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ABSTRACT

This MS Thesis proposes a method for the direct numerical solution of sys-
tems of second order differential equations. Most numerical integration techniques
currently in use rely on separating each second order equation into two first order
equations. This thesis investigates an alternative integration technique proposed
by Godunov which solves second order differential equations directly. It is hoped
that the Godunov method may provide an advantage over first order system solvers
in the areas of numerical stability domains, truncation errors and the number of
floating point operations required for a solution.

A numerical stability domain will be developed for the Godunov method
both analytically and numerically, and expressions will be developed for the trunca-
tion error which results from using the Godunov method to solve the wave equation,
a mechanical model of the human body and a seventh order passive electrical cir-
cuit. It will be shown that the Godunov method compares favorably against the
Adams-Bashforth third order method when used to solve both the mechanical sys-
tem and the hyperbolic partial differential equation, but that there are potential
problems when this method is used to simulate electrical circuits which result in

integro-differential equations.
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CHAPTER 1 - INTRODUCTION

It is not an unusual occurance for continuous systems to be expressed nat-
urally in terms of second order ordinary differential equations. This happens with
problems in mechanics, hydrodynamics, electriqal circuits and others. For exam-
ple, every time a mechanical system has forces being applied to masses, a sec-
ond order differential equation will result due to the application of Newton’s law
F = ma = mZ. A simple example of this phenomenon is shown in the mass, linear

spring and linear damper illustrated in Figure (1.1).

m TX

Figure 1.1 Simple Translational Mechanical System

Using the relationships \
d°z(t
Frrges = ma = m—d_tgl
dz(t)

dt

Fdamper =Bv=2"B

Faprin.g = kz(t) ’

the equation
d?z(t) F _ mg—kz(t) — B

dt2 m m
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results, which has the form %(t) = f(z(t),Z(t),t). Another simple example of a
mechanical system which will result in a second order differential equation is shown

in Figure (1.2).

llf = constant
Lf
T=kl,

+

Figure 1.2 Simple Rotational Mechanical System

If the angle 8 is the variable of interest in this case then a second order
differential equation will result due to the relationship between motor torque and

load inertia,
d?o(t)

This system will result in the differential equation

d?6(t) _ —kak1 258 + kavs (1)
dt? JR,

which fits the form of

2(t) = £(2(1),u(2),?)
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Any electrical system which has nodes or loops which involve both capac-
itors and inductors will result in integro-differential equations which can be differ-

entiated to give second order differential equations. A simple example is shown in

Figure (1.3).

7 8
[
i(t) @D Rsé VCf) C=; R% vit)

Figure 1.3 Simple Passive Electrical System

Applying Kirchoff’s Current Law to both nodes of this circuit results in the equa-

tions

d‘vc (t

t15(t) — /(vc(t) — vo(t))dt — —I;vc(t) =0 (1.1)
2 / (ve(t) — vo(t))dt ~ Tva(t) =0 . (1.2)

Differentiating equations (1.1) and (1.2) and solving each for the highest order

derivative results in a combination of 1st and 2nd order differential equations

d*vc(t) 1 : 1o 1 dvc(t) 1 di,(t)
ar - et e - geTa T (1.3)
dvo(t) R '
~dt c(t) ALY,

Equations (1.3) fit the general form
21(t) = f1(21(2), 21(¢), 22(2), 0 (2), )
£2(t) = f2(21(2), 22(t),t)
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Second order partial differential equations, which often arise from problems
in hydrodynamics, can be solved by the use of difference equations to discretize one
of the variables and then solving the partial derivative of the other variable by using
numerical techniques for ordinary differential equations. An example of this is the

wave equation
8%U 83U
912 §g2 (1.4)
ot oz

If the x-axis is discretized using the first order centered difference scheme

U 1
9z~ (Axz)

;U(z + Az) - 2U(z) + U(z - Az)]
then the left hand side of equation (1.4) can be conveniently formulated as a 2nd

order ordinary differential equation, giving

U 1
dt? = (Az)

5U(z+ Az) — 2U(z) + U(z — Az)]

If the x-axis is separated into N discrete intervals, then a system of N 2nd order
ordinary differential equations will result from this partial differential equation.

Most ordinary differential equation numerical techniques currently in use
rely on separating each 2nd order differential equation

d?z(t)
dt?

into two first order differential equations so that

dzdlt(t) - Zz(t)
d dzz(t) _ d2a:(t)
e Ta T Tar

and then solving the resulting system of 1st order differential equations. Godunov,

however, came up with a method that allows the 2nd order differential equation
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to be solved directly without having to separate it into twice as many 1st order
differential equations [3]. This method is essentially a time domain version of the

centered difference scheme used to discretize the x-axis of equation (1.4).
Tpt+1 = 2Zp — Tp-1+ hzin

Since this integration technique involves the evaluation of only half as many dif-
ferential equations as does a first order differential equation technique, it should
take fewer floating point operations per step. In Chapter 3, experimental results,
the Godunov method is compared to the Adams-Bashforth 3rd order method for
several examples. The Godunov method should have an additional advantage in the
number of floating point operations required per step over the Adams-Bashforth 3rd
order method due to the fact that each Adams-Bashforth 3rd order step involves
the summation of 4 vectors plus 4 multiplications of scalars and vectors, while each
Godunov step involves the summation of only 3 vectors plus 2 multiplications of
vectors and scalars. In addition, the Godunov method will be working on vectors
with half as many elements as those that the Adams-Bashforth method will have.

In Chapter 2 the Godunov method is derived showing the local truncation

error when used to solve
z(t) = f(z(t),?)

Then, a stability domain is found analytically for the Godunov method when used
to solve this same equation, and a stability domain is found numerically when the

Godunov method is used to solve the equation

E(t) = f(z(t), £(t),1)
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Stability domains and truncation errors are then found for the four systems
1) () = —w?z(t)
2) E(t) = —w’z(t) - C&(t) + du(t)

3) Z,(t) = Az, (t) + Bz, (t) + ez2(t) + du(t)

4) Z(t) = f(=(t),t)
These four systems are then solved analytically and numerically in Chapter 3 and
results are compared with the predictions of Chapter 2. Chapter 4 discusses the
advantages and disadvantages of the Godunov technique when compared with 1st
order differential equation solvers. The experimental results of Chapter 3 are used
in this chapter to give the reader an idea of when the Godunov integration technique
might be the method of choice and when 1st order differential equation solvers might

be the way to go.
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CHAPTER 2 - ANALYTIC RESULTS

There are four specific systems which will be examined analytically in this

chapter. Stability and truncation error will be analyzed for three types of systems:

1) Z(t) = f(z(t),t) (wave equation and sine-Gordon equation) (2.1)

2) Z(t) = f(z(t),£(t),u(t),t) (passive mechanical system) (2.2)

3) E(t) = f,(z1(8),2:(t), z(t), u(t), 1) (passive electrical system) (2.3)
)

9(t) = £,(21(1), £, (1), 25 (1), u(¢), )

First, a derivation of Godunov’s method for solving the second order problem Z(t) =
f(z(t),t) will be shown. If we expand z(t) in a Taylor series about z(t — At), we

obtain

(at)? .

z(t) = z(t— A1)+ Ati(t - At) + 2 E(t - At) + (At)

= z0 (¢ — At) +0((AL)*)

(2.4)

Similarly, expanding z(t — 2At) in a Taylor series about z(t — At) results in the

expression

z(t — 2At) =z(t — At) — Atz(t — At) + Mi(t — At)
2 (2.5)

3 s
- iéstT)—z_(‘")(t — At) + 0((At)*)
Adding equations (2.4) and (2.5) gives the formula:
z(t) + z(t — 2A¢t) = 2z(t — At) + (At)2E(t — At) + O((At)*)

or z(t) =2z(t— At) — z(t — 24t) + (At)2Z(t — At) + O((At)*) (2.6)
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which is a centered difference scheme in time and has no first derivative terms.
Given a system of the form of equation (2.1), the second derivative Z(t) = f(z(t),t)

can now be explicitly substituted into equation (2.6), giving the formula
z(t) = 2z(t — At) — z(t — 2At) + (At)2f(z(t — At),t — At) + O((At)?)

which gives third order global accuracy. If equation (2.1) were to be separated
into twice as many first order equations, each step of a first order equation solver
would have vectors twice the size to deal with, thus resulting in approximately
twice the number of floating point operations required per step if the number of
arithmetic operations required in the first order solver itself were approximately
the same as those in the second order solver. Because of this, it is hoped that the
Godunov method will require far fewer floating point operations than will a first
order differential equation solver.

For equations (2.2) and (2.3), a hybrid combination of first and second order
solvers will have to be used. Equation (2.2) will require a first order equation solver
to extrapolate z(t) forward in time because £(t) is required explicitly in the right
hand side of the differential equation. If the Adams-Bashforth third order method
is used for the first derivative £(t), and the centered difference scheme (Godunov’s
method) is used for z(t), two equations will be solved simultaneously:

z(t + At) =2z(t) — z(t — At) + (A1) f(z(t), £(¢), u(t), ?)

(e + at) =2(0) + 51287 (2(0), 200, 0(0),0)

—16f(z(t — At), £(t — At),u(t — At),t — At)

+5f(z(t — 2At), £(t — 2At), u(t — 2At),t — 2At)]
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Systems of this type will not offer quite the same advantages in terms of floating
point operations counts by the use of the Godunov method over a first order equa-
tion solver because solutions for both the state vector z(t) and its first derivative
z(t) are required.

A hybrid method will also be needed for systems of the type of equation
(2.3). A Godunov step will be used to extrapolate z,(t), and a first order system
solver can be used to solve for £, (t), and z,(t). This will result in the simultaneous
solution of three equations:

z, (¢ + At) =22, (1) - 2, (t — At) + (A1) [ (2,(t), 21 (2), 2, (t), u(2), 1)

£+ 1) =2,(0) + S2 287, (20(0),£1(0),22(0), 1(2), )

—16f (z,(t — At), 2, (t — At), z,(t — At),u(t — At),t — At)

+5f (z,(t — 248), 2, (¢ — 24At),z,(t — 24At),u(t — 24t),t — 2At))
2a(t + A1) =2,(0) + S (28, (2,1, 1 (0), 22(0),8(0), )

—16f,(z, (¢t — At), 2, (t — At),z,(t — At),u(t — At),t — At)

+5£, (2, (t — 2A8), 2, (t — 2At), z,(t — 2A8), u(t — 2At),t — 2A¢)]

Since this sytem type will require the solution of z,(t), £, (t) and z,(t), the floating
point operations count advantage over first order systems solvers will decrease even
further.

The remainder of chapter two will be de\}oted first to an analytical stability
analysis and then a numerical stability analysis of the Godunov method and then
to the development of the differential equations arising from each specific system
to be studied and to a stability analysis and a truncation error analysis for each of

these four systems.
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ANALYTIC STABILITY ANALYSIS FOR THE GODUNOV METHOD

A range of values of the step size h for which the Godunov step, when used

to solve the equation
£(t) = f(z(t),?) (2.7)

is stable can be found by using the following argument [7]. Denoting the analytic
solution at time t, by z(t,) and the Godunov solution at the n** step by Z,, we

can write

Z(tns2) — 2zZ(tnt1) + 2(tn) = A2 f(Z(tnt1)stnt1) + Loz (2.8)

i71-}-2 - 2-férz.+1 + in, = h2£(2n+1’tn+1) + -En+2 (2'9)

where T',, and R, are the truncation error and the roundoff error respectively at

the nt* step. Subtracting (2.9) from (2.8) to get an expression for the error results

in
(Q(tn+2) - in+2) - (2§(tn+1) - 2in+1) + (g(tﬂ) - :n)
(2.10)
= B*(£(z(tn+1)stn+1) = f(Zns1stnt1)) + Ptz
where ¢ =T — R. The mean value theorem for derivatives states that
Fz(tnt1)stns1) — f(Zni1rtnsr) _ 6£(Sn+1’t"+1) (2.11)

Z{tn+1) — 249 oz
for some vector ¢, lying between Z(tn+1) and £, ,. If we solve equation (2.11)
for f(z(tn+1)stn+1) — f(Zn+1,tn+1), and then substitute the result into equation
(2.10), we get

af(s ’tn-}-l)
bniz— 28,4 +E,=h? n-;; g1t 9, ., (2.12)

where ¢, = z(tn) — £,. If equation (2.7) is linear and time invariant, that is,

(1) = f(z(t),t) = —w?z(t)
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then

i
!
£

Q)I o
18 1~
[ -]

Using this fact, and making one assumption, namely Qn = ¢, constant, equation

(2.12) becomes
bnio— 28, +wih?,  +E —¢=0 . (2.13)

If we let —w2¢. = —A2¢. where £. and \; are the jt* eigenvector and eigenvalue
x5 ) =j J &

respectively of w, and let €, = C, éj’ then equation (2.13) becomes
C"’+2.§j — 2Cn+1§j + w2h20n+1§j + Cnéj — 23_ =0

or Cn+2§j - 20n+1§j -+ A?éjh20n+1 -+ C"éj - 2 =0
Letting ¢ go to zero (a reasonable assumption for small & due to the fact that the
Godunov local truncation error is O(h*) and machine roundoff error is on the order

of 10~17), the éj-‘- drop out and we get
Cniz— (2= A3h*)Cri1 +Cn =0
Assuming a solution C,, = r” results in the quadratic equation
r’—(2-2%)r+1=0

The solution to this equation is

1.,., .  [—Ash?(4 - A2h2)

If 4 — Ajh% > 0, then

1 . Ajh?
r=1- Ea\?h2 + zz\jh\/ 1- '74
2 12,212, y2p2, _ NP
and 7| =[1—§)\jh] + A7h4[1 - ’74 ]
A4p4 4p4

or |rl*=1-XjA*+ 21— +,\§h2—’\h =1,
80 Irl=1 if 4-A3r?>0, or h<%
j
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It can be shown that this will result in real, positive h because A; will always be real
and positive for the bounded, linear, time invariant case of equation (2.7). Consider
the eigenvectors and eigenvalues of the matrix w which will solve —w? éj = _)‘J_z [
If the solution to equation (2.7), z(t), is stable when an eigenvector, £, is used as
the initial conditions, then the solution will also be stable when a linear combination
of eigenvectors is used for the initial conditions. Since any vector can be expressed
as a linear combination of eigenvectors, a single eigenvector can be used to check

the stability of equation (2.7). This can be done by replacing the right hand side

of (t) = —w?z(t) with —X;2z(t), giving
E(t) = —M%2lt) . (2.14)
Now, if A; is real and negative, equation (2.14) has the solution
z(t) = ¢ e*t + gpe™ Nt

which is unbounded as ¢t approaches infinity. If A; is complex, then equation (2.14)
has the solution

z(t) = (ep +ig)e™? + (ep — igy) eIV (2.15)
which becomes

z(t) = (cg + ic;)e 27 (cosAjrt + isind;rt) + (cp — ic;) €7 (cos) gt — isind;rt)
(2.16)
by the use of the Euler identity e®*1V = ¢U(cosv + isinv). From equations (2.15)
and (2.16), the solution to (2.14) will clearly be unstable if the imaginary part of
A; is not equal to zero or if A; is real and negative. For real and positive A;, the
solution to equation (2.14) is
z(t) = 2[cpcosAjrt — c18inAjg]

= 2cpcosA;jpt becausec; =0if A;;=0.
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So for bounded solutions to the linear, time-invariant case of (2.7), A; will be real
and positive, and the value of kA necessary for a stable solution using the Godunov

method will satisfy the relationship

h<—
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A NUMERICAL ANALYSIS OF THE GODUNOYV STABILITY DOMAIN

A numerical analysis can be used to determine the stability domain of the
Godunov method in terms of the eigenvalues of the system to be solved (for linear
systems of the type Z(t) = f(z(t),Z(t),t) ). If all the eigenvalues of the system in
question have a magnitude of one, then the limits of stability |Ak| will be equal to
the magnitude of the largest value of h allowed for stability at that particular angle
in the complex plane defined by the complex eigenvalue. For example, the equation

d?z(t) dz(t) 2 . g _
. T2 + (0*+w?)z(t) =0

has eigenvalues at —o + jw. ¢ and w can be chosen at different locations on the
unit circle resulting in a value of |A| = 1. If this equation is solved using a Godunov
step for z(t) and an Adams-Bashforth 3rd order step for z(t) at each of the values
of 0 and w that we choose to be on the unit circle, then the maximum value of h
for which the numerical system
Tnt1 = 2Tp — Tpoy + h¥[—20%, — (0% + w?)z,)
Ent1 = En + %[23(—20:&" — (0% + w¥)z,)
—16(=20%,_1 — (0% + w?)zp_,y)
+5(—20%p—2 — (0% + w?)zp_2)]
is stable is equal to the limit of stability |Ak| at that angle of —o &+ jw. The stability
domains found using this technique (using the CTRL-C code found in Appendix

A) for both the Godunov method and the Adams-Bashforth 3rd order method are

shown in Figure (2.1).
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Figure 2.1 Stability Domains for AB3 and Godunov
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This equation was considered stable as long as the eigenvalues of the nu-
merical system all had absolute values less than or equal to one. Each example
chosen to test the Godunov integration technique is examined more closely in the

remainder of Chapter 2.
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FIRST EXAMPLE: A HYPERBOLIC
PARTIAL DIFFERENTIAL EQUATION (WAVE EQUATION)

9*U  8*U
ot2  9z?
Initial conditions:
0.0 _o | U(s,0) = sin(%), (2.17,2.18)
ot 2
and boundary conditions:
_ aU(1,t) _
U,)=0 , —5-=0

are used for this example. The hyperbolic pde is solved numerically by discretizing
the x-axis using a centered difference formula and then discretizing each x element
in time with the Godunov step. For this example the x-axis was separated into 10
discrete sections of length Az = 0.1 each. The equation,

82U, 1
8:1:2] = (A:z:)z[Uj'"1

—2U; + U;—4]

results from using a first order centered difference scheme to discretize in space.
The boundary elements,

au(0,t)

U(o,t) and gy )

are not calculated explicitly since they have already been defined, and a symmetry
condition,

UL+ Az,t) = U(l - Az,t)
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is used at the x=1 boundary. If the centered difference equations are left in second

derivative form, ten second order ordinary differential equations result:

d*U, 1

& = (e [Uy — 2U;]

d?U. 1

dt22 = (Az)2 [U3 - 2U2 + U1]
d?U, 1

@z~ (aap e T 2T
d*U 0 1

dtzl = (Ax)z [2Ug - 2U10]

This set of second order equations fits the general form

2(t) = —w?a(?) (2.19)
where (for this example)
200 -100 0 0 - 0
-100 200 -100 0 cee 0
w? = 0 —-100 200 -100 ... 0
9
0 0 . 0 —200 200

and z(t) = U(t). The space discretized equations can also be solved as a set of first
order ordinary differential equations by separating each second partial derivative

with respect to time into two first derivatives:
oU;
22 —v.
ot 7
vy _ 32Uj _ 1
ot ~ 0z = (Az)?

[Uj+1 — 2U; + Uj]

This results in the following set of twenty 1st order ordinary differential equations:



29

av,

@

dV,

T = @aplvs 20

dU,

&

dv-

—d—t-"l > )2[U3 2U; + U,
dUyg

& ="

dv,

dtg as )2[U10 2U; + Usg]
dUu

dtm = Vio
dVio

= )z[zug 2U0]

This set of first order ordinary differential equations can then be solved numerically

using a first order differential equation solver such as Adams-Bashforth.

Stability Analysis for Godunov Integration of the Wave Equation

Since the wave equation results in a linear, time-invariant system {equation

2.19), the results of the analytic stability analysis for the Godunov method can be

applied directly, namely that the Godunov solution of the wave equation will be

bounded for

2
h<'i;
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Truncation Error Analysis

In general, discretizing the wave equation

U _ 8%
a2 = 9zx2 °

using a Godunov step in the time axis and a first order centered difference scheme

in the x-axis results in the following equation:

02U _ Uipr,; = 2Uij + Uicry _ Uijur —2Uij+Usyy _ 82U
otz (At)2 (Az)? ~ 9z2’

(2.22)

where U; ; represents U at the £*B time step'and the jth space step. Solving equation

(2.22) for U at space step j and time step i+1 gives

, (a2

Uit1,; =2Us,5 — Uiy (A )2

s (Usg+1 — 2V + Uy ]
+Tip1,; + Rivay

or U(z,t + At) =2U(z,t) — U(z,t — At)

(A1)?

(Az)?

+ T (z,t + At) + R(z,t + At)

+

[U(z + Az,t) — 2U(z,t) + U(z — Az, t))

where T is the truncation error and R is the roundoff error. An expression for the

truncation error is then given by

T(z,t + At) =U(z,t + At) — 2U(z,t) + U(z,t — At)
_(ay)?
~ (Az)

—R(z,t + At)

22U [U(z + Az, t) — 2U(z,t) + U(z — Az, t)] (2.23)

The general solution to the wave equation is given by:

Ulz,t)y=f(z—t)+g(z+1) (2.24)
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or U(z,t + At) = f(z ~ (t + At)) + g(z + (t + At)) at time ¢t + At. Substituting
the analytic solution (2.24) into the right hand side of equation (2.23) yields an
expression for the local truncation error explicitly in terms of the general solution:

|T(z,t + At)| =
|f(z— (t+At)) + g(z + (t + AL)) — 2f(z — t) — 29(z + 1)
+f(z — (t — At)) + g(z + (t — At))

Ik

2.25
”(Ax)z[f(z+Az_t)+g("‘+A“+t) (2:29)

—2f(z—t)—29(z+t)+ f(z - Az —t) + g(z — Az + t)]
~ R(z,t + A)|

Expanding each of the terms involving At or Az in a Taylor series about z — ¢ for

f and about z + t for g results in

(T(z,t + A1) =
=)~ atr -1+ EL e -y - C gz
B8 ey
+g(z +1t) + Atg’ (z+t)+(A2t) "z +1t) + (i.) (2 +1)
+—(%£g""(z+t)—
_2f(z—1)
~2g(z + t)
(A (at)?

(e —1) + Ats (e — 1) + B (g gy 4 B gz _y

(At ‘ tv
+—71T)—f (z—-1)+



32

+g(:c+t) Atg’($+t)+ (A2t)2 II( +t) (A) IH( t)

31 7 9
At)4

_(At)2 _ _(At)2

(At)( ),W( ) -

—(‘Ax))zg(zw) B e+~ Bl (o -

_(_A_tm_A_:fﬁgW(z + t) -

4!
;f(z-1)

+

(At) (At) (Aa:)

f”( ) flll( )

(At);(Az) (24 1)

(a1)2
(Az)?
o (A1)?
(Az)?

B9+ B - - Gl e ¢ BLED ey

+2

+2 g(z +1)

_(At) ( ) f‘"(:z: t)+

4!
((ii))Zg(z+ t) + (( n )) o (z+t) - %zy"(zﬂ) + ——-————(At):,),(m) "(z+t)
_@Lfiﬁg‘"(zﬂ) +.. —R(z,t+At)] .

Cancellation of terms leaves:

|T(z,t + At)| <

|(A‘) F9(z— 1))+ 0(at)® + |8 vz 4 1) + 0(an)®

2 ¢
|(At) (= t)|+O(At)6+|( t)* W(z +t)|+ O(AL)®

T
|if‘i)§1¥‘-?l—f*"(z £)] + O((At)2(Ac)?) (2.26)
| BB o2 1)) 4 0((A0)2 A2)")
A BB rio 4 o((a92(8)4)
l(At) (Az)?

9 =+ + 0((A1)(A2)) + |R(z,t + AY)]
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Since f(z) = 1sin(z) and g(z) = isin(z) for the initial conditions used for this
example, equation (2.26) becomes:
(At)2((At)% + (Az)?)
12
+|R(z,t + A8

|T(z,t + At)| < + 4[0((A1)®) + O((At)?(Az)?)]

for general Az and At which, using the convention that global error is one order of

magnitude larger than local error, will result in a global error of
IT(z,t + At)|=0((At)((AL)? + (Az)?)) + |R(z,t + At)]

If we let At = Az = A, then equation (2.25) simplifies to:

IT(z,t + At)| =

[f(z—(t+A)+g(z+ (t+4)) -2f(z-t) —29(z +1)
+iz—(t—-A)+e(z+(t—4)) - f((z+4)-t) —g((z+ A4) +1)
+2f(z—t)+29(z+1t) — f((z— A)—t) —g((z — A) +t) - R(z,t + At)| (2.27)
=|fz—-(t+A) +g(z+(t+ )= f((z-A)-t) —g((z+ 8) +1)
—R(z,t + At)]
=|R(z,t + At)| ,
for any initial conditions used. The Godunov integration technique results in only

machine roundoff error if At is chosen equal to Az and if no errors are committed

during the startup step. As seen from equations (2.25 and 2.27), this holds true for

all initial conditions.
To estimate the total global truncation error, it is necessary to add the

error incurred in the startup step to the global error of the Godunov step. First, an
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estimate for the error resulting from the use of a forward Euler startup step with

the initial conditions of equations (2.17) and (2.18) is found:
U(z, At) = U(z,0) + AtU(z,0) + T(z, At) + R(z, At),

or Ulz,At) = sin(—gz) +T(z, At) + R(z, At)

since f](z,O) = 0. Solving for the truncation error gives
T(z,At) = U(z, At) — sin(%z) — R(z, At)
The analytic solution for these initial conditions is
1, . = . T
Uz, At) = -2-(sm(§(z + At)) + .sm(E(z — At)))

The error committed during a Forward Euler startup step is then:
T (z, At)| =
- |%[sz‘n(-72£(z + A1) + sin(2 (2 - A1) - sin(32) - R(z, A1)
= |%[sin(g-z)cos(22r-At) + sin(-;iAt)cos(gx)
+ sin(gz)cos(gm) - sin(Tz-At)cos(gz)] - sin(zzr-z) — R(z, At)]
= |5[2sin(2)cos(3 At)] - sin(32) - R(z, A1)|
= |sin(%z) [cos(%At) ~ 1] - R(z, At)|
< 2|s£n(%z)| + |R(z, At)|

When At < 0.1, a more reasonable estimate for the error results :

|T(z, At] < o.o123|sin(-’25z)| + |R(z, At)| for At < 0.1
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The global truncation error when using a Forward Euler startup with the initial

conditions of equations (2.17 and 2.18) is then:
|T(z,t + At)| < 2|sin(g-x)| + 0((At)((At)% + (Az)?)) + |R(z,t + At)]
For At < 0.1 and Az <O0.1,
|T(z,t + At)| < 0.0123|sin(-72£z)| + 0((At)((At)? + (Az)?)) + |R(z, t + Al)]

Next, an estimate is found for the error committed when a Taylor Series Expansion

is used for the startup step.

