3] M. Armstrong,A. ZissermarandR. Hartley, “EuclideanReconstructiorfrom
ImageTriplets”, ComputeiVision - ECCV'96 LectureNotesin ComputerSci-
enceVol. 1064,SpringerVerlag,pp. 3-16,1996.

[4] M. Armstrong, Self-Calibation from Image SequencesPhD. Thesis,Depart-
mentof EngineeringScienceUniversityof Oxford, 1996.

[5] A. AzerbayejaniB. Horowitz andA. Pentland;'Recursize estimationof struc-
ture from motion usingrelative orientationconstraints” Proceedingf the In-
ternationalConfeenceof ComputeMsionandPatternRecanition, IEEE Com-
puterSocietyPresspp.294-299,Junel993.

[6] H. Baker andT. Binford, “Depth from Edgeand Intensity BasedStereo”, Int.
Joint Conf on Atrtificial Intelligence Vancouwer, Canadapp.631-636,1981.

[7] H. Beyer, “Accuratecalibrationof CCD-cameras”Proceeding®f the Interna-
tional Confeenceof ComputeMision and Pattern Recanition, IEEE Computer
SocietyPress1992.

[8] P. Beardslg, A. ZissermarandD. Murray, “SequentialUpdatingof Projectie
and Affine Structurefrom Motion”, International Journal of ComputerVision
(23),No. 3, Jun-Jull997,pp. 235-259.

[9] P Beardslg, P. Torr andA. Zissermari3D Model Acquisitionfrom Extended
Image Sequences”ComputerVision - ECCV’'96 LectureNotesin Computer
Science)ol. 1065,SpringerVerlag,pp.683-695,1996.

[10] W. BoehmandH. Prautzsch;GeometricConceptdor GeometridDesign”,A K
Peters]1994.

167



168 BIBLIOGRAPHY

[11] D. BondyfalatandS. Bougnoux,‘Imposing EuclideanConstraintDuring Self-
CalibrationProcesses’Proc. SMILEWbrkshop(post-ECCV’'98) LectureNotes
in ComputerScience)ol. 1506,SpringefVerlag,pp.224-2351998.

[12] B. Boufama,R. Mohr andF. Veillon, “Euclidian Constraintsor Uncalibrated
Reconstruction”Proc. International Confeenceon Computenision, pp. 466-
470,1993.

[13] B. Boufamaand R. Mohr, “Epipole and fundamentamatrix estimationusing
virtual parallax”,Proc. InternationalConfeenceon Computenvision, pp.1030-
1036,1995

[14] S.Bougnoux,'From Projectveto EuclideanSpaceunderary practicalsituation,
a criticism of self-calibration”.Proc. InternationalConfeenceon Computei-
sion, NarosaPublishingHouse New Delhi/Madras’Bombay/Calcutta/London,
pp.790-796,1998.

[15] S.BougnouxandL. Robert,“TotalCalib: a fastandreliablesystemfor off-line
calibrationof imagessequences’DEMO SessionCVPR’'97,Junel997.

[16] D. Brown, “Close-rangecameracalibration”, Photogrammetricngineering,
37(8):855-8661971.

[17] D. Brown, “The bundleadjustment progressandprospect” Xlll Congessof
thelSPRSHelsinki, 1976.

[18] Y. ChenandG. Medioni, “Object Modeling by Registrationof Multiple Range
Images”,Proc. Int. Conf on Roboticsand Automation 1991.

[19] D. CapelandA. ZissermanAutomatedMVosaicingwith SupefresolutionZoom
Proceedingsf the Confeenceon ComputerVision and Pattern Recanition,
IEEE ComputerSoc.Presspp. 885-891,1998.

[20] I. Cox, S. HingoraniandS. Rao,“A Maximum Likelihood StereoAlgorithm”,
Computenision andImage Understanding Vol. 63, No. 3, May 1996.

[21] N. Cui, J. WengandP. Cohen,"ExtendedStructureandMotion Analysisfrom
MonocularimageSequences’RProc. InternationalConfeenceon Compute-
sion, pp.222-229,0sakaJapan;]1990.

[22] L. deAgapito,E. Haymanandl. Reid“Self-calibrationof arotatingcamerawith
varying intrinsic parameters”Proceeding®of the ninth British Machine Vision
Confeence Sept1998.

[23] R. Deriche and O. Faugeras,“Tracking Line Segments”, Computer\ision-
ECCV’9Q LectureNotesin ComputerSciencelol. 427,SpringefVerlag,1990.

[24] R. DericheandG. Giraudon,“A computationabpproachor cornerandvertex
detection” InternationalJournal of Computenision, 1(2):167-187,1993.



BIBLIOGRAPHY 169

[25] R. Deriche,Z. Zhang,Q.T. Luong and O. Faugeras,’Robust recovery of the
epipolargeometryfor anuncalibratedstereorig”, Computenvision- ECCV’'94
LectureNotesin ComputerScience,Vol. 801, SpringerVerlag, pp. 567-576,
1994.

[26] P. Debesec,C. TaylorandJ.Malik, “Modeling andRenderingArchitecturefrom
Photographs:A Hybrid Geometry-and Image-BasedApproach”, Siggraph,
1996.

[27] P. Deberec,Y. Yu andG. Borshulov, “Efficient View-Dependentmage-Based
Renderingwith Projectve Texture Mapping”, Proc. SIGGRAPH'98, ACM
PressNew York, 1998.

[28] F. Devernayand O. Faugeras,'From projectve to euclideanreconstruction”,
Proc. 1997 Confeenceon ComputerVision and Pattern Recanition, IEEE
ComputerSoc.Presspp. 264-269,1996.

[29] U. DhondandJ. Aggarwal, “Structurefrom Stereo- A Review”, IEEE Trans.
Syst.,ManandCybern.19,1489-1510,1989.

[30] L. Falkenhagen;Hierarchical Block-BasedDisparity EstimationConsidering
NeighbourhoodConstraints”.Proc. InternationalWorkshopon SNHCand 3D
Imaging, RhodesGreece1997.

[31] L. Falkenhagen,'Depth Estimationfrom Stereoscopiédmage Pairs assuming
Piecavise ContinuousSurfaces”, EuropeanWorkshopon CombinedReal and
Syntheticimage Processingfor Broadcastand Video Productions Hamlurg,
Germaly, 1994.

[32] O. Faugerasand G. Toscani,“CameraCalibrationfor 3D ComputerVision”,
International\Wbrkshopon Machine Vision and Machine Intelligence pp. 240-
247,Tokyo, 1987.

[33] O.Faugerasl.. QuanandP. Sturm,“Self-Calibrationof a 1D Projectve Camera
andIts Application to the Self-Calibrationof a 2D Projectve Camera”,Com-
puterVision— ECCV’98 vol.1, LectureNotesin ComputerScience Vol. 1406,
SpringerVerlag,pp.36-52,1998.

[34] O.FaugerasThree-DimensionaComputenMision: a Geometricviewpoint MIT
press,1993.

[35] O. Faugeras;Stratificationof three-dimensionalision: projective, affine, and
metricrepresentations’Journalof the Optical Societyof AmericaA, pp. 465—
483,Vol. 12,No.3,March1995.

[36] O.Faugeras,;What canbe seenn threedimensionswith anuncalibratedtereo
rig”, ComputeMision- ECCV'92 LectureNotesin ComputeiScience)ol. 588,
SpringefVerlag,pp.563-578,1992.



170 BIBLIOGRAPHY

[37] O. FaugerasQ.-T. Luong and S. Maybank.“Cameraself-calibration: Theory
andexperiments” ComputeMsion- ECCV’'92 LectureNotesin ComputerSci-
ence\Vol. 588, SpringerVerlag,pp. 321-334,1992.

[38] O.FaugerasndS. Maybank,“Motion from point matchesmultiplicity of solu-
tions”, InternationalJournal of ComputeMsion, 4(3):225-246,Junel990.

[39] O.FaugerasndB. Mourrain,“on thegeometryandalgebraof pointandline cor-
respondencedsetweem images”,Proc. International Confeenceon Computer
Vision, 1995,pp.951-962.

[40] M. FischlerandR. Bolles, “RANdom SAmpling Consensusa paradigmfor
modelfitting with applicationto image analysisand automatedcartography”,
CommunAssocComp.Mach., 24:381-951981.

[41] A. FitzgibbonandA. Zisserman’;Automaticcameraecoveryfor closedor open
imagesequences'Computenision— ECCV’'98 vol.1, LectureNotesin Com-
puterScience\ol. 1406,SpringerVerlag,1998.pp.311-3261998.

[42] A. FitzgibbonandA. Zisserman;Automatic3D Model AcquisitionandGener
ation of New Imagesfrom Video Sequences'Proceedingof EuropeanSignal
ProcessingConfeence(EUSIPCO98), RhodesGreecepp. 1261-12691998.

[43] W. Forstner “A frameawork for low level featureextraction” ComputerVision-
ECCV’9Q Lecture Notes in Computer Science,Vol. 427, SpringerVerlag,
pp.383-3941990.

[44] G.Gimelfarb,"Symmetricalapproactio theproblemof automaticstereoscopic
measurementis photogrammetry” Cybernetics 1979, 15(20,235-247;Con-
sultantsBureau,N.Y.

[45] S.Gortler, R. GrzeszczukR. SzeliskiandM. F. Cohen, The Lumigraph”,Proc.
SIGGRAPH96, pp 43-54,ACM PressNew York, 1996.

[46] W. Grimson,From Imagesto Surfaces:A ComputationalStudyof the Human
Early Visual SystemMIT PressCambridgeMassachusett4981.

[47] A. Gruen,*Accurag, reliability andstatisticsn close-rang@hotogrammmetry”,
Proceeding®f the Symposiunof the ISP CommisiorV, Stockholm,1978.

[48] A. GruenandH. Beyer, “Systemcalibrationthroughself-calibration” Proceed-
ings of the Workshopon Calibration and Orientationof Cameasin Computer
Vision, 1992.

[49] G. Golub and C. Van Loan, Matrix Computations John Hopkins University
Press1983.

[50] C.HarrisandM. Stephens’A combineccornerandedgedetector” Fourth Alvey
Vision Confeence pp.147-1511988.



BIBLIOGRAPHY 171

[51] R. Hartley, “Estimationof relative camerapositionsfor uncalibrateccameras”,
ComputerMision - ECCV'92 LectureNotesin ComputerScience,Vol. 588,
SpringefVerlag,pp.579-587,1992.

[52] R.Hartley, “Cheiralityinvariants”,Proc.D.A.R.PA.Image Undeistanding\ork-
shop pp.743-753,1993.

[53] R.Hartley, “Euclideanreconstructiorirom uncalibratedriews”, in : J.L. Mundy,
A. ZissermanandD. Forsyth (eds.),Applicationsof Invariancein Computer
Vision, LectureNotesin ComputerScienceVol. 825, SpringerVerlag,pp. 237-
256,1994.

[54] R. Hartley, “Projective reconstructiorfrom line correspondencesRroc. IEEE
Confeenceon ComputeMsion andPattern Recanition, IEEE ComputerSoci-
ety Press;1994.

[55] R.Hartley, “Self-calibrationfrom multiple views with a rotatingcamera”,Lec-
ture Notesin ComputerScience Vol. 800-801,SpringerVerlag, pp. 471-478,
1994.

[56] R. Hartley, “A linear methodfor reconstructiorfrom pointsandlines”, Proc.
InternationalConfeenceon Computenision, pp.882-887,1995.

[57] R. Hartley, “In defenseof the eight-pointalgorithm”. IEEE Trans.on Pattern
Analysisand MachineIntelligence 19(6):580-593Junel997.

[58] R. Hartley andP. Sturm,“Triangulation”, Computervision and Image Under
standing 68(2):146-1571997.

[59] R. Hartley, “Computation of the Quadrifocal Tensor”, Computer \ision-
ECCV’98 Lecture Notesin ComputerScience,Vol. 1406, SpringefVerlag,
pp.20-35,1998.

[60] A. HeydenandK. Astrom, “EuclideanReconstructiorfrom Constantintrinsic
Parameters’Proc. 13thInternationalConfeenceon Pattern Recanition, IEEE
ComputerSoc.Presspp. 339-343,1996.

[61] A. HeydenandK. Astrom, “EuclideanReconstructiorfrom Image Sequences
with Varying and Unknown Focal Length and Principal Point”, Proc. IEEE
Confeenceon Computenision and Pattern Rec@nition, IEEE ComputerSoc.
Presspp.438-443,1997.

[62] A. Heyden, Geometryand Algebra of Multiple Projective Transformations
Ph.D.thesisl.und University, 1995.

[63] A. Heyden,R.BerthilssonG. Spart “An Iterative FactorizatiorMethodfor Pro-
jective Structureand Motion from Image Sequences’to appearin Image and
Vision Computing



172 BIBLIOGRAPHY

[64] A. HeydenandK. Astrom, “Minimal Conditionson Intrinsic Parametergor
EuclidearReconstruction”AsianConferencen ComputeVision, HongKong,
1998.

[65] R.HoraudandG. Csurka,“Self-Calibrationand EuclideanReconstructiorJs-
ing Motions of a StereoRig”, Proc. InternationalConfeenceon Computenvi-
sion, NarosaPublishingHouse New Delhi/Madras’Bombay/Calcutta/lLondon
pp.96-103,1998,.

[66] B. Horn,RobotVision, MIT Press;1986.

[67] M. Irani and S. Pelay, Superresolutionfrom imagesequencesProc. Interna-
tional Confeenceon Pattern Recanition, Atlantic City, NJ, 1990.

[68] D. Jacobs;Linear Fitting with Missing Data; Applicationsto Structure-from-
Motion and to Characterizingntensity Images”, Proc. IEEE Confeenceon
Computer Vision and Pattern Reca@nition, IEEE Computer Society press,
pp.206-212,1997.

[69] R.Kalman,“A new approacho linearfiltering andpredictionproblems” Trans-
actionsA.S.M.E. Journal of BasicEngineeringMarch 1960.

[70] K. Kanatani,StatisticalOptimizationfor GeometricComputation: Theoryand
Practice, Elsevier Science Amsterdam;1996.

[71] W.Karl, G.VerghesandA. Willsky, Reconstructingllipsoidsfrom projections.
CVGIP; GraphicalModelsandImage Processing56(2):124-1391994.

[72] R.Koch,Automatistie Oberflatvenmodellierungtarrer dreidimensionale©b-
jekteaus stereoslkopisthen Rundum-Anstaten PhD thesis University of Han-
nover, Germaty, 1996 also publishedas Fortschritte-Berichte/DI, Reihe 10,
Nr.499,VDI Verlag,1997.

[73] R. Koch, M. Pollefeys and L. Van Gool, Multi Viewpoint Stereofrom Un-
calibratedVideo SequencesProc. EuropeanConfeenceon Computer\ision,
pp.55-71Freiturg, Germary, 1998.

[74] R.Koch,M. PollefeysandL. VanGool, Automatic3D Model Acquisitionfrom
Uncalibratedmage SequencesProceeding€omputerGraphicsinternational,
pp.597-604Hannover, 1998.

[75] R. Koch, “3-D Surface Reconstructiorfrom Stereoscopi¢mage Sequences’
Proc. Fifth InternationalConfeenceon ComputeiVision, IEEE ComputerSoc.
Presspp.109-114,1995.

[76] J. Koenderinkand A. Van Doorn, “Affine structurefrom motion”, Journal of
Optical Societyof America 8(2):377-3851991.



BIBLIOGRAPHY 173

[77] E. Kruppa, “Zur ermittlung einesobjektesaus zwei perspektien mit innerer
orientierung”, Sitz.-Ber Akad. Wiss., Wen, math. naturw Abt. lla, 122:1939-
1948,1913.

[78] S. LaveauandO. Faugeras, Oriented Projectve Geometryfor ComputerVi-
sion”,in : B. BuxtonandR. Cipolla(eds.),ComputeNsion- ECCV’96 Lecture
Notesin ComputeiScience)ol. 1064,SpringerVerlag,pp. 147-156,1996.

[79] S.Laveau,Géorretried’'un syst&medeN canéras.Théorie estimationetappli-
cations Ph.D.thesis EcolePolytechniqueFrance,1996.

[80] J.-M. Lavest,G. RivesandM. Dhome,“3D reconstructiorby zooming”, IEEE
Roboticsand Automation 1993.

[81] R.LenzandR. Tsai,“Techniguedor calibrationof the scalefactorandimage
centerfor highaccurag 3-D machinevision metrology”,IEEE Transactionn
Pattern Analysisand Machine Intelligence 10:713-720,1988.

