ETH Mathematical Modeling of PhyRical Sy3tems

Cidgendssische Technische Hochsthule Tdrich

Swiss Federal Institute of Technology Zurich

1st Homework Problem

« We wish to analyze the following electrical circuit.
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Problems |

1. Write down all of the equations that you need to
describe this circuit mathematically. You may use
either the technique involving potentials or that
Involving mesh equations.

2. Sort the equation system horizontally.
3. Sort the horizontally sorted equation system

vertically.

4. Convert the horizontally and vertically sorted
equation system to state-space form.
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"L L Component equations:
vy \)L v, U = f,()
Ri Il |2 Rl V1:R1'|1
e _
£ R=100 e V, = R2 ;b
| i _ :
C Vo=R,- 1
c+\ 0 g DV3 71, . u4‘3' i4=4%3 . T
! M : 3 Mesh equations:
Gro:nd1 VL — Vl + V2

= 13 equations in
13 unknowns

Node equations:
g =10+ 1

L =L+ I3+ 1

di,
VL: L' d_t
_~ Oy
I, =4V,
Vo, = Uy + Vg
i, =i, +i,
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Problems I

1. Write down all of the equations that you need to
describe this circuit mathematically. You may use
either the technigue involving potentials or that
Involving mesh equations.

2. Sort the equation system horizontally.

3. Sort the horizontally sorted equation system
vertically.

4. Convert the horizontally and vertically sorted
equation system to state-space form.
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Horizontal Sorting |

U = 1 ()
Vi=R; Iy
V, =R, 1,
V3=Rj3- I3
di,
VL= ' E
_~ v
le=%" T
I, =4V,

Ug =V + V3
VL=Vt V,
Vo = Uyt V3
=i+

i =i, ig+ig

i, =i +i,

Uy = 1 (1)
Vi=R; 1y
V, =R, 1,
V3 =Rj3- I3
di,
VL= ' E
_~ v
le=%" T

Ug =V + V3
VL=Vt Y,
V, = Uy + Vy
=1+ 1,

i =i, ig+ic

.+i2
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Horizontal Sorting |1

Uy = 1 (1)
Vi=R; Iy
V, =R, 1,
V3= Rj3- I3
di,
VL: ' E
_~ v
le=%" T

Ug =V + V3
VL=Vt Y,
Vo = Uyt V3
=i+

i =i, ig+ig

i, =i +i,

Uy = fy(1)
Vi=R; 1y
V, =R, 1,
V3= R3- I3
di,
VL= ' E
_~ v
le=%" T

Ug =V, ¥V,
VL=Vt Y,
V, = Uy + Vy
=1+ 1,

i =i, iyt

.+i2
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Horizontal Sorting 111

Uy = T, ()
vi=R; Iy
Vo =R, 1,
V3 =R5: I3
vp=L- %
I, =4V,

Ug =V, +V;
VL=Vt Y,
Vo = Uyt V3
=i+

i =i, iyt

i, =i+,

Uy = T4 (t) Up=V1+ Vs
Vi=Ry Iy VL=Vt Y,
i |
vi=L- at I, =L+ i3+
. dvg L
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Horizontal Sorting IV

Uy = Ty(t)
Vi=R; Iy
V, =Ry 1,
V3= Rj3- I3
di,
VL: ' E
_~ v
le=%" T

U0:V1+V3
VL=Vt V,
Vo = Uyt Vs
=i+,

i, =i+,

Uy = 1 (1)
Vi=R; I
V, =Ry 1
V3= R3- I3
di,
VL= ' E
_~ v
le=%" T

Uy =V, +V,
V =V +V,
V, = Uy + Vj
g =1+ 1

I, =i, +ig+ic

.+i2
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Horizontal Sorting V

Uy = Ty(t)
Vi=R; Iy
V, =Ry 1
V3= Rj3- I3
di,
_~ v
le=%" T

UO:V1+V3
VL:V1+V2
Vo = Uyt Vs
=i+

I, =i, +ig+ic

i, =i+,

Uy = 1 (1)
Vi=R; I
V, =Ry 1
V3= R3- I3
di,
VL =L E
_~ v
'c=%" T

Uy =V, + Vg
V=V +V,
Vo = Uyt Vs
g =1+ 1

I, =i, +ig+ic
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Horizontal Sorting VI