U(z, At) = U(z,0) + AtU(z,0) + LAzt—)sz(z, 0) + T'(z, At) + R(z,At)

but U(z,0) =0, so

U(z,At) =U(z,0) + (A;)z U(z,0) + T(z, At) + R(z, At) (2.28a)
| (At)?

2(Az)?
+T(z, At) + R(z,At) . (2.28b)

=U(z,0) + [U(z + Az,0) — 2U(z,0) + U(z — Az, 0)]

Solving (2.28b) for the truncation error gives the expression
(at)?
2(Az)?
—2U(z,0) + U(z — Az,0)] — R(z, At)

T(z,At) = U(z, At) — U(z,0) — [U(z + Az,0)

Substituting the exact solution,

U(z, At) = 3 (sin(5 (s + At)) + sin(Z(z — AY))
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into the expression for the truncation error gives
T (=z, At)| =

[%sin(g(z + At)) + —;—sin(g—(z — At)) - sin(gz)

z n s n
_ 2((22)2 [sin(5(z + Az)) — 28in(3 ) + sin( (= ~ Az))] ~ R(=, At)|
=|%sin(g—z)cos(%At) + %cos(%z)sin(%At)
+%sin(§z)cos(%At) - %cos(%z)sin(%At) - sin(%x)
-—2((12)2 [sin(gz)cos(gAz) + cos(%z)sin(%Az)
-—23in(§x) + sin(-gx)cos(-gAz) - cos(-g-z)sin(-gAz)] — R(z, At)]

. n . T (a2, .« m s
=|sm(-2—:z:)cos(-5At) - sm(-z—:z:) - -(—A—z)—z—[sm(iz)cos(aAz) - 23m(5z)]
—R(z, At)|
~sin(Z2)[cos(F A1) ~ 1] - éﬁi); [sin(Z2)(cos(3 A7) — 1)] ~ Rz, A1)
§|sin(-7-2r-:c) [cos(gm) ~ 1)+ |z(§£))—22[sin(%z) (cos(%Azz) ~1)]| + |R(z, At)]
<ppsin(32)(1+ )1+ |R(z, A1)

The global truncation error resulting from a Taylor Series Expansion startup and

then a Godunov step is then

. T (Ar)?
< - B Sk 2
IT(z,t + At))| <|2sin( 2:z:) 1+ (Az)2)|
+o((At)((At?) + (Az)?)) + |R(z,t + At)]
For At < 0.1 and Az < 0.1, the global error becomes
IT(z,t + At))| 5|o.oz4ss;n(-’2iz)|

+0((At)((At?) + (Az)?)) + |R(z,t + At)]
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When At = Az = A, the error due to the Taylor Series Expansion startup step

becomes
T n A? m s
|T(z, At)| = lsm(iz)[cos(EA) -1} - Z-z—[sin(ax)[cos(EA) — 1] — R(z, At)]

or [T(z,At)| = |R(z,At)|
Thus, the global error for the wave equation,

oU _ o%U

at2 9z
with the initial conditions of (2.17) and (2.18), with At chosen to equal Az, when
solved using a Taylor Series Expansion for the startup step and a Godunov step
thereafter, and when the x-axis is discretized using a first order centered difference

scheme, is machine roundoff error only.
Floating Point Operations Count

Each Godunovstep , U, ., =2U, -U, _,+h? U ~» When applied to the wave
equation which has been discretized in space using a first order centered difference
scheme with step size Az = 0.1, results in 4 arithmetic operations on vectors of
length 10 if h? is calculated ahead of time. Each second derivative evaluation needed
for the Godunov step takes 39 floating point operations if ('A_lz')'f is calculated ahead
of time. This gives a total of 79 floating point operations per step required for the

Godunov solution. This can be contrasted with the Adams-Bashforth third order

solution which takes 7 floating point operations on vectors of length 20 if 1—"2 is
calculated ahead of time plus 39 floating point operations for the first derivative

evaluations or 179 floating point operations per step.
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SECOND EXAMPLE: A MECHANICAL MODEL
OF THE HUMAN BODY

d?z(t)
dt?

— 2 dz(t)
= —Ww g(t) - C-—Et-— (229)

The second set of equations used to test the Godunov integration method
results from a passive mechanical system. The particular mechanical system used
is a model of the human body designed to give information about how the cervical

vertebrae are affected by a bumpy car ride [6].

Head d
mi= 1.2 kg T 1

k; = 0.8 kgs'2 % II B, = 0.8 kgs!

Upper Torso d
m2 =14 kg T 2

k2= 1 B2=
8kgs'2 . L[Jmkgsvl
kg =

Arms

-2
d3T mg=32%g 3 kes

Lower Body d
m, =24 kg T 4

I f(t)

Figure 2.2 Human Body Model



For the second order state equations let

Using the equations:

the following set of second order differential equations results:

v Fy

.‘Bl"—"dl
.’Bz=d2
I3=d3
$4=d4

Y=, — 22

a.nd U = f
d’z .
Fmau =ma=mF = mzx
dz .
Fdamper =bv = b—d—z- = bz

Faprs'ng =kz ,

mg
i F. ..
Ig = _22 =[k2 (I3 —_— 52) -+ b2 (Za - 22) -+ k3(24 - $2)

m

+ b3(Z4 — £2) — k1(z2 — 21) — b1 (22 — £1)]/m2

Iz = =3 =[—kz($3 - 22) - b2($3 - z2)]/m3
msa
. F4 . .
Fq = =2 =|—ka(zq — z2) — ba(4 — £2) + u]/my
my
Using matrix notation:
k —k
-k kit+ko+tks —k2 —ka
H)=-| "% & B v
e Tk
\ 0 e 0 me
( by =hH 0 0
my m,
=by  byitbytby —b2 =ba
- ma :nbz 'gﬁ msz
O
\ o N 0 o

-1 0 0)z(t)

z(t)

£(t) +

Irooo

u(t)

39

(2.30)
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The system can also be set up as a set of first order differential equations by letting

z1 =d;
z; = d;
z3 = d3
T4 =dy
z5 = d3
z¢ = d3
T7 =d4
zg = d4

y=2,-123
w=f
This results in the following equations:
T = dl =zq
£y = dy =lky(z3 — ;) + by (x4 — 22)]/m
£3 = dg =x4
i4 = dg =[ka(z5 — z3) + b2(Ze — z4) + k3(z7 — 23)
+ ba(zs — z4) — k1(z3 — z1) — b1 (24 — Z2)]/m2
Iy = cig =zg
ig = ds =[—ka(zs — z3) — b2(ze — T4)]/m3
Ty = ti4 =zg

tg = dg =|—ks(z7 — z3) — ba(zs — z4) + u]/my
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or, using matrix notation,

( 0 1 0 0 0 0 0 0 \
~k —b k b
T OF F oo
( ) k b1 =ky—ka—ks =bj—by—b; L% b2 k3 ba ( )
z(t) = mo mo mo my mq ma ma mo z{t
= 0 0 0 0 0 1 0 0 =
k b —k =b
0 0 ms ms e ms 0 0
\ 0 0 0 0 0 0 0 1 j
k b —k =b

0 o L =~ o o 3 o

0

(o)

0

0

o O fu

0

0

1

.

(2.31)

Stability Analysis for Godunov Integration of the Human Body

Model (&(t) = ~w?z(t) — C(t))

First a stability analysis will be attempted for a scalar system by using the
substitution z(t) = z(t) which will result in two equations:

Z(t) = —w?z(t) — cz(t)

(2.32)
2(t) = —wiz(t) — cz(t)
Using a Godunov step to extrapolate z,,, we get the equation

and using an Adams-Bashforth 3rd order step to extrapolate z,.3, we get the

equation

h
Zpnt1 — 2n =-1—2-[23(—w2:c,; —c2p) (2.34)

—16(—w?zp_1 — c2pn_1) + 5(—wlzpn_z — €2n_3)]
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Assuming solutions z, = r"zy and 2, = r"z; and substituting these solutions in

equations (2.33) and (2.34),
(Pt —2e™ 4 " Nzo = —w?h?rzo — chirtz,
(r™*t — ")z =—1%[—23w2r" + 16w2r™~! — 50,2r" 2|z,
h
+1—2[—23¢:r" + 16cr™~ ! — 5cr™ 2|2

Rearranging both equations results in,

r2+ (h2w?-2)r+1 h2er Zo
(-f—g’-ht,uzr2 — -}—ghwzr + i%hwz) (r3+ (%hc —-1)r? - %%hcr + -l%hc) 20
= (o)
~—\o0

Although initial conditions of zo = O and zp = O are used when this problem

(2.35)

is solved with an input, this stability analysis is being done for equations (2.32),
which have initial conditions but no input, so nonzero zo and 2; must be used to
give a nontrivial solution for r. For nonzero £, equations of the form A{ = 0 have

a solution if |A| = 0, so equation (2.35) has a solution if

23 16 | 5
2 2,,2 _ 3 - 2_ = —
[r® + (R *w* —2)r +1][r° + (12hc 1)r 12hcr + 12hc]

16

- 1= Wy — WY '*' —nw [ — -3 a

12
3
or r%+rt(h%w? + ghc —3) + r3(—h2w? - -—6-1-hc +3)

+ r?(5he — 1) + r(-—%s-hc) + %hc =0 . (2.36b)
The roots of equation (2.36b) are easily found numerically by plugging the ¢, h

and w? values from the scalar system of equations (2.32) into equation (2.36b). In

an attempt to determine the stability of the vector system actually used in this
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example, however, another approach was tried. If equations (2.33) and (2.34) are

rearranged in the form

Zpt1 = Az, (2.37a)

or z,=A"zZ, , (2.37b)

then the largest eigenvalue of A must have a magnitude of less than one in order
for the method to be stable. This is accomplished by solving the vector form of
equations (2.33) and (2.34) for z,,,, and z,,, respectively which results in two
equations for z and z at time step n + 1 each in terms of z and 2z at time steps n,

n—1,and n — 2:

Znt1 hz +2z, -z,

=h’2 (_w2£n - C.En) + 2.:’_37; —Zn-_1

=(2I — h%w¥z, —hiCz, — z,_, (2.38)
5
Zpy = h.w2 nt = hw el — —1—2—hw ne—2

+(1 - ——hC)_n + - hC’z

—n—

Ehcgn_2 . (2.29)

Equations (2.38) and (2.39) can be brought into the form of equation (2.37b) by

making the following substitutions:

gn =Zpn—1
Vp = Zp—2
Wp =24



These substitutions result in the equations
= zn

En+1

Yny1 = Zn1 =Y,

I
]

-wn+1 n

Ynt1 T2, =W,

Z,yq1 = (2] — h*w¥)z, — h2Cz, — v,
—23

44

4 5 23 4 5
Zn1 = g he'z, + h’y, - Dhwly, + (I T5hC)z, + ShCw, — -hCu,,

12

which, if put into the form of equation (2.37b), will result in:

w2

between h and the largest eigenvalue of this equation:

h |Almaz

.01 1.000000000000012
1 1.000000006649771
11 1.000000002754222
..12 1.000000008708826
13 1.000000005795538
14 1.059315692193166
15 1.132070446910589

y 0 0 0 0 I 0
v I 0 0 0 0 0
wl| 0 0 0 0 0 I
v| 0 0 I 0 0 0
z -1 0 0 0 2I — h?w?  —A2C
z/, fhw? —Fho? 2RC —EHRC  —Bhrw? I-EBhe

e e |8 (e

0

and C come from equation (2.29). The following table shows the relationship

Table 2.1 Magnitudes of Eigenvalues of Discretized Mechanical System
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When the largest eigenvalue of the A matrix is just slightly greater than one, the
system has proven to be stable experimentally, so some roundoff error must be
causing the eigenvalue to be greater than one. The eigenvalue of 1.05 at A = .14,
however, is too large to be explained away by roundoff error so this must be the

maximum stepsize allowed for stability.
Alternative Stability Analysis

If a leap-frog step is used for the extrapolation of the first derivative z, an
analytic stability domain can be found for the problem
£(t) = —w?z(t) — cz(t) (2.40)
and 2(t) = —w?z(t) —cz(t) . (2.41)
Using a Godunov step and a leap-frog step on equations (2.40) and (2.41) respec-
tively, we get the equations

3 = Tnt1 —2Zn+ Tn—1

n= 37 (2.42)
. Zpnyl — Tp—1
=z, = 40> T 2.43
ITn =2n 2h ( )
Substituting equations (2.42) and (2.43) into equation (2.40) results in
[$n+1 —2$n+zn-—1]+c[$n+1 —zn—1]+wgzn -0 . (2.44)

h? 2h

If the solution z, = r™ is assumed for equation (2.44), the quadratic

1+ -%h-]r2 + [h%w? = 2)r + 1~ 52@-] =0 (2.45)
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results. The solution to equation (2.45) is

S S Y JE S \/ 22 _ &
r—2+ch[2 h*w® £ swhy/4 — h2w 2
c?
or [rf? = [z Pl(2 — Au?)? + wth?(4 — A2 - 5)

4—c®h® _ (2+ch)(2—ch) 2—ch , .
= Greh) @+ ch)? _2+ch<1 if ¢>0 andif A>0

This calculation for r is valid only if

c2
4—h2w2——2>0
w
2
or h< 1 4—%
w w

Error Analysis for Godunov Integration
Rewriting equations (2.38) and (2.39) gives

z(t + At) = 2z(t) — z(t — At) + (At)?Z(t) + T(t + At) + R(t + At) (2.46)

2(t + At) =2(t) + S2(AN)2(1) — 5 (At)(t ~ Al
(2.47)
+E(At)g(t —2At) + T(t + At) + R(t + At)

where T and R denote the truncation error and the roundoff error. An expression

’

for the local truncation error incurred in the Godunov step can be found by solving

equations (2.46) and (2.47) for T'(t + At) and using Taylor series expansions on the

result:
T((e+ )] =
12+ (202 + B 50) + B g6y 4 CO 6y 4
—2z(t)
+2(0) - (a9 + Bl g0 - B w0y 4+ B0 e

— (At)*Z(t) - R(t + At)!

< B0 601+ 0((20%) + R (e + 29)
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The global error is then

IZ(t + At))| < O((At)®) + |E(t + At)]
An expression for the error incurred in each Adams-Bashforth 3rd order step on
z(t) is derived in a similar manner:
IT((t + At)| =
12) + (80)2() + B 5 + B
a0 3‘°’1(At)z(t)

+ 42 (At) (t) - —(At) 3(8) + 2(a)3259 (1) — Z(ae)t20 1) + ..
3 9

(ag2 (et

(%tt)(t)+ (iu)(t) +

- E(At)g(t) + 2(80%() - g(m)%“‘) () + (A1) + .. - R(t + A1)
< |3(A1)4269) 1) + O((A1)?) + |R(t + A%)

= Ig(At)‘z(”)(t)t +0((At)°) + |R(t + At)]

which also gives a global truncation error of O((At)3) + |R(t + At)].
Floating Point Operations Count

The Godunov method, z,,, = 2z, — z,,_, + h?Z,, when used for the
human body model, results in 4 a~ithmetic operations on vectors of length 4 if h2
is calculated ahead of time, or 16 floating point operations per step. The Adams
Bashforth 3rd order method, z,,,; = 2, ++15[232, —16z,_, +5%,_,] where z, = z,,
when used on the human body model, results in 7 arithmetic operations on vectors
of length 4 if 1% is calculated ahead of time, or 28 floating point operations per
step. Each second derivative calculation for the human body model, which needs to
be done only once per step, results in 38 floating point operations. It can be seen

by summing floating point operations that the Godunov method, when applied in
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conjunction with the Adams-Bashforth 3rd order method to solve the human body
model, results in 82 floating point operations per step. This can be contrasted with
the use of the Adams-Bashforth 3rd order method when used to solve equation
(2.31), which results in 94 floating point operations per step. Thus, the Godunov
method should take 12 fewer floating point operations per step than the Adams-

Bashforth 3rd order method when used on this particular system.
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THIRD EXAMPLE: A 7th ORDER ELECTRICAL SYSTEM

The most general form of the equation to be solved using the Godunov

method is

T2l _f (e, Y, 2,0, 40,0
éﬂl—fLAﬂf““l%ux(aﬂ

wnwmmf“m (£),(2),1)

In an attempt to solve a system which had equations closer to this general form,
and also to test the Godunov method on a system from the electrical engineering
world, a passive electrical network was used for the third example (Figure 2.3). This

system resulted in the set of equations

dz, (t dz du(t
ilz( ) —Az,(1)+ B -;( ) 4 eza(t) + ’;i )
dzdgt(t) Q 2 (t) + f:cz(t) (2.48)
y(t) =z2(2)
Ly Ly R3 L3
=8 =4 1 1
vy(t) 2wt 8w 3(t) 4, V4(t)

(N T VA T i* l
zw1DR$== : o
1

c Cq Cs Cs| Ry
=05 =01 =05

]
-t
i}
DN

1
=11 =1

Figure 2.3 Passive Electrical System
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The first step in developing the differential equations to be solved with
the Godunov method is to sum currents at each node, resulting in five integro-

differential equations:

v;z(lt) Lo dvx(t) / (v2(2) — v2(2)) dt = i, (1)

=), c, d”;t(” b [ (ealt) — vsl0) e+ - / (va(t) - va(8)) dt = 0

‘-’3—(5)—1;;3—”‘!-“—) roy2ed) deall) / (va(t) — va(t)) dt = (2.49)
c, et dv;t(t) y /(04(,:) —vs(t)) dt + gigt_)_hfi@ =0

= [~ vatpae + 52 =0

Since the differential equation solver needs a set of differential equations without

integrals, we can differentiate equations (2.49) to obtain the result:
01 (t) vl(t) _ va(t) _ di,(t)

R,y L, L, dt

. vg(t) | va(t) | va(t) _ws(t) _wift) _

Catip (t) + R, + I, + L, i, I,
1)3(t) _ 134(t) + v3(t) _ vz(t)

R3 R3 L, L,
s valt) _ 9a(t) | valt) _ us)
C4v4(t) + R3 R3 + L3 Ls
‘l.)5(t) + v5(t) v4(t)

Ry L3 L3

Solving equations (2.50) for the hxghest derivative results in:

C191(t) +

=0 (2.50)

Catiz (t) +

=0

5 (1) = Rlc o1(t) Llc n(t) + () + Cl d’;t(t)
azm-—-——lc— 20) + g () - % 28) + g val)
Balt) = — 2 R St + g R 040 + 1o L2103v3(t) (2.51)

- _ 1 . _ 1 . _ 1
V4 (t) - C4R3 V3 (t) C4.R3 v4(t) -Lscv4 v4(t) + L3C4 Vs (t)

o5(8) = %v.,(t) - %vs(t)



Letting

v =gz, and vs=2z; and i, =u
3

and writing equations (2.51) in the form of equations (2.48) results in

1 1
—I1Ch L:C, 0 Y
1 —_ (L1+L2) 1 0
Z, (t) = oncz CalLl L, chi'z 0 z, (t)+
L.Cs “L;Cs .
0 0 0 ~I:C,
1
4] —_— 0 0 .
0 R602 1 1 z,(t)+
Rfcs Raci,’a
0 0 RsC¢ ~ RsC.
1
0 G
0 za(t) + 0 u(t)
1
LsCa 0

£2(t)=(0 0 0 £4)z,(t)+(—F)z2(t)
y(t) =z2(t)

The electrical system can also be set up as a system of 1st order equations by
separating each second order ODE of equations (2.51) into 2 first order ODEs or

by using currents through inductors and voltages on capacitors as state variables.
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If the latter method is used, seven 1st order ODEs result.

1 -1 1 1
z1(t) = v, (t) #1(t) = icl (t) = BC.C z1(t) — azz(t) + aﬂ(t)
. 1 1 1
z2(t) =i, ()  22(t) = IVl (t) = 7—z1(t) — 7—z3(¢)
L1 L1
1 1 1 1
z3(t) =vc,(t)  zs(t) = =cz (t) = .2 (t) - a—fza(t) - 5;34(t)
. 1 1 1
z4(t) =1L,(t)  24(t) = I,V (t)= 2Za(t) L, (2)
1 1 1 1
$5(t) = vcs (t) z5(t) = 'Ca (t) = 'C—$4(t) C R $5( C R (t)
1 1
zo(t) =ve,(t)  Ze(t) = *cs (t)= CiFa zs5(t) — CiEs R ze(t) — —37( )
zrlt) = i, () o(t) = ivL (t) = —=zo(t) — 22zq(1
s Ly L3 L3
(2.52)
Or, equations (2.52) can be written in matrix form:
("”""Rfcl "c% o1 0 0 0 0 \
= (1) % o1 0 0 0
0 & - & 0 0 0
z(t) = 0 0 y -1 0 0 |zt
Y 0 Y Cs ClsRs Ciss 01
0 0 0 0 &k C.R: T Ca
\ o 0 0 0 0 L &)
_1— 38 3
(%) 25
0
+] 0 | u(t)
0
0
0

—
~—

y(t)=(0 0 0 0 0 0 R,)z(t)
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Note about Initial Conditions

It was discovered that, due to the two different methods used to develop the
second order equations and the first order equations, care must be taken to ensure
that the initial conditions of the two representations are consistent with each other.
Relating the state variables of each representation to the circuit diagram of Figure

(2.4), it can be seen that for the first order system,

I =ve,
g = iL;
Z3 = vc,
Xy = iLg
Ts = VC,
Te = VC,
X7 = iLa ’
and for the second order system,
Z1, = Vo,
Zi, = Vec,
218 = vcs
Ty, = VC,

Z2 = Rytp,

and

dz,, dvc, _ 1 Vo — ——ip. + i

dt dt R, C, ! c, t c, "’
dzi, _ o, _ --l—iL - ve, — —}—'iL

dt dt c; C2R2 2 C 2
d:cls — dvcy3 _ iiL _ 1 c 1 ve
dt dt Cs * Cs3R ® " CgRs *
dz,, dvc, 1 1 1
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Clearly, if the initial conditions of all the states in the first order system are chosen

to be 0, then, to be consistent with this, the initial conditions of all the states and

their derivatives of the second order system will be zero except possibly di‘d@

if 1,(0) # 0. Since the input chosen for this example was #,(t) = 144cos3t, then
1,(0) = 144 = E%Q)-, and all other initial conditions for the second order system

are zero.
Stability Analysis for Godunov Integration of Electrical System

In a manner similar to that used for the stability analysis of the mechanical

system, the first two equations of (2.48) can be written

2,(t) = Az, (t) + Be(t) + cea(t) + di(t)
£(t) = Az, (t) + Bz(t) + eza(t) + di(t)

£a(t) = €'z, (t) + fz2(2)

where 2(t) = £,(t). By letting
2z(t
wo=(20) -

a set of equations which are similar to those of the human body model results:

2,(t) = Azy(t) + (B ) y(t) + di(t) (2.54a)
§(t) = (g) z,(t) + (Ig f,) y(t) + (g) a(t) . (2.54b)

If equation (2.54a) is solved using a Godunov step and equation (2.54b) is solved

using an Adams-Bashforth 3rd order step, and if the substitutions,

P.n - gln—l
gn ‘gln—z Bn—l
Wy, = gn.—l



55

are made, a set of equations identical in form to those used for the mechanical model
of the human body result:

Yota =Bn

2n+1 =n

p

=-n+1 =

Wni1 =Y, (2.55)
z,,,, =(A*A+20)z, —p +h*(B ¢)y,
,, (")
€
c
f

23, (A 28, (B ¢ 4
gn+1_12h(g’)':'ilﬂJr(Tz"’(o f) —n—§ e

4 (B ¢ 5 A B

(5 P)mri (¢) e (3 5

If equations (2.55) are put into the form z,,, = Az,, or z, = A"z, then the

-~

I-Q

eigenvalues of the A matrix must all have magnitudes of less than one to insure
stability of the numerical system. Table (2.2) shows the relationship between h and
the largest eigenvalue of the A matrix:
h |Almaz

.001 1.000000003131651

.005 1.000000008101029

.01 1.000000000708128

.011 1.000000007505733

.012 1.052082324279837

013 1.133711220949891

Table 2.2 Magnitudes of Eigenvalues of Discretized Electrical System
Using the same reasoning as for the mechanical system, the largest step size allowed

for stability of the electrical system should be h = .012.
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Error Analysis for Hybrid Integration Method

Using a Godunov step for equation (2.54a) and an Adams-Bashforth 3rd
order step for equation (2.54b), the same error equations that were found for the

mechanical system result:

(T, (¢ + A1) = = 1055, @)+ o((a9?) + |B(e + A1)
=0((At)%) + |R(t + At)| globally,
T, (¢ + A1) =12 (A0 @) + O((40)®) + |R( + A1)|
=0((At)?) + |R(t + At)| globally.

