ﬂ:ﬁ“mmmmwm ‘ Mathematical Mobdeling of Physical Sydtems
Fons ol it s mple g B

ETH

gy Fivata Trabe s Histustts Jikh
Gwins Endpral insstube o Yrohmplogy Tuskh

‘ Mathematical Mobdeling of Physical Sysdtems

Algebraic Loops and Structural
Singularities

» The sorting algorithm, as it was demonstrated
so far, does not always work correctly. All of
the examples shown to this point had been
chosen carefully to hide these problems.

* The aim of the lecture is to generalize the

algorithms to systems containing algebraic
loops and/or singular structures.
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Algebraic Loops: An Example

- . Component equations:
L] - .
i & JJ, . ] % Up =f() U3 =Ry i3
. 2 u; =Ry iy u, = L. di /dt
= i = u, =R, i,
R3 l-.‘l
. Node equations:
! i =y i =it
The circuit contains .
5 components Mesh equations:
= We require Up=u; + Uy u =u; +u,
10 equations in _
10 unknowns Uz = U

Horizontal Sorting |
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1. | Up=1(t) i =iy +iL 2. |y, =) o= iy + i
up =Ry iy i =iy +ig Up =Ry iy ip =i, + s
U, =Ry i, Up=ui+ U, U, =Ry i, Up=U; + Uy
U3=Ry iy p=Up U3 =Ry iy Up=Ua
u, = L. di/dt U =u; +u, u, = L di /dt ot U,
3. | U=1) =iy +i, 4. | U= o=y +ip
u =Ry i iy =1y + i up =Ry iy iy =1, +
U, =Ry iy Up=Us+ Uy U, =Ry i, Ug = Uy + Ug
U3= Ry i Us = Uy U3 =Ry g Up=le
u, = L di /dt U= Uy + Uy u, = L dij/dt U BT = Uy
SeolembenZs, 2002 © Prof. Dr. Frangois E. Cellier Start of presentation (I
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Horizontal Sorting 11

U = ()

up =Ry iy
U =Ry iy
U3 =Ry g

u, = L di /dt

e eh
iy =i, +i,
Up=ug +Ug
Uz = Uy

u =u;+u,

Of the six equations that are still a-
causal (i.e.,, the equations not
containing a red variable), every one
contains at least two unknowns.
Furthermore, every one of the
unknowns shows up in at least two of
the a-causal equations.

—> Such asituation indicates the existence of algebraic loops.
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Algebraic Loops |

1. u =Ry ip 4. i =i, +i,
2. U, =Ry i, 5. Uyg=u; + U,
3. U3 =Ry g 6. Uz=u,

We choose one unknown from one
equation, e.g. variable i, from
equation 4. We assume this
variable to be known and continue
as before.

1.] 1 u=Ri 4. i =iy +ig
2. U, =Ry iy 5. Ug=u; + U

3. U = RS' i3 6. Uz = U,

2.| 1 u =R i, 4. i =iy +ig
2. U, =Ry i, 5. Up=uy + U

3. U;=Rg iy 6. U;=U,

3.1 u=R-i 4 0 =iy +iy
2. U, =Ry iy 5 Up=u; +u,

3. Uz = R3' i3 6. Uz =Uu,

4.1 u=Ri; 4. iy =iyt
2. U, =Ry i, 5 Up=u; +uy

3. Uz = R3' i3 6. Us =u,

Start of presentation <]|:>
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Algebraic Loops Il

Lou=Ryi; | 4 ip=ip+is

2. U, =Ry i, 5. Uy=u; + U,

3. Uz = R3' i3 6. us; =u,
Algebraic
Loops

Structure diagram
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Solution of Algebraic Loops |

1 u =Ry iy 4. 0=y ti,
2. i2=u2/R2 5. U3=U0'U1
3. i3 =Us / R3 6. U, = Us

September 27, 2012
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1. u =Ry 4. i =i+
2. U, =Ry iy 5. Up=u +us| =
3. Uu;=Ry i, 6. Uz;=uU,

i =i+,

=U,/Ry+ U3/ Ry

=ug/ Ryt Uz /Ry
=((R;+R3)/(Ry" Ry)) - ug
=((Ry*+R3) /Ry R3)) - (Up - uy)

=((Rp+ R3) /(R Ry)) - (Up - Ry i)

Equation 4. is replaced by
the new equation.

R,+ R,

- = R1R2+R1R3+R2R3'U°

Start of presentation <:]|:>
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Solution of Algebraic Loops I

Up =f(t) o=y +i,

. R,+R
U, =R, i i, = #.U
v _1 YRR FRIRGHR Ry °
U =Ry i, Uy = Uy + U
U =Ry i Us = U,
u_ = L. di /dt U =u;+U,

—> The algebraic loop has now been solved, and we can
continue with the sorting algorithm as before.