[82] M. Levoy andP. Hanrahan;'Lightfield Rendering”,Proc. SIGGRAPH96, pp
31-42 ACM PressNew York, 1996.

[83] M. Li, “CameraCalibrationof aHead-EyeSystenfor Active Vision”, Computer
\Vision-ECCV’'94 Lecture Notesin ComputerScience,Vol.800, pp. 543-554,
SpringefVerlag,1994.

[84] H.Longuet-Higgins;A computerlgorithmfor reconstructing scendrom two
projections”,Nature, 293:133-1351981.

[85] Q.-T. Luong, Matrice Fondamentaleet Autocalibration en Vision par Ordina-
teur, PhDthesis,Universi€ de Paris-Sud France 1992,

[86] Q.-T. LuongandO. Faugeras,The fundamentaimatrix: theory algorithms,and
stability analysis”,InternationJournal of ComputeiMsion, 17(1):43-76,1996.

[87] Q.-T. LuongandO. Faugeras,Self Calibrationof a moving camerarom point
correspondenceand fundamentamatrices”, Internation Journal of Computer
Vision, vol.22-3,1997.

[88] Q.-T. LuongandT. Vieville, “Canonicrepresentatiofor thegeometryof multi-
ple projective views”, Computenision - ECCV’'94 LectureNotesin Computer
Science)ol. 800, SpringefVerlag,pp.589-600,1994.

[89] D. Marr and T. Poggio,“A ComputationalTheory of Human StereoVision”,
Proc. RoyalSocietyof London Vol. 204 of B, pp.301-328,1979.

[90] G. McLeanand D. Kotturi, “Vanishingpoint Detectionby Line Clustering”,
IEEE Transactionson Pattern Analysisand Machine Intelligence Vol.17, No.
11,pp.1090-1095Nov. 1995.



174 BIBLIOGRAPHY

[91] P.McLauchlanandD. Murray, “A unifying framework for structurefrom motion
recovery from imagesequences’®roc. International Confeenceon Computer
\ision, IEEE ComputerCosietyPresspp.314-320,1995.

[92] P. McLauchlanandD. Murray, “Active cameracalibrationfor a Head-Eyeplat-
form usingthe variable State-Dimensiofilter”, IEEE Transactionson Pattern
Analysisand MachineIntelligence 18(1):15-22,1996.

[93] L. McMillan and G. Bishop, “Plenoptic modeling: An image-basedendering
system”,Proc. SIGGRAPH’95pp. 39-46,1995.

[94] S. Maybank, Theory of reconstructionfrom image motion SpringefVerlag,
Berlin, 1993.

[95] S.MaybankandO. Faugeras;A theoryof self-calibratiorof amoving camera”,
InternationalJournal of Computeision, 8:123-151,1992.

[96] R. Mohr, F. Veillon andL. Quan,“Relative 3D reconstructiorusing multiple
uncalibratedmages” Proc. InternationalConfeenceon Computeiision, IEEE
ComputerSoc.Presspp.543-5481993.

[97] R. Mohr, B. BoufamaandP. Brand, “Accurateprojective reconstruction”jn :
J.L. Mundy, A. ZissermanandD. Forsyth (eds.), Applicationsof Invariance
in ComputerVision, LectureNotesin ComputerScience,Vol. 825, Springer
Verlag,pp.297-316,1994.

[98] T. Moons,“A GuidedTour ThroughMultiview Relations”,Proc. SMILE Work-
shop (post-ECCV’'98) Lecture Notes in ComputerSciencel506, Springer
Verlag,pp.304-3461998.

[99] T, Moons,L. Van Gool, M. Proesmansnd E. Pauwels,"Affine reconstruction
from perspectie image pairs with a relative object-camerdranslationin be-
tween”, IEEE Transactionson Pattern Analysisand Machine Intelligence vol.
18,n0.1,pp. 77-83,Jan.1996.

[100] T. Moons,L. VanGool, M. VanDiest,andE. Pauwels,“Affine reconstruction
from perspectie imagepairs”, in : J.L. Mundy, A. ZissermanandD. Forsyth
(eds.),Applicationsof Invariancein ComputerMision, LectureNotesin Com-
puterScience)ol. 825,SpringerVerlag,pp.297-316,1994.

[101] T. Moons, L. Van Gool and M. Pollefeys, “Geometricalstructurefrom per
spectve imagepairs”, in : F.Dillen, L.Vrancken, L.Verstraelenandl. Vande
Woestijne(eds.),Geometryandtopolagy of submanifoldsyY1l World Scientific,
pp.305-3081996.

[102] A. Morgan,Solvingpolynomialsystemsisingcontinuationfor engineeringand
scientificproblems Prentice-HalEnglevood Cliffs (N.J.),1987.



BIBLIOGRAPHY 175

[103] D. Morris andT. Kanade,'A Unified FactorizationAlgorithm for Points,Line
SgmentsandPlaneswith UncertaintyModels”, Proc. InternationalConfeence
on Computenision, NarosaPublishingHouse pp 696-702,1998.

[104] M. MihlichandR. Mester “The Role of Total LeastSquaresn Motion Anal-
ysis”, Proc. ECCV'98 pp.305-321,1998.

[105] J.MundyandA. Zisserman;MachineVision”, in : J.L.Mundy, A. Zisserman,
andD. Forsyth(eds.),Applicationsof Invariancein ComputenVision, Lecture
Notesin ComputerScience)ol. 825, SpringerVerlag,1994.

[106] E. Ofek, E. Shilat, A. RappopporandM. Werman,“Highlight andReflection
IndependenMultiresolutionTexturesfrom ImageSequences’lEEE Computer
Graphicsand Applications vol.17 (2), March-April 1997.

[107] Y. OhtaandT. Kanade,'Stereoby Intra- andInter-scanlineSearchJsing Dy-
namic Programming”,IEEE Trans. on Pattern Analysisand Machine Intelli-
gence7(2),139-154,1985.

[108] M. OkutomiandT. Kanade, A Locally Adaptive Window for SignalProcess-
ing”, InternationalJournal of ComputeMsion, 7, 143-162,1992.

[109] PhotoModeler by Eos Systems Inc.,
http://ww. phot onodel er. com .

[110] S. Pollard,J. Mayhev andJ. Frisby, “PMF: A StereoCorrespondencglgo-
rithm Usinga Disparity GradientLimit”, Perception14(4),449-470,1985.

[111] M. Pollefeys and L. Van Gool, “Stratified self-calibrationwith the modulus
constraint”,acceptedor publicationin IEEE transactionson Pattern Analysis
andMachinelntelligence

[112] M. Pollefeys, R. KochandL. Van Gool. “Self-Calibrationand Metric Recon-
structionin spite of Varying and Unknown Internal CameraParameters”ac-
ceptedfor publicationin InternationalJournal of Computenvision.

[113] M. Pollefeys,R.Koch,M. VergauwerandL. VanGool,“An AutomaticMethod
for Acquiring 3D modelsfrom Photographsapplicationgo an Archaeological
Site”, acceptedor Proc. ISPRSInternational Workshopon Photarammetric
MeasuementsObjectModelingand Documentatiorin Architecture and Indus-
try, july 1999.

[114] M. Pollefeys, M. ProesmansR. Koch, M. VergauwenandL. Van Gool, “De-
tailed model acquisitionfor virtual reality”, in J. Barcelo, M. Forte and D.
Sandergeds.) Virtual Realityin Archaeolay, to appearArcheoPresDxford.

[115] M. Pollefeys,R.Koch,M. VergauwerandL. VanGool, “AutomaticGeneration
of 3D Modelsfrom PhotographsProceeding&/rtual SystemandMultiMedia,
1998.



176 BIBLIOGRAPHY

[116] M. Pollefeys, R. Koch,M. VergauwerandL. VanGool, “Virtualizing Archae-
ologicalSites”,Proceedingd/rtual SystemandMultiMedia, 1998.

[117] M. Pollefeys, R. Koch, M. VergauwenandL. Van Gool, “Metric 3D Surface
Reconstructiorirom Uncalibratedmage Sequences”Proc. SMILE Workshop
(post-ECCV’'98) LectureNotesin ComputerScience,Vol. 1506, pp.138-153,
SpringefVerlag,1998.

[118] M. Pollefeys, R. Koch, M. VergauwenandL. Van Gool, “Flexible acquisition
of 3D structurefrom motion”, ProceedingdEEE workshopon Image and Mul-
tidimensionaDigital SignalProcessingpp.195-198Alpbach,1998.

[119] M. Pollefeys, R. Koch, M. VergauwenandL. Van Gool, “Flexible 3D Acqui-
sition with a MonocularCamera”,ProceedingdEEE InternationalConfeence
on Roboticsand Automation Vol.4, pp.2771-2776l.euven,1998.

[120] M. Pollefeys, R. KochandL. Van Gool, “Self-Calibrationand Metric Recon-
structionin spiteof VaryingandUnknown InternalCameraParameters”Proc.
InternationalConfeenceon Computeiision, NarosaPublishingHouse pp.90-
95,1998.

[121] M. Pollefeys, L. Van Gool and M. Proesmans;Euclidean3D Reconstruc-
tion from Image Sequencesvith Variable Focal Lengths”, ComputerVision
- ECCV'96 LectureNotesin ComputerScience,Vol. 1064, SpringerVerlag,
pp.31-42,1996.

[122] M. Pollefess, L. Van Gool and A. Oosterlinck,“The Modulus Constraint: A
New Constraintfor Self-Calibration”,Proc. 13th International Confeenceon
PatternRecagnition, IEEE ComputerSoc.Presspp. 349-353,1996.

[123] M. PollefeysandL. VanGool,“A stratifiedapproacho self-calibration”,Proc.
1997Confeenceon ComputeiMision and Pattern Recanition, IEEE Computer
Soc.Presspp.407-412,1997.

[124] M. Pollefeys and L. Van Gool, “Self-calibrationfrom the absoluteconic on
the planeatinfinity”, Proc. ComputerAnalysisof Imagesand Patterns Lecture
Notesin ComputeiScience)ol. 1296,SpringerVerlag,pp. 175-182,1997.

[125] M. Pollefeys, L. Van Gool and T. Moons.“Euclidean3D reconstructiorfrom
sterecsequencewith variablefocallengths”,RecenDevelopmentin Computer
Vision, LectureNotesin ComputerScience)ol.1035,SpringerVerlag,pp.405-
414,1996.

[126] M. Pollefeys, L. Van Gool and T. Moons.“Euclidean3D reconstructiorfrom
stereosequencewith variablefocal lengths”, Proc.AsianConfeenceon Com-
puterVsion, Vol.2, pp.6-10,Singapore1995



BIBLIOGRAPHY 177

[127] M. Pollefeys, L. VanGool andA. Oosterlinck, Euclideanself-calibrationvia
the modulusconstraint”,in F.Dillen, L.Vrancken, L.Verstraelenandl. Vande
Woestijne(eds.) Geometnandtopology of submanifoldsyIll, World Scientific,
SingaporeNew Jersg, London,HongKong,pp.283-2911997.

[128] M. Pollefeys, R. KochandL. Van Gool. “Self-Calibrationand Metric Recon-
structionin spiteof VaryingandUnknown InternalCamera&Parameters Techni-
cal ReportNr. KUL/ESAT/MI2/9707,MI2-ESAT, K.U.Leuven,Belgium,1997.

[129] M. PollefeysandL. VanGool.“A stratifiedapproacho metricself-calibration”,
TechnicaReportNr. KUL/ESAT/MI2/9702,MI2-ESAT, K.U.Leuven,Belgium,
1997.

[130] M. Pollefeys, L. Van Gool and Andre Oosterlinck.“Self-calibrationwith the
modulusconstraint”, TechnicalReportNr. KUL/ESAT/MI2/9609, MI2-ESAT,
K.U.Leuven,Belgium,1996.

[131] M. Pollefeys, L. Van Gool, M. Proesmans:Euclidean 3D reconstruction
from image sequenceswith variable focal lengths”, Technical Report Nr.
KUL/ESAT/MI2/9508,MI2-ESAT, K.U.Leuven,Belgium,1995.

[132] P. PritchettandA. Zisserman’;Wide BaselineStereaMatching”,Proc. Interna-
tional Confeenceon Computenvision, NarosaPublishingHouse,pp. 754-760,
1998.

[133] P. PritchettandA. Zisserman;MatchingandReconstructiofrom Widely Sep-
arateViews”, Proc. SMILEWbrkshop(post-ECCV’98) LectureNotesin Com-
puterScience)ol. 1506,SpringerVerlag,pp.78-92,1998.

[134] M. Proesmand,. VanGoolandA. Oosterlinck,'Determinationof opticalflow
andits discontinuitieausingnon-lineardiffusion”, Computenision- ECCV’'94
LectureNotesin ComputerScience,Vol. 801, SpringerVerlag, pp. 295-304,
1994.

[135] L. Robert,C. Zeller, O. FaugerasandM. Hébert.“Applicationsof non-metric
visionto somevisually-guidedoboticstasks”.In Visual Navigation: From Bio-
logical Systemso Unmannedsround\ehicles Y. Aloimonos,(ed.),chapters,
pages39-134.LawrenceErlbaumAssociates1997.

[136] P. RousseeuwRolust Regressionand Outlier Detection Wiley, New York,
1987.

[137] S.Roy, J.Meunierandl. Cox,“Cylindrical Rectificationto Minimize Epipolar
Distortion”, Proc. IEEE Confeenceon ComputerVision and Pattern Reca@ni-
tion, pp.393-3991997.

[138] F. Schafalitzky andA. Zisserman ,GeometricGroupingof Repeatedtlements
within Images”,Proc. 9th British Machine Vision Confeence pp 13-22,1998.



178 BIBLIOGRAPHY

[139] C. Schmidand R. Mohr, “Local Greyvalue Invariantsfor Image Retrieval”,
IEEE transactionson Pattern Analysisand Machine Intelligence Vol.19, no.5,
pp 872-877may1997.

[140] C. SchmidandA. Zisserman;AutomaticLine Matchingacrossviews”, Proc.
IEEE Confeenceon ComputeMisionand PatternRecanition, IEEE Computer
Soc.Presspp 666-671,1997.

[141] C. Schmid,R. Mohr and C. Bauckhage;Comparingand EvaluatingInterest
Points”,Proc. InternationalConfeenceon Computenvision, NarosaPublishing
House pp.230-235,1998.

[142] J.G.SempleandG.T. KneeboneAlgebraic ProjectiveGeometry Oxford Uni-
versityPress1952.

[143] A. Shashua,Omni-Rig SensorsWhatCanbe DoneWith a Non-RigidVision
Platform?”Proc. of the Workshopon Applicationsof Computenision (WACV),
PrincetonOct. 1998.

[144] A. Shashua;Trilinearity in visual recognitionby alignment”, ComputerVi-
sion- ECCV'94 LectureNotesin ComputeiScience)ol. 801,SpringefVerlag,
pp.479-484,1994.

[145] A. ShashuandS. Avidan, TheRank4 Constrainin Multiple View Geometry
Proc. Computenvision-ECCV’96 SpringerVerlag, April 1996.

[146] H.-Y. Shum,M. HanandR. Szeliski,“Interactive constructionof 3D models
from panoramienosaics” Proc.|IEEE Int. Conf on ComputeMsionandPattern
Recanition, IEEE comp.soc.presspp.427-433,1998.

[147] C. Slama,Manualof Photaggrammetry AmericanSocietyof Photogrammetry
Falls Church,VA, USA, 4th edition,1980.

[148] M. SpetsakisndJ. Aloimonos,“Structurefrom motionusingline correspon-
dences”]nternationalJournal of ComputeMsion, 4(3):171-183,1990.

[149] G. Stein, “Lens Distortion CalibrationUsing Point CorrespondencesRroc.
IEEE Confeenceon ComputeMisionand PatternRecanition, IEEE Computer
Soc.Presspp 602-608,1997.

[150] P. Sturm,Vision 3D non-calibree: contributionsa la reconstructiorprojective
et étudesdesmouvementsritiquespour I'auto-calibrage, Ph.D.Thesis,INP de
GrenobleFrance, 1997.

[151] P. Sturm and L. Quang,“Affine stereocalibration”, ProceedingsComputer
Analysisof Imagesand Patterns LectureNotesin ComputerScience\ol. 970,
SpringefVerlag,pp.838-843,1995.



BIBLIOGRAPHY 179

[152] P. Sturm,“Critical Motion Sequencefor MonocularSelf-CalibrationandUn-
calibratedEuclideanReconstruction”Proc. 1997 Confeenceon Computev-
sionand PatternReca@nition, IEEE ComputerSoc.Presspp.1100-1105,1997.