These errors are not explicitly calculated here due to the complexity of the analytic

solution.
Floating Point Operations Count

The Godunov method when used on the 7th order electrical system to
extrapolate z; results in 4 arithmetic operations on vectors of length 4 if h? is
calculated ahead of time, or 16 floating point operations per step. The Adams-
Bashforth 3rd order method, when used to extrapolate z = Z,, results in 7 arith-
metic operations on vectors of length 4, or 28 floating point operations per step.
The Adams-Bashforth 3rd order method, when used to extrapolate z, results in 7
floating point operations per step. Each calculation of Z, and z; results in 31 float-
ing point operations. The Godunov method, then, can be seen to take 82 floating
point operations per step, which can be contrasted with the Adams-Bashforth 3rd
order method when used to solve equation (2.54) which takes a total of 76 floating

point operations per step, or 6 less than the Godunov method.
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4th Example: The sine-Gordon Equation

9%¢ 08%¢

-67 = 5? i sind) (258)

A fourth example was attempted to see if the Godunov method would
work satisfactorily on a more difficult, nonlinear system. The sine-Gordon equation
has been used to describe, among other things, propagation of a crystal dislocation,
Bloch wall motion of magnetic crystals and a unitary theory for elementary particles
[12]. Solitary wave solutions of the sine-Gordon equation are called solitons, which
correspond to a positive sense of rotation, and antisolitons, which correspond to
a negative sense of rotation. Solitary wave solutions of the sine-Gordon equation
exhibit many of the properties of elementary particles of physics such as conservation
of total rotation (they are created and destroyed in pairs) and an invariance to a
Lorentz transformation [12]. One other important property of the solitary wave
solution is that a soliton and an antisoliton can pass through each other without
mutual destruction even though such destruction would not violate conservation
of total rotation. Figure (2.4) shows one possible physical representation of the
sine-Gordon equation, a rod of infinite length, with pendulums of zero width all
immediately next to each other, and with a string connecting the bottoms of all the
pendulums together. The pendulum action results in the stn¢ term and the string

2
results in the wave action, or the —g;? term.
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Figure 2.4 A Physical Representation of the sine-Gordon Equation

The sine-Gordon equation can be separated into a set of first or second order
ordinary differential equations in exactly the same manner as was the wave equation.
Letting %% =V ,and %—‘: = g—:? — stn¢ and using a centered difference formula to

2

approximate %5%1 , and using boundary conditions of ¢g = 0 and ¢n = 27, we get

the following set of equations:

dé,
% -
dV. d? 1 .
dtl — dgl = (Bz)? [¢2 — 2¢1 + ¢o] — sing,
dés
&

2
= R = Tyt~ 22+ ] — singy

dpn—2 _
P VN-2
dVn_ d?én_ 1 .
:t 2 = 33 2 = (Az)2[¢w—1 —2¢N_2+ dN_3]| —sindn_;
dén—1 _
e VN
dVn - dPon- 1 )
z 1 = Ztlg L = (AZ)z [¢N - 2¢N—1 + ¢N—2] - 8""¢N—1
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where N is the number of discrete x values . This set of ODEs can be solved as the

first order system z(t) = f(z(t),t) with

( ¢1(t) )

¢N—2(t)

E(t) = ¢]‘$1-(1t§t) ’

Va (t)

1% t
\ Vi f%t

or it can be solved as the second order system %(t) = f(z(t),t) , with

é1(2)
$2(t)
z(t) = :
dN—2(t)
dn-1(t)

Initial conditions can be generated by using the analytic solution for the solitary
wave and its first derivative. The analytic solution is used to generate initial condi-
tions for the numerical solution to ensure that the analytic and numerical solutions
are solutions to the same problem . The solitary wave solution of the sine-Gordon

equation which corresponds to a rotation in ¢ by 27 (as x goes from —oo to o ) is
1 H(2=u)
é(z,t) = 4tan™ e Vi-+37] (2.59)

in which the 4 sign corresponds to a positive sense of rotation and the pulse can
be considered a soliton, and the - sign corresponds to a negative sense of rotation
and the pulse can be considered an antisoliton. The first derivative with respect to

time of the solitary wave solution is

(F=)
a¢g,t) _ (—:t_t:j . (2.60)
(1+e Va-e? )(\/1 + u?)
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The initial conditions for the sine-Gordon equation example are then easily found by
plugging t = 0 and the desired x-values into equations (2.59) and (2.60), resulting

in the equations

¢(z,0) = 4tan—1[e(7ﬁ)]

b

0¢(z,0) —4uc(;1-"2 )

and = 3
ot (14 Vi) (vVI—w?)

Boundary conditions of
¢(IO,t) =0 ’

and ¢(zn;it) =27

must be used because of the rotation from 0 to 27 as x goes from —oo to oc.
Stability Analysis for Godunov Integration

A stability analysis will be attempted on a linearized equivalent of equation
(2.58). Discretization in the time axis using a Godunov step and in the x-axis using
a centered difference scheme results in the equation

¢;(t+ At) —2¢,(t) + 8;(t — At) _ ¢;11(t) —24;(t) + ¢;-1(2)
(At)? (Az)?

— sing;(t)

where ¢;(t) corresponds to ¢ at rpace step j and time step t. Consider the state

with ¢; very close to O or to 27 , then sing;=¢; , and

&t + Bt) — 2&(;2) +¢5(t — At) . 841 () — ?i:;c()tg +9i-1) 45 . (259)
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Seeking a solution in the form of ¢;(t) = e*(*s=“?) and substituting this into the

left hand side of equation (2.59),
¢j (t + At) _ 2¢j(t) + ¢j(t _ At) — eikj [e—iw(t+At) — 9e—twt + e—iw(t—At)]
— ei(k,-—-wt) [eiwAt + e WAt _ 2]

= 2[cos(wAt) — 1]ef(ks—w1)
¢;(t+ At) —2¢;(t) + ¢;(t — At) _ 2[cos{wAt) — 1]et(ks—wt)

so ) = VL (2.60)
Substituting ¢;(t) = e*(*s=“*) into the right hand side of equation (2.59),
$i+1(t) —2¢;(t) +¢;-1(t) _ 2[003( i) — l]e'(k i) — etlki—wt) (2.61)

(Az)? (Az)?

Substituting the right hand sides of equations (2.60) and (2.61) back into equation
(2.59) and dividing through by et(ki—wt)

2[cos(wAt) —1]  2[cos(k;) — 1]

@ T (agr
and 2[cos(wAt) — 1] = 2[cos(k;) — 1] ((ﬁi))z — (At)? (2.62)
so wAt = cos™[(cos(k;) — 1) ((ﬁt); - (A2t)2 + 1]

or w= -l_cos_l[l - (Azt)2 ((ﬁt))"; (cos(k;) — 1)]

At

Now cos(k;) —1 < 0, so from equation (2.62), cos(wAt) < 1 — -(A;ﬁ < 1. The

value k; = 7 causes the worst case of cos(k;) —1 = —2 . For this value of k;,
_ . (an? (ay? g 1 1
cos(wAt) =1 3 (A B =1—2(At) [(A:c)2 + 4]

If At = Az then cos(wAt) = -1 — -(—A;tﬁ causing a weak instability. If (At?) <
1 = (a2)?

—— T4 (8202 then the Godunov solution should be stable. A truncation
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error analysis for the sine-Gordon equation is not attempted due to the complexity

of the analytic solution.
Floating Point Operations Count

When the sine-Gordon equation is solved using an x-axis extending from
-10 to 10 in increments of .1, each second derivative evaluation (needed for a Go-
dunov solution) takes 1,194 floating point operations per step and each first deriva-
tive evaluation (needed for an Adams-Bashforth 3rd order solution) takes 1,393
floating point operations per step if the sine function is counted as one floating
point operation and if ‘Flzj? is calculated ahead of time. The Godunov method,
Zpiy =2z, —Z,_,+ h*E, then results in 4 floating point operations on vectors of
length 199, giving a total of 4(199) + 1,194 = 1,990 floating point operations per
step for a Godunov solution of the sine-Gordon equation. The Adams-Bashforth
3rd order solution results in 7 floating point operations on vectors of length 398
giving a total of 7(398) + 1,393 = 4,179 floating point operations per step. The Go-
dunov method then has approximately a two to one floating point operations count
advantage over the Adams-Bashforth 3rd order solution. This is about the same
as what happened when these two methods were used to solve the wave equation
and is expected since both the wave and sine-Gordon equations result in first and

second order ODEs of the form Z(t) = f(z(t),t) and Z(t) = f(z(t),t), respectively .
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CHAPTER 3 - EXPERIMENTAL RESULTS

This chapter will show what happens when the schemes and systems dis-
cussed analytically in Chapter 2 are actually coded up and used for simulation runs
on a computer. The Godunov integration method was first implemented in Control-
C [13], a computer aided control system design software package which is a superset
of Matlab [11]. Matlab is a software package designed to perform arithmetic op-
erations conveniently on vectors and matrices. Later on, the integration software
was implemented in C to speed up execution time. The graphs and the floating
point operation counts shown in this chapter come from data generated using the
C code. The errors shown are identical to that resulting from the Control-C code,
but the floating point operations counts may be somewhat different. The C code is
optimized to not carry out any more floating point operations than necessary. For
instance, when the wave equation is solved using the Godunov method, it is not
necessary to solve for z, or for z,. Even though £, and z, will be all zeroes in this
case, floating point operations will still be accrued, so the C code simply doesn’t
solve for these two variables when solving the wave equation. The Confrol-C code
does not make a provision for this contingency. The Control-C code and the C
(VAX-C) code are shown in their entirety in Appendix B. First, a fragment of the
Control-C code used to solve the systems is shown.

As stated in Chapter 2, the most general form of the problem to be solved

using the Godunov integration technique is

z, = il(ipépgzal‘.at) (3.1)
z, = Lz(.-'E.pip&zal‘.at) (3.2)

g = g(ﬁlailazz’ﬁa t) . (3.3)
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It can be seen that an extra calculation will be required to solve for z,, since g, is
required explicitly in the right hand side of the system equations, and yet there is
not a system equation to use to evaluate z,. This results in the addition of a third

equation to the general problem:
._‘:cl = i1 = fl(glaipgz,ﬁat) . (3.4)

If equation (3.1) is solved with a Godunov step, and equations (3.2) and (3.4) are
solved using Adams-Bashforth 3rd order steps, then three simultaneous equations

result:
= 2x1 - .1:1 + hzil

'Z—1n+l —in ~din-—1 =in
B, L =4 " 23z, - 163 5%
£1041 = &1, + (238, —16F,,_, +5E, ] (3.5)
koo . .
£2n+1 = Ez" + 1—2[2322'& - 16£2n—1 + S-z‘zn—?]
Once the startup is completed, the main loop of the computer code will need to
calculate the derivatives defined by equations (3.1) and (3.2) and then extrapolate

forward in time to the next step using equations (3.5).
In Control-C, the code appears as follows:
for 1+=3:n,..
[z1dd] = f1(a,b,¢,d, z1,21d,22,u,%);... [/ Z,,
[z2d] = f2(e, f, 9, h, 21, 21d, 22, u,9);... [/ Z,,
lyt] = g(s%,7,k,1,21,21d,22,u,1);... // output of system at step ¢
y(9) =yt [/ t.his adds the output vector yt, to the output matrix y

zlvo = zlo;... [/ z;, |

zlo=zl;... [/ =z,
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[z1] = GODSTEP(zl0, zlvo, z1dd, dt);... // Zyips
[z1d] = AB3(z1d, z1dd, z1ddo, z1ddvo, dt);... // Zy,,,
[z2] = AB3(22,22d, 22do, 22dvo, dt);... [/ z,,,,
zlddvo = zlddo;... [/ &, |
zlddo = zldd;... [/ &,
z2dvo = z2do;... [/ Z,, |

z2do = z2d;... [/ £,

end
where d and dd stand for dot and double dot, and o0 and vo stand for old and very
old respectively. The sine-Gordon equation was not solved with Control-C since the
Control-C code was written to accept linear systems. The derivative evaluations

used the Control-C functions

//lzdd] = f1(a,b,¢c,d,z1,21d, 22,u,t)

zdd=a*zld+b*zl+cxz2+ d*u(t);

and //[z2d] = f2(e, f,9,h,z1,21d,22,u,t)

z2d =e*xzld+ f+zl1+g*+z2+ h*u(t); ,

where a through h are defined by the system to be solved. Although f; and f;
are identical functions except in name, they were kept separate for clarity of the
software. The forward extrapolations in time for z,, £, and z, use the Control-C

functions
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//{zn] = GODSTE P{z, zo, zdd, dt)

Zn =2 % z — zo + (dt * dt x zdd);

and //[zn] = AB3(z,zd, zdo, zdvo, dt)

zn =z + (dt/12) * (23 * zd — 16 * zdo + 5 * zdvo);

The remainder of Chapter 3 will show:

- Analytic solutions

- Absolute errors

- Number of floating point operations required
for the wave equation, the human body model, the passive electrical system and
the sine-Gordon equation. The derivations of the analytic solutions are shown in
Appendix C. The C code, which was used to generate the absolute error graphs
and the floating point operations counts, also had a Runge-Kutta 4th order first
derivative system solver, so the errors resulting from the Runge-Kutta 4th order

solution are included on some of the graphs.
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FIRST EXAMPLE - WAVE EQUATION

The analytic solution for the hyperbolic partial differential equation

82U _ 3
a2~ fz2

with initial conditions

oU(z,0) L
5t =0 and U(z,O)-—sm(z)

and boundary conditions

aU(1,1)

v, =0 , =

=0

is U(z,t) = sin(}z)cos(5t). This is shown graphically at the value x=1 in Figure
(3.1). The Godunov method will be used to solve the system Z(t) = —w?z(t) for

the wave equation where

200 -100 O 0 ... 0
-100 200 -100 0 ... O
wi=| O -100 200 -100 ... O
0 0 ... 0 —200 200

The Adams-Bashforth 3rd order and other first order system solvers will solve the

0 I
4= o)

Figure (3.2) shows the Godunov absolute error using both the Forward Euler and

system £(t) = Az(t) where

the Taylor Series Expansion startups at the stepsize h = .01 . Figure (3.3) shows
the Adams-Bashforth 3rd order and the Runge-Kutta 4th order errors along with

the Godunov errors.
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Only three traces show on Figure (3.3) because the Godunov method with Tay-
lor Series Expansion startup and the Adams-Bashforth 3rd order method exhibit
nearly identical discretization errors. The Godunov method with Forward Euler
startup shows a larger error than with the Taylor Series Expansion startup because
of the additional term used on the Taylor Series Expansion. One other point to
notice on this graph is that the errors seem to be increasing in a linear fashion for
all four methods, indicating a weak numerical instability. Floating point operations
counts show the expected results with the Adams-Bashforth 3rd order method tak-
ing approximately twice as many floating point operations as does the Godunov
method.

In an attempt to determine the limits of stability of the Godunov method,
the stepsize h was gradually increased. Asshown in Figures (3.4) through (3.6) , the
magnitude of the error of the Godunov step with Forward Euler startup increases
but the rate of increase of this error decreases, while the error with a Taylor Series
Expansion startup steadily decreases. The Adams-Bashforth 3rd order method and
the Runge-Kutta 4th order methods become unstable at a stepsize less than A = .05.
When h = .1, which is equal to Az, the Godunov error with a Forward Euler startup
remains at a constant value while the error with a Taylor Series Expansion startup
nearly vanishes as seen in Figures (3.7) and (3.8) .These errors agree with the
results of Chapter 2 which showed that the truncation error due to the Godunov
step with a Taylor Series Expansion startup step should vanish when At = Az,
and the truncation error of the Godunov method when used with a Forward Euler
startup step should be equal to the error of the Forward Euler startup step only.
This explains why the error shown in Figure (3.7) remains at a constant value, and
indicates that the error shown in Figure (3.8) is purely the result of the machine

roundoff error.
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Figures (3.9) and (3.10) show that as h is increased slightly above Az the error
resulting from the Godunov step with a Taylor Series Expansion startup starts
increasing again due to the increasing error of both the Taylor Series Expansion
step and of the Godunov step. The increase in error of the Godunov step with a
Forward Euler startup is still dominated by the error of the Forward Euler startup
step for this value of h. The Godunov method goes completely unstable when 4 is
increased very much above .1005 as shown in Figure (3.11). This agrees with the
stability analysis done in Chapter 2, which shows that for stability the eigenvalues
of w? and the stepsize h should satisfy the relationship h < ;\3; . Since the largest
eigenvalue of w? has a value of A; = 19.938347, h should be less than .1003 to
guarantee stability. The discretization error results, the floating point operations
counts, and the stability domain results seem to give a clear advantage to the
Godunov method over the first order system solvers when used to solve the wave

equation.
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SECOND EXAMPLE - HUMAN BODY MODEL

The set of second order differential equations to be solved for the human

body model is
E(t) = —wz(t) — C(t) + du(?)

where X X
£ =k
" . 0 0
=k ky+ko+ks —ko —k3
w2 — ma mkg r’?g mqg ,
=k2 X2
0 i e 1?
—Rr3 L3
0 L 0 My
b —b
2 =0
— e 0 0
=b; by +bo+bs —bs =b
C= ma ma msq ma
0 —b b2
T e
=ba La
0 — 0 —
0
0
and d=
= 0
i
mgy

First order system solvers were given the equation £(t) = Az(t) + bu(t) to solve

where
( 0 1 0 0 0 0 0 0 \
k b k b
il ™ ;'t 0 0 0 0
0 0 0 1 0 0 0 0
ki by —k;—ko—ks =by—by—ba ko B2 ks ba
A= ma ma ma ma ms ma ma ma
0 0 0 0 0 1 0 0
k b k b
0 0 " ™ ~“m "ms O 0
\ 0 0 0 0 0 0 0 1 )
k b k b
0 0 — Tn‘t 0 U
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The analytic solution to this system is
y(t) = z1(t) — z2(t) = .1306¢~-3543¢ — 0038e~3-095¢
+ 2~ +33264(,0524c05(.3638t) — .19067s1in(.3638t))
— 2¢799%%(.112¢0s(.27t) + .02325sin(.27t))

+ 2(—.00374cos(mt) + .0029sin(nt))

when the input «(t) = 10s¢n(nt) is used and is shown in Figure (3.12). The cervical
vertebrae are in tension during the negative portions of the solution and are under
compression when the solution is greater than zero. Figure (3.13) shows errors for
the Godunov, Adams-Bashforth 3rd order and the Runge-Kutta 4th order solutions
at h = .01. The Runge-Kutta 4th order error is so much bigger than the other two
at this point that another graph (Figure 3.14) was made to show just the Godunov
and Adams-Bashforth 3rd order errors. Figure (3.14) shows the Godunov method to
have a smaller error initially but as ¢ increases the Adams-Bashforth 3rd order error
becomes the smaller of the two. When h is increased to a value of 0.1 the Runge-
Kutta 4th order error is still much larger than the Godunov and Adams-Bashforth
3rd order errors, and at this step size the Godunov error remains smaller than the
Adams-Bashforth 3rd order error with increasing time (Figure 3.15). The Godunov
method requires approximately 10% fewer flops than the Adams-Bashforth 3rd or-

der method for this system. The Godunov method goes unstable for h > 0.14
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while the Adams-Bashforth 3rd order méthod goes unstable at the slightly larger
value of h = 0.18 (Figures 3.16 and 3.17). Overall, the Godunov method offers
somewhat of an advantage over the Adams-Bashforth 3rd order method in terms of
floating point operations counts and discretization errors and a considerably larger
advantage over the Runge-Kutta 4th order method in both of these quantities. The
Adams-Bashforth 3rd order method does, however, offer a slightly larger stability

domain for this system.
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THIRD EXAMPLE - PASSIVE ELECTRICAL SYSTEM

The passive electrical system example requires the solution of the equations
£,(t) = Az, (t) + Bz, (t) + ez2(t) + du(t)
(3.6)
22(t) = 'z, (t) + fz2(t)

for a solution using the Godunov method where

1 1
“Li6i  Lich 0 0
1 _{Li+Lj3) 1 0
A= L,C, Czllu L2 chl'n
0 L.Cs T L2Cs .
\ ol 0 0 -k
(—Rxcx 01 0 0
B = 0 ~FaCa 01 (1)
\ 0 Y 'Rlac3 Raclr3
0 0 R:Cq T RsC,
0
c= 0
=7 0
1
LsCa
1
Cox
0
R
€ =(0 00 I¢)

and f=(---’-£—;

The first order differential equation solvers were given the system

£(t) = Az(t) + bu(?)
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where
1 1
/‘Rlxcl -3 o1 0 0 0 0 \
= (l) -317 0l 0 0 0
0 C: TR ~¢C; 0 0 0
A= 0 0 7}; 0 —LL, 0 0
1 1 1
0 0 0 T "GRGk 01
\ 0 0 0 0 C4R3 T CiRs T~ Ca
0 0 0 0 0 = —f;]
1
(%)
0
0
and b = 0
0
0
\ 0

The analytic solution to the electrical system,

vs(t) = —5.00107 %~ 47-64¢ 4 24285 36750052.0234¢ — .1975:n2.0234t)
+ 2¢7-332¢(— 0161¢05.9233t + 1.06215in.9233t)
+ 2¢7+5455%( 5834c05.3296t — 1.7868s1n.3296t)

+ (—.0348cos3t + .0597sin3t)
is shown in Figure (3.18), and the analytic solution, the Godunov solution and
the absolute value of the Godunov error are shown in Figure (3.19). The error
increasing in a straight line indicates an instability in the numerical system which
wasn’t predicted in the stability analysis done in Chapter 2. At the same step size
(h = .01) the Adams-Bashforth 3rd order method is much better behaved (Figure
3.20). The linearly increasing error of the Godunov solution was observed at step

gizes approaching zero. Since the Godunov method seemed to work fine with the

gystems,

&(t) = £(=(),1) (3.7)
and  E(t) = f(2(t), &(t),u(t),9) (3.8)
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an attempt was made to modify equations (3.6) to fit the form of equation (3.8).

This can be done by differentiating the first derivative equation of equations (2.51),

vs(t) = 7—va(t) — —vs(t) ;

to give
v5(t) = —-—04(t) - ——-05(t)

The first four 2nd derivative equations remain unchanged. The system is now
expressed in nearly the same form as that of the passive mechanical system except

that the input u(t) is differentiated.

2(t) = f(z(t),£(2), u(t),t) . (3.9)

Although this modified system is numerically stable, that is, the numerical solution
does not approach infinity as t goes to infinity, the error between the numerical
solution and the analytic solution is unacceptably large as shown in Figure (3.21).

Another way of eliminating the equation

£2(t) = €' z,(t) + fz2(t) (3.10)

in this case is to make Ry = O (which of course isn’t practical in the case of a
real system for which we are atterapting to arrive at a numerical solution). This
eliminates the rightmost node of the circuit shown in Figure (2.3) which eliminates
equation (3.10). This leaves, once again, a system in the form of equation (3.9).
The Godunov method error for this system is bounded but still much larger in
magnitude than the Adams-Bashforth 3rd order method error as seen in Figure

(3.22).
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In an attempt to determine under exactly what conditions the Godunov
method does not arrive at a satisfactory solution, four small order electrical systems
were solved numerically. The first system, shown in Figure (3.23) and referred to

from here on as SYSTEM 1, results in the 2nd order differential equation

(0 = ~(g + Tog)*l) ~ o) + et
where
z(t) = vo(t) and u(t) = vin(t) = 10sin(3nt)

We will refer to this system as SYSTEM1G2, meaning SYSTEM]1, to be solved
using the Godunov method for 2nd order differential equations. This equation is of

the form
z(t) = f(z,2,u,t)

which is the same form of equation as the passive mechanical system resulted in.

