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3rd Homework Solution

* In this homework problem, we wish
to exercise the application of the
algorithms by Pantelides and Tarjan,
as well as the tearing method.

» The problem deals with another
simple electrical circuit.
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 Structural Singularity

» Pantelides Algorithm

e Tarjan Algorithm

» Tearing of Algebraic Loops
 Structure Diagram

» Solving of Coupled Equations
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Structural Singularity

i c2 Show that the circuit depicted on the
left exhibits a structural singularity.

To this end, find a complete set of
equations in currents, potentials, and
v 5 e Voltages (ignoring the mesh equations),
=W 2| & o= 4| and draw the digraph of the resulting
. . + 5| DAE system.

Subsequently, color the digraph by use of the algorithm by Tarjan, and demonstrate
that the system is indeed structurally singular.

Explain the structural singularity by analyzing the mesh that is formed by the three
capacitors.
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1: Uy = f(t) 13: Up=v; -V Y,
2: Ug; =Ry~ gy 14: Ugy =V, —V, Yo
Ur1
3iUg, =Ry gy 15: Ugy =V, — V3 Iry
. Ugz
42 Upg = Rj3 g 16: Ugs=V3—Vp i
5:Ugs =Ry ips 17:Ugg=V3—V, iuRa
R3
6:icy =Cy-dugy /dt [ 18: ug; =V, -V, Urg
Irg
T igp=Cy-dugy/dt | 19: U, =V, -V, dug,/dt
. i
8:ic3 =Cy- dugg/dt | 20: Ugy ==V, ducfdt
S =i Vo= icy
9:ip =gy 21:vy=0 ducyt
10: gy =gy * iy + iy ey
. . . Vo
11 gy =g +igy A
127 s = ipg + icy Ve
Vs
Va
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1: Uy = f(t) 13: Uy =v; -V, Uo
2:Ug =Ry - gy 14:ugy =V -V, io
_ Uy
3i Uy =Ry iy 15 Ugy =V, — V3 Tr1
. Urz
4: Ug3 =Ry igs 16: Ugg = V3 -V, ira
e U,
5. Upy =Ry gy 17: Ugy = V53—V, i:j
6:ic; =Cy-dug /dt | 18: ug; =V, -V, Urs
Ira
T:igy=Cyrdugy/dt | 19z ug, =V, =V, dug,/dt
e = . — iCl
8:icy=Cy- ducg/dt | 20: Uz =V, =V, dug,/dt
ch.=f v = ic;
9: |0- |R1— - - 21:v,=0 duyt
10:igy =gy +icy +igy Ics
. . . Vo
11 igy = igg * gy v,
- . . Vv,
12: iz = gy ti ?
c3 =~ ra T lc2 v,
Va

T U =f(t)

Ugy = Ry - iy

S Ugy = Ry gy
“Ugg = Ry g

Upg = Ry ipg

ey = C; - dug, /dt
icp = Cy dUg, /dt
i = Gy du, /dt

Pl 5 2 & 5 ® P 2

lp =gy
10: iy =gy +igy +igy
11 igy = ipg +igs

120 iy =gy + gy

13: Up=v; -V, U,
14: Ugy =V, -V, Yo
Ury
15 Ugy =V, — Vg Ir1
Urz
16: Ugg = V3 -V, o
. — Urs
17: Ugy = V3 -V, irs
18: ug; =V, — vy Urs
Ira
19: Ugy =V, -V, dug,/dt
20: Ugs = e
tUcg = V4= Vo dug,/dt
21:v,=0 lez
0 ducy/dt
lcs
Vo
Vi
vz
Va
Va
Constraint equation
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Pantelides Algorithm

o Apply the algorithm by Pantelides to the
equation system found before, and
determine the resulting DAE system that by
now no longer exhibits any structural
singularity.

» Find the structure incidence matrix of the
resulting implicit DAE system.

UU
ol ol io
1: Uy = f(t) 13: Up=v; -V gy
2: Ug; =Ry~ gy 14: Ugy =V, —V, 'URI
R2
3:Up, = Ry gy 15: Ug, =V, — Vg ire
. Urs
42 Upg = Rj3 g 16: Uugzs=V3 -V, g
51 Ugy =Ry gy 17: Ugy = V53—V, i“”“
R4
6:icy = Cy-dugy /dt | 18: Uy =V, -V, du,/dt
lc1
7:icy = Cy - dug, 191U =V, -V, duc,
cH = c = lez
8:ica=Cy- dugy/dt | 20: Uz =V, = Vo dugy/dt
9: i = ipy 21:v,=0 les
Vo
10: igy =gy +igy + iy | 22: dug, = dv, — dv, Vi
V.
10 iy = g + s 23: dug, /dt = dv, — dv, %
12: gy = g + icy 24: dug, /dt = dv, — dv, kS
c2
25:dvy=0 v
dv,
dv,
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Algorithm by Tarjan

» Draw the digraph of the resulting DAE system,
and color it by use of the algorithm by Tarjan.

