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The wave equation has been written as:

Pu 5, Ju

- =cc —
ot? Ox?
Let us rewrite u(x, t) as (v, w), where:

v=x+4+c-t

wW=Xx—cC-t

What happens?
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Plugging these expressions back into the original PDE, we obtain:

thw =0

Hence:
(v, w) = f(v) + g(w)

where f(v) and g(w) can be arbitrary functions. They are determined by the initial
and boundary conditions of the problem to be simulated.

= ulx,t)=f(x+c-t)+gx—c-t)
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The following equations describe the stationary flow of an incompressible fluid through

a pipe:
dv —v2r 5
— = . p.T
dp  (Tm + 1)
d p dt —I 3 9
B e [
dp \ T dp (tm +1)3
where:
_r
PR
T(r)
T =
Tw

are two normalized coordinates. r is the distance from the center of the pipe, and R is
the radius of the pipe. T(r) is the temperature of the fluid at a distance r from the
center, and Ty is the temperature of the pipe wall. Ty is assumed constant.

UV = ki * v is the normalized flow velocity, where k; is a constant that depends on the
viscosity, the thermal conductivity, and the average temperature of the fluid.

The boundary conditions are:
do
2 (p=0.0)=0.0
dp

d
L (p=0.0)=0.0
dp

U(p=1.0)=0.0
m(p=1.0) = 1.0

Thus, this is a boundary value problem.

The equations contain two yet unknown parameters. [ is a constant that depends on
the fluid. Let us assume that ' = 10.0. 7 is the value of the normalized temperature
at the center of the pipe. We shall introduce the momentary value of that
temperature into the equation, and adjust that value as the simulation proceeds.
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We wish to simulate this problem across p in the range p = [0.0,1.0] with unknown
initial conditions V(p = 0.0) = ¥y and 7(p = 0.0) = 7.

We begin by introducing an additional variable:

We thus obtain three first-order ODEs in the variables ¥, w, and 7.

You can verify easily that all three derivatives are negative everywhere in the pipe
except at the center. All three ODEs are analytically unstable when simulating from
p=0top=1.

It thus makes sense to substitute:

c=1—-p

and simulate from p=1to p =0, i.e,, from 0 =0 to 0 = 1.
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We end up with three differential equations of the form:

do
—d(‘; = fo(7,0)
dw

wo_

P (o)

d

é = fr(1,w,0)

You may need to do something about the third equation for p = 0 to avoid a division
by zero.

The boundary conditions are:

<>

~
Q
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Simulate the system using any guess for the unknown initial value of w using Matlab's
built-in non-stiff ODE solver, ode45, and repeat the simulation multiple times using

fixed-point iteration on this value, until the final value of w(o = 1) = 0 is hit.

This method of solving boundary value problems is sometimes referred to as the
artillery method.

Plot the three variables, ¥, w, and 7 as functions of p on three subplots of a single
graph.

Introducing the variable, w, we get the following three ODEs:

dv —Vvr 5
dp (T +1)?

dw_ 7T 32
dp  (tm+1)3

dr T

=l .w

dp P

» 7 > 0 everywhere, since 7 is a normalized absolute temperature.

P> > 0 everywhere except at the center (representing the distance from the

center).

> Z—Z < 0 everywhere except at the center, where Z—Z = 0. ¥ > 0 everywhere
except at the perimeter, where ¥ = 0.

> Z—‘;‘: < 0 everywhere except at the center, where ‘;—V; = 0. w < 0 everywhere

except at the center, where w = 0.

> % < 0 everywhere except at the center. 7 > 1 everywhere except at the
perimeter, where 7 = 1.
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Substituting o = 1 — p:

dv Vvear >
—=— " (1-90) 7
do  (ty +1)?

di r

g 7~(1*0‘)3 2
do (tp + 1)3

dr -7

— = w

do 1—o

For p = 0, we need to set the derivative of the third equation explicitly to zero to
avoid a division by zero.

a0 ar Initial conditions:

— = ——(1—-0) 2

do (tm + 1)2 R

dw r V(c=0)=0
= (17(7)3‘72 w(oc=0)=7

do (mm+173
dr { —— .w; o<1

do

[H6.9a] Poiseuille Flow Through a Pipe VIII

| chose initial values of wop = —1 and 7); = 2 and iterated until |w¢| < 10~* and
|ATy| < 1074, where ATy denotes changes in 7 in subsequent iterations. The
program took about 20 iterations to converge.

Poiseuille Flow Through a Pipe
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We now wish to solve this same problem in a different way using invariant embedding.

We rewrite the three ODEs in DAE form:

dv

— fy(r,0) =0
o (75 0)
dw
— — fw(r,0)=0
do
dr

T f(rwo)=0

do

and embed the problem in a set of PDEs:

ov — fo(r,0) = if)\?

do ' ot

N fulraa) = £ 2

do ot
orT

£ ) :tOT
—_— = T,W,0) =+—
FE ot

For now, we don’t know yet, which signs to use on the artificially introduced time
derivatives.

P> We discretize the PDEs using the method of lines with 50 intervals. We shall
use second-order accurate approximations for the three spatial derivatives.

> We apply the correct boundary conditions and suitable initial conditions.
P> We shall simulate the system using Matlab’s built-in stiff ODE solver, odelbs.