I, =1 .
- | i) l
(X (s = Vo(t)
§ CD R=1% C=1 L2=%—i ’
O

Figure 3.23 SYSTEM1

This equation can be separated into the two first order differential equations

il(t) = :Bz(t)
A

i2(t) = (515 + L5000 - pgesl) + ogul)
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where

z1(t) = vo(t) and za(t) = 0,(t)

This set of differential equations will be referred to as SYSTEM1A2, for SYSTEM1,
Adams-Bashforth solution of the 2nd order differential equations. Another first
order differential equation representation of this system can be arrived at by using

vc(t) and 1L(t) as the the state variables, which will result in the equations:

1(t) = - (u(0) ~ z2(1)
£a(t) = Z(21(0) - F22lt) - 7s(t)) (3.11)
£a(t) = Lizm(t))

where
z1(t) =41, (t) ,z2(t) =vc(t) =vo(t) and =za(t) =1L,(t)

This set of differential equations will be referred to as SYSTEM1AL1, for SYSTEM1,
Adams-Bashforth solution of the 1st order differential equations.
The second small electrical system (Figure 3.24), which will be referred to

as SYSTEM 2, resulted in two equations in the form of
21(t) = f1(z1(2), 21(2), z2(2), u(2), 1)
Z2(t) = f2(=1(2), z2(t), )



100

-l R

vie (8) (_tj % L $ )
Ry=1

C=1 Ro=1

Figure 3.24 SYSTEM2

which has a first derivative equation but the input is not differentiated. The two

equations resulting from this circuit are

£(t) = (—L—lg L S)nlt) - gl + pgm) + pgu) (1)

ig(t) = -—'131( ) - —Zz(t) (3.13)
where
zi(t) =ve(t) , z2(t) =vo(t) and u(t) = vin(t) = 10sin(37t)

(Refer to these differential equations as SYSTEM2G2). If equation (3.12) is sepa-
rated into two 1st order differential equations, the system can be expressed as

#1(t) = z2(1)

By(t) = (—ﬁ - )0 - Fgmlt) + pgea(t) +

3a(t) = oo (t) — Toaalt)

LC()

where

zi(t) =ve(t) , z2(t) =0c(t) and zs(t) = v,(t)
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(Refer to this set of differential equations as SYSTEM2A2). Another formulation
of the system equations in first order form is
. 1
1(t) = 7—(u(t) — 22(1))
1
£(0) = Z(@(0) ~ m-z2(0)  25(0))
2t) = 5. Ry =2 3
. 1
23(t) = 7-(22(t) — Raza(t)
2
where
zy(t) =14r,(t) , =z2(t) =ve(t) and z3(t) =1r,(2)

(Refer to this set of differential equations as SYSTEM2A1). This time the system
orders are reflected accurately in both the second order and the first order formula-
tions. The third small electrical system to be experimented with is shown in Figure

(3.25) and will be referred to as SYSTEM 3.

U l i
(D) R_lﬁ = 3 WO

C=1 L=1

Figure 3.25 SYSTEM3

An equation of the form,

£ = f(=(t), £(t),(t),1)
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(which requires the derivative of the input but not a first derivative equation) results
from this system:

3(1) = -—L—lc-:z:(t) - 72%:z:(t) +a() (3.14)

where

z(t) = vc(t) and u(t) = 1,(t) = 10sin(3nt)

(Refer to this differential equation as SYSTEM3G2). Equation (3.14), when sepa-
rated into two first order differential equations, results in:

#1(t) = z2(t)

2a(t) = —f}-c-,—zl(t) _ —R}a—zz(t) + ()

where

z,(t) = vc(t) and z2(t) = 9c(t)

(This set of differential equations will be referred to as SYSTEM3A2). This system

can also be formulated in the form of the two 1st order differential equations:

(u(t) = F21(8) — 2a(2)

a(t) = 7 (=a(0)

z1(t) =

Q| ~

where

z:(t) = vo(t) and z(t) = iL(t)

(This set of differential equations will be referred to as SYSTEM3A1). The last
small electrical system used for this experiment (Figure 3.26), referred to as SYS-

TEM 4, results in equations of the form
£1(t) = f1(za(t), 21(t), z2(t), i(t), )
£2(t) = f2(z1(t), z2(t),2)
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L

) I 7l
1 = t
MY CD R1=1ér C=1 R2=—-12—? R
O

Figure 3.26 SYSTEM4

which have both the first derivative equation and a differentiated input. The equa-
tions

Lo+ —d(t) (3.15)
LC

2a(t) = %xl(t) - ——:cg(t) (3.16)

zl(t)———zl(t)-— 1 Fshi(t) +

result from this circuit, with
z1(t) =vc(t) , z2(t) =vo(t) and u(t) = 1,(t) = 10sin(37t)

(Refer to these differential equations as SYSTEM4G2). Equation (3.15) can also
be separated into two 1st order differential equations so that

£1(t) = z2(t)

2(t) = —i%zl(t) -

2a(t) = %z,(t) - —xa(t)

—oa(t) + Fezs(t) + it

where

zi(t) =vc(t) , z2(t) =dc(t) and za(t) = vo(¢)
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(Refer to these differential equations as SYSTEM4A2). The second formulation of

system equations in 1st order form is

21(t) = G(u(0) ~ Froa(t) — 2:2(0)

. 1
22(t) = 7 (21(t) — Re25(2))
(Refer to these differential equations as SYSTEM4A1). In this example, the second
order equation formulation of the system equations makes a second order system
appear to be a third order system.
The analytic solutions, and the error resulting from the numerical solutions

of these 4 small electrical systems are shown in figures (3.27) through (3.35). It can

be seen that the Godunov solution remains stable for the three system types:
z(t) = f(=(t), 2(t),u(t),t) ,

Z1(t) = f1(z1(2), £1(2), z2(t), u(t), )
Z3(t) = fa(z1(t), z2(t),t)

and (1) = f(2(t), 2(t), 2(t),8) |

although the errors resulting from the Godunov solution of these three equation

types is significantly higher than the Adams-Bashforth 3rd order errors. The system

type:
21(t) = f1(z1(t), £1(t), z2(2), 4(2), 1)

Z3(t) = fa(z1(2), z2(t),2)

however, results in an unstable solution for the Godunov method.

(3.17)
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A deeper understanding of the reason for the unstable Godunov solution
to the system type of (3.17) can be found by rexamining the stability analysis of
the passive mechanical and electrical systems of Chapter 2. If we substitute the
matrices and vectors, A through ¢/, of SYSTEM4G2 and h = 0.05 into equations

(2.55) and put these equations into the form z, = ¢"z,, we find the eigenvalues of

¢ to be:

eig(9) leig(4)|
0.0000-0.0000i 0.0000
0.0924-0.00001 0.0924
-0.1156-0.00001 0.1156
0.1263-0.0000i1 0.1263
-0.1734-0.0000i 0.1734
0.9621+0.04661i 0.9632
0.9621-0.04661 0.9632
1.0000-0.00001 1.0000
1.00004-0.0000i 1.0000

Table 3.1 Eigenvalues of SYSTEM4 discretized with hybrid numerical method
If the same technique is used for the Adams-Bashforth solution of SYSTEM4A2,



we find the ¢ matrix to have eigenvalues of:

eig(¢)
0.0000-0.0000i
0.0000-0.0000i
0.1278+0.0545i
0.1278-0.0545i
-0.1618+0.1007i
-0.1618-0.1007i
0.9621-0.0466i
0.9621+-0.04661
1.0000-0.0000i
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lezg(4)]
0.0000

0.0000
0.1390
0.1390
0.1906
0.1906
0.9632
0.9632
1.0000

Table 3.2 Eigenvalues of SYSTEM4 discretized with AB3 method

The eigenvalues of the discrete system which are at z = 1 correspond to eigenvalues

in the continuous domain of 8 = 0, or free integrators. This explains why SYS-

TEM4A2, with one free integrator, shows a step output; and why SYSTEM4G2,

which has two free integrators, shows a ramp in the output. Similar results are

obtained by using this analysis with different stepsizes and also with the 7th order

passive electrical system.
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FOURTH EXAMPLE - SINE GORDON EQUATION
The analytic solution to the sine-Gordon equation,
—37 = 5;7 - sin (3.18)

with initial conditions

#(z,0) = 4tan‘1[¢(7f.'3)]

’

and 9¢(z,0) _ —que Vi)
% VI
is
#(z,t) = 4tan'1[ei(\/’_l-:+—t;)]
for z = —oc0 to oo. The analytic solution from z = —10 to 10 with u = %

is shown in Figure (3.36). The errors resulting from the numerical solution of this
problem using the Godunov method, Adams-Bashforth 3rd order method and the
Runge-Kutta 4th order method using a step size of h = 0.01 are shown in Figures
(3.37) through (3.39). As was seen in the numerical solution of the wave equation
with h = 0.01, the Godunov method takes approximately half as many floating point
operations as does the Adams-Bashforth 3rd order method, and the discretization
errors for the two methods are virtually identical. This is not unexpected since the

partial differential equations of the two systems are very similar.
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CHAPTER 4 - CONCLUSIONS

As seen in the error plots shown in Chapter 3, the Godunov integration
method offers a clear advantage in terms of the largest step size allowed for stability,
the number of floating point operations required for a solution and in the magnitude
df the discretization error over the Adams-Bashforth 3rd order and the Runge-Kutta

4th order methods when used to solve the simple system

E(t) = —w’z(?) (4.1)
where w? is derived from the use of a centered difference scheme to discretize %1[2].

The combined Godunov and Adams-Bashforth 3rd order method offers a
small advantage over the Adams-Bashforth 3rd method in terms of discretization
érror and the number of floating point operations required for a solution when used

to solve the slightly more complex system
Z(t) = —wiz(t) + Cx(t) (4.2)

where w? and C arise from a second order differential equation formulation of the
human body model. Due to the different shapes of the stability domains for the two
different methods (Figure 2.1), the eigenvalues of the the system in question will
determine which integration technique allows the largest step size before instability
occurs. That is why, in this case, the Adams-Bashforth 3rd order method went
unstable at a slightly larger step size than did the Godunov method.

For the more complicated systems

£(t) = £,(2: (), 2, (), 22(t), u(t), 1) (4.32)

£2(t) = £,(2:(8),23(2),1) (4:3b)

and  2(1) = £(2(t), (1), (1), 1) (4.4)



122

where f i

f, and f are defined by the electrical systems experimented with in

Chapter 3, the Adams-Bashforth 3rd order method was shown to be superior in
terms of the largest stepsize allowed for stability, the number of floating point
operations required for a solution and in the magnitude of the discretization error.
In addition, it was found that the Godunov method doesn’t have any stability

domain when used to solve the system

Z(t) = il(.§1 (t), z, (t)sz(t)ad(t),t)

(4.5)
Ty (t) = f2 (£1 (t) 1 2 (t) ’ t)

The failure of the Godunov method to converge to the analytic solution in
this case can be attributed to the fact that-the numerical system has two eigenvalues
lying at z = 1, or s = 0, causing a ramp response. The Adams-Bashforth 3rd order
method as well as higher order Adams-Bashforth methods and Adams-Moulton
predictor-corrector schemes were used on the first order equations of equation set
(4.5), all with the same results, namely a ramp output indicating two eigenvalues
at the origin.

Due to the shapes of their respective stability domains (Figure 2.1), the
Godunov method will always have an advantage over the Adams-Bashforth 3rd
order method in terms of the largest step size allowed for stability when used to solve

problems of the type Z(t) = —w?z which have the eigenvalues of the corresponding

z= 0 I z

lying near the imaginary axis. To check and see if the Godunov method will always

system

offer a floating point operations count advantage over the Adams-Bashforth 3rd
order method for problems of this type, a worst case study can be done. This is

done by assuming that the w? matrix has no elements whose values are zero. If



123

the vector z has n elements, then the evaluations of the 2nd derivative will require
2n2 —n floating point operations. A Godunov solution will then require 4n+2n2—n
dar 2n? + 3n floating point operations per step. If the n second derivative equations

df £ = —w?z are separated into 2n 1st derivative equations, the resulting system

0o I
4= (o)

which requires 2n? — 1 floating point operations to evaluate. An Adams-Bashforth

will be £ = Az where

3rd order solution will then require 2n? + 14n — 1 floating point operations per step
gﬁving the Godunov method an advantage of 11n — 1 fewer floating point operations
pier step.

| The bottom line of all this is that the Godunov method may, in certain
cases, be a more desirable integration technique than other numerical integration
techniques such as the Adams-Bashforth and Runge-Kutta methods. These cases
include, but of course are not limited to, systems with eigenvalues lying near the
ixinaginary axis and systems which naturally give rise to 2nd order differential equa-
tions such as the mechanical systems described in Chapter 1. When systems re-
quire the differentiation of integral terms to be formulated in terms of 2nd order
differential equations, such as electrical systems with both capacitors and induc-
tbrs, however, the Godunov method may not produce a satisfactory solution to the

p}roblem.



124

APPENDIX A - NUMERICAL STABILITY DOMAIN

Appendix A contains a listing of the Control-C code used to generate both
the Adams-Bashforth 3rd order and the Godunov-Adams-Bashforth 3rd order hy-

brid method stability domains found in Figure (2.1).
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// GODPEANUT.CTR

HEFF godstab -¢
TERM = ‘4100';
//
zgeta = -1:.1:1;
[n,m] = SIZE(zeta);
I = 2ROW(zeta);
FOR i=1:m, ...
h(i) = GODSTAB(zeta(i));

X = -h.*2etsa;
y = SQRT(h.*h - x.*x);
1/

aa = [ ~-.5 -2

+.85 +2

1 .4 );

FLOT(aa, 'scale’)
FLOT(x,y, ‘grid’)
PLOT(x,-y)
TITLE('Unity Peanut Of GOdunOv/AB3 Scheme’)
XLABEL( 'REAL(b*lambda) )
YLABEL( 'IMAG(h*lambda) ')
PAUSE
/7
ERASE
RETURN

Figure A.1 GODPEANUT.CTR



// [h) = GODSTAB(zeta)

// Compute the eigenvalues of the Godunov/AB3
// scheme for second order system

// g(s) = s*s + 2*zeta*omegal*s + omegal*omegal
// with omegal = 1

// Iterate over values of h until the largest
// @absolute eigenvalue is 1.0

//

lmax = Q;

hmin = 0.02;

h = hmin;

¥HILE lmax <= (1+10000%eps),

A = [(2-h*h) -2*h*h*zeta;-23*h/12 (1-23*h*zeta/6)];
B=1[-10; 4*h/3 8*h*zeta/3 );

C=[00; -5*h/12 -5*h*z2eta/6 ];

I = EYE(2);

Z = ZROW(2); ...

F=[2I2;221I;CBAI;

1 = EIG(F);

lmax = MAX(ABS(1));
err = ABS(lmax - 1);
h = h + hmin;

END

//

err = 1;

hmax = h;

hmin = h - 2%hmin;

VHILE err » 0.00001,

imax = MAX(ABS(I))
err = ABS(lmax - 1), v
hdiff = 0.5*(hmax - hmin)
IF lmax » 1.0, ..
hmax = hmax - hdiff
ELSE ...
hmin = hmin + hdiff;
END, .
END
//
RETURN

Figure A.2 GODSTAB.CTR

h = 0.5*(hmin + hmax); ...

A = [(2-1*h) -2*h*h*zeta;-23*h/12 (1-23*h*zeta/6)];
Be= [ -103; 4*h/3 8*h*zetas/3 1; ...

C=1[00; -5*n/12 -5*h*zeta/6 ];

I = EYE(2);

2 = ZROW(2); ...

F=[212;221I;CBAI;

1l = EIG(F);
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// AB3PEANUT.CTR
// Compute the AB3 peanut and plot it
[/ e —————
DEFF ab3stadb -c
TERM = ‘4100';
//
zeta = -1:.1:1;
[n,m) = SIZE(zeta);
h = ZROW(zeta);
FOR i=1:m, ...
h(1i) = AB3STAB(zeta(i));
END
x = -h.*zeta;
vy = SQRT(h.*h - x.*x);
//

ea = [ -1 -1

+1 +1

.2 .2 1;
PLOT(&aa, ‘scale’)
PLOT(x,y, ‘grid’)
PLOT(x,-y)

TITLE('Unity Peanut Of Adams/BashfOrth 3rd Order Scheme'’)

ELABEL( ‘REAL(h*lambda)’)
YLABEL('IMAG(h*lambda) ')
PAUSE

v/

ERASE

RETURN

Figure A.3 AB3SPEANUT.CTR
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// [h] = AB3STAB(zeta)
//
// Compute the eigenvalues of the Adams/Bashforth 3rd order
// scheme g(s) = s*s + 2*zeta*omegal*s + omegal*omegal
// with omegal = 1
// Iterate over values of h until the largest absolute
// eigenvalue is 1.0
//
lmax = 0;
bmin = 0.02;
h = hmin;
WHILE 1max <= (1+10000*eps), ..
( 1 23*n/12 ; -23*h/12 (1- zs'h'zeta/e) 1;
[ O -4*n/3 ; 4*n/3 8*h*zeta/3 J; ...
[ O 8*h/12 ; -B*h/12 -5*n*zeta/6 1;
EYE(2);
ZROW(2); ...
[2I2;221I;CBAI;
EIG(F); ..
imax = MAX(ABS(I))
err = ABS(lmax - 1);
h = h + hmin;
END
//
err = 1;
hmax = h;
hmin = h - 2*hmin;
WEILE err » 0.00001,
h = 0.5*(hmin + hmax)

PHNHQE >
L I B I B BN A ]

A= [ 1 23*n/12 ; —23‘h/12 (1-23*h*zeta/B) J;
B« [0 -4*h/3 ; 4*h/3 8*h*zeta/3 J; .

C= [ 0 5*h/s12 ; -5*h/12 —5'h'zeta/6 1; .

I = EYE(2);

Z = ZROW(2); ...
F=[212;227I;CBAIJ;

1l = BIG(F);

lmax = MAX(ABS(1));
err = ABS(lmax - 1) .
hdiff = 0.5*(hmex - hmin);
IF lmax > 1.0, ..
hmax = hmax - hdiff;
ELSE ...
hmin = hmin + hdiff;
END,
END
//
RETURN

Figure A.4 AB3STAB.CTR
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APPENDIX B - COMPUTER CODE USED FOR NUMERICAL SOLUTIONS

Appendix B contains a complete listing of the computer code used to gener-
ate the numerical solutions and the analytic solutions to the examples experimented
with in this thesis. The Control-C code, which was first used to determine if there
was any merit to the idea of using the Godunov method to solve second order dif-
ferential equations, is listed on pages 120 through 131. This is followed by a listing
of the C code, which was used to obtain solutions in a more timely fashion. Both

programs were run on a VAX 11/780.



// f£ile name hpdetest.ctr

xc=[]

yi=[]

y2=[}

t=[]

diary >hpdetest.dia
deff tse -cC

deff fe -c

deff ab2 -¢

deff ab3 -c

deff godstp -c

deff godu -c¢

deff f1 -c

deff f2 -¢

deff g -c

deff £ -c¢

deff gl -c

deff adms -cC

ax=.1;

aal=zrow(1l0);

bbl=(1/(dx*dx))*
1-2100

-210

1 -21

2

)
0
0
]
1
2

W2 O0000—
VOO0OO0OO0OO0OND
DHOOO0O0OO0O0O W
VOO0 0000O0

—

00000000
O0Q0O0000O0Ow
000000
oot

o |

[ M

1
0
0
0
0
)

cel=zrow(
ddl=zrow(10,
eel=zrow(10)
ffl=2zrow(10);
ggl=2row(10);
hhl=zrow(10,1);
1il=2zrow(10);
Jii=eye(10);
kkl=zrow(10);
1ll=2r0w(10,1);
a2l=[-5 ¢ -1
-2 1

oo

1
0
0
0
)

i ’

0
21
-2

VOOOOO
VOO0 0000
VWHOO0OO0O0OO00O0
VOO0 000000
~O0O0O0O000O0O0

-

0000000
000000 O0w |

1
0
0
o]
9]
o]
o] o]

1
0
0
0
y

~OOW )
[a XXl
- 8

e(l
eig(a)

eig(bbl)

pause
b=zrow(21,1)
c=eye(10);
c={c,zrow(10,11)]
d=zrow(10,1)
piz-pi/2;
x10=2row(10,1);
x0=2zrow(21,1);
for 4=1:10,...

x10(4,1)=sin(pi2*i*dx);..
Figur

)

a2l/(dx*dx),zrow(1l1)]

Coo0OO0OO0OO0O

.

-21;

e B.1 HPDETEST.CTR
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x0(1,1)=sin(pic*i*dx);..
end
x10
x0
x140=2zrow(10,1)
x20=2r0w(10,1)
dt=.01;
t=10:d4%:10];
[m,nl}=size(t);
u=zrow(t);
chop(0); // initialize floating point operations counter
fll=flop(2);
// £irst, the Godunov solution
[yl]-godu(aal,bbl.ccl.ddl.eel.ffl.ggl.hhl,111,331,kkl,lll.xlo,zldo.xao,u,dtj)-
fl2=flop(2); /
fll=£f12-f11l; // to keep traeck of number of flops for each method
save dat t fll yl >hpdetestgo.dat
simu(‘ic’,x0)
{yex]=simu(a,b,c,d,u,t);
save dt t f1ll yl >hpdetestsim.dat
£12=£f10p(2);
[yextl]l=adms(a,b,c,d,x0,u,dt,t);
£13=f1lop(2);
£12=-£13-£12;
save dt ¢ fl2 yextl >hpdetestadms.dat
// calculate analytic solution
for i=1:n,...

for 3=1:10,...

xc(J,1)=sin(pi2* J*dx)*cos(pi2*t(1));.

end, ...
end
save dt t xc -hpdetestan.dat
diary -off
//quit
/7% exit

Figure B.1 HPDETEST.CTR



// file name hunmbod.ctr
deff tse -c¢

deff fe -C

deff ab2 ~-c

deff ab3 -¢

deff godstp -c
deff godu -cC

deff £1 -c

deff f2 -c

deff g -c

deff £ -c

deff gl -c

deff adms -¢
//deff kcalec -c
nl=1.2;

kl=.3;

bl=.8;

ma=14;

k2=8;

»2=10;

m3=3.2;

k3=3;

b3=12;

mé=24;

Ek = X1 + k2 + k3;
bb = bl + b2 + b3;

aal={(-b1/ml) (bl/ml) 0
(b1/m2) ((~bl1-b2-b3)/m2) (b2/m2) (13/m2)
o] (b2/m3) (-b2/m3) 0O
(-b3/mad]);

0 (b3/m4)
bbl=[(-k1/ml1) (k1/ml)

(k1/m2) ((-k1-k2-k3)/m2) (k2/m2) (k3/m2)
0 (k2/m3) (-k2/m3)

0 (k3/m4)
cel=zrow(4);
4d1={0;0;0;(1/me)];
gel=zrow(4);
Efl=zrow(4);
ggl=zrow(4);
nl=zrow(4,1);
lil=zrow(l,4);
Ji=[1 -1 O 0);
1=zrow(l,4);

v/etl =[ O o] e]
0 0 0
0 0 o]
0 0 0
-kl/ml Xxl/ml O

0] kx2/m3 ~k2/m3 O 0 »2/m3 -b2/m3 O

rs/ o] x3/m4 O -x3/m& O b3/mé O -b3/m4 )
a=- [0 1 0 0

-k1/ml -b»1/m1 kl/ml bl/ml 0

(o] 0 0 0

k1/m2 bl/m2 -kk/m2 -bb/m2 k2/m2 Db2/m2 k3/m2 Db3/m2

s] 0 0 0

0 o] k2/m3 Db2/m3 -k2/m3 ~b2/m3 0 0

0 0 0 1

(o] 0 kS/m& b3/me O -k3/m4 -b3/mé 1;
»=-[0;0;0;0 H ; 0 ; 1/m4l;
¢e={10-~1000 0 0 1,
¢ = 0;
310=[1;6;.5;2]);

0
(-k3/m4)];
0 1
0 0
0 0
0 0
0 -bl/ml

oo+ 0O

bl/ml

kl/m2 -kk/m2 k2/m2 k3/m2 Dbl/m2 -bb/m2

Figure B.2 HUMBOD.CTR
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/\/ first calculate Godunov solution

:140={0;0;0;01;

20=[0;0;0;01;

/dt=.01;

=[0:h:1000*h]};

/t=[0:d4t:10]);

m,nl=size(t);

=zrow(t);

or i=l:np,...
u(l,1)=10*sin(pi*+(i));...
(o}

op(0); // initialize floating point operations counter

1=flop(2);

133

{yl=godu(sal,bbl,ccl,ddl,eel,ff1,ggl,hl,141,31,kk1,111,%x10,x1d0,x20,u,d%,t);
fN2=£f1op(2);
fN1=-£12-£11;
save t dt y >humbodg.dat

R R T T T e T e e e T T T e T

NN NN

[

/

the next set of commented out lines are used to calculate the Godunov
¥ solution using the equation x(n+1l)=A*xz(n)

w2=(-1)*dbl;
Vbe=(-1)*aal;
Vhe,01;

VeO=zrow(4);
el=eye(4);
Ve2=2%*el-(h**2)*w2;
Ve3= -(h**2)*Dbe;
Ved=(4/3)*h*w2;
Veb5=(4/3)*h*be;

Ve6e« -(5/12)*h*w2;
Ye7= —-(5/12)*h*be;
Ve8= —(23/12)*h*w2;
Yeg=el-(23/12)*h*be;
Yae={e0 @0 e0 el el e0
el e0 eD e0 el e0
YeD 60 €0 €0 €0 el
YeO e0 &1 &0 el el
-el €0 e0 e0 e2 €3
e4 e6 e5 e7 e8 e9];
‘r=eig(ae)

'return

e we we we W we

'vaO=[y0;v0;w0;u0;x0;20];
‘va=val;
'yd(1)=vn(17)-vn(18);

‘for 4=1:1000,...