» The colored digraph symbolizes a partially sorted
equation system, which however still contains a
large algebraic loop. Write down the partially
sorted equation system.

* Find the structure incidence matrix of the partially

sorted equation system. This is now in block
lower triangular form ( BLT-Form).
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Iy
01: Uy = f(t) 03: Uy =v; -V T
. — f . — i
09: ugy =Ry iy 08: Ugy =V, -V, R
Urz
3 Ugy = Ry iy 15 Ugy =V, — Vy Tr2
oo o Ues
4> Ups =Rj3-ipg 16: Ugg=V3—V, [
& U,
IUps=Ry" 17: Ugy = Vg — e
51 Ups = Ry iy Ugps = V3= Vy irs
6:ic; =Cy-dug, /dt | 04: U, =V, —Vy ?Um/dt
C1
72 igy = Cy - dug, 06: Uy =V, =V, duc,
. ) _ Icz
8:igg = Cy- dugg/dt [ 05: U =v, -V, dugy/dt
ST R i
250 0p =gy 02:v5=0 3
Vo
10: gy =gy + gy t iy |22: dug, = dv, — dv, Vi
. . . V2
11:igy = ipg + ipg 23:dug, /dt = dv, — dv, Vs
i f . — Va
120 gy = igs *igy 24: dugs /dt = dv, — dv, Uy
07:dvy=0 dvo
dv,
dv,
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Tearing of the Algebraic Loop

» Find appropriate tearing variables using the following
heuristics:

v In the digraph, determine those equations with the largest number
of unknowns.

v For every one of these equations, find those unknowns that show
up most frequently in the not yet used equations.

v For every one of these variables, determine how many additional
equations can be made causal if they are assumed known.

v Choose the one variable as the next tearing variable, which
allows to make the largest number of additional equations causal.
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Selection of tearing variables:

Equations: 10 11 12 }g: (all with 3 variables each)
3eq. «— Iro o 2eq.
2eq. + J K — 2eq.
3eq. +— g, el — 2eq.
ira — 3eq.
2eq. +— M ic, = 3eq.

360+ gy X—» 2eq.

1sttearing variable
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01 @ Uo
01: Uy = f(t) 03: Up =V, ~V, o
09: Ugy =Ry gy 08: Ugy =V =V, LRRiz
3: U, =Ry g, 15: Ug, =V, — Vg iRz
4: U3 =Ry igs 16: Upg = V3 -V, :J:;
5: Ugy = Ry lipg 172 Uy SV =y :J:‘
6:icy = Cy dug, /dt | 04: ugy = v, -V, duc,/dt
72 igy = Cy - dug, 06: Uy =V, =V, ;ﬁcz
8:ic3=Cy dugs/dt | 05: ugz=v,—V, :ﬁjczldt
25: iy = iny 02:v,=0 \',Cj
10: gy =gy + gy t iy |22: dug, = dv, — dv, Vi
10: iy = g + g 23: dug, /dt = dv, — dv, X;
127 gy = ing + ica 24: dugs /dt = dv, - dv, z;
07:dv,=0 gzz
dv,

ETH

SiiRsn Fasisshs Teste st Hoshushurs Zitkn
fwiss Eederal Frstitufe sh Technolegy Zuskh

‘ Mathematical Mobdeling of Physical Systems

October 11, 2012

Start Presentation <:]|::>

© Prof. Dr. Francgois E. Cellier ‘

UO
i
01: Uy = f(t) 03: Uy =v; -V B
09: Ugy =Ry gy 08: Ugy = Vi -V, iy
Urz
11: ug, =Ry gy 12: Ugy =V, =V, TRz
. Urs
15: Ugz3=R3- g3 13 Ugs=V3—Vy g
16 Uy = Ry iy 14: Ugy = V53—V, iu“"
Ra
6:icy = Cy- dugy /dt | 04: ugy =V, -V, du,/dt
lc1
7:icy = Cy - dug, 06: Uy =Vy =V, duc,
. — . — iCZ
8:ica=Cy- dugy/dt | 05: Uz =V, = Vo dugy/dt
25! i = iy 02:Vy=0 c3
Vo
10: igy =gy +igy + iy |22: dug, = dv, — dv, Vi
V.
10: iy = s + s 23: dug, /dt = dv, - dv, %
12: gy = g + icy 24: dug, /dt = dv, — dv, kS
c2
07:dvy=0 dv,
dv,
dv,
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Selection of tearing variables:

Equations: 22 (the only equation with 3 unknowns)

}

— 2eq.
dv, — 2eq.
dv, — 2eq.