[153] P. Sturm,“Critical motion sequenceandconjugag of ambiguousEuclidean
reconstructions”Proc. SCIA- 10th ScandinaviarConfeenceon Image Analy-
sig Lappeenrantd;inland,pp.439-446,1997.

[154] P. SturmandB. Triggs.“A factorizationbasedalgorithmfor multi-imagepro-
jective structureand motion”. ComputerVision - ECCV’'96 LectureNotesin
ComputerScience)ol. 1064,SpringetVerlag,pp. 709-720,1996.

[155] P. Sturm,“Note 28: Critical Motion Sequencefor Cameraswith FreeFocal
Length”, Universityof Reading August1998.

[156] R.SzeliskiandS.Kang,“Recovering3D shapeandmotionfromimagestreams
usingnon-lineardeast-squaresDEC technicalreport93/3,DEC, 1993.

[157] Tagetdrhttp: //www. targetjr.org/.

[158] C. Taylor, P. DebevecandJ. Malik, “ReconstructingolyhedraModelsof Ar-
chitecturalScenesrom Photographs”ComputerVision - ECCV’96 Lecture
Notesin ComputerScience)ol. 1065,vol.ll, pp 659-668,1996.

[159] C. Tomasiand T. Kanade,"Shapeand motion from imagestreamsunderor-
thography:A factorizatiorapproach”|nternationalJournalof ComputeMision,
9(2):137-1541992.

[160] P. Torr andA. Zisserman;Robustparametrizatiomnd computatiorof thetri-
focaltensor”,iImage and Vision Computing 15(1997)591-605.

[161] P. TorrandA. Zisserman ;RobustComputatiorandParameterizatioof Multi-
pleView Relations” Proc.InternationalConfeenceon ComputeMsion,Narosa
Publishinghouse pp 727-732,1998.

[162] P. Torr, P. Beardslg andD. Murray, “Robust Vision”, Proc. British Machine
Vision Confeence 1994.

[163] P. Torr, Motion Segmentatiorand Outlier Detection PhD Thesis,Dept.of En-
gineeringScienceJniversity of Oxford, 1995.

[164] P Torr, A. FitzgibbonandA. Zisserman;Maintaining Multiple Motion Model
Hypothese®©ver Mary Viewsto Recoer MatchingandStructure” Proc. Inter-
nationalConfeenceon ComputeMision, NarosaPublishinghousepp 485-491,
1998.

[165] B. Triggs, “The geometryof projective reconstruction: Matchingconstraints
andthejoint image”,Proc. InternationalConfeenceon Computenision, IEEE
ComputerSoc.Presspp. 338-343,1995.



180 BIBLIOGRAPHY

[166] B. Triggs,“The AbsoluteQuadric”,Proc.1997Confeenceon ComputeiMision
and PatternRecanition, IEEE ComputerSoc.Presspp.609-614,1997.

[167] B. Triggs,“Autocalibrationfrom planarscenes”Computenision— ECCV’'98
vol.1, LectureNotesin ComputerScience Vol. 1406, Springe¥fVerlag, pp 89-
105,1998.

[168] R. TsaiandT. Huang,"UniguenessandEstimationof Three-Dimensionalo-
tion Parameter®f Rigid Objectswith Curved Surfaces”,|IEEE transactionon
Pattern Analysisand Machine Intelligence vol.6, pp.13-27 Jan.1984.

[169] R.Tsai,"An efficientandaccurateameracalibrationtechniqudor 3D machine
vision”, Proc. Computenision and Pattern Recanition, 1986.

[170] R. Tsai.“A versatilecameracalibrationtechniquefor high-accurag 3D ma-
chine vision using off-the-shelf TV camerasand lenses”. IEEE Journal of
Roboticsand Automation RA-3(4):323-331August1987.

[171] T. TuytelaarsandL. Van Gool, “Content-basedmageRetrieval basedon Lo-
cal Affinely InvariantRegions”,acceptedor the Third InternationalConfeence
on Misual InformationSystemsyISUAL99, to be heldin Amsterdam June2-4,
1999.

[172] T. TuytelaarsM. Proesmand,. VanGool, “The cascadedioughtransformas
supportfor groupingandfinding vanishingpointsandlines”, Proceedingsn-
ternationalworkshopon Algebraic Framedor Perception-ActiorCycle Lecture
Notesin ComputeiScience)ol. 1315,SpringerVerlag,pp.278-289,1997.

[173] L. VanGool,T. Moons,M. ProesmanandM. VanDiest,"Affinereconstruction
from perspectie image pairs obtainedby a translatingcamera”,Proceedings
InternationalConfeenceon Pattern Recanitionvol. I, pp.290-294 Jerusalem,
Israel,1994.

[174] L. Van Gool, F. Defoort, R. Koch, M. Pollefeys, M. ProesmanandM. Ver-
gauwen,3D modelingfor communications”ProceedingComputerGraphics
International pp.482-487Hannover, 1998.

[175] T. Vieville and D. Lingrad, “Using singular displacementgor uncalibrated
monoculawision systems”ComputeMsion- ECCV’'96 LectureNotesin Com-
puterScience\ol. 1064,SpringefVerlag,pp.207-216,1996.

[176] H. WangandM. Brady, “Cornerdetection:somenew results” IEE Colloquium
Digestof System#spectof Machine Vision, pp.1.1-1.4,London,1992.

[177] J.Weng,P. CohenandM. Herniou,“Cameracalibrationwith distortionmodels
andaccurayg evaluation”, IEEE Transactionon Pattern Analysisand Machine
Intelligence 14(10):965-9801992.

[178] J.Weng,T. HuangandN. Ahuja, “Motion ansstructuréromimagesequences”,
SpringerVerlag,Seriesn InformationScienceVol. 29,1993.



BIBLIOGRAPHY 181

[179] R. Willson andS. Shafer “A Perspectie ProjectionCameraModel for Zoom
Lenses”,ProceedingsSecondConfeenceon Optical 3-D MeasuementTech-
nigues Zurich Switzerland October1993.

[180] R. Willson, “Modeling andCalibrationof AutomatedZoomLenses"Proceed-
ingsof the SPIE2350:\ideometricdll , BostonMA, Octoberl994,pp.170-186.

[181] R.Willson, ModelingandCalibrationof AutomatedZoomLensesPh.D.thesis,
Departmenbf Electricaland ComputerEngineeringCarngie Mellon Univer-
sity, Januaryl994.

[182] R. Willson and S. Shafer “What is the Centerof the Image?”,Journal of the
Optical Societyof AmericaA, Vol. 11,No. 11, pp.2946-2955Novemberl994.

[183] C. zZeller, Calibration projective affineet Euclidienneenvisionpar ordinateur
etapplicationa la perceptiontridimensionnellePh.D. Thesis,Ecole Polytech-
nigue,France 1996.

[184] C. ZellerandO. Faugeras;Cameraself-calibrationfrom videosequenceshe
Kruppaequationsevisited”. INRIA, Sophia-AntipolisFrance ResearctiReport
2793,1996.

[185] C. Zeller and O. Faugeras;Projective, affine and metric measurementsom
videosequences'Proc. of thelnternationalSymposiunon Optical ScienceEn-
gineeringandInstrumentation1995.

[186] Z. Zhang,R. Deriche,O. FaugerasandQ.-T. Luong, “A robusttechniquefor
matchingtwo uncalibratedmageshroughtherecovery of theunknovn epipolar
geometry” Artificial IntelligenceJournal, Vol.78,pp.87-1190ctober1995.

[187] Z. Zhang,"On the EpipolarGeometryBetweenTwo Imageswith LensDistor-
tion”, Proc. International Confeenceon Pattern Recanition, IEEE Computer
Soc.PressA80.13,1996.

[188] A. ZissermanP Beardslg andl. Reid, “Metric calibrationof a stereorig”,
ProceedingdEEE Workshopon Repesentationof Visual ScenesCambridge,
pp.93-100,1995.

[189] A. Zisserman,D. Liebowitz and M. Armstrong, “Resolving ambiguitiesin
auto-calibration”Phil. Trans.R. Soc.Lond, A(1998)356,1193-1211.



182 BIBLIOGRAPHY



Appendix A

The modulus constraint

A.1 Derivation of the modulus constraint

Therootsof equation5.2) mustobey . Inthisappendixanecessary
conditionis derived. A third orderpolynomialcanbewritten asfollows.
(A1)
Fromequation(A.1) thefollowing relationsfollow:
— (A.2)
— (A.3)
— (A.4)

At leastoneof therootsmustbereal, thereforeit canbeassumedhat s real (
and canthenbe eitherreal or comple). If the roots have the samemoduli the
following equatiormustbe satisfied.

(A.5)
Reawriting (A.3) using(A.2) and(A.5) yields
or
— (A.6)
substituting(A.5) in (A.4) implies
— (A7)
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Eliminating from theequationgA.6) and(A.7) givesa necessargonditionthatis
only dependingn
(A.8)

NotethatequationA.6 andthusalsoequationA.8 areonly necessargonditions
for the homographyto have eigervaluescorrespondingo a rotationmatrix. These
equationscan also be satisfiedfor threereal eigervalues. When multiple solutions
persist,solutionsfor which no two eigervaluesareconjugatecanberuledout.

A.2 Expressiondor and
In this sectionexpressiongor will bederived. They will be expressedn
termsof andtheprojective calibration.Startingfrom equations.2

a similar but simplerequationcanbe derivedwhich avoidsthe occurrenceof the ma-
trix inversion.

Thefollowing notationsareusedto simplify theexpressions: ,

, and , meanghe determinanof
(A.9)
In the above expressions or a similar expressionshouldbe substitutedo
. Thereforethe determinanof shouldalso

befactorized.The otherdeterminantganbefactorizedn asimilarway.
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It followsfrom this expressiorthatthecoeficientsof and of eq.A.9arefirst
orderpolynomialsin . For and thederiationis abit more
tedious.

For the third ordertermswe still have two equalcolumns(ex.
which meanghatthis determinantzanishes.Somesecondordertermsof the factor
izationdo not vanishatfirst sight. Thesearethetermswhereboth and appeatn
thedeterminantsThey canbegroupedn pairs(ex. coeficientof ):

All thesetermsvanishbecaus@ermutating rows of a determinanthangeshesign
of thatdeterminang )
Thisfinally yieldsthefollowing expressiongor the  orderterms:

For thesecondrdertermsthe accentshouldbeinverted.

In conclusionthe modulusconstraincanbe expresseas with
(A.10)
A.3 Expressionsfor and for avarying focal
length

Hereequation(5.15)is elaboratedn detail:
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yieldswith  asthe coeficientsof theaffine cameragorojectionmatrix

(A.11)

In this caseit is interestingto analyzethe solutionsof the modulusconstraint.
Theconstraint wasobtainedby imposingequalmodulito
the eigervaluesof (the modulusconstraint).If is arealsolutionthen
will alsobea solution. Changingthe sign of the focal lengthis equivalentto a point
reflectionof theimagearoundthe principalpoint, which meanghatthe moduli of the
eigervaluesof will staythe same(only signscanchange).Whatdoesthis
meanfor the coeficientsof equation(5.16)? We choose and to be thereal
roots .

(A.12)

Fromequation(A.12) onecaneasilyobtain  whichis thedesiredsolutionfor

— (A.13)

Here and arethecoeficientsof thefirst orderresp.third ordertermof equation

(A.12). Thesecoeficientsare obtainedby filling in , , , from

equation(A.11) in equation(A.8).
A differentrealroot ~ wouldimply to beasolutiontoo. Thiswould leadto andthusalso
and in eq.(5.16).In practicewe only encountered realrootsfor puretranslation.Three

wereidenticalandonehadoppositesign.



Appendix B

Self-calibration from
rectangularpixels

In this appendixthe proof of Theorem6.1is given. Beforestartingthe actualproofa
lemmawill begiven. Thislemmagivesaway to checkfor the absencef skew from
the coeficientsof directly without needingthe factorization.A cameraprojection
matrix canbe factorizedasfollows . In whatfollows
and denoteherowsof and

LemmaB.1 Theabsencef skew is equivalentwith

Proof: It is alwayspossibleto factorize as . Thereforethe following canbe
written:
Because this concludeghe proof.

Equippedwith thislemmathe following theoremcanbe proven.
Theorem 6.1 Theclassof transformationsvhich preservesheabsencef skew is the
groupof similarity transformations.
Proof: It is easyto shaw thatthe similarity transformationgpresere the calibration
matrix andhencealsotheorthogonalityof theimageplane:

Thereforat is now suflicientto provethattheclassof transformationsvhich presere
the condition is at mostthe group of similarity transfor
mations. To do this a specificsetof positionsand orientationsof camerascan be
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chosensincethe absencef skew is supposedo be preseredfor all possibleviews.
In general canbetransformedsfollows:

If then andthus

Thereforethe conditionof thelemmais equivalentwith

Choosingdfor therotationmatrices and |, rotationsof aroundthe -, -
and -axis,imposeghefollowing equationgo hold:

(B.1)

Hence , and defineasetof 3 mutuallyorthogonaplanes
where , and formtheintersectiorandarethereforealsoorthogonal.
Choosing and as and followed by a rotation of aroundthe
-axis,thefollowing two equationsanbederived:

(B.2)
Carryingout somealgebraicmanipulationsand using this yieldsthe
following result:
Theseresultsmeanthat with ascalarand anorthonormakmatrix. The
available constraintsare not sufiicient to impose , thereforemirroring is
possible.
Choose and , then must
hold. Using(B.1) and this conditionis equivalentwith
Writing  as this boils down to . Taking ,
, and leadsin a similar way to and
andthereforeto
In conclusionthe transformation is restrictedto the following form

which concludeghe proof.

Remarkthat8 viewswereneededn thisproof. Thisis consistentvith thecounting
argumentof Section6.2.1.



Appendix C

Planar sectionsof imaginary
cones

In thisappendixt is shavn how planarsectionf imaginaryconesanberepresented
throughrealentities. This makesit possibleto use(classicallgeometridnsightto deal
with complex problemswhichincludeimaginaryobjects.

We definethe mappingbetweeranimaginaryellipse  andarealellipse  as
follows:

(C.1)

where representsn arbitrary 2D affine transformation. Let us also definethe
mappingbetweeranimaginaryconeanda family of realellipsoids:

(C.2)

where  representanarbitrary3D affinetransformationLet usalsodefinetheratio

of intersectiorbetweera planeandan ellipsoid as 1 whenthe planepasseshrough
thecenterof theellipse,asO whenit is tangentndlinearly (with thedistancebetween
theplanes)n between.

TheoremC.1 Theintersectionof the imaginary cone  with plane can be ob-
tainedas  correspondingo which is the intersectionof the ellipsoid
whee is determinedsothattheratio of intersectionis —.

Proof: Let usfirst prove this for the simplecasewhere
and :

_ (C.3)
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All otherrelative positionsof planesand conescanbe achieved by applying affine
transformationso the geometricentitiesdefinedabove. Sincetangeny, intersections
andratiosof lengthsalongsomeline areaffine invariantsit follows thatthe mapping
is valid for all imaginaryconesandall planes.

This thereforegivesus an easyway to visualizethe planarintersectiorof imagi-
narycones.Thisis usefulto getsomeintuitive insightin sometype of critical motion
sequencesSeefor exampleFigure6.5wheretheseconceptsvereapplied.



Appendix D

Generalizedrectification

Thetraditionalrectificationschemeconsistof transformingheimageplanessothat
thecorrespondingpaceplanesarecoinciding. Thisis however not possiblevhenthe
epipoleis locatedin the image. Even whenthis is not the casethe imagecan still
becomeverybig (i.e. if theepipoleis closeto theimage).Thisis thereasorwhy Roy,
MeunierandCox [137] proposeda cylindrical rectificationscheme.

Theproceduralescribedn [137], however, is relatively complex andsomempor-
tantimplementatiordetailswerenot discussedMany operationareperformedn 3D
while everythingcanbe donein the images. Additionally, advantagewas not taken
from the fact that the two halvesof an epipolarplaneare completelyseparatdi.e.
shouldnever be matched).In factin the uncalibratectasethis could even give prob-
lemsin somecasessincethey in factassumehatthe camerasre orientedcorrectly
whichis in generahotguaranteedor a projective reconstruction.

Herewe presenta very simplealgorithmfor rectificationwhich works optimally
in all possiblecaseslt only requiresheorientedfundamentamatrix betweerthetwo
images.

D.1 Oriented epipolar geometry

The epipolargeometrydescribeghe relationsthat exist betweentwo images.Every
pointin aplanethatpasseshroughbothcentersof projectionwill beprojectedn each
imageontheintersectiorof this planewith thecorrespondingmageplane.Therefore
thesetwo intersectiorlinesaresaidto bein epipolarcorrespondence.