' vn=ae*vn;...

"/ yd(i+1)=vn(17)-vn(18);...
‘end

'save t dt yd rhumbode.dat
‘return
'x0-[1:0;6;0;.5;0;2;01;
'simu(‘iec’,x0)
'[yex,xex)=simu(a,b,c,d,u,t);
‘return;

£l2=flop(2);

yext)-adms(a,b,c,d,x0,u,dt,t);

£13=flop(2);
£12=£13-£12;

Figure B.2 HUMBOD.CTR
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// file name elec.ctr

deff tse -c

deff fe -¢

deff ab2 -¢

deff ab3 -¢

deff godstyp -¢

deff godu -c

deff f1 ~-c

deff f2 -c

deff g -c

deff £ -¢

deff g1 -c

deff adms -c

deff kcale -c¢

Tl=1;

T2=2;

r3=1/4;

T4=1/2;

//14=0;

cl=1;

C2=2;

c3=1/2;

C4=1/10;

1ll=8/5;

12=4/3;

13=1/2;

//

aal=[(~1/(xrl1*cl)) 0 o 0
0

(-1/(r2*c2)) o] 0
o] 0 (-1/(r3*c3)) (1/(r3*e3))
o] 0 (1/(r3*c4)) (-1/(T3*c4))];
/7

Poi={(-1/(11*cl)) (1/(11*c1)) 0 o]
(1/(11%*c2)) ~-((11+12)/(11*c2*12)) (1/(12*c2)) O

0 (1/(e3*12)) (-1/(c3*12)) O
000 (-1/(13*c4))];

/7

ccl=[0;0;0;(1/(13*c4))];

/7

adi1=[{1/€1);0;0;0);

/7

eel=zrow(l,4);

1/

£f£1=10,0,0,(74/13)1];

/7

ggl=[(~-r4/13)1];

/7

hl=0;

//
iil1=zrow(l,4);
//
Jl=2z70w(1,4);
//31=[0 0 0 11;
//

kk1=[1];
//kk1={0];

a={(-1/(r1%*cl)) (-1/c1) 0000 O
(1/11) 0 (-1721) 00 0O

0 (1/¢2) (-1/(e2*r2)) (-1/¢2) 00 O

00 (1712) 0 (-1712) 0 O

000 (1/e3) (~-1/(c3*r3)) (1/(c3*r3)) O

Figure B.3 ELEC.CTR
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0000 (1/(ca*r3)) (-1/(c4*r3)) (-1/c4)
00000 (1/13) (-r4/13)];
//
b=[1/¢1;0;0;0;0;0;0];
//
¢={0,0,0,0,0,0,1r4]);
//C-[0,0.0.0.0,1.0]3
//
d=[0];
x10=[10;0;0;0];
//21d0=[144;0;0;01];
x1d0=(0;0;0;0];
x20=[01];
dt=h;
t=[0:d4t:10];
[m,nl=size(t);
us=zrow(t);
x10=10;
x140=0;
x20=0;
bbl= ~1;
agal= -1;
cCcl=1;
eel=0;
ffl= .5;
ddle=1;
ggl= -.5;
hl=0;
111=0;
J1=0;
kkl=1;
111=0;
for i=1:m,...
u(l,1) = -432+*s4in(3*t(1));...
end
/7 u(l,1)=10*sin(3*pi*t(4i));...
/7 u(l,i) =30*pi*cos(3*pi*t(1));...
/7 u(l,1) = l4a4*cos(3*t(4));...
chop(0); // 4initialize floating point operation counter
£11=flop(2);
// f£irst, cslculate Godunov solution
[ygl=godu(aal,bbl,ccl,ddl,eel,ff1,gg1,h1,4141,51,kk1,111,210,x140,%20,u,d%,t);
fl2=flop(2);
fli=fl2-£11;
save dt t yg relecgo.dat
//a=[-1,-1;1,-.8];

//b=[1;01;
//c=[0 .8B];
//d=0;

//x0=[10;01];

//simu('dc’,x0) .
//lyex)l=simu(a,b,c,d,u,t); // CTRL-C solution

//£12=£10p(2);

//save dt t yex relecsim.dat

//{yextl)=adms(a,b,c,d,x0,u,d%,t); // do homemade AB3 solution since
// CTRL-C doesn’t count flops
//£13=£f1lop(2);

//£12=£13~-£12;

//save 4t t yextl £13 relecadms.dat

/7

// calculate analytic solution ( v5 ) for r4=1/2 case

/7

np={15/4];

dp=[1/5 201/20 2117/80 2469/32 33055/320 64652/640 36€9/64 255/161];

Figure B.3 ELEC.CTR
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k,r)=kcalc(np,dp,un,ud);
or i=1:n,...
v5l=real(k(1))*exp(real(r(1))*t(41));...
v62=2*exp(real(r(2))*t(1));. ..
v53=real(k(2))*cos(imag(r(R))*t(4));...
v54= imag(k(2))*sin(imag(r(2))*t(1));...
v55=2%exp(real(r(4))*t(i));...
v56=real(k(4))*cos(imag(r(4))*t(1));..
v57= imag(k(4))*sin(imag(r(4))*t(1));...
)

n={8*18 0];
Ed-[l 0 9];

v68=2*exp(real(r(6))*t(1));...
v59=real(k(6))*cos(imag(xr(6))*t(1));...
v60= imag(k(6))*sin(imag(x(6))*t(1));...
v6l=2*exp(real(r(8))*t(i));...
v62=real(k(8))*cos(imag(r(8))*t(1));...
v63= imag(x(8))*sin(imag(xr(8))*t(4));...
v5(1)=v51+v52* (vB3-v54)+v55* (vE6-v57)+v58*(v59-v60)+v61*(v62-v63);. ..
'nd
'/save dt t v5 >elecanS.dat
'/ calculate analytic solution ( v4 ) for r4=0 case
/np=[15/8 0J;
'/ap=[1/10 197/40 1329/160 330464/10240 24241/640 4961/128 651/32 165/32];
‘/un=(8*18 0J];
‘/ud=[1 0 9];
'/{x,r]=kcalc(np,dp,un,ud);
/{k,r]
/for i=1:m,...
vsi=real(k(7))*exp(real(z(7))*t(1)); ...
v52=2*exp(real(r(2))*t(1));...
v53=real(k(2))*cos(dimag(r(2))*+(1));. ..
v54= imag(k(2))*sin(imag(-v(2))*t(1));...
v5E=2*exp(real(r(3))*t(i));...
v56=real(k(3))*cos(imag(r(3))*t(1i));...
v57= imag(x(3))*sin(imag(-r(3))*t(L));...
v58=2*exp(real(r(5))*t(1));...
v59=real(k(5))*cos(dmag(r(5))*t(4L));...
vB0= imag(x(5))*sin(imag(-r(B))*t(id);...
v6l=2*exp(real(r(9))*t(1));...
ve2=real (k(9))*cos(imag(r(9))*t(1));. ..
v63= imag(k(9))*sin(imag(-r(9))*t(i));:...
v4(1)-v51+v52'(v53+v54)+v55'(v56+v57)+v55'(v59+v60)+v61'(v62+v63);..
/epd
/vtemp=v5({1:10:2]1,:);
/save dt t v4 relecand.dat
/diary -off
/$ pu
/$ exit

NN RN N RN N RN NSNS NN SN N

Figure B.3 ELEC.CTR



// f£ile name humbodan.ctr
// to calculate denominator polynomial
deff kecale -c

ml=1.2;

kl=.3;

bl=.8;

n2=14;

k2=8;

b2=10;

n3=3.2;

k3=3;

b3=12;

mé=24;

kk = k1 + k2 + k3;

bb = bl + b2 + b3;

a= [0 1 0 o 0 8}
-kl/ml -bl/ml Xkl/ml Dbl/ml O 0
0 o} o 1 0 o]
Xl/m2 bl/m2 -kk/m2 -bb/m2 Xk2/m2 b2/m2
0 o 0 0 0 1
o o k2/m3 Db2/m3 -k2/m3 -b2/m3
0 o 0 0 0 0
0 0o k3/m¢ Db3I/m4 O 0

Pl=[1 bl/ml X1/ml);

p2=[1 bb/m2 kk/m2);

p3=[1 b2/m3 k2/m3);

pé=[1 D3/ma X3/m4);
pS=[b2/m2 x2/m2];
pB={-b2/m3 -k2/m3);
p7=[-b3/m2 -X3/m21;
P8=[b3/m4 k3/m4l;
PO9={b1l/ml X1/ml1l;
PlO=[~-bl/m2 -k1/m2];
pll=conv(p3,p4);
pl2=conv(p2,pll);
pld=conv(p6,p4);
pla=conv(p5,pld);
plS=conv(p8,p3);
pl6=conv(p7,pl5);
pl7=p12+(0,0,p141+[0,0,p16];
plé=conv(pl,pl?);
Ppi9=conv(pl0,pll);
pe0=conv(p9,plo);
P=p18+(0,0,p20];
p2l=conv(p3, (-p7)):
p22=(conv(p21,p9))/n4;
pZB-conv(pl,psg;
p24=(conv(p23, (-p7)))/n4;
//save p p22 p24 humbodp.dat
np=~p22;

dp=p;

//un={10*pil;

un={17];

//ud={1 0 (pi*pid];
ud=[1];
[Xl,r)=kcalc(np,dp,un,ud);
np=p24;
(x2,r)=kcalc(np,dp,un,ud);
save k1l k2 r© >humbodp.dat
Teturn

C
0
0
k
0
0
0
-k

(o]

0

0
3/m2 D»3/m2

0

0

1
3/mé -b3/mé ];

Figure B.4 HUMBODAN.CTR
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/
oad <humbodp
or i=l:n,
xll-real(kl(s))‘exp(real(r(s))‘t(
x21=real(k2(3))*exp(real(r(3))*t(
x12=real(k1(8))*exp(real(xr(8))*t(
x22=real(k2(8))*exp(real(r(8))*t(
x13=2%*exp(real(r(1))*t(i));...
x23=x13;
x14-real(k1(1))* cos(imag(r(1))*+(4));
x24=real(k2(1))*cos(dimag(r(1))*t(4i));
(
(

§/ calculate analytic solution ( x1 and x2 ), then output is x1-x2

P

x15= -imag(k1(1))*sin(imag(r(1))*t
X25= -1mag(k2(1))‘sin(ima%(r(l))'t
x16=2%exp(real(r(4))*t(4)

x26=x16;
xl?-real(k1(4))'cos(imag(r(4))'t(i)
x27=-real(k2(4))*cos(imag(r(4))*t(i));
x18~= —1mag(k1(4))‘sin(imag(r(4))'t(
x28= -inmag(k2(4))* sin(ima%(r(é))'t(
x19=2*exp(real(r(6))*t(1)
X29=x19;...
x110=real(k1(6))*cos(imag(r(6))*t(1));
x210=real(k2(6))*cos(imag(r(6))*t(41));
x1ll= -imag(kl(6))*sin(imag(r(6))*t(1));...
x211= -1mag(k2(6))'sin(ima%(r(s))‘t(i)) -
x112=2*exp(real(r(9))*t(1));

xX212=x112;...
x113=real(k1(8))*cos(imag(r(9))*t(i));...
x213=real(k2(9))*cos{imag(r(9))*t(1));...

x114= -imag(k1(9))*sin(imag(r(9))*t(1));...

x214= -imag(x2(8))*sin(imag(r(9))*t(1));...

1(1)=x11+x12+x13*(x14+x15)+x16* (x17+x18)+x19*(x110+x111)+x112*(x113+x114); ...
2(41)=x21+x22+x23* (x24+X25)+x26* (x27+x28)+x20*(x210+x211)+x212* (x213+x214); ...
nd

a=x1-X2;

ave dt t ya >humbodan.dat

ave t yex >humbodsim.dat

ave t dt y yd >humboddif.dat

ave dt t yext f£12 >humbodadms.dat

ave dt t y £11 >humbodgo.dat

lary -off

eturn

/quit

/$ exit

Figure B4 HUMBODAN.CTR
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//[k,rl=kcalc(np,dp,un,ud)
// does partial fraction decomposition on transfer function with
// numerator polynomial (np), denominator polynomial (dp),
// and input of u numerator (un), and u denominator (udg.
// only works when convolution of dp and ud has distinct roots.
//dp=conv{dp,ud);
ap=conv(np,un);
dtem-dp(lg;
dp=dp/dtem;
np=np/dtem;
//r=eig(a);
r=roots(dp);
rl=roots(ud);
r=(lzr’',r1'1)";
[rwl,cll)=size(np);
[rw2,cl2]=size(r);
for i=1:rw2,...
ni=0;...
for Jl=1:cll,...
if abs(op(jl))seps,...
ni=ni+ap(J1)*((r{i))**(e11-31));...
end, ...
end,...
di=1;...
for Jl=l:rw2;...
if abs(r(i)-r(31))seps,...
di=di*(r(L)-v(J1));...
end, ...
end, ...
k(i)=pni/ai;...
end
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‘m,nl=size(t);
/

=gl(e,d,x0,u{:,1));
r(:,1)=yt;

"/

=23
=FE(x0,xdv0,dt)
[do=f(a,b,x,u(:,41)
t=gl(e,d,x,u(:,1)
(:,4)=yt;

o= ;

/
=AB2(x0,2d0,xdv0,dt)
d=f(a,b,x,u(:,41))
t=gl(e,d,x,u(:,1));
(:,1)=yt;

)
)

or 1=4:n,...

'/lyl=adms(a,b,c,d,x0,u,dt,t)
v
/

x~AB3(x0,xd,xd0,xdvo,dt), ...

xdvo=xdo; ...
xdo=xd; ...

xd=f(a,b,x,ul:,1)),...
yt=gl(e,d,x,ul:,1));...

y(:’i)"yt;--~
XO=X; ...
end

Figure B.6 ADMS.CTR
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//[xn)}=TSE(x,xd,xdd,dt)
xn=x+dt*xd+((dt*dt)/2)*xdqd;

//[zn)=FE(x,2d,4%t)
xn=x+dt*xd;

//[xn)l=AB2(x,xd,xd0,dt)
xn=x+(dt/2)*(3*xd-xdo);

//[xn]=AB3(x,xd,xd0,xdv0,dt)
xn=x+(dt/12)*(23*xd-16*xd0+5*xdv0);

//(xn]l=GODSTP(x,x0,xdd,dt)
n=2*x-x0+(dt*dt*xdd);

//1xdd]=f1(aa,bb,cc,dd,x1,x1d,x2,1,t)
xdd=aa*x1d+bb*xl+cc*x2+dd*u(t);

//[x2d)=£2(ee,£f,gg,0h,x1,x14,x2,u,t)
x2d=ee*xl1d+ff*xl+gg*x2+hh*u(t);

//lyl=g(ii,34,%k,11,x1,x1d,x2,4,%)
y=ii*zld+3J*x1+kk*x2+11%u(t);

//[zxd]=f(a,b,x,u)
xd=a*x+d*u;

//iyl=gi(c,d,x,u)
=Cc*x+d*u;

Figure B.7 FUNCTION EVALS AND NUMERICAL STEPS
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/* godunov.c */
#include <«stdio.h>
#include «<stdlib.h>
#4include «math.h>
#include time
#define cmax 2501
#define rmax 401
#define umax 10
#define ymaz 50
tdefine fmax 30
tdefine rkmax 4
$#define temax 10
¢define smax 10
#define blowup 10000.0
$#define rkvh 2
tdefine oor 1lek0
tdefine oorl 2e-1

double kiml,biml,k1lm2,blm2,kkkm2,bbbn2,k2n2,b2m2,k3n2,b3m2,k2m3,b2m3,
k3m4,b3ms,mél;

double r4,12,7rlcl,c1i,111,c0272,¢024,1214,c31,¢3r3,04r3,041,131,7413,11c1,

llc2,111211¢,12¢2,12¢3,13¢4;

double 1ls,c¢s,rls,r2s,c8i,1s8i,rlcsi,r2ls,lesi;

double dx,dx2,pi,pi2,tpi,bb,ab;

double sig,omeg;

long N;

#include «disk4:[beamis.math]godflop.c>
#¢include «disk4:[beamis.math]godvar.c»
#include «disk4:[beamis.math)ivpschenf.c>
tinclude «disk4:[beamis.math]godanal.c>

main()
{

void (*f(foax))(),(*fs(fmax])(),(*finl{fmax]))(),(*foutlfmax])();

void (*fanlfmax])(),mechvar(),elecvar(),hpdevar(),elecvars();

double Y(rmax][cmax),XO[rmax],Tlcmax],h,a,b,t0l,X10(rmax],X1D0[rmax];
double XDO[rmex]){smax];

double X20[1),¥YA[rmax)[cmax],YRA[rmax][cmax],Ulumax],theta;

int 1,J,k,kk,ks,ki ,ko0,1,m,start,type;

char stilfmax],stolfmex],*gl[fmax],*gs{fmax],fnl{fmax],fn2(fmax];

FILE *out_filel,*out_£file2;

pi=4.*atan(l);pi2=pi/2.;tpi=-2.*pi;
/* 1list of available integration schemes and systems: */

gi0)= "hpde"; gs[0)= “godunovf";
gl1)= "mech*; gsl1l)= "godunovt";
gl2]l= “elecSa"; gs(2]= “euler";
g{3)= "elecsSb"; gsl3)}= “leapfroge";
gl4]= "elecs"; gsl4)= "leapfrogr";
g[5]= "sinegordona"; gs[5)= “ablea";
g(6)= "sinegordondb”; gs[6)= "adb3el";
g{7]= "ginegordonc"; gs{[7]= "ab3r";
g(8)= “stabpean”; gsl(8l= “rkafh";
g{9)= "elecsmalllg"; gs[9)= "rk4ah”;
¢[10]= “elecsmallla";

glll])= "elecsmall2g";

g(12]= “elecsmallla";

gl{13]= “elecsmalldg";

gll4)= "elecsmall3a”;

g(15]}= "elecsmall4g";

g[16])= “elecsmall4a"”;
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£(0]= ¥EPDE1; fan(0)= YHPDEAN;
£[1]= ¥HPDE2; fanll)= EPDEAN;
£{2]= ¥MECHI1; fan{2)~ ¥MECHAN;
£(3)= ¥MECHZ2; fan(3)= ¥MECHAN;
£{4]= ¥ELECS51; fan[4]= ¥ELECANS;
£{5]= ¥ELEC524; fan(5)= ¥ELECANS;
£{6)= YELEC52B; fan[6]= ¥ELECANS;
£(7]= ¥ELEC41; fan{7]= ¥ELECAN4;
f(8]= ¥ELEC42; fan{8]= ¥ELECAN4;

£(9]= ¥SINGORA1;

£{10)= ¥SINGORAZ;
£[11]= ¥SINGORBI1;
£{12]= ¥SINGORBZ2;

£[13]= ¥SINGORC1; fan[13]= ¥SINGORAN;
f£[14])~- ¥SINGORC2; fan[14)= ¥SINGORAN;
£(15]= ¥STABPEAN1; fan(15)= ¥STABPEANAN;
£(16)= ¥STABPEAN2; fan(16]= ¥STABPEANAN;

£{17])= YELECSMALL11G; fan{[17)= ¥ELRCSMALLAN1;
£[18]= YELECSMALL11A; fan[18)= ELECSMALLANI;
£(19])~ ¥ELECSMALL12; fan[19]=- FELECSMALLANI;
£(20]= YELECSMALL21G; fan{20)« ¥ELECSMALLANZ;
£{21)= ¥ELECSMALL21A; fan[21}= Y¥ELECSMALLANZ;
fl22]~ ¥ELECSMALL22; fan[22]- YELECSMALLANZ;
f[23)= ¥ELECSMALL31G; fan[23)}= ¥ELECSMALLANGZ;
£[24]= YELECSMALL31A; fan{[24]}= YELECSMALLANZ;
f{25]= YELECSMALL32; fan{25]~ ¥ELECSMALLANG;
f[(26)= YELECSMALL41G; fan[26)= Y¥ELECSMALLANG;
£[27]=- YELECSMALI41A; fan[27]= ¥ELECSMALLAN4;
f£[28)= YELECSMALL42; fanl[28)« ¥ELECSMALLAN4;

fin(0)= YHPDEIN; fout(0)= ¥EPDEOUTL;
fin(1l)= ¥HEPDRIN; fout(l)= EPDEOUTZ;
fin[2)= ¥MECHIN; fout(2)= ¥MECHOUT1;
fin[3)= ¥MECHIN; fout{3]= ¥MECHOUTZ;
finl4)= YELECINI; fout[4)= ¥ELECOUTS1;
fin[5)= ¥ELECINZ; fout{5)= ¥ELECOUT52A;
fin(6]= YELECINZ2; fout{6]= ¥ELECOUTS2B;
fin[7]= ¥ELECINI; fout[7)= ¥ELECOUT41;
fin{8]= ®ELECINZ; fout(8)= ¥ELECOUT42;
fin[9)= ¥SINGORIN; fout{9)= ¥SINGOROUTAL;

fin(10]~ ¥SINGORIN; fout(10)= ¥SINGOROUTAZ;

fin{11)= ¥SINGORIN; fout(11]= ¥SINGOROUTEB1;

fin[12)= ¥SINGORIN; fout{12)= ¥SINGOROUTBZ;

£in[13)= ¥SINGORIN; fout[13)= ¥SINGOROUTCL;

f£in[l4)= ¥SINGORIN; fout[14]= ¥SINGOROUTCZ2;

£in(15)= ¥STABPEANIN; fout[15]= ¥STABPEANOUTI;
£in[16]= STABPEANIN; fout(16]= ¥STABPEANOUTZ;
£in(17]= ¥ELECINSM1; fout[17)= ¥ELECOUTSM11G;
£in([18)~ YELECINSX1l; fout[18)« ¥ELECOUTSM11A;
£in[19)= YELECINSM1; fout[19)= ¥ELECOUTSM1Z;

fin(20)= ¥ELECINSM1; <fout([20]=~ ¥ELECOUTSM21G;
£in[21)= ¥ELECINSM1: fout[21]}= ¥ELECOUTSM21A;
f£in[22)~ YELECINSM1l; fout{22]« ¥ELECOUTSM22;

fin[23}= SELECINSM32; fout([23]= ¥ELECOUTSM31G;
fin[24)= YELECINSM1; fout{24)= YELECOUTSM31A;
f£in(25]= YELECINSM32; fout[25]= ¥ELECOUTSM32;

fin{26)= YELECINSM32; fout{26]= ¥ELECOUTSM41G;
fin{27])= YELECINSM1l; fout[27]= ¥ELECOUTSM414;
£in[28)= YELECINSM32; fout(28]= ¥ELECOUTSM42;

£s[0]= ¥GODUNOV;

£s(1)= ¥EULER;

fs(2)= YLEAPFROG;

f5(3)= ¥AB3;

fs(4]= YRE4FE;

£5[5]= ¥RK4AE;
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i=5;
break;

/* type 0 solves xdd=£(x) */

/* type 1 solves xdd=f(x,xd) */

/* type 2 solves x1dd=f1(xl,x1d,x2) */
x2d =£2(x1,x14,x2) */

/*

sw%tch 3

case 0 :

hpdevar();

1f{(1<1)
type=0;
d=1;
ks=10;
ko=1;
fof (1=1;1<=k8;1++)

X10{1]=sin(pi2*(double)l*dx);

¥1D0[l]-0.0;
?reak;

else
{
ks=20;
ko=1;

for (1=1;1¢=20;1++)

X0[1]=0.0;

for (1=1;1¢=10;1++)

X0[ll=sin(pi2*(double)l*dx);

break;
}

break;
case 1

mechvar();

1f{(1<1)

type=1;

J=3;

kg=4;

ko=1;

fOf (1=1;1<=4;1++)

X10(11=0.0;
§1DO[l]-0.0:

break;

}
else

{

J=2;

ks=8;

ko=1;

for (l=1;1«=8;1++)
X0[11=0.0;

?reak;

break;
case 2 :
T4=.5;
elecvar();
if (4<1)
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{

type=2;

J=5;

ks=4;

ko=1;

for (1=1;1l«=7;1++)
X0[11=0.0;

(*£fin[4))(¥a,0);

(*£[4))(X0,ZD0,U);

for (l=1;l¢=4;l++)
X10[11=0.0;

X1D0{1]=XD0[1])I

X1D0{2)=XD0[3]{

X1D0(3)=XD0[5] [

X1D0[4]=XD0O[6] [

X20[11=0.0;

?reak;

else

J=4;

ks=7;

ko=1;

for (l=1;1«=7;1++)
X0[1]=0.0;