2nd tearing variable

01 @

01: U, = f(t)

09: Uy = Ry - iy
11:ug, =Ry gy
15: Ugs = Ry igg
16: Ugy =Ry gy
6:icy = Cy - dug, /dt
Tiig,=Cy

8:ig3 = Cy- dugs/dt
25: iy =gy

10: gy =gy +igy +igy
10: i, = igs * g
12: i3 =gy +icy

03: Uyg=vy -V
08: Ugy =V; =V,
12: Ugy =V, — Vs,
13: uggs=V3—Vy
14: ugy=V3 -V,
04: ugy =V, — vy
06: Ugy = Vo=V,
05: Ugg =V, —Vy

02:v5=0

17: dug, = dv, — dv,
23: dug, /dt = dv, — dv,
24: dug, /dt = dv, — dv,
07:dvy=0
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Uy
iy
Urt
Ir1
Urz
Ir2
Urs
Irs
Ura
Ira
dug,/dt
icy
dug,
icy
ducy/dt
ic
Vo
Vi
V2
V3
2
Uc,
dv,
dv,
dv,
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UO
i
01: Uy = f(t) 03: Uy =v; -V B
09: Ugy =Ry gy 08: Ugy =V =V, ey
Urz
11: Ug, = Ry gy 12: Ug, =V, —Vy Tr2
. Urs
15: Uz =R3- ig3 13- Ugg=V3—Vp [
& U,
16: ugs =Ry gy 14: Ugy =V3—V, i::
210, =Cy - dug, /dt | 04: ugy =V, -V, duc,/dt
ley
18:ic, =Cy: 06: Uy =V, =V, dug,
. - - - iCZ
22:1c3=Cy dugs/dt | 05: Ugz =V, —Vq dug/dt
25: iy = iny 02:V,=0 lca
Vo
19: iy = igy + i) +igy[17:dug, = dv, — Vi
Vv,
10: g, = igg + gy 23: =dv, —dv, vz
20: g = ing + 24: = dv, — dv, s
C2
07:dvy=0 dvo
dv,
dv,

Uo
io
Urt
TRy
Urz
TRz
Urs
Tr3
Urs
Tra
dug,/dt
ley
duc,
Icz
dugg/dt
Ics
Vo
Vi
vz
Vs
Va
Ucz

23 @ l dv,
ne————— m
07 dv,

01: Uy = f(t)
02:vy=0

03:v; =Uy—V,
04: v, =Ugy— Vo
05: V4 = Uz — Vo
06: Uy =V =V,
07:dvy =0

08: Ugy = Vi -V,
09: gy = Ugy IRy
10: igy = igg + iy
11:ug, =Ry gy
12:v3=V, = Ug,
13: Ugz=V3 -V,

14: ugy=V3 -V,
150 ip3 = Ugs /R
16: iy = Ugy IR,

17:dug, =
18: i, =C;-
19: i, =gy —
20: gy = igg +
21: dug, /dt =
22: dugg/dt =
23:dv,=
24:dv,=

25: iy =gy

—Ire

IC,
IC,
—dv,

—dv,
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Structure Diagram

Draw the structure diagram of the causalized algebraic
loop.

It can be seen that two tearing variables are needed to
make all equations of the loop causal.

The two tearing variables decouple the equation system in
such a way that there result two separate equation systems
in one tearing variable each (this is not always the case, but
it happens in the given example).

Find the structure incidence matrix of the fully causalized

DAE system. This now has two diagonal blocks of smaller
sizes.

i SR Mathematical Mobdeling of Physical Sysdtems
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o

Ups { U J
Algebraic
Loop
&) )
s J—( I j—— o 1st tearing variable
duc, /dt dug, /dt

l / 2" tearing variable

dv, dv,
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Solving the Coupled Equations

< Solve the two equation systems symbolically, and replace
the residual equations of the equation system by the so
found explicit equations.

e Draw the digraph of the once more modified equation
system, and color it by use of the algorithm by Tarjan.