This geometrycaneasilyberecoveredfrom the imagesasseenin Section7.3.1.
Theepipolargeometnyis describedy thefollowing equation:

(D.1)

where and arehomogenousepresentationsf correspondingmagepointsand
is the fundamentamatrix. This matrix hasrank two, the right andleft nullspace
correspondso the epipoles and which are commonto all epipolarlines. The
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epipolarline correspondindo a point is thusgivenby with  meaning
equalityup to a non-zeroscalefactor (a strictly positive scalefactorwhen oriented
geometnyis used seefurther).

Epipolar line transfer Thetransferof correspondingpipolarlinesis describedy
thefollowing equations:

or (D.2)

with  ahomographyor anarbitraryplane.As seenn Section3.3.1avalid homog-
raphycanimmediatelybe obtainedrom thefundamentamatrix:

(D.3)

with arandomvectorfor which det sothat isinvertible. If onedisposes
of cameraprojectionmatricesan alternatve homographyis easily obtainedas (see
equation(3.24)):

(D.4)

where indicateghe Moore-Penrospseuddnverse.

Orienting epipolar lines Theepipolarlinescanbe orientedsuchthatthe matching
ambiguityis reducedo half epipolarinesinsteadof full epipolariines. Thisisimpor-
tantwhentheepipoleis in theimage.This factwasignoredin theapproactof Roy et
al.[137].

FigureD.1illustrateshisconceptPointslocatedn theright halvesof theepipolar
planeswill be projectedon theright part of the imageplanesanddependingon the
orientationof the imagein this planethis will correspondo the right or to the left
partof the epipolarlines. Theseconceptsareexplainedmorein detailin thework of
Laveau[78] on orientedprojective geometry(seealso[52]).

In practicethis orientationcanbe obtainedasfollows. Besidesthe epipolarge-
ometryonepoint matchis needednotethat7 or morematchesvereneededaryway
to determinethe epipolargeometry).An orientedepipolarline separatetheimage
planeinto a positve anda negative region:

with (D.5)

Notethatin this casetheambiguityon is restrictedo a strictly positive scalefactor
For a pair of matchingpoints both and shouldhave thesamesign
. Since isobtainedrom throughequation(D.2), thisallowsto determinghesign
of . Oncethis sign hasbeendeterminedhe epipolarline transferis oriented. We
take thecorventionthatthe positive sideof the epipolarline hasthe positive region of
theimageto its right. Thisis clarifiedin FigureD.2.
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FigureD.1: Epipolargeometrywith theepipolesn theimages.Notethatthematding
ambiguityis reducedo half epipolarlines.

FigureD.2: Orientationof the epipolarlines.
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FigureD.3: the extremeepipolarlinescan easilybe determinediependingn thelo-
cationoftheepipolein oneofthe9 regions.Theimage corners are givenby

D.2 GeneralizedRectification

The key ideaof our new rectificationmethodconsistof reparameterizinthe image
with polar coordinategaroundthe epipoles).Sincethe ambiguitycanbe reducedo
half epipoladinesonly positivelongitudinalcoordinateiaveto betakeninto account.
The correspondingdnalf epipolarlines are determinedhroughequation(D.2) taking
orientationinto account.

Thefirst stepconsistsof determiningthe commonregion for bothimages.Then,
startingfrom oneof the extremeepipolarlines, therectifiedimageis build up line by
line. If the epipoleis in theimageanarbitraryepipolarline canbe choserasstarting
point. In this caseboundaryeffectscanbe avoided by addingan overlapof the size
of thematchingwindow of the sterecalgorithm(i.e. usemorethan360degrees).The
distancébetweerconsecutieepipolarinesis determinedndependentiyor every half
epipolarline sothatno pixel compressiomccurs. This non-linearwarpingallows to
obtainthe minimal achievableimagesizewithoutlosingimageinformation.

The differentstepsof this methodare describednorein detail in the following
paragraphs.

Determining the commonregion Beforedeterminingthe commonepipolarlines
the extremal epipolarlines for a singleimageshouldbe determined.Thesearethe
epipolarinesthattouchtheouterimagecorners.Thedifferentregionsfor theposition
of theepipolearegivenin FigureD.3. Theextremalepipoladinesalwayspasshrough
cornersof theimage(e.g.if the epipoleis in region 1 the areabetween and ).

The extremeepipolarlinesfrom the secondmagecanbe obtainedthroughthe same
procedure.They shouldthenbe transferedo the first image. The commonregion is

theneasilydeterminedasin FigureD.4.

Determining the distance betweenepipolar lines To avoid losing pixel informa-
tion theareaof every pixel shouldbe atleastpreseredwhentransformedo therecti-
fiedimage.Theworstcasepixel is alwayslocatedon theimageborderoppositeto the
epipole.A simpleprocedurdo computethis stepis depictedn FigureD.5. Thesame
procedureanbecarriedoutin the otherimage.In this casetheobtainedepipolarline
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Ay, [

FigureD.4: Determinatiorof thecommorregion. Theextremeepipolarlinesare used
to determinghe maximumangle
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Figure D.5: Determiningthe minimumdistancebetweentwo consecutivespipolar
lines. On the left a wholeimage is shown,on the right a magnificationof the area

around point is given. To avoid pixel lossthe distance shouldbe at least
onepixel. This minimal distanceis easily obtainedby usingthe congruenceof the
triangles and . Thenew point is easily obtainedfrom the previous by

moving — pixels(downin this case).
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FigureD.6: Theimage is transformedrom (x,y)-spacdo (r, )-space Notethat the
-axisis non-uniformso that every epipolarline hasan optimal width (this width is
determinecbverthetwoimages).

shouldbetransferredbackto thefirstimage. The minimum of bothdisplacementss
carriedout.

Constructing the rectified image The rectifiedimagesare build up row by row.
Eachrow correspond$o a certainangularsector Thelengthalongtheepipolarline is
presered. FigureD.6 clarifiestheseconceptsThe coordinate®f every epipolarline
aresavedin alist for laterreferencdi.e. transformatiorbackto originalimages).The
distanceof the first andthe last pixels arerememberedor every epipolarline. This
informationallows a simpleinversetransformatiorthroughthe constructedook-up
table.
Note that an upperboundfor the imagesizeis easily obtained. The heightis
boundby the contourof theimage . Thewidth is boundby the diagonal
. Notethattheimagesizeis uniquelydeterminedvith our procedureand
thatit is the minimumthatcanbe achiezedwithout pixel compression.

Transfering information back Informationabouta specificpoint in the original
image canbe obtainedasfollows. The informationfor the correspondingepipolar
line canbelookedupin thetable. Thedistancdo theepipoleshouldbe computedcand
substractedrom the distancefor the first pixel of theimagerow. The imagevalues
caneasilybeinterpolatedor higheraccuragy.

To warp a completeimagebacka more efficient procedurehana pixel-by-pixel
warpingcanbedesignedTheimagecanbereconstructedadially (i.e.radarlike). All
thepixelsbetweertwo epipolarinescanthenbefilled in atoncefrom theinformation
thatis availablefor theseepipolarlines. This avoids multiple look-upsin thetable.



Nederlandsesamervatting

Zelf-calibratie en metrische 3D reconstructie uit onge-
calibreerdebeeldsequenties

Inleiding

Het bekomenvan drie-dimensionel€3D) modellenuit beelderis eenuitdagendon-
derwerp. In hetgebiedvan computervisienvordt dit onderwerpreedsvelejarenon-
derzocht. Er bestaarveel toepassingenlie gebaseerdijn op dit soort modellen.
Vroegerwerdenvooralroboticaeninspectigoepassingeaangepaktlin dezecontext
is nauwleurigheidmeestalde belangrijkstefactoren wordt meestabebruikgemaakt
vanduretoestellerdie onderwelbepaalde-restrictiz’e—omstandighedewerken.

Tegenwoordigis er meeren meerinteressevanuit de multimedia-en computer-
visualisatie-gemeenschaje evolutie van de computersis zo dat vandaagde dag
zelfs eenstandaargersoonlijle computemprobleemlooomplece 3D modellenkan
visualiserenVeelcomputerspelewordenin complexe 3D wereldergeplaatstOpIn-
ternetgeraakhetgebruikvan3D modellenrenomgeringenmeerenmeeringelurgerd.
Dezeevolutie wordt echtervertraagddoor de moeilijkheid om zulke 3D modellente
belomen.Hoewel hetgemaklelijk is ommetbehulpvanmodelleringspakétteninter-
actiefeervoudige3D modellente genererenyragencomplece seeneshehoorlijkveel
tijd. Daarenbwenwenstmenmeestabestaandebjectenof seeneste modellerenlin
dit geval vergt hetbekomenvaneenrealistischeBD modelmeestakrg veelmoeiteen
is hetresultaataakteleurstellend.

Er bestaakengroeiendevraagnaarsystemendie bestaand®bjectenof senes
kunnenvirtualiseren In dit geval zijn de vereistenechterheelverschillendvan wat
voor devroegere,industriéle,toepassingewereistwas. Het belangrijksteaspecis nu
de visuelekwaliteit van het 3D model. Ook de randworwaarderzijn verschillend.
Er is eengrote vraagnaareervoudigeacquisitieprocedureslie gebruikmaken van
standaardoto- envideoapparatuurDit verklaarthet succesvan de QuickTime VR
technologidalie eervoudigeacquisitiemetsnelleweeigave combineertLet wel datin
dit geval geen3D informatiewordt opgenomerendatmenslechtskanrondkijkenen
nietrondwandelen

In dit werkwerdonderzochhoever menkon gaanin hetontwerpvaneervoudige
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en flexibele procedures/oor automatischecquisitievan realistische3D modellen.
Hiertoewerd eensysteenontworpendatin staatis om getextureerdemetrische3D
modellenuit sequentiesan beelderte halendie meteenmetde handvastgehouden
camerawerdenopgenomenOmuwille van detijdsbeperkingzan het projectmoesten
eenaantalkeuzesgemaakiworden. Het systeemwerd opgebouwddoor eenaantal
geavanceerdalgoritmeste combineremmet eenaantalnieuwe componenterie in
dit projectontworpenwerden. Sommigealgoritmesuit de huidige standvan zaken
werdenaangepasif uitgebreidomin hetsysteemnte passen.

In deonderzoeksgemeenschaprd heelwat moeitegedaarom vanuiteenonge-
calibreerdebeeldsequentide calibratievan de camera-opstellinge bekomentot op
eenwillekeurigeprojectievetransformatieenreedsvelejarengebeurerheelwatwerk
omdichtecorrespondentie-kaartézbekomenvoorgecalibreerdeamera-opstellingen.
Er wasechtereenmissendeschalel. Hoewel de mogelijkheidtot zelf-calibratie(i.e.
het beperlenvan de ambigtiteit van projectieftot metrisch)aangetoondvas, gaven
practischealgoritmesgeenbevredigenderesultaten.Daarenbwen bleven bestaande
theorieen algoritmesbeperkttot constantentrinsieke camera-parameterfaardoor
washetniet mogelijk om gebruikte makenvandezoomenfocusmogelijkhederdie
aanwezigzijn op demeestecameras.

In dezecontet beslisteik om mij te concentrererop het zelf-calibratieaspect.
Algoritmesdie goederesultatergaven op echtebeeldsequentiesarenvereist. Het
bleekookinteressanbmte onderzoeknin welke matedoordezealgoritmesekening
kon gehouderwordenmet variérendecameraparametershv. eenvarierendeocale
lengtezodatzoomenfocuskondengebruiktworden.

Projectieve meetkunde

Hetwerkdatin dezethesiswordtgepresenteersteunbp meetkunden,meerbepaald,
op projectieve meetkunde.Dit is namelijk het natuurlijke kaderom het beeldwrm-
ingsprocesn te beschrijen. Verschillendegeometrischentiteiten,zoalspunten lij-
nen,vlakken,kegelsnedemn kwadrielen,wordengedefinieerdHet effect vantrans-
formatiesop dezeentiteitenwordt besprolen. Eenaantalanderesigenschappewor-
deneveneensfgeleid.

De stratificatie van 3D meetkunde

Heel wat aandachgaatnaarde stratificatievan de meetkunde.Hiermeewordt be-
doelddatde euclidischemeetkundé&an gezienwordenals bestaandeit eenprojec-
tief, affien, metrischen euclidischstratum. Projecti&ze meetkundewvordt gebruikt
omwille van de eervoud van het formalisme. Bijkomendestructuuren eigenschap-
penkunnendanwordentoegevoegd aande handvandezehiérarchievanmeetkundige
strata.
Hetconceptanstratificaties rechtstreekgerelateerthetdetransformatie-groepen

dieagereropgeometrischentiteitenendie eigenschappevanconfiguratiesvandeze
elementerornveranderdaten. Met het projectieze stratumkomt de groepvan pro-
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jectieve transformatieovereen,met het affiene stratumis dat de groepvan affiene
transformatiesmet het metrischestratumde groepvan de similariteitenen met het
Euclidischestratumde groepvanEuclidischetransformatiesHet is belangrijkom op
te merkendatdezegroepersubgroepenijn vanelkaar bv. de metrischegroepis een
subgroepvan de affiene groep,beidenzijn danweersubgroepeivan de projectiere
groep.

Een belangrijk aspectgerelateerdnet dezegroepenzijn de respectieelijke in-
varianten. Eeninvariant is eeneigenschapan eenconfiguratievan geometrische
entiteitendie niet verandertonderinvioed van transformatieglie tot de bijhorende
groepbehoreninvarianterkomendusovereemmetmetingerdie menkandoenin een
welbepaaldstratumvan de geometrie.Dezeinvariantenzijn dikwijls gerelateerdot
entiteitendie —alsgeheel-orveranderdlijven ondertransformatievan dezespeci-
fieke groep.Dezeentiteitenspelereencrucialerol in dit werk. Hetterugvinderervan
laat immerstoe om de structuurvan de geometrietot op eenhogerniveauvan de
stratificatiete brengen.

In devolgendeparagrafewordende verschillendestrataafzonderlijkbesprolen.
De geassocieerdgansformatie-groepemun invariantenen de overeenkmstigein-
varianteentiteitenwordenvoorgesteld.

Projectief stratum Het eerstestratumis het projectieve stratum. Deze bezit de
minste structuuren heeft dus het minsteinvariantenen de meestalgemenerans-
formatiggroep. De groepvan projectieve transformatief collineatiesis de meest
algemenggroepvan lineaire transformaties.Een projectieve transformatieheeft 15
vrijheidsgraden.
Het samenmallen,hetraken ende collineariteitzijn projectiefinvariant. Verderis

ook de kruisverhoudingvanvier collineairepunten(of de equivalentenvoor rechten
envlakken)invariantvoor de groepvanprojectieve transformaties.

Affien stratum Hetvolgendestratumin dezestratificatieis hetaffienestratum.Dit
stratumheeftmeerstructuurdande projectieve maarminderdande metrischeof Eu-
clidischestrata.Affienemeetkundeerschiltvanprojectiase meetkundeloorhetiden-
tificerenvan eenspecifiekvlak, nl. hetvlak op oneindig Daareenaffienetransfor
matiehetvlak op oneindigop zichzelfafbeeldt heefthetslechtsl2 vrijheidsgraden.

Alle projectiese invariantenzijn afortiori affieneeigenschapperivoor de—meer
restriciticve—affienegroepwordt parallellismetoegevoegd als eennieuweinvariante
eigenschap.Lijnen of vlakken die hun doorsneden het vlak op oneindighebben
wordenalsparallel aanzien De verhoudingranlengtesvolgenseenbepaaldeichting
vormteennieuweinvarianteeigenschapoor dit stratum.

Om vertreklendevan eenprojectieve voorstellingvan eensenetot eenaffiene
voorstellingte komenmoet men dus het viak op oneindiglocaliseren. Daar waar
vertreklendevan een Euclidischevoorstellingde positie van het viak op oneindig
gekendis, is datin hetalgemeemiet zo wanneemenslechtsbeschiktover eenpro-
jectieve voorstelling. Het kennenvan eenaantalaffiene eigenschappevan de seene
(bv. parallellelijnen) laatechterwel toe om de positievandit viak terugte vinden.
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Metrisch stratum Hetmetrischestratumkomtovereemmetdegroepvandesimilar-
iteiten. DezetransformatiekomenovereermetEuclidischeransformatiesang&uld
meteenschaalanpassingWanneeigeenabsolutemetingermogelijk zijn, is dit het
hoogsteniveauvangeometrischstructuurdatuit beelderkangehaaldvorden.In de
filmindustriewordt dankbaagebruikgemaakivan dezeeigenschapZe laatimmers
toeschaalmodellenante wendervoor specialesffecten.Eenmetrischdransformatie
heeft7 vrijheidsgrader{3 voor orientatie 3 voor translatieen 1 voor schaal).