?reak:

break;
case 3 :
T4=.5;
elecvar();
1f{(1<1)
type=1;
J=6;
ks=5;
ko=1;
fOf (l=1;1<=5;1++)

X10[1]=0.0;
¥1D0[l]-0.0;

X1D0[1]1=144.0;
X20{1]=0.0;
?reak;

else

Jd=4;
ks="7;
ko=1;
for (1l=1;1¢=7;1++)
X0[11=0.0;
?reak:
break;
case 4 ¢
r4=0;
elecvar();
if((1<1)
type=1;
3=8;
kg=4;
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fprintf(stderr, "available integration methods and systems are:\n\n");
for (4=0;4i«=9;1++)
fprintf(stderr,* %s\n",gslil);
fprintf(stderr,"\n");
for (4=0;1¢=16;1++)
fprintf(stderr,” %s\n",gli]);
fprintf(stderr,“\n");
fprintf(stderr, "input integration scheme,system,outfile name,stepsize,\n");
fprintf(stderr, "lower limit and upper limit in that order:\n");
scanf( "%s%s%skf%f%f%*c",sti,st0,fnl,¥h,¥a,8b);
for (J=0;J«=16;3++)
if (stromp(sto,glJl)==0) break;
1f{(J--8)

fprintf(stderr, “input theta\n");

scanf(*%f%*c" ,¥thetsa);

sig=cos((2.0%*pi*theta)/360.0);
omeg=5in((2.0*pi*thetn)/360.0);
gprintf(stderr."sigma-%l.le omega=%1.15f\n",sig,omeg);

butfilel=fopen(fnl, *w");
for (i=0;1«=9;4i++)

if (stromp(sti,gs{i))==0) break;
Lf((i--g)

fprintf(stderr,"input error tolerance for RE4 adaptive stepsize routimne\n");
Tcanf("%f%'c”.&tol ;

sw%tch ¢D)

case 0 :
start=0;
bresak;
case 1
start=1;
i=0;
bresk;
case 2 :
i=];
bresak;
case 3
start=0;
i=2;
bresak;
case 4 :
start=1;
i=2;
break;
case 5 :
start=0;
1=3;
break;
case 6 :
start=1;
1=3;
break;
case 7 :
start=2;
1=3;
break;
case 8
=4,
break;
case 9 :
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ko=1;
fOf (Iml;lc=g;l4+)

X10[1]1=0.0;
leO[l]-0.0;

X1D0[11=144;
X20[1)=0.0;
?reak;

else
{
J=7;
kg5=7;
ko=1;
for (1=1;lc=7;1++)
X0[11=0.0;
?reak;
break;
case 5
singorvar();
if{(i(l)
type=0;
J=10;
ks=9;
ko=9;
f0€ (1=1;1<=ks;1l++)

X10[1]=exp(-50*pow(1l*dx~-.5,2));
§1DO[I]-0.0;
?reak;

else

J=9;
ks=18;
ko=9;
for (1l=1;1l«=kg;1l++)
X0[(1]1=0.0;
for (1=1;1<=9;1++)
X0[1])=exp(-50*pow(l*dx~.5,2));
?reak;
break;
case 6 :
singorvar();
1f{(1<1)
type=0;
J=12;
ks=11;
ko=11;
fOf (1=1;1<=k5;1++)

X10[1l)l=exp(-pow((1-1)*ax-.5,2));
§1D0[l]-0.0;
?reak;
else
{

Figure B.8 GODUNOV.C



148

3=11;

ks=22;

kXo=11;

for (1=1;l«=ks;1++)
X0[11=0.0;

for (l=1;1l¢=11;1++)
X0[1l)=exp(-pow((1-1)*3x-.5,2));
?reax;

break;
ckse 7 :
fprintf(stderr,”ad ? bb?\n");
scanf ("%f%f%*c",¥ab,¥bd);
singorvar();
i1f (1<1)
{

type=0;

J=14;

ks=N-1;

ko=ks5;

fOf (1=31;1<=Ek5;1++)

X10[1)=4*atan(exp((ab+dx*1)/pow(.75,.5))
X1D0[1)=(-2*exp((ab+dx*1)/pow(.75,.5)))/
: )))*pow(.75,.5));

?reak:
else

{

J=13;

ks=2*(N-1);

ko=N-1;

for (l=1;l«=N-1;1++)
X0[l)=4*atan(exp((ab+dx*1)/pow(.75,.5)));;

for (1=N;lc=2*(N-1);1++)
X0[1)=(-2*exp((ab+dx*(double)(1-N+1))/pow(.75,.56)))/

((1+exp((2*(ab+dx*(double) (1-N+1)))/pow(.75,.5)))*pow(.75,.5));

s

Ei+exp((2‘(ab+dx'l))/pov(.75:-5

break;
}

break;
case 8 :
if((i‘l)

type=1;
Jj=16;
ks=1;
ko=1;
X10[1]=0.0;
X1D0[{1]=1.0;
?reak:

else
{
J=15;
kg=2;
Xo=1;
X0[1]}=0.0;
X0[(2])=1.0;
?reak;

break;

¢ase 9
if (4<1)
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{

type=1;
J=19;

ks=1;

ko=1;
X10[1]=0.0;
X1D0[11=0.0;
?reak;

else
{
J=17;
ks=2;
ko=1;
X0[1]1=0.0;
X0[2]=0.0;
?reak;

break;
lcase 10 :
1f{(1<1)

type=~1;
J=19;

ks=];

ko=1;
X10(11=0.0;
X1D0[11=0.0;
X20[(11=0.0;
?reak:

el?e
J=18;
ks=3;
ko=1;
X0[1)=0.0;
X0[21=0.0;
X0[{31=0.0;
?reak;

break;

case 11 @
1f{(1<1)

type=2;
J=22;
kg=1;
kXo=1;
X10{11=0.0;
X1D0(1]=0D.0;
X20[11=0.0;
?reak;

else
{
J=20;
ks=3;
ko=1;
x0[1)=0.0;
X0[2]=0.0;
X0[3]=0.0;
?reak;

Figure B.8 GODUNOV.C



150

break;
chse 12 :
1f{(1<1)

type=2;
J=22;
kg=1;
ko=1;
X10[1])=0.0;
X1D0[1]1=0.0;
X20(11=0.0;
?reak;

else
{
J=21;
ks=3;
ko=1;
X0[1]=0.0;
X0[2])=0.0;
X0[31=0.0;
?reak;

case 13 :
1f((1<1)

type=1;
J=25;
ks=1;
ko=1;
X10(11=0.0;
X1D0[11=0.0;
?reak:
else
{
J=23;
ks=2;
ko=1;
X0(1]=0.0;
X0[2]1=0.0;
?reak;
break;
case 14 :
1f{(1«1)

type=1;
J=25;
ks=1;
ko=1;
X10[1)=0.0;
X1D0[11=0.0;
?reak;

else
{
J=24;
ks=2;
ko=1;
X0[11=0.0;
X0[2]=0.0;
?reak;
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if (i<1)
{

type=2;
J=28;

ks=1;

ko=1;
X10(11=0.0;
X1D0{11=0.0;
X20[11=0.0;
?reak;

else

{

J=26;
kg=3;
ko=1;
X0[1)=0.0;
X0(21=0.0;
X0[3)=0.0;
?reak;

break;
case 16 :
if (4<1)
{

type=2;
J=28;

ks=1;

ko=1;
X10{11=0.0;
X1D0[11=0.0;
X20[11=0.0;
?reak;

else

J=27;
ks=2;
ko=1;
X0[1)=0.0;
X0(2]=0.0;
?reak;

break;

}
1f{(1>0)

fprintf(stderr, "just before numerical solution\n");
(*£s[41)((*£[3]),(*£in{J)),(*fout(J]),a,b,b,ks,k0,t01,Y,T,X0,start);
fprintf(stderr,"Just after numerical solution\n");

else
{

fprintf(stderr, “just before numerical solution\n");
(*£5011)((*£031),(*£4inl31),(*fout(j1),a,b,h,ks,ko0,t0l,¥Y,T,X10,
X1D0,X20,start,type);

fprintf(stderr, "just after numerical solution\n");

}
1f{((3<9)|:(3»12))

fprintf(stderr, "just before analytic solution\n");
(*£an(3j)1)(T,¥,.YA,YEA,D);
fprintf(stderr, "just after analytic solution\n");
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}
fprintf(out_filel, *%20d floating point operations\n”,flopent);
1=-ENDT(T,b);
for (kk=1;kk«=20;kE++)
Tl{i+Xk)=00T;
/* write data out to file */
/* if the system picked was the third sine-Gordon equation */
/* make X the independant axis, otherwise t is the independant axis */
1f{((3--13)l 1(J==14))

fprintf(stderr,“file name for error data\n”);
scanf("%s%*c",fn2);

out_file2=fopen(fn2, "w");

fprintf(out_filez2, "%20d floating point operations\n”,flopent);
fOf (1=0;1=600;1+=100)

fprintf(out_filel,"%1.5f ",T[1]);
gprintf(out_filez,”%l.Sf *,T(41);

fprintf(out_filel,*\n");
fprintf(out_filez2, "\n");
for (k=l;k«=N-1;k++)
{
for (1=0;1<=600;1+=100)
{

fprintf(out_filel,*%1.5f " ,¥[k][4i]);
fprintf(out_f£4ile2,"%1.5f *,YEA[K][1]);
}

fprintf(out_filel, "%1.3f\n",ab+dx*k);
fprintf(out_filez,“%l.3f\n".ab+dx‘k);

}
else
{
i=0;
vh%le (T[1) <= Db)

if (J==9113==10)

fprintf(out_filel, "%f %f %f %f\n",Y[1][41],¥[3)[4]),¥[5)3[4],TI1));
else 1if (J==1111J==12)

fprintf(out_filel, "%f %f %f %f\n",Y[2]10{1],Y[4)[1),Y[6)[4],TI41);
else

fprintf(out_filel, "%3.6f %3.6f %3.17f %3.3f\n",

Yal1)(41,¥01304),YBAT1)[4]),TI4]);

12 ((®/h)>10000.0)

1+=3100;
else if ((b/n)»>2000.0)

i+=5;
else

1++4;
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/* godflop.c */

/% addition,multiplication,division,sine and cosine defined */

/% for floating point operations counting. */

/* subtraction is to be taken as addition of a negative number */

deuble fladd(),flmult(),fldiv(),flsin(),flcos();
leng flopent=0;

/l»"‘l'tt!ll"ltlltt't'lttttttt‘l!l!8“3#33‘1!'8'!3"33“‘3"tt“!‘ltt!tttllllt/
double fladd(double x,double y)
{

flopent++;
return x+y;

}
/l!t!l!ltttt’l‘tlt‘ttt'!t‘tlltlttll’lttltltllt“"tlllll‘lt"t‘!ttl'ltlt‘tt!ttt/
double fimult(double x,dcuble y)

{

flopent++;
TEturn X*y;

/ﬂlttlt:t!ll'tt:lt‘tlll"ltlﬁ3l"l‘t'l'litlltI‘l'!3'llltttttttlt‘ttt‘!ttl‘ttttt/

dauble fldiv(double x,double y)
{

flopent++;
rgturn x/y;

}
/‘.tlt"‘l'!“tllt3"tt‘t‘33'l!ttl!3‘3'8‘“l3‘33‘l'tttttltttti‘tt'tlltl"".‘t‘/
dguble flsin(double x)

{

flopent++;
rgturn sin(x);

}
/lll.tt‘lt‘tt‘l"‘lt'i'lttttt8'38t!333'8“'3""l"3"t‘tttt"'l'tttl'tlltltlll/
dduble flcos(double x)

{

flopent++;
return cos(x);

}

Figure B.9 GODFLOP.C



/* godvar.c */
/* assigns values to variables used for mechanical,electrical */
/* and hpde systems. */

/tlttlttttttttttltttltttttttllltttttttttttt!tttlltttttttttt‘tttltttttt/
/* mechanical system variables */

define k1l .3

define ml 1.2
define bl .8
define k2 8.0
define m2 14.0
define b2 10.0
define k3 3.0
define m3 3.2

define »3 12.0
efine m4 24.0

/.8'llltll‘ll'll‘t'l’3"lt'3‘t“ll‘ttl‘333"!tlttllll‘l"ltl'lltl‘tttt/

void mechvar()
{

1ml=k1/ml;blml=bl/ml;k1m2=k1/m2;bim2=b1/m2;kkkn2~(k1+k2+k3)/m2;
bm2=(bl+b2+b3)/m2;X2m2=k2/m2; b2m2=b2/m2; k3m2=k3/m2; b3m2=b3/m2;
m3=k2/m3; b2m3=02/m3; k3mn4=k3/m4 ; b3m4=b3/m4; mai=1/m4;

}

/l"'tt‘l"3'l'3"ll!“‘llt'ttl‘tl'l"ltlt!8'3'lt.‘tl"tlll‘llt’ll'tl'/

/* electrical system varisbles */

define rl1 1.
define cl 1.
efine 11 1. /* 8/5 %/
efine 12 2.
efine c¢2 2.
efine ¢3 .5 /* 1/2 */

efine 3 .25 /* 1/4 */

efine ¢4 .1 /* 1/10 */
efine 13 .8 /* 1/2 */

* sdefine 4 .5 */ /* 1/2 */

[oNelo o X

f‘ltt“3tll8l‘l3"lttl!l'l"ll8‘.‘lt““‘t'l"t‘t‘l‘tl‘ttllttlttttttl‘/

void elecvar()

{
12-4.0/3.0;rlcl-l/(rl‘cl);cli-l/cl:lli-l/ll;czrz-l/(c2'r2);czi-l/cz;
121-1/12;cBi-l/cS;cSrS-l/(cS'ra);oera-l/(cé‘rs);céi-l/cé;lSi-l/ls;
1413-r4/13;1101-1/(11‘01);11c2-1/(ll’c2);lllzllc-(11+12)/(11‘12'c2);
12c2=1/(12%c2);1203=1/(12%¢c3);13c4=1/(13%*c4);

}

/ltttl‘lttt3.0tl.t‘t‘lt""t“l‘lt‘lt.t‘lt"tt""!ttt‘lll"“tt"t‘t‘/

/* hyperbolic partial differential equation variables */

/ltlt'ltll't8'"3'l!“"tl‘ll.“!lttttttlt""""'l"‘ltltll'tl‘tl“'/

Figure B.10 GODVAR.C
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void hpdevar()
{

Ax=0.1;
Mx2- 1.0/(dx*dx);

}

/‘ttttlttt8"ltlttt‘ltSlttttlttttttt3"3“8'!8“llt!3'3"3""‘!‘!3"!/

v* plne-gordon partial differential equation variables */

/38""8‘13‘tt"‘llllllltttt8'Sltttt!lttl.'t"t'3'8"3‘!!833!3""!"!/

¥oid singorvar()

=0.1;
§§z- 1.0/(dz*dx);
f=(int) ((bb-ab)/dx);

Figure B.10 GODVAR.C
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/* ivpschemf.c */
/* collection of ODE's and integration schemes for initial value problems */

/¢ global function for adaptive stepsize routines */
int ENDT();

W!tlllttlt“"lt'tlttl"‘l‘tt833“3“3'83333““'3'l‘ltl‘ttl""tt‘lttt/

Koid MECE1(X,XD,U) /* set of first order equations for human body model */
ouble x[][sma.x] D[] [smax],Ul];

] =« XI[21[1);

] = fladd(fladd(flmult(-X1ml,X[13[1]),fimult(-b1m1,X[2]1{1]))),

: f%a??(flmult(klml.xlzl[1]),flmult(b1m1,x[43[1])));

= X(4]}[1]);

] = fladd(fladd(fladd(flmult(kim2,X{1]{1]), filmult(blnm
fladd(flmult (-kkkm2,X{3]1[1]1),flmult(-bbbm2,X[4])[
fladd(fladd(flmult(x2m2,X[51[1)),flmult(b2m2,X[6
fladd(flmult(x3m2,X[7]1[1]), flmult(b3m2,X[81[11))

4
]

210110,

[(5)(1) = X[61[1];

[6)[1)] = fladd(fladd(flmult(x2m3,X{3]1[1])), fimult(b2m3,X!
fladd(floult(-k2m3,X[(5]}[1]),fimult(~-b2m3,X(6]11

(71[1]) = X[81[1);

(8]1[1] = fladd(fladd(flmult(x3m4,X{3){1]),flmult(b3m4a,X[4
fladd(fladd(flmult(-k3m¢,X[7][1]),flmult(-b3me,X
flmult((med),0011)));

s \uun”

1
]
)
]
)
]
t

llll!.‘t‘ttll!l83ll“t“‘tll‘33't'ttlltttltl"t'ttt't"‘tt‘tl'lll!ltlll/

¥oid MECE2(X1,X1D,X2,X1DD,X2D,U) /* set of second order equations (human '/
/* body model)
double X1[lismax],X1D[][smax],X2[])(smax]),X1DD[][smax],X2D[][smax],Ul];

X1DD{11[1] = fladd(fladd(fimult(-k1ml,X1[13[1)),fimult(klml,X1[2
fladd(flmult(-diml, XlD(l][l]) flmult(blml XlD[zl[l]
KIDD[2][1J-fladd(fladd(fladd(flmult(klm2 11[1][1]) flmult(—kkkmz
fladd(flmult(kZmZ,Xl[S][1]),flmu1t(k3m2,11[4][1])))
fladd(fladd(flmult(b1m2,X1D[11[1]),flmult(-bbbm2, X1
fladd(flmult(b2m2, XID[3][1]) flmult(b3m2 X1D[4l(11)
X1DD[3)[1] = £ladd(fladd(flmult(k2m3, 11[2][11) flmult (-k2m3,X1[3
£1ladd(flmult (b2m3, IlD[Z][l]) flmult(-meS XID[S][I]
xiopl4l[1] = fladd(fladd(flmult(k3m4 21[2][1]) flpult(-k3m4,X1[4
fladd(fladd(flmult(b3m4,IID[2][1]),flmult(-b3m4.XID
flpult(m4d,Ui1)))); ,

AEA AR SRR SRR EE 222 S R S 2 A R 2 A R R R AR R A A AR R R R R AR R R AR R R R R E R R R 2 R 2 V]

void EBLEC51(X,XD,U) /* set of first order equations (R4 in circuit) */
double X[](smax]),XD[](smax),U{];

ED{1){1] = fledd(fladd(flmult(-ricl,X[1][1]),flmult(-c1i,X[2]1[112),
£lmult(el1i,Ul1)));
ED[2][1) = fladd(flmult(114,X[11[1]1),flpult(-2124,X[3][11));

Figure B.11 IVPSCHEMF.C



IDI31{1] = fladd(fladd(flmult(e24,X[2101)),flmult(-c272,X[(31(11)),
£imult(~c21,X[41(1]1));
(4]{1) = £ladd(£flmult(121,X[3)[1)),flmult(~124,X[51[1])));
[61[1] = fladd(fladd(flmult(e3i,X[(4](1]),flmnult(-e3r3,X[51011)),
fipult(e3r3,X(61[11));
ID{6][1] = fladd(fladd(flmult(e4rd,X[51{1]),fimult(-c4r3,X(61(11)),
flmult(-c4i,X[71[11));
[7]1[1] = £fladd(flmult(134i,X(6][1]1), flmult(-r413,X[7]1[11));

Vttltltl'ttttttlttlt!ttt‘ttttlttttttltl‘ttltltlltttt!tt‘tl‘lllttttttttt/
woid ELEC52A(X1,X1D,X2,X1DD,X2D,U) /* set of second order equations */

/* (R4 in circuit) */
double X1[)[smax]),X1D[])[smax],X2(]{smax],X1DD[])[smax],X2D{)[smax]),Ul];

L1DD{1311]

fladd(fladd(flmult(-rlel,X1D[1][1]),flmult(-11e1,X1[1][12])),
fladd(£flmult(1llel,X1[2][1]1),f1lmuls(cidi,Ul1))));

11DD{2][1) = fladd(fladd(flmult(-c2r2,X1D[21[1)),flmlt(11e2,X1[11111)),
fladd(flmult(-1112110,x1[2][1]).f1mu1t(12c2.x1[3][1])) ;
T1DD[3]1(1]) « fladd(fladd(flmult(-e3r3,X1D[3][1]),flmult(c3r3,X1DI4][1])),
fladd(flmult(lZcB.Xl[Z][1]),f1mult(—1203,21[3][1]))).
I1DD{4){1] = fladd(fladd(flmult(c4r3,X1DI3)[1]),fimult(-c4r3,X1DI41([1])),
fladd(flmult(~-13c4,X1[(4][1]),flmult(13c04,X2(1)(21)));
%2D[11[1) = £ladd(flmult(r4l3,X1[4][1]),flmult(-r4l13,X2[11[11));

thtltttt't'"‘tt".C"tI”3‘l'"llllll3.l‘Oll‘.tlttl“'.l!.""'lllll‘/

void ELEC52B(X1,X1D,X2,X1DD,X2D,U) /* alternate formulation of second */
/* order equations (R4 in circuit) */
dtouble X1[][smax],X1D[][lerax],X2[])[smax]),X1DD[][(smax],X2D[][smax]),Ul];

(1DD[1][1) = fladd(fladd(flmult(-rlecl,X1D[11[11),flmult(-11c1,X1[13(1])),
f£fladd(fimult(llel,X1{2][13),fimult(e1i,Ul11)));
X1DD[2)11) = fladd(fladd(flmult(-c2r2,X1D{2]1[1)),fimult(11ec2,X10113(11)),
fladd(£lmult(-111211¢,X1(2)[11),filmult(12¢2,X2(31012])));
X1DDI31[1] fladd(fladd(£fimult(-c3r3,X1D[3)[1)),flmult(e3r3,X1DI4101])),
fladd(flmult(12c3,X10(21[1)),flmult(-12¢53,X1[31011)));
£1add(fladd(f1lmult(c4r3,X1D(3]1[1]), £1mult(-c4r3,X1D{41(11)),
fladd(flmult(-13c4, 11[4]t11) flmult(1504 x2[(11[1) )));
X1DD(51[1] = £ladd(flmult(rel3,X1D(41[1]),21mult(-r413,x1D[561011));

X1DDl41[1]

A2 2RSS R R R RS R R EE RS R R R AR R R R R R R R 2 R R R R R R R R R R R AR R R R R AL R A R RS AR 22 ]

0id ELEC41(X,XD,U) /* set of first order equations (R4=0) */
ouble X[][smax],xD[](smax],Ul);

ED{11{1]) = fladd(fladd(flmult(-rlecl,X[(1)[1]),fimult(-c14,X[(2][121)),
flmult(eld,Ul1]));
[21[1) = fladd(£lmult(2114,X[1101)),filmult(-214,X[3][21));
(31{1] = fladd(fladd(flmult(c21i,X[21(1]),flmult(~c2r2,X[3]11]1)),
flmult(-c21,X[41[11));

Figure B.11 IVPSCHEMF.C
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[4)[1]) = £fladd(flmult(121,X[3]1[1]),flmult(~-124,X[(5]1(1]));
(6][1] = fladd(fladd(flmult(c3i,X[4][1)),fimult(-c373,X[(561[1])),
flmult(e3r3,X[61101)));
Ip[6)[1] = fladd(fladd(flmult(e4r3,X[(5][1]),fimult(-04r3,X[61{1])),
flmult(-eei,X[71[11));
IN{7}[1) = £flmult(131,X[6]1[1));

}

/ﬂttt'lttl‘t.t‘i‘t""lt33"8‘33“83'3"‘!!‘3""ltt!tlt‘l‘.!ttt'.’ttlt/

v$id ELEC42(X1,X1D,X2,X1DD,X2D,U) /* second order equations (R4=0) */
double X1[](smax],X1D[][smax],X2[]){smax]),X1DD[])[smax],X20[][smax]),Ul]};

{
XiDpDl1][1]

fladd(fladd(£flmult(-riecl,X1D[1][1]),flmult(-11c2,X1[11[2])),
fladd(flmult(11el,X1[(2][2)),flmult(cldi,Ul11)));

XIDD(2]111) = fladd(fledd(flmult(-c2r2,X1D[2]1[1)),flmult(11c2,X2011(1])),
fladd(flmult(-111211¢,X1[2](1]),flmult(12c2,X1(3)[11)));

ZIDD(3][1] = fladd(fladd(flmult(-¢3r3,X1D[3]101]), flmult(ec3r3,X1D[41[11)),
£ladd(£f1lmult(12e3,X1[2]1(1]),flmult(-12e3,X1(3][11)));

XIpDpf{4l{1] = fladd(fladd(flmult(c4r3,XID[3][1]),f1mu1t(-cer5.XID[4][1])),
fladd(flmult(-13c4,X1[4]01]),flmult(13c4,X2(1111]1)));

}

/It‘ltt'tlltt“3'tlt838"Slll‘t‘!'l'l"l"‘l“'"l"llllltl‘t'tl‘ttlt't/

veid EPDE1(X,XD,U) /* first order equations for wave equation */
dduble X[][smax],XD[](smax],U[];

