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IMathematical IPMoveling of Lhy3ical ©pstems

1D Mechanical Systems

* In this lecture, we shall deal with 1D mechanical systems
that can either translate or rotate In a one-dimensional

space.

e We shall
mathematical

demonstrate the similarities between the

descriptions of these systems and the
electrical circuits discussed in the previous lecture.

 In particular, it will be shown that the symbolic formulae
manipulation algorithms (sorting algorithms) that were
Introduced In the previous lecture can be applied to these
systems just as easily and without any modification.
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Linear Components of Translation

lfz ma = (f;)
e Mass f % A
—_— m
ax —
f3 dt =V
" fkv1 IBI v21 f
e Friction | | . f=B-(v,-V,)
/e
Spri fx, K ox f o
e Spring —AN—- =k(Xy—%;)
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Linear Components of Rotation

e |nertia

e Friction

e Spring

Ja=2(z)
do _

dat ~ ¢
aé _
[
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Joints without Degrees of Freedom

* Node (Translation)

* Node (Rotation)

fa fb
X50—> <«—o Xy,
XC
Ta
930 >
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Joints with One Degree of Freedom

] . X Xy # Xy
e Prismatic L o 0 V1= Y5
6,=0,

. ! 7) 7

» Cylindrical L —
X1 =X,
Yi=Y

e Scissors =0,
91 02

September 20, 2012 _ - .
© Prof. Dr. Frangois E. Cellier Start of Presentation - 10>




Srigratstische Techei sches Hochuchuals Ziuch fmatbematical fmoheling Df %bt}élca[ @n@temé

wwiss, Federol Institatc sd Tcchaology Bnkh

The D’Alembert Principle

« By introduction of an inertial force:
.I:

the second law of Newton:

- =-ma

maz%@)

can be converted to a law of the form:
f;(fi) =0
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Sign Conventions

_d(m-v)
fm m fm e dt
fie = + K- (X = XNeighbor )
Ik - fg =+ B-(V — Vneighvor )
B :
—— ~ d(mw)
T Tn=- dt
m —
1:k = - k(X — XNeighbor)
Tk 1:B = - B'(V - VNeighbor)

— 15
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1. Example (Translation)

Network View

Topological View

LIem
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Mathematical IMobdeling of Phydical ©ystems

1. Example (Translation) I

o % The system is being cut open
- My — g * | . . .
. ===n | between the individual
: o B, k, E===3| masses, and cutting forces
ml ﬁ .:I I“E } I'-E 4 L. Lt L -
EEi §] B, > - 000 TE== | are Introduced.
Fig PR 3% Xy }—)F
FEH} ' i FBB i
The D’Alembert principle can 5 .
now be applied to each body . — m 3 — 'Ba
1 I FE:E BZ Iq R
separately. Al PR o ol TR % Fﬁ,
LIL =lJE'riI‘_*l _.n' b, FH{"H _,|I
A
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1. Example (continued)

F I"I"I..»!.
3 s X J'
Figy 1 a1
" i P i ; B
—> "Bb —> Ba
fa = m'] Foa Fig - |'I'|I2 J_sz
o 5 ||

| Eatet | By, =

F() = Fi3+ Fg, + Fpgy
Fga=F+ Fpc t Fgo + Fy,
Fgpt Fgo=Fjp + Fgg+ Fiy

dv
F,=m =%
dIl 1 dt
0% _
dt V1
F :m-%
0xs _
dt ~ V2
F =m-%
X3_
dt Vs

Fo. =By (V3—V;)

Fgp, =By (V3—Vy)

Fg. =By Vv,
Fgq =By Vv
Fg, =By (Vo — vy )
Fa =k X
Fro = Ko %,
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Horizontal Sorting |