In dit geval zijn er twee nieuweinvarianteeigenschappentelatieve lengtesen
hoelen Zoalsin hetaffienegeval, zijn dezenieuweinvarianteeigenschappegerela-
teerdmeteeninvariantegeometrischentiteit. Buiten hetinvariantlatenvan hetvlak
op oneindig,laateenmetrischeransformatieeveneengenspecifiele kegelsnedén-
variant,nl. de absolutekegelsnede De overeenlmstigedualekegelsnedeen duale
kwadriekzijn eveneengnvariant. Naagelanghet probleemkan aande eneof dean-
derevoorstellingde voorkeurgegevenworden.

Omdemetrischestructuurvaneensanete bekomenuit de projectieve of affiene
structuurmoetmen beschiklen over eenaantalmetrischemetingenom de absolute
kegelsnedee localiseren.Vermitsdezekegelsneden hetvlak op oneindigligt kan
mendezeeervoudigerbekomenalsdit vlak reedsvoordiengelocaliseeraverd.

Euclidisch stratum Om volledigte zijn wordt Euclidischemeetkundeok kort be-
sprolen.Veelverschilis ernietmetde metrischegroep.Hetverschilis datdeabsolute
schaalvastligt endatdusniet enlel relatiere lengtes maarook absolutelengtesin-
variantzijn. EenEuclidischetransformatieneeft6 vrijheidsgraden3 voor orientatie
en3voortranslatie.

Cameramodelenverband tussenmeerdere beelden

Alvorenste bespreknhoe3D informatieuit beelderkanbekomenwordenis hetbe-
langrijk om te wetenhoebeelderwordengevormd. Eerstwordt hetgebruiktecamer
amodelvoorgestelcendanwordeneenaantalbelangrijlke verbanderiussermeerdere
zichtengegeven.

Cameramodel

In dit werk wordt het perspectietameramodegebruikt. Het beeldwrmingsproces
wordt volledig bepaalddoor hetvastlegggenvan het projectiecentrumen hetretinaal
vlak. De projectievaneen3D puntwordt danbepaaldals hetsnijpuntvandelijn die
het3D puntverbindtmethetprojectiecentrunenhetretinaalvlak. De codrdinatenin
hetbeeldhangerdanaf vande parametrisati#an hetretinaalvlak. De meestecam-
eras wordenrelatief goedbeschreendoor dit model. In sommigegevallen moeten
bijkomende=ffectenin rekeningwordengebrach{bv. radialedistortie).
Eenperspectiefcameraordtdooreenaantaparameterbeschrgen.Dezebestaan
uit tweecateagoriegn. De extrinsieke camergparametergnde intrinsieke cameragpa-
rameterde extrinsieke parameterbeschrijjendepositieenorientatievandecamera.
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De intrinsieke parameterdeschrijyen het projectieprocegzelf. De belangrijkste
parameteis defocalelengte(deafstandusserhetprojectiecentrumenhetbeeldvliak
uitgedruktin pixelafmetingen)Verderzijn er ook de codrdinatervanhetfocaal punt
(hetpuntvanhetbeeldvlakdathetdichtstbij hetprojectiecentruntigt) endevormvan
eenpixel (meestalierkant,maarkan ook eenrechthoekof zelfs eenparallellogram
zijn). Dezeparametersvordenmeestabamengebraclih een bovendriehoeks-
matrix

projectiematrix Gebruikmakendevanhomogene&obdrdinaterkanhetprojectiepro-
cesvolledig beschregenwordenm.bv. een projectiematrix. De boververmelde
parameter&unnenhieruit bekomenwordendoor QR-decompositieln dit werk wor-

deneveneengenaantalinteressantgerbanderiusserde camergprojectiematrix en
homografi@ntussernviakkenbesprolen.

Verband tussenmeerdere zichten

Er bestaarheelwat interessanteerbanderntussenmeerderezichtenvan eenscne.
Eenaantalvandezeverbandemwordenbesprolenin devolgendeparagrafen.

Tweezichten Voor eenperspectiefcamenamoethet 3D puntdat overeenlomt met
eenbepaaldbeeldpuntgelegenzijn op derechtedie het beeldpuntverbindtmet het
projectiecentrumln eentweedezicht zal hetovereenlbmstigebeeldpungeleggenzijn
op deprojectievandezerechte.

In feite moetende projectiesvan alle puntengelegenin eenvlak datdoor beide
projectiecentrgaat gelegenzijn op deintersectievandit viak methetrespectigelijke
beeldvlak.Vandezerechtenzegt mendatzein epipolaire correspondenti@erkeren.
Doorvandezeeigenschagebruikte makenkanhetcorrespondentiprobleentussen
tweezichtentot ééndimensieherleidworden.

Wiskundigwordendezeverbandemeschrgendoordefundamentelenatrix Deze
matrix geeftvoorelk beeldpuntieovereenlomstigeepipolairdijn in hetanderebeeld
(nl. delijn waarhetovereenkmstigepuntop gelegenmoetzijn). Dezematrix kan
dus gebruiktwordenom het zoelen van corresponderendeuntente vergemakleli-
jken. Omgeleerdkunneneenaantalcorresponderendguntengebruiktwordenom
dezematrix te bepalen. Hiervoor volstaan7 puntcorrespondentigsl. het aantal
vrijheidgradenvande fundamentelenatrix). Dezematrix vertoontook eenaantalin-
teressantgerbandemmetde homografi&nvoor vliakken. Dezewordeneveneenskort
besprolenin dit werk.

Drie zichten Wanneerdrie zichtenbeschouwdvorden,kan mennatuurlijk beeld-
parenvormenen de epipolairebeperkingergebruilen. Eenbeeldpuntin eenderde
beeldkan danvoorspeldwordenals de intersectievan beideepipolairelijnen in het
derdebeeld. Dezestratgie werkt echterniet voor puntendie coplanairzijn metde
drie projectiecentra.Naexplicietereconstructi@andehandvandebeeldpuntein de
eersteéweebeelderkanmende projectiein hetderdebeeldechterwel bekomen.Dit
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betelentdusdatniet alle verbandeniussendrie beelderbeschrgenwordendoor de
fundamentelenatrix. De projectievaneenrechtein eenbeeldkaneveneensoorspeld
wordenuit de projectiesn tweeanderebeelden.
Al dezeverbandenwordenwel beschrgen door de trifocal tensor Dit is een
tensomet 18 vrijheidsgradenDezekanbepaaldvordenuit 6 of meercor-
responderendeuntentusserdrie zichten.Lijnen gevenook beperkingertlie toelaten
omdetrifocaletensorte bepalen.

Meerdere zichten Eenbeeldpuntheefttwee vrijheidgraden. afbeeldingervan
hetzelfde3D punthebberechtergeen vrijheidsgradenmaarslechts3. Er moeten
dus onafhanlelijke beperkingemestaanusserdezeafbeeldingenVoorlijnen,
die eveneeng vrijheidsgraderhebbenin eenbeeld,maar4 in de ruimte, moeten
projectiesaan beperkingervoldoen.

Zelf-calibratie

Eenvan de belangrijkstebijdragenvan dit werk situeertzich op het vlak van zelf-
calibratie. Alvorensde specifiele algoritmesdie ontwikkeld werden,te besprekn,
wordendealgemene&onceptemangebractenwordeneenaantaimethodesoorgesteld
die doorandererontwikkeldwerden.

Projectieve ambiguiteit

Veronderstetlateenaantalbeeldernvan eenstatischescenegegevenzijn. Als decal-
ibratie, positie en orientatiegekend zijn, is het mogelijk om de geobsereerdepun-
ten te reconstrueren.Twee (of meer) corresponderendeeeldpuntereijn hiervoor
voldoende. Dezereconstructievordt bekomenals het snijpuntvan de rechtendie
overeenkbmenmetde respectigelijke beeldpunten Dezereconstructies eenduidig
bepaaldn deruimte.

In hetongecalibreerdgeval zijn zowel calibratie orientatieenpositievandecam-
eraonbelend.In hetmeestlgemengeval heeftmendusgeenrenkelebeperkingopde
projectiematrix.Daarde se&neeveneensls ongelendbeschouwdvordt, zijn er ook
geenbeperkingervoor de positievan de 3D punten. Voor eenbepaaldaeconstruc-
tie die compatibels metde geobsereerdepuntengeldtdatelke projectiere transfor
matievandezereconstructi@veneengengeldigerecontructids. Zonderbijkomende
beperkingens dereconstructielusenkel bepaaldot op eenwillekeurigeprojectieve
transformatiena. Dit wordt eenprojectievereconstructiqgenoemd.

Alhoewel dezereconstructieszoldoendekan zijn voor eenaantaltoepassingeris
dezevoor heelwat anderetoepassingeniet bruikbaar Voor visualisatieheeftmen
bijvoorbeeldminstenseenmetrischereconstructienodig. Om de reconstructievan
projectief naarmetrischte brengenzijn ofwel eenaantalmetrischeeigenschappen
vandesanevereist,ofwel eenaantabeperkingermp decalibratievande cameraDit
laatstekanbestaanuit eenaantalbeperkingerop deintrinsieke of extrinsieke camera
parameters.
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Calibratie

Standaardalibratietechnielenzijn gebaseerdp Euclidischeof metrischekennisvan

de se@neof camerapf op de kennisvande beweging vande camera.Eeneerstemo-

gelijkheidbestaaerinom eersteenprojectieereconstructige bekomenendezedana

posteriorite transformeremaareenmetrischgof zelfsEuclidischeyeconstructieDe

traditioneleaanpalbestaaer echterin omrechtstreekeenmetrischgof Eucldische)
reconstructiee bepalen.

Zelf-calibratie

In veelgevallenzijn de specifiele waardenvoor de intrinsieke of extrinsieke camera
parametersiet gekend. Meestalzijn dezeparametergchterook niet volledig vrij.
Dezebeperkingerkunnengebruiktwordenom eenmetrischecalibratievan de cam-
eraopstellingte bekomen. Dit wordt zelf-calibratie genoemd.Het traditionelezelf-
calibratieprobleems meerbeperkt.In dit geval veronderstelinendatalle intrinsieke
parametergonstantlijven. De exactewaardernvoor de intrinsieke parametergijn
echterniet gekenden de bewveging van de camerais niet beperkt. Dit komt overeen
meteenongelendecameradie vrij wordt verplaats{bv. manueelastgehoudenpit
probleemwerddoorheelwat onderzoekrsbestudeerd.

In eenaantabelangrijlke gevallenis debeweging vandecamerabeperkt.Dezeex-
trainformatiekan gebruiktwordenom eervoudigeralgoritmeste ontwikkelen. In dit
gevalis hetechtemietsteedsnogelijkomalle parameterge bepalenyermitsbeperkte
bewegingssequentiasetsteedgenog informatieopleverenvoorzelf-calibratie Een
aantainteressantgevallendie verderbesprolenwordenzijn: puretranslatie purero-
tatie envlakke beweging.

In eenaantalgevallenwaardebeweging nietalgemeeryenog is, kanhetzijn dat
zelf-calibratieniet in staatzijn om de ambiguteit op de reconstructige beperlentot
metrisch.Dit probleemvankritischebenegingssequentiasordteveneendesprolen.
Eenaantalnieuweresultaterwordengepresenteerd.

Algemenebeweging

Er bestaarheelwat methodes/oor zelf-calibratie. Dezekunnenechtereervoudigin
eenaantalklasserondenerdeeldvorden. Eeneersteklassevertrektvan eenprojec-
tieve reconstructieen probeertde absolutekegelsnedde indentificerenals de enige
kegelsnedelie aaneenaantalbeperkingerbeantvwoord. Typischmoetende projecties
vandezekegelsnedédentiekzijn vooralle beeldendaardezerechtstreekgerelateerd
zijn metdeintrinsieke camergparameterslie constanwverondersteldvorden.

Eentweedeklassemethodess eveneengjebaseerap de absolutekegelsnede,
maarde vergelijkingenwordenbeperkttot de epipolairegeometrie.Het voordeelis
dat enkel de fundamentelanatricesnodig zijn. Anderzijdsvertoontdezemethodes
ook eenaantalbelangrijle nadelen.

Naastdezetweeklassernvan methodedestaarer eveneengenaantalmethodes
die deprojectiematricedactorizererenrechtstreekspleggendatdeintrinsieke cam-
eraparametersonstanimoeterijn.
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Beperkte bewegingen

Zoalsreedsgezeyd, kunnenbeperktebewvegingenvoor zelf-calibratieheelinteressant
zijn. Dezebewegingenkunnenresulterenn eervoudigeralgoritmes. Anderzijdsis
hetdanniet steedsnogelijk om alle parametergenduidigte bepalen Eenpaarinter-
essanteoorbeeldemwordenverderuitgenerkt.

Puretranslatie In hetgeval vanpuretranslatieblijft hetvlak op oneindignietenkel
als geheelorveranderdmaarook puntper punt. Dit laattoe om zeereervoudig dit
vlak terugte vinden en zo onmiddelijk eenaffiene reconstructige bekomen. Ver-
mitsin dit geval alle kegelsnederin hetvlak op oneindigconstanblijven,is hetniet
mogeliijk om eenmetrischereconstructige bekomen.

Purerotatie In dit geval hangtde verplaatsingzan de beeldpunterenkel af vande
rotatievandecameraenniet vande afstandvande puntentot de cameraDaardoolis
ergeenonderscheidusserpuntervanhetvlak op oneindigenandere Alle beeldpun-
tenondegaandezelfdehomografie Dezehomografids dusook geldigvoor hetviak
op oneindigzodatmeneervoudigebeperkingerkrijgt voor deintrinsieke camerga-
rametersMerk echtemwel op datin dit geval geenenkele 3D informatiekanbekomen
wordenendatdezestratgjie dusenkel kandienenom de parametergsandecamerae
bepalerennietom eenscende reconstrueren.

Vlakk e beweging Met eenvlakke bewveging wordteenbewnegingbedoeldvaanoor
alle verplaatsingetot eenwelbepaald/lak beperktblijvenenalle rotatiesasselvod-
rechtopdit vliak staan.n dit geval zijn erook eenaantakentiteitendie onveranderdbli-
jven.In hetvlak op oneindigis erdehorizon(nl. dedoorsnedeanhetbewnegingsviak
methetvlak op oneindig)en hetvluchtpuntvan derotatieas.Door dezeentiteitente
bepalenkan menredelijk eervoudig de positie van het vliak op oneindigbekomen.
Uiteindelijk kanmenop éénparametenaeenmetrischreconstructidekomen.

Kritische bewegingssequenties

Zoalsreedgeblelenis uit devorigeparagrafenkaneenbeperktédavegingssequentie
tot gevolg hebbendat de metrischestructuurvan de s@neniet volledig bepaaldkan
worden. In het algemeenwordt zelf-calibratiebekomendoor de kegelsnedeerug
te vindendie dezelfdeprojectieheeftin alle beelden.Enkel de absolutekegelsnede
beantvoordtin hetalgemeeraandezebeperking.Omgeleerdkanhetechterwel zijn
dat voor eenspecifiele beveging meerderekegelsnederhieraanbeantvoorden. In
datgeval is hetniet mogelijk om eenonderscheide maken tussende echteabsolute
kegelsnedeenanderemogelijke kandidaten.

Recentwerd eenvolledige classificatieafgeleidvan de verschillendetypesvan
beweging die aanleidinggeventot meerdanéén potentele absolutekegelsnede Het
basisidedestaatrinomhetprobleenomte draaierente zienwelke bewvegingenhet
beeldvaneenwelbepaald&egelsnedenveranderdaten.
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Dezeclassificatiekanenerzijdspreventiefgebruiktworden.Men kan enoor zor-
gendatde beweging van de camerabij de opnamesiet beperktblijft tot &nvande
kritischebewegingssequenties.