Horizontal Sorting I11

September 27, 2012 © Prof. Dr. Frangois E. Cellier Start of presentation <]|:>
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U, = f(t) g =iy +i
P o R,+ R,
Uy =Ry iy Uy =u; + U,
U3= Ry i uz;=u,
u = L diL/dt u =u;+u, K K ]
U, = 1(t) lp=lp + 1
—Lf o R,+R;
Uy =Ry i, Ug=u; + U,
U3 =Ry iy Uz = Uy
u_= L dIL/d'[ u =u +u,
September 27, 2012 © Prof. Dr. Francois E. Cellier Start of presentation <;|:>
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Multiple Coupled Algebraic Loops

i, 3. 3. =
c=b+d
. =3f+h
51 2 7. 4. =3f+g
6. . 6. 5 =3f+2c
f=e+g
1. a=b+1 1. a=h+1 1. a=bh+1 =a+2c
2. b=3f 2. b=3f 2. b=3f =b+2c+1
3.c=h+d 3.c=h+d 3.c=b+d =3f+2c+1
4, d=h 4, d=h 4, d=h
5.e=a :>5.e=a :>5.e=a
6. f=e+g 6. f=e+g 6. f=e+g c+3f=0
7.9=2c¢ 7. g=2c 7. g=2c 2c+2f=-1 | |€=-075
8. h=g 8. h=g 8. h=g f=+0.25

Structural Singularities: An Example

The mixed rotational and
translational system exhibits
three bodies: the inertiae J;
and J, as well as the mass m.
Therefore, we would expect the
system to be of 6t order.

3 bodies = 6 differential equations + 3 algebraic equations (D’ Alembert)
3 frictions = 3 algebraic equations (friction forces)

September 27, 2012 © Prof. Dr. Fran(;ois E. Cellier Start of presentation <:]|:>

2 springs = 2 algebraic equations (spring forces) = 16 equations
1 gear = 2 algebraic equations (transmission) 16 unknowns
September 27, 2012 ‘ © Prof. Dr. Fran(;ois E. Cellier ‘ Start of presentation <;|:>
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Modeling of the Gear

=t We cut through the gear. The effect of the
e other body is replaced by a cutting force.

—> The torque z is proportional to the
cutting force F, and the displacement
X is proportional to the angle 6.

Tidpen Gusischve Teshrische Hochuchute Tk ‘ Mathematical %ohe[mg of %bnSIcaI @DStemg
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Cutting the System

T=r-F
= X=r-0
September 27, 2012 © Prof. Dr. Fran(;ois E. Cellier Start of presentation <]|:>
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Horizontal Sorting |

7(0) = 7y + Ty + T
W=ttt
Fo=F +Fp+Fgp+tm g

This equation cannot be used

= doy %=rFe since it contains no unknown.
dt X=r: 92 — e

de,

dat ~ 2

_3 do, T =By (0 - »,) Idea: If an equation holds true for all
-2

times, then every derivative of
dt 733 = By @ :
aé, _ B3~ P31 that equation holds true as
at - wzdv Fgy =By Vv well.
'Z' =M G=k 6 —> Replace the unusable
be ] ] .
=V Fro = ky X equ_atlo_n by its time
t derivative.

T(t) =7+ Tyt g
=Tt hat %
Fe=F +Fo+Fgt+tm-g
=r-F
‘Frl_Jf(:j_?l XGzr.gG
de, _ -
dt ~ _
_ . da, % =By (@ - @)
Trp = Jy a
dé, 73 =By @
@ "% Fay =By v
—> 16 equations Fi=m g G =Ky 6
16 unknowns ax _
a =V Fo =k x
September 27, 2012 ‘ © Prof. Dr. Francois E. Cellier Start of presentation <;|:>
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Differentiation |

7(1) = 7y + Ty + Ty
W=t Gt %
Fo=F +Fg+Fg+m-g

Unfortunately, the equation is

= d doy %=rFe still not usable, because it still
d6, dt V=T @; «————— (oes not contain any unknown.
at - ®
- _J_dib Ty =By (@ - @)
T2 V2" ¢ _ . .
6, 733 =By @ —) Differentiate the unusable
at - “’zdv Fgp =By v equation once more.
F=m —
dl m dt fa =k 6
X
a =V Fio =ky x

© Prof. Dr. Frangois E. Cellier ‘ ST
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Differentiation 11

(1) = 7y + 7y + T
W =Tttt
Fe=F +Fp+Fg+tm-g

The equation has now become

w=r-F a
s =3, 9o & d usable, since both of the
TS G W oe e " . A
r variables contained in it are
dg, dt dt

et — unknowns. The two derivatives
o, 5 =By (@ -a)

7=, had been red until now, because

e dt T3 =By @, they appeared only once in the

d—2= o, = o equation system. As they now
' dv B2 = Pz ¥ appear twice, th dtob

= =i A i ppear twice, they need to be
N dt T =Ky 6 reset to black.