{
irt &,
fdr (i=1;1¢=10;1++)
Xpl1)01) « X[1+10)(11;
IN(11}[1) = £lmult(dx2,fladd(flmult(-2.,X{11011),X[2]1[1]));
for (4=2;1«=9;1++)
XD{1+10){1])=£f1lmult(ax2,fladd(X[1i-1]1[1],fladd(flmult(-2. ,X{4101)),X[1+11[121)));
IN{20]{1] = flmult(2.,flmult(dax2,fladd(X[0J[1],-X[101(11)));

}

/l"'l3ltttlll‘lﬂ‘lOttll.tlt't‘3l“‘tl‘3‘3'8!3l““tﬂl!‘lllt“lt‘lltltt/

v¢id EPDE2(X1,X1D,X2,X1DD,X2D,U) /* second order equations for wave equation */
d¢uble Xil[}[smax],X1D[][smax],X2(]}(smex],X1DD[])(smax],X2D[] (smax],U[);

{

i1t 1,

ZIDD{1]{1])] = flmult(dx2,fladd(flmult(-2.,X1[1][2)),.X1(2]1[1)));

fo0r (1=2;1<«=9;1+4) -

XIDD[4){1]=flmult(dx2, £12dd(X1[1-11[1),fladd(fimult(-2. ,X2[4)02])),X2[4+12[11)));
XI1DD[10]1[1] = flmult(2.,flmult(dx2,fladd(X1[(0]1[1],-X1[101[11)));

}

/l'l"ll"tll'tl.“"‘"l‘l'“""3'8'3“!‘l““t'tlttltl'l.l"'l‘l‘lll/
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vold SINGORAl(X,XD,U) /* with B.C. U(1,t)=U(0,t)=0; */
/* f£irst order equations for sine-Gordon */
double X[][smax],XD[][smax],U[];

{

int 1;
for (1=l;1c=Q;1i++)

[1)11) = X{1+91[1};

(101[1)=fladd(fimult(dx2, flada(X(2]1[1),flmult(-2. ,X[11011))),-flsin(X11121));
» (d=2;1cmB;i++)

{1+81([1] =

dd(flmult(dx2, fladd(X[1i+21[1],fladd(fimult(~-2.,X[4]021)),x[(41-11[1)))),
sin(X[11[1]1));
[181[11=fladd(flnult(dx2, fladd (fimult(-2. ,X{9)[1]),X[81[1])),-flsin(X[9][11));

/liltl"3llltl!tt“t‘ll"‘ttt!l‘ll"""ttlt""'llttll‘ll"t!ttll.!"lt/

vord SINGORA2(X1,X1D,X2,X1DD,X2D,U) /* with B.C. U(1,t)=U(0,t)=0 */
/* second order equations for sine-Gordon */
dowble X1{][smax],X1D[{]Ismex]),X2[)[smax]),X10D[][smax],X2D[]{smax],Ul];

{
iavw %;

XipPDI11[1])-
£1pdd(flmult(dx2, fladd(X1[21[1], flmult(-2.,%X2[13(11))),-f1sin(X2[11[1]));
for (i=2:;1«=8;1++)
1Dp[ill1]=
*ladd(flmult(dx2, fladd(X1[1+13[1),fladd(fimult(-2.,X1[413(11),X1[1-1](21)))
~f1sin(X1[011111));
X1ED[9][1] -
f£ladd(flmult(dx2, fladd(fimult(~-2.,X1[91[1]),X1[81[1]))),-fisin(X1{0][1]));

}

/l"llltl‘t‘ll"t"“’l‘tllllltttl'l'“t3‘3l'l3'lt‘t“l"tt‘tlt‘ll"tl“/

voLd SINGORB1(X,XD,U)/* w/B.C. U(1+4x,t)=U(0,t),0(-ax,t)=0U(1,t) */
/* first order equations for sine-Gordon s/
douwdble X[)[smax],XD[][smex],Ul];

{
in% i,

for (d=1;i¢=11;41++)

[4)01) = X[4+113[1];
0[12][1)= fladd(flmult(dx2,fiadd(X(2)[1],£1add(flmult(-2.,X0[2]023),X[11]1[13))),
-flsin(X[11(11));
for (4=2;1=10;41++)

{1+113)[1)=
fladd(filmult (dx2, fladd(X[1+1]1[1),fladd(filmult(-2.,X[11{1])),X[1-11[11))),
-flsdin(X{13[11));
xn(221(1] =
£1add(flmult(dx2, f1add(X[11[1),fladd(fimult(~-2.,X[221[11),X[10]1[11D)),
-flilsin(X[111[(11));

Figure B.11 IVPSCHEMF.C
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/llK"tl‘t‘ll"l"ttltttltltlt‘tl'tll‘t“‘33tlll‘ttt"t‘ltt‘tt't'tltltt/

vold SINGORB2(X1,X1D,X2,X1DD,X2D,U)/* w/B.C. U(144x,t)=U0(0,t),U(-dx,t)=U(1,t) */
/* second order equations for sine-Gordon */
double X1[)I[smax),X1D[)Ismax],X2[])[smax),X1DD[)ismax],X2D[][smax],Ul];

{
int i;

1pD(11(1) =
flpdd(fimult(dx2,fladd(X1[21{1],fladd(fimult(~2.,X202302)),X2[221[2]}))),
-flsin(X1[13011));

for (1=2;1«=10;1++)

1DD[i)[1] =

£lpdd(flmult(dx2, fladd(X1{4+1)[1],fladd(fimult(~2. ,X1[1302)),X1[4-23[11))),
~fisin(X1[4)011));

Zipp(11101) =
flpdd(flmult(dz2,£1ladd(X101][1],fladd(fimult(~-2.,X1011J(1]),X1[101[11))),
-flsin(x10111{11));

}

/tﬂtttttl'tlt“'ttttl't"l't‘tt‘ltl‘t'ltt"'t‘lR‘ttltlttll"t‘t"ttl“‘/

vold SINGORC1(X,XD,U)/* w/B.C. U(a,t)=0,U(b,t)=2pi */
/* first order equations for sine-Gordon */
dotible X[])Ismax]),XD[])[smax],Ul];

{

int 1;
for (i=1l;ica(N-1);1i++)

(1101 = X{4+N-21[13;

NI{1) = fladd(flmult(dx2,fiedd(x[2)1[1]),flmuls(-2.,X0[21[11))),
sin(X[11(11));

(1=2;4<m(N-2);4++)

[1+N-1]1{1] =

dd(flmult(dx2, fladd(X[4i+1)[1],fladd(flmult(-2.,X[411(2]),X[1-11111))),
sin(X[411(11));

[2*(¥-1)1[1] =

fledd(fimult (dx2, f1add(tpi, £fladd(flmult(-2.,XIN-11[11),X([N-2][1]))),
sin(X(N-11[11));

/it“lttlltlt""ttll.lll‘tllllttt‘t'lllll"““ll.‘ll“ltllt“l!ll‘l‘l/

vdid SINGORC2(X1,X1D,X2,X1DD,X2D,U) /* w/B.C. U(a,t)=0,0(b,t)=2pi s/
/* second order equations for sine-Gordom */
double X1[}[smax]),X1D[)[smax]),X2[)[smax],X1DD[])(smax],X2D{]1(smax]),Tl];

{

int 4

xippi1if1) =

£l.add(flmult(dx2, £1add(X112)[1), fimult(-2.,X1[11[13))),-£1ein(X1[1][1]));
207 (de2:1cm(N-2);1i+4)

x1pp(13{1] =
fladd(flmult(dx2,fledd(X1[(1+1](1],fladd(flmult(-2.,X104302]),X1(4-2]02]))),
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~+flein(X1011011));

1DD{N-131[1) =
a%add(flmult(dxz.fladd(tpi.fladd(flmult(-z.,Xl[N-l][1]),XI[N-2][1]))),
1sin(X1I{N-2)[11));

}

/Bltllltltltlli'tl'tllttt.ll""‘tttt"ttt"'ttlltt8“‘!‘3‘333!1““'!:/

vibid STABPEAN1(X,XD,U) /* stability peanut example to test AB3 */
double X[]Ismax},XD{1{smax],Ul];

{

[1301)=x02]11{1];
[2][1)= £ladad(-2.0*flmult(sig,X[2][11),-flmult((sig*sig+omeg*omeg), X[1]1[1]));

}

/|I""ttt'.“!t‘.‘l.""l"‘ll"ltl‘ltltl““‘t."“tll"'l"tll‘lllllt/

~

vpid STABPEAN2(X1,X1D,X2,X1DD,X2D,U)/*stadbility peanut example to test Godunov*/
abuble X1[]){smax]),X1D[(][(smax],X2[])[smax),X1DD[){smax],X2D[){smnax],Ul];

{

ZUDD[1][1]= £ladd(-2.0%*flmult(sig,X1D[11[1]),
-flmult((sig*sig+omeg*omeg) ,E1[1]1[21));

}

/Ill.‘llll"l‘lttllltl‘lttll‘tlllt‘8lt"l3“"Cllllltltl.'l'.l‘lll“ttlt/

vpbid ELECSMALL11G(X,XD,U) /* SYSTEM1AZ */
dpuble X[])(smax},XD[][smax],U[];

{

f11{1)=x023113;
(2][1]= fladd(fladd(£flmult(-3.0,X[11(1])),-Xx[2])[1)),0[1]);

}

/llttl'l.l“ll""ll'l‘"llltl“tt‘tll“"‘l“'l.t‘ltl"“lt'lt‘ll‘.'l.l/

void ELECSMALL11A(X,XD,U) /* SYSTEM1Al */
double X[])ismax],XD[][smex],U(];

{
[(1)[1)=fladd(ul1]),-X[2]111]));
[2]1[1]=fladd(fladd(X[1][1],-X[2][1]),~x[3]1{1]);
[3][1)=f1lmult(2.0,X[2)[1]);

)

/Iltttlllt."'tllt"8‘3.8‘8‘33"833lt‘l‘tt‘ll"'t'tltt"t‘lt‘tl"lllltl’/

void BELRCSMALL12(X1,X1D,X2,X1DD,X2D,U) /* SYSTEM1GR */
dbudble X1[){smax],X1D{][smax],X2[][smax]),X1DD[}{smax],X2D[])[snax]),Ul];

{
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X1DD[11[1]= £ledd(fladd(flmult(-3.0,X1[2){1}),-X1D{13[1]),0[1]);
)

/l..i“'lltlll"ll"ll.“l‘llt""latltlttl‘lllllll"l“.‘l‘.lt'tlltt.l/

void ELECSMALL21G(X,XD,U) /* SYSTEM2A2 */
double X[][smax],XD[])(smax]),Ul];

{

XD(11[1)=X[2][1);

(21 [1)=fladd(fladd(fladd(f1lnult(-3.0,X[2][1)),-X[2)[2)),
£1imult(2.0,X[31[11)),001));

D3] [1)=fladd(£1lmult(2.0,X[1]1[1]), finult(-2.0,XI31{1)));

}

ASAE A AR R R R R RS A R R R R R A R S R R R RS R A AR AR R R AR R R R R R A AR RS R R AR R R V)

volid ELECSMALL21A(X,XD,U) /* SYSTEM2Al */
double X[1l[smax]),XD[]}(smax],0[];

{

XD{1)[1)=fladd(Ul1),-X[2][1));
ID[2])[1)l=fledd(fladd(X{1)[1]),-X[2][1)),-X[3][1]);
ID(3)[1)=flmult(2.0,fladd(X[2]12],-X[31[1]));

)

/ttlllll.ttlllllllt‘ltltllll.lttll!‘ttt‘t'l'!l‘llllt!ll’l'lll'lt‘ll'ltt/

void ELECSMALL22(X1,X1D,X2,X1DD,X2D,U) /* SYSTEM2GZ2 */
doudble X1[]!smax]),X1D[)[smax],X2(]){smax],X1DD[][smax],X2D[)([snax],Ul];

{

X10p[11[{1]=fladd(fladd(fiadd(fimult(-3.0,X101311)),-X1Dl11[1]),
£lmult(2.0,%2013111)),001));

X2D[1)[1)=fladd(£imult(2.0,X201)(1)),floult(-2.0,X2[11011));

}

/'ltl!'lllttlt.lt‘ltllllltltl!‘ll'lll'l't."ll‘l!llt!!llt"ttlll'lt'lll/

void ELECSMALL31G(X,XD,U) /* EYSTEM3AZ */
doudble X[)[smax],XD[]){smax},Ul];

{

ID{1){11=X(2])[1];
xi2)(1)=fladd(f1add(-X[2)[1],-x{1][11),0(11);

}

/llll.ll‘lllllllll.tlll.l‘ll‘l"l""llllll‘llllltllllll..lt..l'l'll"'/

void BELECSMALL3Z1A(X,.XD,U) /* SYSTEM3Al */
doudble X[)(smax]),XD[)[smax],Ul];

{
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¥D[1)[1)=fladd(f1ladd(ul1],~-X[1][1]),-X[(2][1]);
¥D{2)[11=X[1)[1];

/l'l‘ll3"'3"ll'ltlll‘lll'tlttttt"!lll.ll‘ll.l!.'lllltltl'l‘ltlll!'tt/

void BLECSMALL32(X1,X1D,X2,X1DD,X2D,U) /* SYSTEM3GZ2 */
double X1{)(smax),X1D[)[smax],X2[])[snax]),X1DD[]) [smax],X2D(]) [smax],Ul];

{
Xiobl1ll1l=fladd(£ladd(-X2D[1][1],-Xx1(1][1]),0([2));
}

/l!'tlll"lll'll...ll‘“llll‘ll.lltl"llt.l"'l'll'tttl‘l""'ltll_‘ltl!/

void ELECSMALIA41G(X,XD,U) /* SYSTEM4AZ */
double X[]j{smax),XD[]{smax],Ul];

{

mii1)i1)=x[2])[1];
ID{2)[1]=fladd(fledd(fladd(-X(1][1]},-X[2][1])
ID[(3)[1)=fladd(£flaiv(X(1](1],2.0),£1div(X[3]

)

/lllltlllt!tllll'llltllll!lt!ll3‘-lllllllt‘lllltlll‘llt.t‘t'lll!:t;tlll/

)

,X[3]I
{1),-2

1]
.0)

void ELECSMALI41A(X,XD,U) /* SYSTEM4Al */
doudble X{][smax],XD[])[smax],U[];

{

[1)[1)=fladd(fladd(vl1],-X[13[1]),-X[2][1]);
ID[(2)[1)=£1edd(X(1][1],fldiv(X(2][(1]),-2.0));

}

/llt"ttttllt'llslStltll"!'ltlllt"l'l‘ll‘l"lt"lt'tllllttl'l‘tllt'!l/

void ELECSMALI42(X1,X1D,X2,X1DD,X2D,U) /* SYSTEM4G2 */
double Xi[)(smax]),XiD[)(smax),X2[)(snax),X1DD[)[smax],X2D[])[smax],Ul]);

{

Z1DD{1)[1]=fladd(fladd(fladd(-X1[1]1[1]),-X1D(1][1]),Xx2[1)[1]),0[1]);
X2D[11[1)=fladd(fldiv(X1011(1],2.0),f1d4v(R2[1]1[1],-2.0));

)

/* systems with IR or OUT in their pames provide ipputs to the differential*/
/* equations and extract outputs to be saved later */

/ll‘ltltltlllll.3'lltlltl!.llll'l‘lllllltlt'l'll'l'tl‘ll!tlll"lllllt!"l"i/

void MECHEIN(t,U)
double *t,Ul];

{
U[1) = 10 * sin(pi * *t);
Figure B.11 IVPSCHEMF.C



164

}

/llillttlt“ltt"l‘l‘lltl‘ttlll‘ltlt!!‘lillllli‘ltllt'll't'll‘ltl"lllttl!lt/

void ELECIN1(t,U)
double *t,Ul];

{
Ul1] = 144. * cos(8. * *t);
}

/ll!"lllt't.ttttt‘l'ltlltll'll'l".l3“tltl"l'tll3"l"l"t‘ll"llltl‘ll't/

vold BLECIN2(t,U)
double *t,Ul];

{
U[1] = -¢432. *s5in(3. * *t);
}

/titlllltltllltltlllttttl!lllltltlltt’l.lltttllttltlt't"‘lll’ttl!ttllit‘lt!/

void EPDEIN(t,U)
double *t,U[];

{
}

/3338332383223 XTAIIBSISXTLSISTXTIERRSEINTILSSITEIISIZIITEISISTIRILTINISTNIRGE )/

void BINGORIN(t,U)
double *t,U[];

{
}

/lllllll.'llllltlll't'!lllt"ll'll!l!tttltlllt'.l"!llllllll'll!ll'.lt!tltl!/

void STABPEANIN(tL,U)
double *t,Ul];

{
}

/lllllllll't'l“'lllllllllll'llli.t‘lOll'll‘Cl.lll‘l‘.l‘l‘l‘llllll‘tl"'l‘l'/

void BLECINSM1(t,U)
double *t,U[];

{
U{11=10.0%*61n(3.0%pi* *t);
}
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/‘l"‘lt'l‘llllttlttt'lllll'll‘lltl33.‘38.'!8"‘383“"‘3"""33‘."'8!:'3'/

void ELECINSM32(t,U)
double *t,U[];

{
Ul1)=30.0*pi*cos(3.0*pi* *t);
)

/lll!llll‘lltl.l‘t'ttttlllll'lllllllt'llllll‘ll.llllll"l'l"ll.lll“‘lltttl/

void MECBOUT1(X,U,Y,1)
double X[](smax),¥[)llemax],Ul];

int *3;

{
YI1J0*41=X[1002)-X[3]){1];
)

/lllltttl'llll!ltltt!l'ltttltllltltlltltl‘lttlt!!ll!tltBttlltlll'lltlltlt'!'/

void MECHOUT2(X1,X1D,X2,U,Y,1)

double Xi[])[smax]),XiD[][smax]),X2{)[smax),¥[][cmax]),U[];
int *4;

{

YI13{*4]=X1{23[1)-X1[2][1];

}

/ll'ttl!lltllttllllltlt‘l'!tl't‘t‘t'tlllll'lt.‘lttlll'llt‘t'lllltltl'l!ll!l!/

void ELECOUTS1(X,U,Y,1)

double X[]){smax),¥Y[{])[cmax].U[];
int *4;

{

Y[(11(*1] = ra*X(7]111);

}

2335222328333 22X2258222E22SRRR222XXB2LFFSSILBEESSL288KE8888888322%%
/

void ELECOUTS524(X1,X1D,X2,U0,Y,1)
doudble X1[){smax],X1D[]l[smax) ,X2[)(srax],Y[)l[cmax]),Ul]):

int *4;

{

Y{1){*4) « X2[1][1];
}

/lllt‘ltll'Olll’lll"lll'l3'3“'"lltl.‘Ctl‘iltittttltltl"lltilt'.'ll!‘.ll'/

void BLECOUTS52B(X1,X1D,X2,U,Y,1)
doudble X1[])Iismax]),X1D{]l[smax],X2[)(sxax],¥Y[)lomax],V[];
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int *4;
{
Y[1)(*1) = X1(8][1];
}

/ltlllllllll't')"l'l’tt3t8!"83"!"‘!"‘!'!".!3'3‘llll’l'l'l'l.tt‘llltt.l/

void ELECOUT41(X,U,Y.,1)

double X[)[smax],¥[](lemax],Ul]);
int *31;

{

Y[11{*1) = X[6])[1];

}

/llllttlllllllll!l!lttiltltltltlllllltlltlltlllt!tttlttlltt'llltll!ttlltlltt/

void ELECOUT42(X1,X1D,X2,U0,Y,1)
double X1[])[smax],X1D[][smax] X2[)(smax],¥()[cmax],U[]);

int *i;

{

Y[1)0*4) = X1(4][1];
)

/l.'.'ll.'ll'l"'.l'l“ltl"l'!'.""l"l."‘l.“l""lt..l“..'..."‘.l/

void EPDEOUTI(X,U,Y,1)
doudble X[][smax]),Y{)lcmax]),Ul]);

int *4;

{ .
Y{1l[*1)=X[10][1];
}

/ll!llll‘!ttll!ll.Cll!!lllt!lllllt‘tll'ttlll’.lt'lt‘ttlttll‘tlltl‘tllll./

void EPDECUT2(X1,X1D,X%2,U,Y,1)
doudble Xi{)(smax]),X1D[]l[smax],X2[])(spax],¥Y[]l{cpax]),Ul];

int *3i;

{
Y[1)[*1)=X1110]11);
}

/tillllllll‘IOll'tl.l"l‘ll.ll‘llll.llltttl'l!lt'lllllllllll.)'tl"lllll/

void SINGOROUTAl(X,U,Y,1)
doudble X{)(smax]),¥[])[cmax],U[];
int *4;

{
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for (J=1;J<=N-1;3++)
YI3I[*11=213]113;

}

/ll‘!‘l“l‘33'!33.’.83‘3'33!‘8"!!'ttll3‘8t‘lllllttl'll"l‘t!l.‘ltllll't/

void SINGOROUTC2(X1,X1D,X2,U,Y.41)

go:b}§ Xi[])(smax]),X1D{)[smax],X2{ )} [smax],¥[)(cnax],Ul];
n H

{

int 3

for (g-l;i«-N—l;j++)
Yl3i[*4]=22031[12];

}

/ltttlllll‘ttltltt‘tltl'lllttllllttllltltll!llllltltlt.ltl!lll‘lllllltt'/

void STABPEANOUTI(X,U,Y,1)
double X[][smax],¥[])lcmax]),Ul]);

int *i;

{

Y111 0*4)=X(2311];
}

/!‘3'.)l.'lll"'.l“"""'ll'l".!l'llll“l‘l"ll.l“".“"t'l'l'ill'l/

void STABPEANOUT2(X1,X1D,X2,07,Y,1)

double X1[)Ismax),X1D[][smax]),X2([])[(smax]),¥{]l[cnax],U0[];
int *3;

{

Y[1)[*4]=X111]11];

}

/t‘ltltlllt'l’ll’tltltltllllltlll'tll!llllttll'ttltttllltltltt'l'ltl‘ltt/

void ELECOUTSM11G(X,U,Y,41)
double X()({smax]),¥[]l[cmax],U[];
int *4;

{

Y{1l[*1)=X[11[1];

}

/".llll'lllt‘lllttlltitltl"t!ll.lllll‘ll!llltl!lll!l.ltlt.'t"!ltltlll/

void ELRCOUTSM11A(X,U,Y,1)
double X[)[smax],Y[]ll{cmax]),Ul);
int *3i;

{
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int J;

for (J-l;J<-9;g++)
Y(310*1)=X[J](1];

}

/"lltlt‘!'lt'lttt‘8‘!‘lll‘lO‘!Ilt‘ltltlll38t!l'tl’t"!tl‘l‘tlt‘llltlttt/

void SINGOROUTA2(X1,X1D,X2,0,Y,1)

goubli X1{])}(smax],X1D[])[smax] ,X2(){smax],¥[])(cmax),Ul];
nt *i;

/ltlltltlllllt!lttlttttll‘ttt!'ltltt!tlltlltt'ttlllt'.'lllt!ltltllttlttl/

void SINGOROUTB1(X,U,Y.i)
double X[])[smax],Y[l{cmax],Ul];
int *4i;

{

int J;

for (J=1;3c¢=11;3++)
YUJI[*1)1=203)[1];

}

/3BT XTSRS LSIILISETILSIZILISXILTILISSISEIRINSLSEISFLSSER3B43322388528282882%3 )/

void SINGOROUTB2(X1,X1D,X2,U,Y,1i)
double X1[][smax],X1D(][smax]),X2[){snex],¥Y[]l[cmax]),U[];

int *1;

{

int 3
SR,

}

/ll'llll‘.ltttlllll‘llll'lll.'lttll"ll'l“ll'ltllll'll‘l".lll""lt"'/

void SINGOROUTC1(X,U,Y,1i)
doudble X[]l(smex],¥()(cmax],U[);
int *4&;

{

int §;
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Y02)0*1)=-2[2211);
}

/llltt'llllltllt'lltlttl'lttllllllllttlltt!tttlttlltttttltlll"'l"ltltt/

void BLECOUTSM12(X1,X1D,X2,U,Y,1)

‘io:bli X1[{]}{smax),X1D[){smex],X2()(smax],Y[)lcmax],U[];
nt *31;

{

Y[21)[*1)=X201)(1};

}

/!llllllll"ll'll'l8ltttlltlitttlllltlltttlll‘ll'l'll'll'll'l'"llltltll/

wvoid BLECOUTSM21G(X,U,Y.4i)
double X[])ismax),¥[)[cmax]),Tl];
Ant *41;

{

Y(1)(*4)=X(3][1);

)

/l!tltllllll"ll"tit!llttlt!tt'!ltllttltt'!llilillitlt!lllltltlt'llll'l/

void ELECOUTSM21A(X,U,Y,1)
double X[]l[smax],¥[){cmax],Ul];
int *4;

{

Y[2)(*4)=X[3]([1];

}

/332X IXILILLIILISTRLISIRITIRSAZLISSEEIISASISISERXLISEITIXINEIIITEEREITRRIEE )/

void ELECOUTSM22(X1,X1D,%X2,U,Y,1)
double X1[][smax) ,X1D[]){smax] ,X2[){spax),¥Y{]) cmax],U(]);

int *4;