Uy = Ty(t)
Vi=R; Iy
V, =Ry 1
V3= Rj3- I3
di,
VL_ L- E
_~ v
'c=%" T

Uy =V, +V;
V=V t+y,
V, = Uy + Vs,
=i, +i,

I =i, +ig+ic

I+ 1,

Uy = 1 (1)
Vi=R; I
V, =Ry 1
V3= R3- I3
di,
V|_ =L E
_~ Oy
le=%" T

UO:V1+V3
VL:V1+V2
Vo = Uyt Vs
g =1+ 1

I, =i, +ig+ic

.+i2
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Horizontal Sorting VI I

Uy = Ty(t)
Vi=R; Iy
V, =Ry 1
V3= Rj3- I3
di_
VL_L- E
_~ Oy
le=%" T

Uy =V, +V;
V=V t+y,
V, = Uy + Vs,
=i, +i,

I =i, +ig+ic

i, =i+,

Uy = 1 ()

I, =V, /Ry
V, =Ry 1,
dip _

E —VL/L
dv; .

at Ic/C

V; = Uy — Vs

V =V, +V,

Uy =V, =V,
lp =1+ 1
lc =1 =l —1;
I, =i, —i
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Problems |11

1. Write down all of the equations that you need to
describe this circuit mathematically. You may use
either the technigue involving potentials or that
Involving mesh equations.

2. Sort the equation system horizontally.

3. Sort the horizontally sorted equation system
vertically.

4. Convert the horizontally and vertically sorted
equation system to state-space form.
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Vertical Sorting |

Uy = f1(t)
I, =V, /Ry
V, =R, 1,
I;=V;/ Ry
di,
dv, .
Ot Ic/C

V, = Uy —V,

V =V

Uy =V, = V3
=1+ 1
lc =1 —l,—13
b =10,—1

Uy = Ty(t) Vi = Ug—Vy
I, =V3/ Ry | V=V +V,
i, =v,/R, lp =1+ 1,
di, _
a - w/b =1, =1
dvg .
at =i /C
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Vertical Sorting I

Uy =, (t)

I, =Vy/ R,
I,=4" v,
I, =V, /Ry
Vo, =R, 1,
3—itL =v, /L
3}’3 =i./C

V, = Uy—Vy
V =V
Uy =V, = V3
=1+ 1
lc =1 =l =14
b =1,—1_

Uy = Ty(t)

I, =Vy/ R,
I, =4V,

Vi =Up—V;
I, =i, —i,
I, =V, /R,
Vo =Ry 1,

% =v /L
2‘{3 =i/ C
V=V +
U, =V, —V,
=1+ 1,
lc =1 =)=,
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Vertical Sorting 111

Uy = Ty(t)

I, =Vy/ R,
I, =4V,

Vi =Up—V;
I, =i, —i,
I, =V, /R,
Vo =Ry 1,

Ic=11—1,—13

Uy = fy(t)
I, =Vy/ R,
= Vi = Ug—V3
I, =V, /Ry
V, =R, 1,

Ic=1—1,—13
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Vertical Sorting 1V

Uy = fy(t) Qi _

| It =v, /L
I3=V3/Ry | dvy .
. dat e

I, =4V

! ° V=V, +V,
V. =Un—V

T U, =V, = Vs
=i, —Ii

-t lp=13+ 1
I, =V,/R ..
o Ic=1—1,—1I3
V, =R, 1,

Uy = Ty(t) VL=Vt Y,
i, =4V, lg=1;+ 1
I, =1,—I di

2 4 L d_t|_ =V|_/L
,L=Vv,/R dv
- = ic/C
V, =Ry 1
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Vertical Sorting V

Uy = Ty(t) VL=Vt Y, Uy = Ty(t)
I, =4V, =141 I, =4 v,
Vi =Uy—V3 I —1y—I3 - Vi =Uy—V3
L=i,—I di L=i,—I
2= ly— I d_tL v /L 2 =l — 1

gt =i /C
V, =Ry 1, V, =R, 1,

V=Vt VY,
U, =V, —Vs
lg=1;+ 1
lc=1—1,—I,
3—itL =v /L
‘;‘{3 =i./C
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Problems IV

1. Write down all of the equations that you need to
describe this circuit mathematically. You may use
either the technique involving potentials or that
Involving mesh equations.