a =Y Fio =Ky x
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Horizontal Sorting 11

T(t) = 7y + 7y + Ty T(t) = 7y + 7y + T

B =Tt hat =t it %

Fe=F +F,+Fgp+tm-g Fe=F +F,+Fg+tm-g

d w=rFg d 5 =rFg

mEk | v doy med | av_ do,
d6, at at d6, U
! B = ot @ B

_. 9o %1 =By (@ - @) S %1 =By (@ - @)
2T Gt Nig 2= %2 Gt =
dg, B3 = D3' @) dg, T3 = B3 @
dt '“’Zdv Fay =B,V dt “"Zdv Fgy =B,V
Fi=m — Fi=m —
! dt Ty =Ky 6 ! dt T =Ky 6
dx dx
a -V Fio =Ky x at oV Fio =Ky x
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Horizontal Sorting 111

()= oy + Tyt T

T = Trp t G T Tg There still remain 6 equations in 6

Fo=F +Fu+Fg+tm-g unknowns.

=r-F
= dp ddit’l dGV _, dG“’z e FEvery one of these equations
da, at contains at least two unknowns.
e _
. =3 92 7 =By (0 - @) * Every one of the unknowns appears
2752 gt -B.. at least in two of the remaining
dé. T3 = Py @y ;
2P, equations.
d ~ %y Fea =By v
Fi=m — _ —> We are again confronted
dt Ta =k 6 A .

dx with at least one algebraic
a =V Fo = Ky X loop.
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Algebraic Loop

7() = 7y + Ty + Tg T(t) = 7+ 7y + T

B =t it h W=t it G

Fo=F +F,+Fg+m-g Fo=F +F+Fg+m-g

de, c=r-Fg da, =r-Fg

I G | A dey mI g | A doy
de, @ a de, a "
! ~ = |% " _
- day, 7 =By (@ -a,) =] da, % =By (@ - @)
12 = Jdy T2 =Jy =
dé, dt ¥ 733 =By @ dé, dt 73 =By @
[ Fg» =B, v [ Fer =By v
Fi=m — F=m -~
dlx dt fa =k 6 dlx dt Ta =K 6
@ = o=k x @ =" Fo=ky x
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Horizontal Sorting 1V

T(t) =7y + Tyt g Ty = 7(t) - Ty - g
=t Gat % = %1 G %
Fe=F+F,tFgptm-g Fe=FtF,tFgp+m-g
d 75=rFg d w=rFg
m=d G| v do ol | v do
de, T — %, gt
a - _ dqr ~ @ _
da, 75 =By (@ - @) (ﬁj _ % =By (0 - @)
Ty = Jy T W-"Tz/Jz
dé, 733 =By @ e, 73 =By @
W_a}zdv Fg, =By v F_wzdv Fg, =By Vv
F =m — F=m —
1=m dt %a =Ky 6, 1=m dt % =Ky 6,
dx dx
o =Y Fio =k x o =V Fio =Ky x
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Solution of the Algebraic Loop |

T = 7(t) - Ty - Ty do, _ /3

=T G % dt ~ i

Fo=F +Fp+Fgm+m-g = (@1~ - 7) /!,

= = (w1~ Ga)/ Iz - 1,
doy__ ;| BT e = (@1~ %) /3, - (113,) - Fo
E—T‘rl 1 d_V:r-di)Z =(tg - %)/, - (r13,) - (F, + Fy, + Fg, + mQ)
dé, dt dt =~ Ga)l Y 2 1t Fet P 9
2=y - =
t
g_@zr /3 & =By (@ - a) = (w1 - Ga) [ I - (r13;) - (Fyo + Fgp + M-g)
dt e 733 = By @, -(rid;) - F
de, B3 = B3
dt —“’zdv Fg, =By v = (1~ %)/ 3, - (r1y) - (Fyp + Fp + meQ)
F,:m.K =k 6, - (m-r/3;) - dv/dt
g_’[x =v Fio = K- X = (71~ 5a) [ Iz - (r13y) - (Fip + Fgp + M-Q)
-(mr2/d,) - de, /dt
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Solution of the Algebraic Loop Il

7 = 7(t) - 7y - T
M=%
Fo=F +Fu+Fgm+tm-g

d 5 =rFg

de, dt dt

dt ~* -

dao, _ T - Gu— T (Fo+tFgy)—mgr | %1 =By (@ - @)
gtg B J,+ mr? 73 =By @

it

dt av FBZ = BZ' Vv
F,=m-F Tk1:k1- 92

dx

a oY Fio = Ky X
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Comments

 The problem of the structural singularity
occurred, because the mass m and the inertia J,
cannot be moved independently of each other.

 For this reason, it had to be possible to describe
the system by only 4 differential equations.

» The solution approach presented here does not
exploit that simplification directly.

* A better approach shall be explained in due
course.
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