» We would like to simulate an analytically stable problem. To this end, we still
need to choose the most suitable sign values for the three artificial time
derivatives.

P> Try out all eight combinations and look at the distributions of the eigenvalues of
the (analytical) Jacobian for t = 0. You will find that only one of the eight
combinations places the eigenvalues in the left-half complex plane.

Plot the eigenvalue distribution for the chosen set of sign values. What do you
conclude about the nature of the embedded PDE problem? Is it parabolic or
hyperbolic?
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We wish to simulate the resulting problem using the F-stable trapezoidal rule. To this
end, we can simply set the maximal order of the stiff ODE solver to two, as BDF2 is
the trapezoidal rule.

Simulate across 3.5 seconds and plot the three variables, ¥/, w, and 7 as functions of p
on three subplots of a single graph.

Repeat the simulation, this time simulating across 10 seconds and plot the three
variables, V, w, and 7 as functions of p on three subplots of a single graph.

What do you conclude?
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After embedding, the PDEs present themselves in the form:

ov._ v Vzr.(l,g).#:i@
do  (tm +1)2 ot
- r -
Ow_ T gpro g™
do  (tm +1)3 ot

or _ -7 Wfia_T

do l—o ot
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We discretize using second-order accurate approximations for the spatial derivatives:

ﬁ:sv- Vipp —Vin V2l (A=) 2
dt 260 (T +1)2

dw; _ s, (WL Wim1 r Q=) 7P
dt 260 (v + 1)3

dTj

Tigl = Ti-1 T
= St - — A
dt < 260 1—o0 )

except for the boundary values, where we use biased formulae. s,, s,, and s; denote
the still unknown signs of the three equations.

The boundary equations are:

=0
dwy —w3 + 4wy — 3wy r
?:SW( 20 7(TM+1)3>
71 =1
disy 3051 — 4050 + Vo
a0 ( 250 )
wsy =0
d7s1 3751 — 4750 + Tag
7 o ( 200 )

As initial conditions, | chose:

Since the equations are band-structured, it was easy to compute the Jacobian
analytically.
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Only one combination of signs gave decent eigenvalues:

Eigenvalue Distribution at Time 0

50 : : . : |
i/
FA
40f EEE .
X
X x
X x x
£ e g
X
XX X
20 X% |
<y
-~ X X
< op % X x i
° X x x
< x x * X
- X
ok x N x x o
€ X
= x x x x
x . M
~10{- 5 Lox |
X x
*« b4
o0l gk |
X x
K%
-30 % X -
30 XK x
% X
% X
-40f %5
x X
%%
. S SN SR SN S SN S S 1 1
Zig 16 14 12 10 -4 -2 0 2

-8 -6
Re{\ - h}
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The resulting PDEs are:

ol ov Ver (1 0). 7
gor__YY (1l—0o) T
ot Ao (tm + 1)2
ow _ ow r (1—0) 72
ot oo (TM+1)3
or or —T

= - w

. 9o 1-o

which have a good physical interpretation. They simply represent the model of a
non-stationary Poiseuille flow through a pipe.

From the eigenvalue distribution, we can see that the PDEs are hyperbolic and not
parabolic.
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We are now ready to simulate: We repeat the simulation, this time simulating until t = 10 seconds.
Poiseuille Flow Through a Pipe Poiseuille Flow Through a Pipe
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» The simulation is mildly unstable. We are starting to accumulate garbage.
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As we ran into numerical difficulties with our previous attempts, we shall now try to We apply upwind discretization:
fix our problems by applying upwind discretization to all three PDEs.
dv; 3V — 4V + V- var
Plot the eigenvalue distribution of the problem using upwind discretization in space. L= . - = 5" (1—o0)- 7','2
dt 200 (tm + 1)
Repeat the simulation, simulating across 10 seconds and plot the three variables, ¥, dw; =+ —Wiy2 + 4w — 3w r (- a-)3 2
w, and 7 as functions of p on three subplots of a single graph. dt 200 (tm +1)3 ' !

dr; 31 — 411+ Ti—2 —Ti
What do you conclude? — = ! ! =2 Lo
dt 200 1—o0
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The boundary equations are: and:
0 =0 disg (3\750 — 49 + Uyg var (1 ). 2 )
= - - (1 —o50) - 759
dwy —w3 + 4wy — 3w r dt 260 (tm +1)?
dt 280 (tm +1)3 dwsg Ws1 — wag r 3 o
— =+ - 3'(1*050)‘750
=1 dt 200 (tm + 1)
diy 03 — 0 \V2r a ). 2 d7so _ (37'50 —4rag +Tas  —Ts0 W50>
—_— = — - (1-0 T
dt 20 (T +1)2 2T dt 250 1 — o5
dw. —wy + 4wz — 3w r disy (3\751 — 4050 + 949)
2 _ 4 3 2 1 - 0_2)3 . 7_22 dt 280
dt 260 (m + 1)3 0
W51 =
d _ _
% :7<7T326 o ; 2 .W2) d7s1 77<37'51 —47'50+T49>
t 7 — o2 dt 260
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Let us look at the eigenvalue distribution: We simulate across t = 10 seconds:
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200 “150 ~100 Re(n —ﬁo} 0 50 » The ripple is gone. Upwind discretization did the trick beautifully.