F() = F3+ Fg, + Fgy F(t) = Fi3+ Fgy + Fpgy
Fga=F,t Fget Fgo t Fy, Fga=F+ Fp. t Fgy + Fy
Fgp+ Fg, = Fj  + Fgg + Fig Fgp+ Fg, = Fj  + Fpg + Fiy
dv dv
Fip=mg d_tl Fg, =By (V3-V,) Fip=myg d_tl Fg. =By (V3-V,)
dx, Fo, =B (V3—V,) dx, Fe, =B (V,—V,)
—1_ Bb 1" \V3—V; —1_ Bb 1" \V3—V;
dt ", - N -
FI2 =m,: —2 FBC - Bl' Vs FIZ =m, ~2 FBC - Bl' V)
dt B dt B
%_V Fgg=By vy %—V Fgg =By vy
=V, =V,
Igt o m dv, Fg, =B, (V,— V) Igt - dv, Fg, =B, (V, - V)
13 — 3" 13— 3"
—3 _ A3
dt Vs Fio =Ky X, dt Vs Fio =Ky X,
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Horizontal Sorting I

Fga=F,t Fget Fgo t Fy,
Fgp+ Fg, = Fj  + Fgg + Fig

Fg. =By (V3—V;)
Fg, =By (V3—Vy)

Fg. =By Vv,

Fgg=By vy

Fgo, =B, (Vo —Vy)

Fro =Ky X

F(t) = Fi3+ Fga + Fgy
dv

Fp=my d_tl
dx,

—L=y,

dt oy,
Fp=my at
dx,

—2=y,

dt oy,
Fi3=my at
dx,

dat

Fio =Ky X,

F(t) = Fj3 + Fg, + Fgy
Fga=Ft Fg.t Fgy + Fy,
Fgp t Fpo=Fj1 + Fpg+ Fiy

dv
Fp=m; =1
dll 1 dt
Xl_
at
F,=m, 32
d|2 2 dt
X2_
at V2d
Flp = My 3
X3_
dt 3

Fga =By (V3 —V,)
Fgp =By (V3= vy )
Fg. =By Vv,
Fgq =By Vv
Fgo =By (Vo —Vy)
Fa =k X

Fro =Ky X,
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Horizontal Sorting 111

F(t) = Fj3+ Fga + Fgy F(t) = Fj3 + Fg, + Fgy
Fga=F,t Fget Fgo + Fy, Fga=FpptFgc+ Fgy, + Fy
Fgp+ Fg,=Fjy + Fgg + Fig Fgp t Fpo=Fj1 + Fpg+ Fiy
dv dv
Fip=mg d_tl Fg, =By (V3—-V,) Fip=myg d_tl Fg.=By (V3-V,)
%:V1 Fg, =By (V- V) — %:V1 Fgp =By (V- V)
dv F. =B, v, dv Fn. =B, V,
Fip=my —= e Fip=my —= R
dt _ dt _
%—V Fgg=By vy %—V Fgg =By vy
2 =V,
Igt —m dv, Fg, =By (V, =V ) Igt - dv, Fg, =B, (V- V)
13— W3 13— 3"
3 A3
dt Vs Fo =k X, dt Vs Fio =Ky X,
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Horizontal Sorting 1V

F(t) = F3 + Fga + Fgy i i ) - Fea - Fe
Fpa=Fip+ Fge + Fgp + Fyy "12™ Pea~ Fao Fee i
Fy = Fgy+ Fgy-Fgy- F
Fgp+ Feo=Fip+ Fegt Fig Lo BT Ba BT
dv s
Fi =My d_'[1 Fga= By (V3—V;) dt " Fea =By (V= V2)
dx, Fg, =By (V3—V
%:Vl Fgp = By (V3—Vy ) — at 1 o = By (V2= V1)
t _ o AV Fg. =By v, dv, _ Fgo =By vy
Flp=my —= e e d__FIZ/mZ _
3l = t Fgq =By vy
dx, Fgq =By vy dx,
07 | Fammien | & | FesBreew
Fiz=mg == dvy F = kg X
d)'f dt Fo, =k X, gt = Fia/mg 4=
—3 _ F., =k, X
dt Fio =Ky %, % = v, @
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Sorting Algorithm

 The sorting algorithm operates exactly In
the same way as for electrical circuits. It Is

totally
domain.

Independent of the application
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