Anderzijdswerd ook eentheoremaafgeleiddat toelaatom na zelf-calibratiete
verifierenof menal danniet te maken hadmeteenkritischebewegingssequentiein
hetkadervanmijn werk werd eeneervoudigerbewijs afgeleidvoor dezestelling. De
stellingluidt alsvolgt:

Theorema4.1 Laat S eenbewvagingssequentigoorstellendie kritisch is tenaanzien
van de dualekwadriek , enlaat de originele camen projectiematriceijn
voordeversdiillendezichtenvanS.Laat  eenprojectievetransformatiezijn die

op de absoluteduale kwadriek  afbeeldten, laat de projectie
matriceszijn natransformatiedoor . Danbestaater eenEuclidishetransformatie
tusserelke twee

Hieruitkanmenafleidendatdebekomenbeweging eveneengenkritischebeweg-
ing is vandezelfdeklassealsde oorspronielijke beveging. Daardoolis hetmogelijk
om uit om het even welke potentieelemetrischereconstructiehet type —al dan niet
kritische—bewegingssequentite bepalen Hierdoorkan mendanook de ambigtiteit
op dereconstructidepalen.

Eenandereinteressanteraagdie nog niet beantvoord was, is: “Wat kunnenwe
doenmeteenambiguereconstructie? Het volgendetheoremagdatik hebafgeleid,
geefthiereenantwoordop. In hetvolgendetheoremavordtmet deverzameling
vanpotentieeleabsolutekwadrielenvoor de bewegingssequentie bedoeld.
Theorema4.2LaatSeenkritischebewveagingssequentigjn enlaat deovereenlom-
stige projectiematriceszijn. Laat  eenwillekeurig elementzijn van enlaat

eenwillekeurige projectievetransformatiezijndie  op  afbeeldt.Laat de
door getransformeeatte bewegingssequentigoorstellenen laat

Laat eenEuclidisthe benvegging voorstellenwaarvoor en
laat de correspondegndeprojectiematrix zijn. Dan bestaater eenEuclidis-
chetransformatidussen enelke andee

Dit laatdustoeom zelf in hetgeval vaneenambiguereconstructigmieuwezichten
te generererzonderdistorties. Dit kan namelijk wanneerde bewveging beperktblijft
tot de specifiele kritischebewegingssequentieBijvoorbeeldals eenmodelbekomen
werddooreenviakke beweging uit te voerenmetde camerakanmencorrectenieuwe
zichtengenererervoor zover mende translatiesvan de virtuele camerain het vlak
uitvoertenderotatiesrondassernoodrechteroplaatgebeuren.

Gestratifieerdezelf-calibratie

De laatstgarenwerdenheelwat methodesoorgesteldom de calibratievaneencam-
erate bekomenuit correspondentigsisserverschillendédeeldervandezelfdescene.
Dezemethodegijn gebaseerdpderigiditeit vandese&neenop hetconstantijn van
deintrinsieke camergarametersDe meestédestaandeechnielenvertreklenvaneen
projectiesereconstructi@nprobereronmiddelijkdeintrinsieke camergparameterte
bepalen.Al dezemethodesnoetenechterop éenof anderemanierrekeninghouden
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methetaffienestratumvande geometrignl. de positievanhetvlak op oneindig).

Bij de Kruppavemelijkingenwordt de positie van het vlak op oneindiguit de
vemgelijkingengetlimineerd.Dezeoplossingrertoonteenaantabelangrijkegebrelen.
De meesteanderetechnielen trachtende onbelendeparametersvan het affieneen
metrischestratumtegelijkertijd uit de zelf-calibratievergelijkingenop te lossen.Dit
resulteerimeestaln eencomplex optimisatieprobleerdatniet altijd corvergeert.

Dit probleemzetteonsaanom eengestratifieerdeaanpakuit te bouwen. In dit
geval bepaaltmen, vertekkendevan eenprojectiese reconstructie gersthet affiene
stratumen gaatmendanpasver tot hetmetrischestratum.Eengelijkaardigeaanpak
werd reedsvoorgesteldvoor het geval menbeschiktover eenpuretranslatiebeeg-
ing waaruitrechtstreekéet affiene stratumkan bepaaldworden. In hetalgemeeris
zulke beweging echtemmoeilijk te garanderenSuccesulle gestratifieerdstratgieén
werdeneveneensoorgesteldvoor de zelf-calibratievan vastestereo-opstellingen.

In dit werk werd een gestratifieerdezelf-calibratiemethodaitgewerkt die niet
enkel zeergoederesultatenoplevert voor experimentenop synthetischegegevens,
maarookop echtebeeldsequentiatie meteenhand-gehoudevideocamerapgenomen
werden. Dezemethodewordt in de volgendeparagrafen/oorgesteld. Het centrale
concepis demodulusbeperking

De modulus beperking

Een gestratifieerdemanpakvoor zelf-calibratievereisteenmethodeom het vlak op
oneindigvandeandere/lakkente differentéren.Eeneigenschapandehomografién
voor dit vlak zal hiervoor gebruiktworden. Dezehomografiekan zowel geschrgen
wordenals functie van de euclidischeentiteiten,als in functie van projectieve en-
titeiteneneenaantalonbelenden.

In heteerstegeval laatonsdit toe om eenmodulusbeperkingf te leiden. De ho-
mografienvoor hetvlak op oneindigmoetennamelijk altijd geconjugeeraijn met
rotatiematrice®p eenschaalfctorna. Dit betelent dat de modulusvan alle eigen-
waardergelijk moetzijn.

Dezebeperkingkanopgelgyd wordenaande projectiere vorm vande homografie
vanhetvlak op oneindig.In dit geval geeftdezevergelijking eenbeperkingop de on-
belkendepositievanhetvlak op oneindig.Waneemenog vergelijkingenvoorhanden
zijn kanmenhieruitde positievanhetvlak op oneindigbepalen.

De modulusbeperkinglevert eenvierdegraadsergelijking op voor elk paarvan
beeldenHetaantalonbelendernis drie, nl. de positievanhetvlak op oneindig.

Zelf-calibratie met constanteintrinsiek e parameters

Metbehulpvandemodulusbeperkinchebik eengestratifieerdeelf-calibratieprocedure
uitgewerkt. Eenminimumvandrie beelderis noodzalklijk om hetvlak op oneindigte
kunnenbepaler(in dit geval kunnendeparenl-2,1-3en2-3gebruiktworden).In het
minimalegeval is hetgebruik van eencontinuatiealgoritmeaang&ezenzodatalle
mogelijke oplossingergevondenworden. Na eliminatie van onmogelijle oplossin-
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gen(bv. imaginair),wordt de meestwaarschijnlijle oplossinggeselecteerdDit kan
uitgesteldwvordentot nade metrischecalibratie.

Indien menover meerzichtenbeschikt,kunnenalle beperkingergecombineerd
wordenin eenoptimisatiecriterium. Het minimisatiealgoritmekan geinitialiseerd
wordenmet de resultatenvan de continuatiemethodeln dit geval zal er in hetalge-
meenslechtseénoplossingzijn.

Eenshetvlak op oneindiggelocaliseerds, kanmendeintrinsieke camergaram-
eterseervoudigbepalerdooreenlineairestelselvanvergelijkingenop te lossen.Om
eenhogerenauwleurigheidte bekomenis het echteraang&ezenom in eenlaatste
stapeenglobaleminimisatiete doenop de parametersanhetaffieneenhetmetrische
stratum.

Uit onzeexperimenterblijkt dat dezezelf-calibratiestratgie zeergoederesul-
tatenoplevert. Dezemethodewerd eveneensrergelelken met eenaantalalternatiee
technielen. De Kruppamethodeblijkt in de praktijk zeerslechteresultatenop te
leveren(wat trouwensook theoretischverklaardkan worden). De anderetechnielen
vertreklenvan eenruwe schattingvan de parameteren probereronmiddelijk&en of
anderevorm van globaleminimisatieover alle parametersanhetprobleem.Op het
vlak vannauwleurigheidzijn dezemethodesergelijkbaametdegestratifieerdaan-
pak,maarop hetvlak vanrobuustheidbresteerdenzeaanpakijdensdeexperimenten
duidelijk beter

Dewerkbaarheiddanonzeaanpakverdeveneensangetoondandehandvaneen
aantabeeldsequentie@nhetArenbeg kasteel Metingentonenaandatdemetrische
eigenschappevande sanein dereconstructigeruggeondenworden(bv. orthogo-
naliteit).

Andere toepassingen

De modulusbeperkingolijkt eveneengeergeschikte zijn voor eenaantaimeerspec-
ifieke zelf-calibratieproblemen Tweegevallenwordenin dit werk besprolen.

Tweebeeldenentweevluchtpunten Vooré&énbeeldpaabeschikimenslechtsover
één modulusbeperking. Dit is niet voldoendeom zelf-calibratietoe te laten. Twee
vliuchtpunteropzichzijn eveneensnvoldoendeomdepositievanhetvlak oponeindig
te bepalen.Door beidebeperkingerte combinererheeftmenechterwel voldoende
informatieom hetvlak op oneindigte localiseren.

In dit geval blijkt demodulusbeperkingheeleervoudigtoete passenDezemeth-
ode werd uitgewerkt en zowel op synthetischedataals op echtebeeldentoegepast.
In dit laatstegeval hebbenwe gebruik gemaaktvan eenalgoritme dat automatisch
vluchtpunteruit beelderocaliseert(in heelwat seeneskan menautomatisct? maar
niet 3 vluchtpunteriocaliseren) De resultaterzijn goed,maarde methodeblijkt zeer
gevoelig te zijn aanruis op de metingen.Dit is te verwachtenvoor eenmethodedie
werkt meteenminimalehoeveelheidinformatie.

Een variérende focale lengte De modulusbeperkingkan eveneensvoor andere
doeleinderdanaffienecalibratiegebruiktworden.De beperkings gebaseerdp twee
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voorwaarden: de affiene calibratie en constantantrinsieke cameraparameters.In
plaatsvande beperkinge gebruilenom de affienecalibratiete bekomen kanmenin
hethettraditionelegeval —~waaraffienecalibratiedoorpuretranslatidbekomenwordt—
dezebeperkingergebruilen om het varierenvan eenparameterop te vangen. De
meestpraktischetoepassings hetvariérenvan de focal lengte. Dit laattoe om de
zelf-calibratiete bekomenondankshet gebruikvan zoomen auto-focus.Dezetech-
niekwerdgeimplementeerdngedvalueercop zowel reéelealssynthetischgegevens.

Eenvastestereoopstellingmet variérendefocalelengte Vooreenvastesterecop-
stellingis hetmogelijk om variérendefocalelengtestoe te laten. In dit geval wordt
echtergeengebruikgemaaktvan de modulusbeperkingmaarvan de epipolairege-
ometrie. Voor eenvastestereoopstellingis de epipolairegeometrienormaalgezien
constant. Wanneerde focale lengtevariéertzal de afstandtussende epipoolen het
centrumvan het beeldvolgensdezelfdeverhoudingveranderen.Door het beeldte
herschalerzodatde epipoolterugop zijn plaatskomt, is het mogelijk om de veran-
deringin focalelengtete compensererDaarnakunnende standaarclgoritmesvoor
vastestereoopstellingergebruiktworden.

Flexiebelezelf-calibratie

De laatstejarenwerd de mogelijkheidtot zelf-calibratievan cameragioor heelwat

onderzoekrsbestudeerdvieestalwerdenconstantenaarvolledig ongelendeparam-
etersverondersteld.Het belangrijle nadeelhiervan is dat het tijdens opnamesiet

toegelatens omte zoomenof te focussen Anderzijdsis hetvoorgesteldeperspectief
cameramodel meestalte algemeernvergelelen met de klassenvan bestaandeam-

eras. Meestalkan menveronderstellemat pixels rechthoekig—of zelf vierkantig—
zijn. Daardoorkan eenmeerpragmatisch@aanpalgevolgd worden. Door eenaantal
parametersils gekendte veronderstellenkan menandereparametersatenvariéren

tijdensdeopnames.

Theorie

Alvorenseenpractischalgoritmevoor te stellen,wordeneenaantaltheoretischeas-
pectervanhetzelf-calibratieprobleemvoorvarierendecamergarameterbesprolen.

Eentel argument Eenprojectieve transformatieheeft 15 vrijheidsgradenterwijl

eenmetrischtransformatieer slechts7 telt. Er zijn dus8 onafhanlelijke vergelijkin-

gennodig om de ambiguteit van projectieftot metrischte beperlen. Elke gekende
parametelevert é&nvergelijking perbeeldop, eenconstantenaarongelendeparam-
eterleverté&nvemelijking minderop. Het volgendetelagumentwordt dusbekomen
(met hetaantalbeelden):
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Dit laattoeomte bepalerwatdeminimalelengteis waanoor zelf-calibratiebekomen
kanworden.Dit is natuurlijk enkel geldigwanneemenniet meteenkritischebewveg-
ingssequentite makenheeft.

Een geometrischeinter pretatie van zelf-calibratie beperkingen Om eenbeter
inzicht te krijgen in het zelf-calibratie probleemwerd een geometrischédnterpre-

tatie afgeleid voor de verschillendezelf-calibratiebeperkingen. De beperkingvan

rechthoekigepixels en gekendeparametersoor hetfocale puntkomenovereenmet

hetopleggenvan orthogonaliteitussentweevlakkenin de ruimte. De beperkingen
vaneengekendefocalelengteof vaneengekendeverhoudingusserhoogteenbreedte
van pixelskomt neerop eengekendeverhoudingtussenwee—typischorthogonale—
vectorenin deruimte.

Minimale voorwaardenvoor zelf-calibratie Er werdaangetoondatzelf voor het
minimale geval waarslechtswordt aangenomendat de pixelsrechthoekigzijn, zelf-
calibratiein principe mogelijk is. Dit werd gedaanaande handvan het volgende
theorema.
Theorema®6.1 De klassevantransformatieglie rechthoekigheidrzan pixelsbewvaard
is degroepvandesimilariteiten

Gebruikmakendevande conceptervande vorige paragraafverd het besluitvan
dit theoremaveralgemeentbt eendemvelke gekendeintrinsieke parameterHet be-
wijs datgeleverdwordt, is puurgeometrischen wordt géllustreerdin Figuur6.1en
6.2.

Zelf-calibratie van eencameramet variérendeintrinsiek e parame-
ters

Zoalsreedshogervermeldwerd, zijn zelf-calibratiealgoritmesmeestabgebaseerdp
de absolutekegelsnede.De projectieshiervan zijn rechtstreekgerelateerdnet de
intrinsielke camergparameters.

De aanpakdie we voorstellenbestaatrin om de beperkingerop de intrinsieke
camergparameterse vertalennaarbeperkingerop het beeldvan de absolutekegel-
snedeDit gebeureervoudigdoormiddelvaneenparametrisatie.

Door middelvande projectievergelijking wordende beperkingervoor elk beeld
van de absolutekegelsnedeeruggeprojecteerdaar beperkingenvoor de absolute
kegelsnedezelf. Dezewordt dangevondenals de kegelsnedalie het bestaanalle
beperkingermeantvoordt.

Niet-lineaire methode Eenniet-lineairalgoritmekan eervoudig opgezetworden.
In dit geval brengtmen alle beperkingensamenin &én optimisatie-criterium. De
nauwleurigheiddiehiermeebehaaldvordtis zeergoed,maamenmoetwel beschiklen
over eeninitialisatie. Hiervoor werd eenlineair algoritme opgestelddat een be-
naderendeplossingoplevert.
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Lineairemethode Wanneeeenaantalveronderstellingewordengedaargnl. rechthoekige
pixelsenhetfocaalpuntgekend),kanmenhetstelsevanvergelijkingentot eenlineair
stelseherleiden Bijk omendéeperkingemp deintrinsieke parametersesultererdan
eveneensn lineairevergelijkingen. Zelfs wanneeraandezeveronderstellingemiet
perfectvoldaanwordt, laatdezemethodemeestatoch toe om eengoedeinitialisatie

te bekomenvoor de hetoplosservanhetniet-lineairestelselvanvergelijkingen.

Kritische bewegingssequenties

In devorigeparagrafenverdeenmethodayepresenteemie verschillendeypesbeperkin-
genopdeintrinsieke camergarameterkancombinerenin dit geval kunnerkritische
bewegingssequentiesatuurlijk ook voorkomen. Welk type kritische bewegingsse-
guentiekunnenvoorkomenhangtaf vanwelke specifiele beperkingemyebruiktwor-
denvoor zelf-calibratie. De twee uiterstenzijn: volledig gekendeparametersnet
bijna geenkritische gevallen; en helemaalgeenbeperkingenwaarnoor alle bewveg-
ingssequentiekritisch zijn.

Vertreklkendevan de analysevoor constanteparameterskan men relatief een-
voudigrekeninghoudermeteenaantalgekendeintrinsieke camergparametersEnkel
dekritischesequentieslie effectief de opgelggdewaardenvandegekendeparameters
hebbenzijn dannog kritisch. Dit wil zeggendatin dit geval dezelfdeklassenvan
kritische bewvegingssequentieslijv en bestaanmaardat de ambigtiteit op de recon-
structiekleineris.