2. Sort the equation system horizontally.

3. Sort the horizontally sorted equation system
vertically.

4. Convert the horizontally and vertically sorted
eguation system to state-space form.
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State-space Description |

d—iL =v, /L

ug = f,(t) V, =V, +V, dat 'L
. =V./R U, =Vv,—V =(rv)iL
o0 e =v,/L+v,/L
Iy =4V, o=h*h = (Ug—Vs) / L+ (R, /L) i,
Vi =Ug—Vs Il Il PRt & =Ug/ L=Vvy/L+ (R, /L) (i,—1)
i, =i, —i, ?TItL v L =Ug/ L=Vy/ L+ (4R, /L) - v,

o[ dt = —(R,/L) i, + (4R, /L —1/L) v,
Vo, =Ry 1,

September 27, 2012

© Prof. Dr. Francois E. Cellier Startol Breseniation LI >




ETH

Cidgendssische Technische Hochsthule Tdrich
Swits Federal Institute of Technology Rurich

Mathematical Modeling of PhyRical Sy3tems

State-space Description I

dv

Uy = Ty(t) VL=Vt VY, %ZiC/C

i=Vvy/Ry | U =V, =V, = (=, —13)/C

i,=4- v, ip= i, +i, =v,/ (R C)—(i,—i ) /C

= e di = (Ug—V3)/ (Ry: C) = (4/C) " vs
L=1,—I L

T @ T/t +(1/C) i, —v;/ (Ry C)

=Vl Ry ?{3 i./C = (1/C) - i,

V2=Ry- 1, —(1/(R,; C) + 1/(R; C)+4/C) - v,

+ 1/(R: C)- u,
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State-space Description I

di,

dv;,

Gt =~ Ro/L)- iy + (4R, /L =1/ L) vy + (LL)- U,

F = (WC)- i = (U(R,: C) + LU(Ry C)+ 4/C) - v+ I/(Ry- C)- U,

il
dt
dv;,
dt

R,

L
1
C
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State-space Description 1V

R;

L
1
C
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Problems V

5. Program the state-space model in Matlab.

6. Simulate the circuit across 50 wsec of simulated
time, und plot the variable v, as a function of time.
You may assume that the Initial VVoltage across the
capacitance and the initial current through the
Inductivity are equal to 0.0.
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s ;IEIEI J Figure MNo. 1 s =101 =l
; ; T File ~ Edit  Wiew Insert  Tools  Window - Help
File Edit Text ‘Window Help
lDsdE@ A A/ 22D

D BB = | S| F x|

1 Fl = 100; EZ = 100; R3 = 20; | — 0.05

2 C=le-6; L =0.01; 0.045

3| RIC = 1/(R1¥C); R3C = 1/(R3*C);

4| Linw = 1/L: Cinw = 1/C: 0.04

A all = -REZ%Linwv: i

B| alz = (4*RZ - l)*Linwv:

¥l aZl = Cinwv: 0.03

a azz = —-[R1C 4+ R3C + 4¥*Cinwv):

8 A =1 all , al2 ; a2l , a2z ]: g

100 b = [ Linw ; BIC ]: 0.0z

11 c=[0,11]:

12 d=0: 0.015

13| % = s3(d,h,c,d):; 0.01

14 £t =[ 0 : 5e-8 : Be-5 ]:

15 u = l0%ones(size(t)): o . . . . .

16| =0 = zeros(2,1): o i i I I |

17 v = laim(%,u,t,=x0); 0 1 2 3 4 5 E
18| plotit,¥) i 10
19| grid on

20| return

21 =

J| [
|script 'Ln 1 Cal 1
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