< Determine the resulting structure incidence matrix. This is
now in lower triangular form.
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01: U, = f(t)
02:v,=0
03:v; =Uy—-Vy

04: v, =Ug1— Vg

05: V4 = Ugz— Vg

06: Ugy =V, —V,

07:dvo=0

08: Ugy =V; =V,

09: gy = Ugy IRy

10: igy =g + gy
11: Ugy, = Ry gy

12: V3=V, —Ug,

13: Ugz=V3 -V,

14: Ugy =V =V,
15: ig3 = Ugs /Ry
16: iy = Ugy IRy
17:dug, = dv, -

18: i, =C;-
19: iy =gy —
20 icg=ipg +
21: dug, /dt =
22: dugs/dt =
23:dv,=
24:dv,=

25: iy =gy

—Ire

IC,
[C5
—dv,

—dv,

iRy = g3 * g
= Ugs IR3 + Uy IR,
= (V3= Vg )/Rg + (V3= V4 )IR,
= (Rs+ Ry)/I(RyR,) V3=V IRy =V, IR,
=(Re+ R)IRyRy) - (V2= Uy ) = Vo IRy = V4 /R,
== (R3*+Ry)/(RyR,) * Ug,
+(R3+ Ry)/I(RyRy) - v, =V IRs =V, IR,
=-Ry- (R3+ R,)/(RyRy) - I
+(Ry+ Ry)I(RyR,) - v, =V IRy =V, IR,

. (Rs*Ry)-V,-Ry Vg =Ry vy
= | == TR RrRRIRR,

01: Uy = f(t) 14: Ugs=V3 -V,
02:v,=0 15: igg = Ugs /Ry
03:v; =Ugp— Vg 16: iy = Uy IR,
04: v, = Ugy— Vg 17:dug, = dv, —
05: vy =Ugz—Vy 18:ic, =C,-
06: Ugy =V —V, 19: i, =gy —
07:dvy=0 20z icz=lge +
08:ugy =Vi -V, 21: dug, /dt =
09: iy = Ugy /Ry 22: dugs/dt =
10: ig, = igg + gy 23:dv, =

11: Ugy = Ry gy 24:dv,=

12: V3=V, — Ug, 25 i =gy

13: Ugz=V3 -V,

—Ire

IC,
IC,
—dv,

—dvg

dug, =

( —dvp) = ( —dvp)
ICy—i. IC,
(iry = Tco = Tgp JICy = (ipg +1c,)ICq

—(Cy+C)I(Cy- Cy)

*+ (ipy = iry)/Cy —ire /Cy

=G, (Ci+ C)I(Cy - Cg) - dug,
+ (ipy — gy )/Cy —ire /Cy

CS' (iRl_ iRZ) _Cl' iR4

dug, =
C,;-C,+C;-C3+C,Cq
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13: Ugs = V53—V

01: Uy = f(t) 14: Ugy = V53—V,
02: vy = 150 ips = Ugs IR
03: vy =Uy—V, 16: igs = Uy IR,
04: v, = Ugy— Vo 17: dug, = Cs: (iry = ira) = Cy - g
05: V, = Ugg— Vo C;:Cy+ Cy-C3+ CyCy
06: Ugy = Vy =V, 18: i, = Cy- dug,
07:dv, =0 197icy = gy =iy = Ty
08: Ugy =V, -V, 20: g3 = g + ca
09 iy = Ugy R, 21: dug, /dt =i, /C,
_ (Re+Ry) -Vy =Ry Vo — Ry Vs 22: dugg/dt = i3 /Cq
10%ig, = R,R;+ RyR,+ RyR, 23:dv,= dug, /dt — dv,
11: Ugy =Ry iy 24: dv, = dugs /dt — dv,
12: V3=V, — Ug, 25: g =gy

Uy Us
I Iy
Ugy Urt
Tr1 Tr1
Urz Urz
Tr2 lr2
Urs Urs
Tr3 Irs
Urg Urg
Tra Ira
ducy/dt ducy/dff
:151 < 'dm
Ucz N Ucz
icy - w’ < ic;
A
dugyfdt \M ducyla
Ieg '%..‘3& Ies
Vo Vo
A 2 - S A
Ya ~££/" — 2
V3 4;"’&\\\ Vs
vy v,
Ucz Ucz
Wl dv, dv,
dv, dv,
dv, dv,
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dul3dt
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RA duC? O
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w3 uH3 uR4
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