Hetis moeilijkeromrekeningte houdermetvariérendéntrinsiele camera-parameters.
Eengelijkaardigeanalysekan echteruitgevoerdwordenals voor constantgparame-
ters: Gegeveneenspecifiekkegelsnedewelke combinatiessan positiesen orientatie
beantwoodenaanalle beperkingn?Door dit probleenoptelosservoordeverschil-
lendetypeskegelsnedenbekomt mende klasservan kritische bevegingssequenties
voordeverondersteldbeperkingen.

Kritische bewegingssequentiesoor een variérende focale lengte Eén van de
meestinteressantgevallenis hetgeval waaralle parametergekendzijn behale de
focalelengtedie vrij kanvariéren. De verschillendeklassenvan kritische bewegin-
genwerdenafgeleid: F1: rotatierond de optischeasentranslatiesF2: hyperbolis-
che en/of elliptische bewveging, F3: voorwaartsebeweging, F4: twee positiesmet
willekeurigerotaties F4.1: purerotaties.

In appendixwerd eveneensenmethodeafgeleidom dezekritischebewegingen
te visualizeren. Dit laat toe om eenintuitief inzicht te verwenenin dit complee
probleem.

Daar het lineaire algoritme de planariteitvan de duale absolutekwadriek niet
oplegt, zijn erin dit geval extra kritische bevegingssequentiedezetredenop wan-
neerdecameraenvastpuntfixeerttijdensdeopnames.

Het ontdekken van kritische bewegingssequenties Er werdeenmethodeafgeleid
omvoor eenspecifiele bewvegingssequentirumerieknate kijk enof debewegingsse-
quentiekritisch of quasi-kritischwas. Dit kan zeernuttig zijn om te beslisserof er
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bijkomende(benaderendd)eperkingemmoetenopgeleyd wordenaande parameters
omtocheen(quasi-)metrischeeconstructig¢e bekomen.

Selectievan beperkingen

In dezeparagraafwordeneenaantalalgemeneprincipesvoorgesteldom vanuit de
opnamegelf automatisclie bepalerwelke beperkingemwvantoepassingijn. Menkan
het vergelijken met automatischenodelselectigbv. Akaike’s informatiecriterium),
maardezeprincipeszijn in dit geval nietrechtstreeksoepasbaar

Voor hetlineairealgoritmewerd eenpragmatisch@plossingvoorgesteldom het
probleemvan de bijkomendekritische bewegingenop te vangendoor indien nodig
—automatisch-defocalelengtevastte leggenop eenbenaderendeaarde.Dit blijkt
in depraktijk goedte werken.

Experimenten

Eenaantalexperimenterwerdenuitgevoerdom devaliditeit vandevoorgesteldezelf-
calibratiealgoritmesaante tonen. Hiervoor werdenzowel synthetischgyegevensals
echtebeeldsequentiggebruikt. De resultatertonenaandatde algoritmeser effectief
in slagenom de metrischestructuurvande opgenomersceneste reconstrueren.

Metrische 3D reconstructie

Het bekomenvan 3D modellenvan objectenis eenonderwerpdatin hetdomeinvan
computervisiegeedsvelejarenbestudeerdvordt. Eenpaarjarengeledenvasde be-
langrijkstetoepassingobot navigatie en visueleinspectie. Tegenwoordig is dit ve-
randerd. Er is meeren meervraagnaar3D modellenvanuit computervisualizatie,
virtuelerealiteitencommunicatieDit heefttot gevolg dateenaantalaspectewvanhet
reconstructigorobleemveranderenDe visuelekwaliteit van de modellenwordt één
vandebelangrijkstgounten.

Voor dezenieuwetoepassingenrijn deopnameomstandighedeanhetniveauvan
expertisevan de gebruilersvaakheelandersdanwat verwachtwordt om de meeste
bestaand8D opnametechnielen te gebruilen. De bestaandéechnielen vereisen
vaakhetuitvoerenvancomplexe calibratieproceduresij elke opnameEr is ook een
belangrijle vraagnaarflexibiliteit tijdensde opnamesCalibratieproceduresnoeten
afwezigzijn, of tot eenminimumbeperktblijven.

Daarenbweenzijn heelwatbestaandtechnielenopgebouwdondgespecialiseerde
hardware (bv. laserrangescanner®f sterecopstellingen)wat resulteerin eenhoge
kostvoor dezesystemenVeel nieuwetoepassingexergenechtergoedlopeopname
technielen. Dit stimuleerthetgebruikvanstandaardoto- of videocameras.

In dit werk werd eensysteenuitgebouwddat 3D modellengenereervanhetop-
pervlakvanobjecteruit eensequenti?#anbeelderdie meteengevonecameraverden
opgenomen.De gebruiker neemtde beeldenop door vrij rond het objectte bewe-
gen.Nochde camerabeeging, nochde cameranstellingenmoetengekendzijn. Het
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belkomenmodelis eenschaalmodelanhetoorspronklijke object(nl. eenmetrisdhe
reconstructie)De textuur wordt eveneensechtstreeksit de beeldergehaald.

Andereonderzoekrshebberreedseenaantalsystemervoorgesteldom 3D mod-
ellenuit beeldente halen. Dezesystemerhebbenechterallemaaleenaantalbelan-
grijke beperkingenin vergelijking tot ons systeem. Ofwel wordt slechtsrekening
gehoudemmet eenorthografischcameramodel,ofwel is er a priori informatienodig
over de sene. Meestalwordenslechtseenbeperktaantalpuntengereconstrueedn
nieteenvolledig opperviaktenodel.

Ons systeemgebruikt een perspectiefcameraen heeft geenspecifiele a priori
informatienodig,nochoverdesene,nochover decameraHet systeenis gebaseerd
op recentealgoritmesvoor projectieve reconstructiezelf-calibatie en dichte diepte-
schatting In devolgendeparagraafvordt hetsysteenmeerin detailbesprolen.

Het 3D reconstructiesysteem

Het systeenbestaauit eenaantalmodules.Door het systeemwordt geleidelijkaan
meerenmeerinformatieover de sceneende cameraopstellingbekomen.

Projectieve reconstructie In eeneerstestapwordende verschillendebeeldenten
opzichtevan elkaargerelateerd. Dit wordt paarsgwijs gedaandoor de epipolaire
geometrige bepalenEeninitiélereconstructievordtdangemaakbandehandvande
eerstaweebeeldenVoordevolgendebeelderwordteerstdecamerapostenopzichte
van de reedsbekomenprojectieve reconstructiggeschat.Voor elk van dezebeelden
wordendande puntendie in correspondentigrerdengebrachtmet eenpuntuit het
vorigebeeld,gereconstrueerderfijnd of verbeterd Daardootis hetniet nodigdatde
oorspronklijkepunterzichtbaablijventijdensdegehelesequentiesvoor sequenties
waarpunternverdwijnenenlaterweerzichtbaaworden,werdhetalgoritmeaangepast
zodathier—opeenefficientemanier meerekeningwerdgehoudenln dit geval wordt
hethuidigebeeldnietenkel gerelateeranethetvorigebeeld maarook meteenaantal
anderezichten.Hetresultaatandezevolledigeprocedures typischeenpaarhonderd
tot eenpaarduizendgereconstrueergaintenende(projectieve) posevandecameras.
Dezereconstructigs enkel bepaaldot op eenwillekeurigeprojectiese transformatie
na.

Van eenprojectieve naar eenmetrischereconstructie De volgendestapbestaat
erin om dezeambiguiteit te beperlentot op eenwillekeurigemetrischeransformatie
na. Bij eenprojectiese reconstructids niet enkel de seene,maarook de cameraver-
vormd. Vermitsdit algoritmeomgaatmet onbelendesenesis hetniet mogelijk om
automatischvervormingenvan de senevastte stellen. Alhoewel de cameraeve-
neensiietgekendis, bestaarerin demeesteyevallentochwel eenaantabeperkingen
op deintrinsieke cameraparametergbv. rechthoekigeof vierkantepixels, eencon-
stanteverhoudingusserdezijdenvandepixels,hetfocaalpuntin hetmiddenvanhet
beeld).Eenvervormingvandecamerasresulteertmeestaln hetnietmeeropgaarvan
€én of meervan dezebeperkingenEenmetrischereconstructieen calibratieworden
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belkomendoor de projectiere reconstructige transformererzodatalle beperkingen
op deintrinsieke camergparametergo goedmogelijk opgaan.Praktischenethoden
hiervoor werdenuitvoerigbesprolenin dit werk.

Dichte diepte schatting Na de procedurevande vorige paragraferie hebberuit-
gevoerd,beschikimenover eengecalibreerdéeeldsequentieDe relatieve positieen
orientatievande cameras is gekendvoor alle zichten.Dezecalibratievergemakleli-
jkt hetzoelennaarcorrespondentiesnlaatonstoeom stereo-algoritmete gebruilen
die ontwikkeld werdenvoor gecalibreerdsystemenHiermeekunnenvoor bijna elke
pixel de corresponderendgxelsin andereébeelderbepaaldvorden.
Dezecorrespondentiekaten dan toe om door triangulatiede afstandtussende
cameraen het oppervlakvan het geobsereerdobjectte bepalen. Dezeresultaten
wordenverfijnd doorderesultatervoor meerdereichtente combineren.

Opbouwvanhet3Dmodel Eendichtmetrisch3D opperviaktemodelordtbekomen
doordeberelendedieptete gebruikenomin deruimteeendriehoelennebptebouwen
dathetoorspronlelijke opperviakbenadert De textuur wordt uit de beeldergehaald
enop hetoppervlakgeplaatst.

Overzicht van het systeem In FiguurD.7 wordteenoverzichtvanhetuitgebouwde
systeemgegeven. Het bestaauit eenaantalonafhanklijke modulesdie de nodige
informatiedoorspelemaarde volgendemodules.De eerstemodulebepaalteenpro-
jectieve reconstructievan de camera-opstellingegelijkertijd meteenspaarsaecon-
structievandescene.De volgendenoduleberelentdemetrischecalibratievandere-
constructieaandehandvanzelf-calibratie.Verwlgenswordendichtecorrespondentie
kaartenbepaald.Uiteindelijk wordenalle resultatergeintegreerdin eengetectureerd
3D oppervlaktenodelvandeopgenomerscene.

Implementatie

Er wordenkort eenaantalaspectervan de implementatietoegelicht. Alhoewel de
vereistarekentijd sterkafhangtvande gebruiktebeeldsequentieyordentocheenaan-
tal typischeuitvoeringstijdengegeven. Om eenvolledig 3D modelop te bouwenuit
eentientalbeelderheefteenstandaardverkstationongeveerl uur rekentijd nodig.

Een paar mogelijke verbeteringen

Het systeenwerktreedsop heelwat beeldsequentiemaarer zijn gevallenwaanoor
hetsysteentfaalt. Er wordeneenaantalsuggestiegemaakiom bepaalderoblemen
op telossen.Sommigerhienanwerdenreedsgeimplementeerd.

Bepaling van puntcorr espondenties Dit is eenvande meestkritischepuntenvan
hetsysteemWanneetweeopeenolgendebeelderte erg vanelkaarverschillenfaalt
hethelesysteemEenmanieromdit op te vangerbestaaerinom gebruilersinteractie
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FigureD.7: OverzichtvanhetsysteemUit debeelden ) wordtde projectieve
reconstructiderelend;De projectieze cameramatrices wordendoomgegevenaande
zelf-calibratiemoduledie eenmetrischecalibratie aflevert; De volgendemodule
gebruiktdezeom dichtecorrepondentid&aarten te bepalenAlle dezeresul-
tatenwordensamengebracli delaatstemoduletot eengetextureerd3D opperviak-
temodel.Rechtswordenderesultatervandeverschillendenodulesveegegeven: de
voorlopigereconstructiegzowel projectiefals metrisch)wordenweegegeven door
een puntenwlk, de cameras worden weegegeven door kleine pyramides,de re-
sultatenvan de dichte correspondentiebepalingordengeaccumuleerth eendichte
correspondentiekag(iicht betelentdichtbij endonker betelentveraf).



215

toe te laten. Recentwerdenechtereenaantalinteressanteesultaterbehaaldop het
vlak vanautomatisch@untcorrespondentleepaling.Hetintegrerenvandezenieuwe
technielenin het systeeneal resulterenin hetverhogenvan de robuustheiden zal
de beperkingenijdensde opnameserminderen Het verschiltusseropeerolgende
zichtenmaggroterzijn.

Voor zeerverschillenddeelderbestaarer tweetechnielen. De eerstebestaaterin
omdebeeldereerste transformeremetbehulpvaneenglobaleof lokalehomografie
zodathetverschiltussende beelderwordt verkleind. Eenandereaanpakbestaatrin
om eenmeeralgemenssimilariteitmetingte gebruilen die bv. niet enkel invariant
voor translatie, maarook voor rotatie, schaalen belichting. Uiteindelijk kunnener
ook andereproblemeroptrederzoalsrepetitiese structurerdie —wanneemener niet
opeenhogemiveaurekeningmeehoudt—decorrespondetibepalingn dewarkunnen
sturen.

Projectieve reconstructie De methodedie op dit momentgebruiktwordt voor de
projectieve reconstructiés nietvolledig optimaal.Het grootstenadeeis dathetalgo-
ritme faaltwanneedeinitialisatieaande handvande eerstebeeldermislukt.
Recentwerdenechtertechnielenvoorgestelddie niet meervaneenspecifiekpaar
van beeldenafhanlelijk zijn voor de initialisatie van de reconstructie Daarenbgen
maken dezemethodesnkel en alleengebruikvan projectiere meetkunddin de 3D
ruimte). Het op dezemanieraanpassewande modulevoor projectieze reconstructie
zouderobuustheidvanonssysteemmoetenverbeteren.

Het overleven van vlakke delen Dit is ook eenbelangrijkprobleem. Projectiere
posebepalingverkt niet als alle zichtbarepuntenin eenvlak liggen. Er werd een
mogelijke stratgyie voorgestelddie zelf-calibratievroeger inschalelt. Voor vliakke
delenhoeft dan slechtseenmetrischeposegeschate worden(wat wel mogelijk is
voor vlakke senes).

Veralgemeende ectificatie De meestesterecalgoritmeswerkenop gerectificeerde
beelden.Dit betelentdat mener door transformatievan de oorspronlelijke beelden

voorzorgtdatovereenkmstigeijen vanhetbeeldin epipolairecorrespondentistaan.

Dit laattoe om zeerefficiéntealgoritmese bekomen.

Bij destandaartiechniekwordengerectificeerdbeelderbekomendoordeepipool
naaroneindigte transformerenywatgeenprobleemis voor de meestesterecopstellin-
gen. In onsgeval kunnenwe echterniet garandererdat er geenbelangrijle voor-
waartseverplaatsinglaatsgrijptussenweeopeerolgendebeelderzodatde epipool
in hetbeeldterechtkkomt. In dit geval is destandaardechniekniettoepasbaaRecent
werdeenmethodevoorgestelddie dit geval wel aanlon, maardezemethodenheefteen
aantalbelagrijke nadelen.

Er werd eennieuwetechniekvoorgesteldvoor rectificatie. Dezeeervoudigeen
efficientetechniekwerd gemplementeerdHet basisideebestaaerin om polaireco-
ordinatente gebruikenrond de epipolen. De groottevan de resulterendéeeldenis
optimaal(zo klein mogelijk zonderpixelste comprimeren).
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Resultatenentoepassingen

Het systeenwerd toegepastop heelwat verschillendebeeldsequentiesin de vol-
gendeparagraferwordeneenaantalvoorbeeldemegevenvantoepassingewaarnoor
het systeengebruiktwerd. De bijhorendefigurenkunnenteruggeondenwordenin
Hoofdstuks.

Acquisitie van 3D modellenmet foto’s

De belangrijkstetoepassing/an ons systeems het verkrijgenvan 3D modellenuit
beelden. Eén van de eervoudigstemethodesom een3D model van eenbestaande
senete belomenbestaaker dusin om eenaantalfoto’s vanuit verschillendestand-
puntente nemen. Dezekunnendanautomatischverwerktwordendoor het systeem
tot eenrealistischi3D modelvandebeschouwdsane.

De mogelijkhedervan onssysteenop dit vlak werdengéillustreerdmet behulp
vaneenzeerfijn afgeverktdeelvaneenJaintempelin Ranakpui(India). Er werden
5 foto’s gebruikt. Het algoritmeverwerktedezeautomatischiot eengedetaileer@®D
oppervlaktenodelvanhetopgenomerstuktempel.

Acquisitie van 3D modellenuit bestaandebeeldsequenties

Dankzij deflexibiliteit vanhetsysteenis hetzelfs mogelijk om bestaandilmmateri-
aalte gebruilenom 3D modellente genererenDezemogelijkheidwerd geillustreerd
metbehulpvan eenopnamevan hetantiele theatervan Sagalassodateenpaarjaar
gelederdoorde BRTN werd opgenomenDezeopnamekon door hetsysteenprob-
leemloogtot een3D modelverwerktworden.

Acquisitie van plenoptischemodellen

Delaatstgarenwerdheelwatonderzoelgedaamaarplenoptischenodellen.in plaats
vaneensa@negeometrischie modellerengaatmenhier rechtstreek$etuitzicht van
eensenetrachtenop te nemen. Dit gebeurtdoor hetlicht datin elke richting door
elk puntvande se@nepasseeripp te meten.Typischwordt zo’n modelbekomendoor
eenenormehoereelheicbeelderopte nemernvaneensene.Eénvandebelangrijkste
problemenhierbij is het bepalenvan de positie, orientatieen de calibratievan de
cameravoorelk zicht. Totnogtoegebeurdalit meestatloordecamerae montererop
eenrobotarmof dooreencalibratieobjecbp te nemenn descene.

Na eenaanpassingan onssysteenkon hetprobleemloogiebruiktwordenvoor
deacquisitievanplenoptischmodellen.Er werdbijvoorbeeldeenbeeldsequentiean
meerdanl180beelderverwerkt.Hetsysteenkondeposeencalibratievanalle zichten
berelenen. Dit kon danverdergebruiktwordenom eenplenoptischmodelte con-
strueren.
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Het virtualizer en van archaeologischesites

Archaeologids eenideaaltoepassingsgebiaaor onzetechniek.Er zijn belangrijle
toepassingemoor 3D modellenvan opgaraven sites. Zowel voor metingenals om
gebruikte makenvande nieuwemogelijkhederdie virtuelerealiteittoelaat.

Virtualizer envan seenes Door eenaantalfoto’s te nemenvan eengebouw steen
of andereobject op eenarchaeologischsite kan mener met ons systeemeen 3D
modelmeegenererenMen bekomt duseenvirtuele copievande opgenomersazne.
Dit werd in SagalassoéTurkije) met succesoegepasiop heelwat senes:fontein,
heroon theaterstenenegtc.

Het reconstrueren van eenglobaal model Onssysteemis onafhanlelijk van de
schaalvan de op te nemens@ne. Het enigeverschilis de afstanddie tussenhet
opnemenvan tweeopeenolgendefoto’s afgelagd moetworden. Daardoorkan men
ook zeergrotese@negeconstruerenn Sagalassoseeftdit onstoegelateromdehele
sitein éénkeerop te nemenvanafeennabij gelegenheuel.

Reconstructiesop verschillende schalen Dit overzichtsmodels echterniet vol-
doendegedetailleercdom de verschillendeanonumentertie op de site te vindenzijn
realistischweerte geven. Daaromwerdenhiervan apartereconstructiegemaakiuit
lokalebeeldsequentiegndezewerdengeintegreerdin hetglobalemodel.

Combinatie met andere modellen De modellendie met onzetechniekbekomen
wordenkunnereervoudiggecombineerd/ordenmetandere8D modellen.Zowerden
bijvoorbeeld3D CAD modellenvanmonumentemit Sagalassogrobleemloosn het
globale3D modelvanSagalassogeintegreerd.

Andere toepassingenn archaeologie

In hetdomeinvan archaeologieijn nog heelwat andereinteressantéoepassingen
mogelijk vanonzetechniek.

3D stratigrafie Tijdensopgravingenis hetheelbelangrijkom zoveelmogelijk in-
formatieop te nemen.Later zal dit niet meermogelijk zijn. Momenteelordt enkel
eenprofielvandeverschillendestratigrafischgrondlageropgemetenHet zouechter
veelinteressanterijn mochtde stratigrafievan eenbepaaldesectorvolledig in 3D
opgenomenvorden.

Testendie uitgevoerd werdenmet onzetechniektonenaandat dit haalbaaiis.
Daarenbwenis hetzelfszo datde opnametijd op de site zelf korterwordt. Het gaat
namelijksnellerom eenpaarfoto’s te nemendanom eenprofiel op te meten.
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Het generrenentestenvan constructiehypothesen Eenanderdoepassingpestaat
erin om gebrolen bouwelementewf delenvaningestortegebouwenveersamente
brengendankzij 3D copieen die veel gemaklelijker gemanipuleerdunnenworden.
Bovendienzoumenzelf automatischeegistratietechnielenkunnentoepassen.

Toepassingenn andere gebieden

Naastarchaeologidestaarer nog heelwat anderedomeinendie 3D metingenvan
bestaand8D structurervergen.Heelwatinteressantioepassingekunnengevonden
wordenin hetdomeinvan architectuuren conseratie. Zo werdeneenaantaltesten
uitgevoerdop de kathedraalan Antwerpen.

De flexibiliteit vande voorgestelddechniekmaakttoepassingemogelijkin vele
domeinen. In eenaantalgevallen moet het systeemuitgebreidworden, in andere
gevallenkanhetsysteeniof eendeelervan)onmiddelijkgebruiktworden.Eenaantal
interessantelomeinereijn forensischonderzoekbv. virtuele reconstructievaneen
misdaadsene) robotica(bv. 3D modelleringvande omgering voor autonomevoertu-
igen),virtueeluitgebreideealiteit(bv. camergositiebepaling)of post-producti€bv.
virtueleopnamesetsgenereren).

Besluit

Hetwerk datwerdvoorgesteldn dezethesishandeltover de automatischacquisitie
vanrealistische8D modelleruit beeldenlk hebgetrachbmeensysteenie ontwikke-
len dateenmaximumaanflexibiliteit toelaattijdensde opnames.Dit werk bestond
zowel uit hetontwikkelenvan nieuwetheoretischeoncepterals uit hetvertalenvan
dezeconceptemaartechnielendie werkenop echtebeeldsequenties.

Dit probleemwerd ondenerdeeldin eenaantaldeeltalen. Voor eenaantalvan
dezetaken bestonderreedsoplossingerdie voldoeninggeven en was er dus geen
nood aan het ontwikkelen van een nieuwetechniekom ons doel te bereilen. In-
dienmogelijk werdeenbestaandenplementatiggebruikt.VVoor zelf-calibratieechter
leverdenalle bestaandenethodebij deaarvangvanmijn werk geengoederesultaten
op voor echtebeeldsequentiesZe kondenbovendienniet omgaanmet variérende
cameraparameters.

Eeneerstebelangrijkdeelvandit werk bestonder dusin om eenzelf-calibratieal-
goritmete ontwikkelendatgoedeesultatergafop echtebeeldsequentie§enspireerd
doordegestratifieerdéechnielendie goederesultatergazenvoorbepaaldepecifiele
bewegingen ontwikkeldeik eentechniekdie demetrischestructuuruit deprojectieve
bekomt door eerstde affiene structuurte bepalen.Dezetechiekis gebaseerdp een
nieuwe zelf-calibratie-beperkingde modulusbeperking. Goederesultaterwerden
belomen,zowel tijdenssynthetischexperimenteralsop echtebeelden.

De veronderstellingdie traditioneelbij zelf-calibratiegemaaktwordt, is die dat
deintrinsieke camergparametergonstanimaarvolledig ongelendzijn. Enerzijdsis
dezeveronderstellingoeperlendvermits het gebruikvan zoomen focus uitgesloten
worden.Anderzijdsis zete algemeemmdatde meesteeameras rechthoekigef zelfs
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vierkantepixels hebberenhetfocaalpuntin de buurt vanhetcentrumvanhetbeeld
ligt. Eenmethodewerd voorgestelddie met alle mogelijke beperkingerop de in-

trinsieke cameraparametekon rekeninghoudennl. gelkend,constanof variérend.
Dezemethoddiet onstoe om eenalgoritmete ontwikkelendatwerkt op echtebeeld-
sequentieslie opgenomemvordenmeteencameravaanandezoomenfocuszonder
probleemgebruikt mag worden. Deze methodewerd gevalideerdop reéle en syn-
thetischegegevens.

Dezemethodesverdengecombineeranet anderemodulesom eenvolledig 3D
reconstructiesysteetabouwen.Hetsysteenvertrektvaneenbeeldsequentieaneen
s@ne. Het resultaats eenrealistischgetextureerd3D oppervlaktemodelvan deze
sene.Deverwerkingis volledigautomatischDit systeenbiedteenzeergoedniveau
vandetailenrealismeaan,gecombineerdheteenvoorheemooit bereikteflexibiliteit
voor deacquisitie.

Dezeflexibiliteit vanhetsysteemverd géillustreerdaande handvande verschil-
lendevoorbeelden.Realistische3D modellenwerdenzowel bekomenuit eenpaar
foto’s als uit bestaand®ideo opnames.Senesvan zeerverschillendegrootteswer
dengereconstrueerflan éen enkele steentot eenarchaeologischsite die zich over
verschillendevierkantekilometersuitstrekt). Na eenkleine aanpassingon het sys-
teemgebruiktwordenom plenoptischenodellengebaseerdp honderdereelderop
te nemen.Het systeenwerd metsuccegebruiktin hetdomeinvanarcheologievaar
veelbelwenderesultaterbehaaldwerden. Het systeemaat zelfs eenaantalnieuwe
toepassingetoedie voorheeronhaalbaawaren.

Discussieen verder onderzoek

Sindseenaantaljarenis er eendiscussieaande gangtusserdevoor- entegenstanders
vangecalibreede versusongecalibreeide systemenVolgensmij is dit eenonnodige
discussie Eenheelpaletaanmogelijkhederbestaatoor de acquisitievan 3D infor-
matie uit beelden.Aan het eneuiterstevind meneenvolledig gecalibreerdysteem
datenkel onderzeerbeperlendeomstandighedewerkt (bv. gecontroleerdéelicht-
ing, beperktedieptevariatie). Aan het andereuiterstezou meneensysteenmkunnen
hebbendat genog heeftaaneenpaarwillekeurigezichtenvan eenobject. Volgens
mij is het de taak van de computervisie-gemeenscham dezeverschillendealter
natievente onderzoekn. Hetideale3D acquisitiesysteerbestaaniet, alleshangtaf
vandespecifiele toepassinglie menvoor ogenheeft.In dezecontet denkik dathet
eenbelangrijlke taakvanonzegemeenschais om degrenzerte onderzoeknvanwat
bereiktkanworden.

Wat echterwel moetgezeyd wordenis datde ongecalibreerdaanpaken hetge-
bruik van projectieze meetkundéneelwat nieuweinzichtenheeftmogelijk gemaakt.
Projectiere meetkundés hetnatuurlijkekaderomdeonderliggendgrincipeste beschri-
jvendie beelderensnerelaterenDikwijls wordenonnodigvergelijkingengebruikt
om rekeningte houdenmet Euclidischeaspecterterwijl de eigenschappedie men
bestudeerteedsaanwezigzijn op hetprojectiese niveau. Merk trouwensop dat het
gebruikvan projectieve meetkundealibratieniet uitsluit. Het laatechterwel toe om
eenduidelijk onderscheide makentusserwat ernvanafhangtenwat niet.
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Hetsysteendatin dit werk beschreenwerd, is zeker geeneindpunt.Zoalsreeds
op eenaantalplaatsenverd opgemerktbestaarer meerderenogelijkhederom het
systeenverderte verbeterenVerschillendeichtingenvoor verderonderzoelkkunnen
geidentificeerdvorden.

Eeneerstebelangrijle taakbestaaterin om hetsysteenrelf te verbeteren Deze
taakbestaatiit tweedelen.Eenerzijdszouhetsysteenmeerrobuustmoetergemaakt
wordenzodathetop eengrotereklassebeeldertoepashaais. Hetfalenvaneenalgo-
ritme zouautomatisclyedetecteerthoetenworden.Indienmogelijk zouhetsysteem
dit probleemte boven moetenkomendoor eenmeerrobuustof meergeschiktalgo-
ritme te gebruilen. Anderzijdskan de nauwleurigheidvan het systeenrzeker opge-
drevenworden.Hetrelatiefeervoudigecameramodeldatmomenteeebruiktwordt
kanverfijndworden.Hetgebruikvangrootstewaarschijnlijkheidschattergmaximum
likelihoodestimatorskanveralgemeendiordenin de verschillendenodules.

Eentweedetaakbestaatrin om hetsysteenuit te breiden.Op dit ogenblikwor-
den3D oppervlaktemodellenvan de sa&2negegenereerdDezeopperviaklenworden
echternog steedopgebouwd/anuiteenreferentiezicht. Het systeenzou dezever-
schillendevoorstellingenmoetensamenbrengeim eenunieke 3D voorstelling. Dit
kangebeurerdoorberoepte doenop bestaandéusietechnielendie ontwikkeld wer-
denin de contect van gecalibreerdelieptebepaling. Dezemethoderdienenechter
aangepade wordenaande specifiele eigenschappewan onzeaanpak.Eeninteres-
santideebestaatrin om hetuiteindelijke 3D modelte verfijinendoorhetrechtstreeks
te vergelijken met de oorspronlelijke beelden. Dit zou kunnenbestempeldvorden
als fotometrisbe bundelaanpassing Bijkomendemogelijkhedereijn het fitten van
parametriscoorstellingeraandedata(bv. viakken,kwadrielen,etc)of hetinfereren
vanhogereordevoorstellingerwat onszouleidentot modelgebaseerddratayieén of
tot scene-analyse.

Onzeaanpakis eengeometrischaanpak.Het systeentrachtalleste modelleren
aandehandvangeometrischerimitieven. Recenkennerbeeldgebaseerdeorstellin-
genheelwatbelangstellingDezetechnielentrachterdeplenoptischdunctie(i.e. het
licht datin elkerichting doorelk puntvandesenepasseertle berelenen.Dezetech-
niekenslagererdusin omhetuitzichtvaneen3D saznete modellererzonderexpliciet
gebruikte makenvangeometrie Het wordt dusmogelijk om zeercomplexe vormen
encomplee lichteffectendie andersniet kondengemodelleerdvordentoch voor te
stellen. Dezetechnielenhebberechtereveneengenaantalanderenadelen:de nood
aangekendecalibratieen pose,geenmogelijkheidtot navigatiein de se&ne,datain-
tensief,enz. Eeninteressantaanpakzouerin kunnenbestaarom detweetechnielen
te combinerenln dezecontext werdenreedseenaantalveelbelwenderesultaterbe-
haaldmetonssysteemEenmogelijke aanpakzouhetgeometrischenodelgebruilen
wanneedeterugprojectiefouin hetbeeldklein genog is enzouanderseroepdoen
op eenplenoptischevoorstelling. Het gebruikvan tussenliggendgoorstellingerkan
eveneensgnteressantijn (bv. gezichtspuntafharetijke texturen).

Eénvande belangrijkstebeperkingervan de meeste3D opname-systemen dat
slechtsstatischesaeznesopgenomekunnenworden.Hetaanpakknvanniet-statische
onderwerperis zeker een heel interessantmaar ook een zeer complex probleem.
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Totnogtoezijn bestaandsystemermmeestalbeperkttot het fitten van parametrische
modellenaande beelddataSommigeparameter&unnendaneen(niet-rigiede)pose
voorstellen.Door gebruikte makenvanresultaterop hetbepalervanonafhanlklijke
bewegingkanmenzekermeerbereilen. Waarschijnlijkzullenechtemeerderaanwi-
jzingenmoetergecombineersvordenomgoederesultaterie bekomen(bv. toevoegen
vancontourinformatie).

Eenlaatstebelangrijkgebiedvoor verderonderzoeks hetaanpassevanhetsys-
teemvoor gebruikin nieuwetoepassingenEen eerstealgemenebehoeftein deze
contet is eenintelligentegebruilersinterbce.Met intelligentwordt hier bedoelddat
hetsysteenzelf de nodigediagnosemoetkunnenstellenals er iets mis gaaten dan
met—verstaanbarewagenof suggestiemaarde gebruilertoe gaat.De interfacevan
hetsysteenzoueveneensleverschillendeverbanderussermeerdereichtenenan-
derebeperkingerop eenvoor de gebruiler transparantsvijze moetopleggen. Een
aantalmeerspecifiele ontwikkelingennaarverschillendeoepassingsdomeineaiin
zelerookinteressanbmte onderzoekn.In dezecontet is hetbelangrijkom hetsys-
teemmodulairte houderzodatuitbreidingerenaanpassingeeervoudiggeintegreerd
kunnenworden.
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