{
Y{1)[(*41=X2[1)1[1);
}

/‘llll“tl"‘ll'tl'lltl‘ltl"l!ll“l'll"l'll"'ttllltl..tllllltllllt'l'/

void ELBCOUTSM31G(X,U,Y,1)
double X[l[smax],¥[]l[comax]),Ul];
int *4;

{

¥{1)l{*1)=X[1)[2];
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}

/llll!llt"lt‘l‘lt"l"l'tt""!l‘llltt“‘ll'l‘lllt"ll""ll'll't'tlt"/

void BLECOUTSM31A(X,U,Y,1)
double X[]{smax]),Y[]lcmax),Ul];
int *4i;

{

Y{1)[*4)=X[11112);

}

/'lllllll‘tl'l‘lltt“lllltll'lllltll'lt"ltll3!ltttlttll!tl!'tlll!lt't!l/

void ELECOUTSM32(X1,X1D,X2,0,Y,1)

ioubli X1(])(smax) ,X1D{)[smex],X2[])[smax]),Y[][cmax),Ul];
nt *4i;

{

Y(1l[*1)=X2[113[1}];

}

/lttltltllll!‘!t!tttltlll!l’tlllttlt'lltlltllltltll.‘tt!lltltlillllttltt/

void ELECOUTSM41G(X,U,Y,1)
doudble X[])[smax]),¥Y[){cmax]),Ul];
int *i;

{

Y[11(*1)=X[31[1);

}

/""""""‘."‘l"'lll.l"‘!'lt.‘l8'l“‘l“l"‘l‘l."‘llllltll.ll.l'l/

void ELECOUTSM41A(X,UT,Y,41)
double X[){smax],¥[llcmax]),U[];
int *i;

{

Y{1)([*1]=X[2])[1)/2.0;

}

/3832332833532 23832835SSRSEEXRTBERTRXRNTEIIREIIRERBIEISNEIESXIZINIELEISIENRIRERRR

void ELECOUTSM42(X1,X1D,X2,U,Y,41)

doudble X1[)(smax],X1D()[smax),X2[])lsmax],¥[])cmax]),U[];
int *&;

{

Yi1)(*1)=X2[13[1);

)

/lttl'llll'l‘lltill.'.ll'tlllll.llttlltl!tllll!itllllll"ll.ttl.l.l.‘ltl/
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void EULER(f,fin,fout,a,b,h,kXs5,X0,t0l,Y,T,.X0,5tart)
void (*£)(),(*£in)(),(*£fout)();

joudble a,b,h,t0l,X0{),T{]),¥Y(])[cmax]);

int ks,ko,start;

{

void EULSTEP(),BLWUP();
iouble XD{rpax}[smax],X[rmax][smax]},U[umax);
int 1,3,m;

for (d=1;ic=ks;i++)
X(11[1]1=X0[1);

i=0;

r[il= a;

(s£4n)(&T[41],0);

(*fout)(X,U,Y,¥&1);

wh%le (T[4] <= b)

for (m=1;mc=ks;m++)
1f{(fabs(¥[m][i])>blovup)

BLWUP(Y,T.4,b,ko,h);
return;

(*£)(X,XD,0);
EULSTEP(&h,¥ks,X,XD);
1+4;
for (g-l;J‘-ks;J++)
X{3311)=%X[3)(0];
T{i) = T{i-1] + bh;
(*£in)(&T(1],0);
g'fout)(x,U.Y.&i);

T[i+1l=00T;
}

/'3"'.““'3"3.“‘8'l““‘l“"l"'t.l"l"l‘ll'tl‘l"""l‘8."‘."3'/

void LEAPFROG(f,fin,fout,a,db,h
void (*£)(),(*fin)(),(*fout)()
doudble a,b,h,t0l,X0[],T[]),¥[]I
int ks,k0,start;

{
void EULSTEP(),RE4STEP(),LEAPSTEP(),BL¥WUP(),SEIPTLEAP();

double XD[rmax)[smax),X(rmax]{smax],Ulumax];
int 1,3,m;

ks,k0,t01,Y,7,X0,8%tart)

cmax);

for (d=1;ic=ks;i++)
X[1)[1)=X0[4];

1=0;

T[i)= &a;

(*£in)(¥T[4]),0);

(*fout)(X,U,Y,&1);

i1f (starte=0)

{
(*£)(X,ID,0);
?ULSTBP(&h.UkS.I.ID);
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else
RE4STEP((*f£),¥h,¥ks,X,XD,U);

SEIFPTLEAP(¥1i,X,T,¥h,¥ks);

(*£in)(&T[1),0);

(*fout)(X,U,Y,¥1);

vh%le (T{1] <= b)

for (m=l;m«=ks5;m++)
1f{(tabs(¥[m][1J)>blowup)

BLWUP(Y,T.4,b.ko,b);
return;

(*£)(X,XD,0);
LEAPSTEP(¥h,¥ks5,X,XD);
SHIFTLEAP(®¥1 ,X,T,¥h,&k8);
(*£4in)(¥T(1],0);
g'fout)(x.U.Y,Ui);

Tl[i+1])=00r;
}

/l'll'll'lll“ll!l“tt..lll."tll!.tt'llt't"lll'llll.lt'ltl't.'ttlltlt'/

void AB3(f,fin,fout,a,b,h,ks,X0,t01,Y,T7,X0,start) /* Adeams-Bashforth 3rd order*/
void (*£)(),(*£4in)(),(*fout)();

double &,b,h,t0l,X0[),T[],¥Y[]l[cmax];

int ks,ko,start;

{

void RK4STEP(),LEAPSTEP(),EULSTEP(),AB2STEP(),AB3STEP(),BLWUP(),SEIFTAB();
doudle XD(rmax][(smax],X(rmax){smax],U(umax];
int 1,3.m;

for (d=1;ic=ks;i++)
X[1)[1)=X0[1];

1=0; :

T(i)= a;

(*£in)(&T(1),1);

(*fout)(X,U0,Y,¥i);

1f{(start<2)

(*£)(X,XD,0);
EULSTEP(¥h,¥ks,X,XD);
}

else
RE4STEP((*£),¥n,¥ks,X,XD,U);
SEIFTAB(#1,XD,X,T,%h,¥k5);
(*240)(¥T[11,0);
(*fout)(X,U0,Y,.¥1);
if (start==0)
{

(*£)(X,XD,0);
AB2STEP(¥b,¥%5,X,XD);

}

elTe if (start==1)
(*£)(X,XD,0);
LRBAPSTEP(¥h,¥ks,X,XD);

}
else
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RE4STEP((*f),¥b,8ks,X,XD,0);
SEIPTAB(¥1i,XD,X,T,¥h,¥k5);
(*£in)(&T[41]),0);
(*fout)(X,0,Y,81);
wh%le (TI4] <= b)

for (m=1l;mcwks;m++)
if{(fabs(Y{mJ[i])»blowup)

BL¥UP(Y,T,4,b,ko0,h);
return;

(*£)(X,XD,0);
ABZSTEP(®h,¥ks,X,XD);
SEIFTAB(¥L,XD,X,T,8h,8ks);
(*fin)(¥TIi),0);
g'fout)(x.U.Y,si);

T(i+1)=00T;

}

/l'llltltl.!llt.l!3!8'8"!!!"‘!3!3!'!!.l‘l‘ll‘ll'lllttll".'.l‘lllllttl/

void RER4FE(f,fin,fout,a,b,h,ks,k0,t0l,Y,T,X0,start) /* Runge-Kutta 4th 2/
void (*£)(),(*£in)(),(*fout)(); ’ /* order, fixed stepsize */

double &,b,h,t0l,X0[),T[},¥[)[cmax];
int ks5,k0,s8tart;

{

void RE4STEP(),BLWUP();
double X[rmax][smax),XD(rmex](spax],yolymax],U[umax];
int 1,3,m;

for (d=l;ic=kg;i++)
X[4)[1)=X0[4);

i=0;

T(i)= @&;

(*£in)(¥T(41]),0);

(*fout)(X,U0,¥Y,¥i);

vh%le (T[4) «= b)

for (m=l;mcmks;m++)
1f{(fabs(¥[m][1J)>blowup)

BLYUP(Y,T.4,b,X0,b);
Teturn;

}
RE4STEP((*f),&h,¥%x5,X,XID,U);
1++;
for (g-1;J<-ks:J++)

x(3){1)=x[3)(0];
T{1)=T[1-1)+ h;
(*2ip)(¥T[1],0);
(*fout)(X,U,Y,¥1);

}
T{i+1l])=00T;
}

/.lllll')llltll‘lll.ll"lllltttt“'l‘tlll'tll'lt.l'ltllllllllll"lllltl'/
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void REK4AE(f,fin,fout,a,b,h,ks,k0,t0l,Y,T,X0,start) /* Runge-Eutta 4th order */
void (*£)(),(*2in)(), (*fout)(); /* adaptive stepsize s/
doudble a,b,h,t0l,X0[),T(],¥[)[cmax];

int ks,ko,start;

{

void RER4STEP();

io:bieJx[rmax][smax],U[umax],xD[rmax][smax],XT[rmax][smax],l,tn,xm;
n ’ ;

for (4d=1;ic=ks;i++)
X[4)[1]=X0[1];

1=0;

T{il=a;

(*24in)(&T[41),0);

(*fout)(X,U0,Y.¥1);

wh%le (T{1)<=b)

/* take two half steps, one full step and compare */
REK4STEP((*f),¥h,¥ks5,X,XD,U);
for (J=1;)<=ks;3++)

xT{jll2)=X[J)i0];
1=h/2;
RE4STEP((*2),¥1,¥k5,X,XD,U);
for (J=1;3<=k8;3++)

IT{J)[1]=x[31[0];
to=T(1)+1;
(*f£in)(&tn,U);
RE4STEP((*f),¥1,8ks5,XT,XD,U);
/*xm=pow(fabs(XT[1}[0)-XT[1]1(2])),2);*/
so=-fabs(IT(1)[0)-XT[1])[2]);
for (J=2;)<=ks;j++)

/*zn=fabe(XT(JI1{01-XT[31(2]);*/

/*if (xn>xm)*/

/*xm=xn;*/

/*xm+=pow(fabs(IT[J)[0)-XT(J)(2]1),2);:2/

m+=fabs (XTI JI(0)-XT[J1[2]));
/*xm=pow(xm,.5); %/
/* check to see if stepsize should be doubled, balved or left alone */
1f(((zn/31)(-(tol'h))

1+4;

T[4] = T[{i-1])+ bh;

for (%-1:J<-xs;3++)
X[J){1)=(32.0*XT{J1[0)-XT[J)[2])/31.0;

(*£4n)(&T[4),0);

(*fout)(X,U,Y,81);

i ((232.0/31.0)*zm(tol*n))
h*=2.0;

else
h/=2.0;

}
T[{i+1l=00T;
}

/‘llllllllt‘lll‘l‘lltllllll'llllllll.l‘l"llllttlll&l‘ll‘ll"l‘llll'ltllltll/

void GODUNOV(Zf,fin,fout,a,b,h,Xxs,k0,t0l,Y,T,X10,X1D0,X20,start,type)
voia (*23(),(*24n)(),(*fout)();
double a,b,h,t01,X10[],X1D0[],X20[),T[).¥[]l[cnax]);
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Int ks,ko,start,type;
{

0id TAYLORSTEP(),RULSTEP(),ABR2STEP(),AB3STEP(),GODSTEP(),BLWUP(),SEIFTGOD();
ouble Xl({rmax)(smax),X1D{rmax])[smax]),X2{rmax][smax]),Ulumax]},X2D(rnax] (smax],
X1DD{rmax) [smax];
Lnt 4,),ktenp=1,n;

=0;
E' first get initial values for X and it's derivative */
Of (J=1;5¢<=kB; J++)

X103)1[1]=21003);
X1D[J1[11=X1D0[J];

)
2[11[11=X20[1]);
{1)=a;
/* first calculate an input and the output at current time,then */
/* calculate derivative and current time and use it and the iaput */
/* to extrapolate to the next time s/
*fin)(¥T[1),0);
(3fout)(X1,X1D,X2,U,Y,.¥1i);
(*£)(X1,X1D,X2,X1DD,X2D,U);
/* need to do two startup steps before entering main calculation loop */
If (start==0)
BULSTEP(&h,¥ks,X1,X1D);
plse
TAYLORSTEP(&h,¥ks,X1,X1D,X1DD);
ke (type>0)
EULSTEP(¥h,¥kxs,X1D,X1DD);
Lf (type==2)
EULSTEP(¥b,¥xtenmp,X2,X2D);
BEIPTGOD(¥4,X1,X1D,X2,X1DD,X2D,T,¥h,¥ks);
(*£4n)(¥T[1]),0U);
(*fout)(X1,X1D,X2,0,Y,¥1);
(*£)(X1,X1D,X2,X1DD,X2D,0);
GODSTEP(&h,¥ks,X1,X1DD);
1f (type-0)
AB2STEP(¥h,¥ks,X1D,X1DD);
1f (type==2)
AB2STEP(¥b,¥ktemp,X2,X2D);
BEIFTGOD(¥i,X1,X1D,X2,X1DD,X2D,T,&k,¥ks);
(*£in)(&T(1],0);
(*fout)(X1,X1D,X2,0,Y,¥1i);
Hh%le (T{1} <=b)

for (mel;m<=kg;m++)
1!((fabs(¥[m][1])»blowup)

BLWUP(Y,T,4i,b,ko0,bh);
ieturn;

(*£)(X1,X1D,X2,X1DD,X2D,0);
GODSTEP(¥h,¥ks,X1,X1DD);
i (type>0)

AB3STEP(&h,¥ks,X1D,X1DD);
if (type==2)

AB3STEP(&h,¥ktenp,X2,X2D);
SEIPTGOD(¥i,X1,X1D,X2,X1DD,X2D,T,4h,¥k5);
(*£40)(¥TIL),U);
§'fout)(xl.IlD.IZ.U.Y.Ui);

Figure B.11 IVPSCHEMF.C



176
T{i+1]=00T;

}

/lt.'llll"llt..tltl!lltll't..ll.tt'ltlll!'tlt‘t.ltll'!tl‘ll""llttlt‘llllt/

void SEIPTGOD(1,X1,X1D,X2,X1DD,X2D,T,h,ks) /* to shift values in arrays to */
/* make array correct for next */
/% time ste */

doudble x1[][smax],XID[][smax],x2[][smax].x1DD[][smaz],§2D[J[smax].T[J.'h,
int *4, *ks;

{

int J;

(*1)++;

fOf (J=1;J«=*ks; J++)
X1[yil2)=2203211);
Xi1031M1)=X10311[0);
x1D[JJ[1]-XlD[jl[0].
X2031[1)=22031[0];
x10D[31(3)-21DD 3] (2]
XlDD[g][ZJ-XlDD[J][
X2D[3)[3)=32D[3j][2];
xzn[altz]-xzn[altll.

)
T{*4i] = T[(*1-1] + sh;
}

/R3S F22 2383322223522V X22F5B XXX 28X333252XX9BX832352322883233533333383)

void SEIPTAB(41,XD,X,T,h.ks) /* shifting for Adams-Bashforth 3rd order steps */
double XD[)Ismax),X{)[smax],TI),

int *4i,*ks;

{

int J:

(*1)++;
foi (J=1;3<=*k8;J++)

{31 i3)=XDl3)(2]);
ID[J)[2)=XD[ 5101,
}[31[11-1[33[01:
T(*4]=T[*41-1)+ *h;
}

/ll‘ltlll‘llll‘lllll.‘!‘tllttSlll"l.'llll‘.lt.lltl.l.'ttll'll‘llt..llllllll/

void SEIFTLEAP(4,X,T,h,kxs) /* shifting for LEAPFROG steps */
icuble X[][smex]},T[],*k;

int *1i,°*ks;

{

int J;
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(21445
qu (=13 <=ks; 3++)

IfJ)[2)=X[41{1];
}[J][l]-x[Jl[O];

T{*i] = T[*i-1) + =*h;
}

/lh'tll‘lltll‘ll“"‘.!l“llll'llRlllltlllltll""tt'.‘33"‘."."‘.3“3“"/

int ENDT(T,b) /* to calculate the size of the array T */
double TI],b;

{

int 1=0;

vhile (T[1]«b)
L1443

return i;

)

/llllllt!t‘l!t3'3ltl'ltltlllttlll"tBtlllttitll'ltl‘llltt'l.lllttltttttllt!tl/

void BLWUP(Y,T,i,b,k,h) /* to output zeroes in case of & numerical catastrophe*/
double h,b,Y[])[emax]),T[];
int 1,k;
{
int 1;
vb%le (T[1)<=b)
1++;
T{1)=T[i-1])+h;

for (1=1;lc=X;l++)
Y[11[1)=0.;

}

/l"lll"ttt‘tlttlilltlll".3""'8"'.ll‘l‘llllll"lll'llllll.lt.l.llll'l‘l/

void TAYLORSTEP(h,k,X,XD,XDD) /* Taylor Series Expansion step */

doudble *h,X[){smax),XID[][smex],XDD[](smax];

igt *Xx;

{

it 4;

far (d=l;dce*k;i++)
X{11[0)=fladd(X[4])[1],fladd(flmult(*h,XD(1][1)),

fimult((*h * *n)/2.0,XDD[4]){11)));

}

/lllllllllllttlllll.ll‘l‘!ll"‘llll'tllllttll“..‘tll'.ltilttl!‘llt‘llllll'l/
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void AB2STEP(b,.X,X,XD) /* Adams-Bashforth 2nd order step */
double *h,X[][smax],XD[])(smax];
int *Xx;
{
int 1;

for (i=1;1«=%k;1++)
X[1)[0)=fladd(X[1)[1], £1mult(*h/2.0
fladd(flmult(3.,XDI41111)),-XD[1)[2)))

}

/‘Oll‘ltill"lltl""llll‘.‘tl!‘ltlllll'.ll.ll‘l.lll“""‘ll‘llttt"l'llllt/

F

void GODSTEP(h.k,X,XDD) /* Godunov step */
double *h,X[])[smax]),XDD[)[smax];

int *k;

{

int &,

for (i=1;1c=3k;4i++)
X[(1)[0)=fladd(fimult(2..X
flmpult(*h * *n,XDD[1]{1]))

}

/lt'l!llll'Cltltl"’ltttttl.t.tllltltl.llltt'tt't'tt".ltltl.t"!!tltlllstlt/

g%JIIJ).fladd(-x[illzl.

void BULSTEP(h,X,X,XD) /* EBuler step */
double *h,X[)[smax),XD[](smax];

int *k;

{

int 1;

for (d=1;1«=%k;i++)
X[4)(0)=£f1ladd(X[4](1],floult(*:,XD[4111)));

}

/'l'lll'l‘ltit'3ltl'.l3ltl."tl'lltlitt.lll'llllllll‘lltlllltl'll!tt!tttlttt/

void LEAPSTEP(h,X,X,XD) /* lLeapfrog step */
double *h,X[)[smax],XD[])[smax];

int *k;

{

int 4;

for (4=1;icm*k;di++)
X{11{0)=fladd(XI4)(2], 2102t (2.0 *k,XDI4)113));

}

/tlltllll"‘ll‘ll8"ltl.ll'llOtlll.ll't‘lt“l.'.“‘il‘l'l"l‘t!lll't'tllll‘l/

void AB3STEP(h,X,X,XD) /* Adanms-Bashforth 3rd order step */
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double *}1,X[])(smax],XD[][smax];
int *k;

{
int 1;

for (d=l;icmtk;di++)
X[4){0)=fladd(X{13{1],flmult{*n/12.0,f18dd(f1mult(23.,ED[11[12]),
£ladd(fipult (-16.,XD[1]1[2]),flnult(5.,XD[4]1[3]1)))));

}

/lllll"tll‘llll‘l"ll3ll'3".."Oll.'lll‘ltltl.l'tl"ll."ll"‘ltttl!l'tlll/

voild RE4STEP(f,bh,k,X,XD,U) /* Runge-Kutta 4th order step */
void (*£)();

double *b,X[][smax),XD[])[smax],U();

int *k;

{

int 1,J;
double XR[rmax][smax],XRDlrmax](smax];

(*£)(X,XD,0);
for (4d=1;1c=%k;i++)

{

XRD{411(4)=XD{41[1];
IR[1)[3]=f1add(X[4]01),fimult(*h/2.0,XRD[11(41));
§R[1][11-x3[1][31;

(*£)(XR,XRD,U);
fOf (1=1;4¢=2k;1+4)

IRD{1)[31=XRD{13[1];
IR[1]{2]=f1ladd(X[1)(1]),flpult(*h/2.0,XRD[1])(3]));
§R[i][1]-xR[1][2];

(*£)(XR,XRD,U);
for (i=1;ic=*k;i++)

{
TRDI1)[2)-XRDILI11);
TRI4)[1]=fladd(X{41{1],flmult(*n,XRD[4][2]));

}
(*£)(X,XRD,U);
for (4=1;1i=%*%;1i++)
X[1){0)=fledd(X[41][1],f1lmult(*h/6.0,
f1add(fladd(XRD[411[4],£1pult(2. ,ZRD{1]I
£1add(£f1lpult(2.0,XRDI41(2)),XRDI1]112]))

}

31)).
D)
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/* godanal.c */
/* to give analytic solutions for mechenical, electrical and hpde probs. */

/'l'lll8't‘l'tl'tlll"l'ttllltll‘tlllllll“l‘l‘ltttl"!tll‘l“‘l“lt'llltl/

void MECEAN(T,Y,YA,YEA,Db)
doudble T[],¥[}[cmax],Yal]l[cmax),YEA[) [emax],b;

{

double kir(rmex],klilrmax],k2r[rmax],kx2ilrmax),rrirmax],rilrmax),x1,x2;
int 1=0;

xlr[1] = -0.061671236895901; k11{1] = -2.810700287201718E+07;
x1lr(3] = -~0.014371386772571; k1i{3] = 3.444521204947223E-17;
klr(4] = 0.057720068111889; k1if4) = 0.180163686873507;
xir{6) = -0.050705313165149; k11[6] = -D.004892821119899;
klr(8) = -7.205719968844154E-04; Xli[8] = -~-2.036547949608477E-20;
klr(9) = 5.222234378871828E-04; Xx1i(8) = -8.667609909184935E-04;
k2r{l] = -0.061671236895901; x2i[1)] = ~2.810700287201718E+07;
k2r(3) = -~0.144955398887593; k21[3] = 4.804202092426264E-17;
k2r[4)] = 0.005315513533364; k24[4) = -5.046440662086905E~04;
k2r(6] = 0.061359513411958; x2i(6] = 0.018359057303193;
k2r(8] = 0.003085875899532; k2i[8] = 1.148229183805980E-19;
x2r(9] = 0.004259734548708; x2i(9] = 0.002040291508190;
rr{l] = -6.379529120338866E-18; ri(l] = 1.335487221920111E-09;
rr[3) = -0.3542798852653012; vi(3] = 7.758076541149032E-26;
rr(4) = -0.332576889488171; rif4] - 0.363802401052926;
rr(6) = ~-0.802006086007217; ril6] = -0.270023167886790;
rr(8] = -3.094990471582307; ri[8) = -2.081668171172169E~-17;
rr[9) = H vi[9] = 3.1415926535890793;

0.0;
while (T{4i] « b)

{
x1 = k17(3) * exp(rri3] * T[1)) + kir(8] * exp(rr(8] * T[1i])
2*exp(rr[1]*T[1))*(xir[1]*cos(ra[1)*T[1]))-k1i[1])*sin(ri(2]*T
2*exp(rr(4)*T[1])*(klr(4)*cos(ri{4])*T(1])-k1i[4)*sin(ri[4])*T
2*exp(rr(6])*T{1))*(klr[6)*cos(ri[6])*T[41])-k11[6]*sin(ri([6])°"T
2*exp(rr[9)*T[1))*(klr(9]*cos(xd[9]*T[4]))-x14(9)*sin(xi[8]*T
x2 = x2r[3) * exp(rr[3] * TI[i]) + k2r{8] * exp(rri(8]) * T[%])
*T
JsT
jsT
jaT

+ 4+ +

2*exp(rr[i)*T(1))*(x2r[1])*cos(ri[1]*T[1])-k2411])*sdin(rill
2*exp(rr(4)*T{1))*(k2r(4])*cos(ri{4]l*T[1]))-k24[4])*sin(ril4
2*exp(rr(6)*T{i))*(x2r(6)*cos(ri(6])*T(41]))-k21[{6])*sin(ri[6
2*exp(rri9l*T[11)*(x27r[9)%cos(ri[9]*T{1])-k21[9])*sin(ri[9
YA[1]{4] = x1 - x2;

YEA[1][4) = fabs(YA[11[4) - Y[211([4]);

i1++;

+ 4+

AW AN A WA p A S
NSNS NSNS

}

/llttt"tltlltl‘tlttl‘l"3"3.".'3‘."“'3"..llltll‘llll'tl‘.lttlllll"l/

void ELECANS(T,Y,YA,YEA,Db) /* solution with r4=1/2 */
double T[],¥[)[cmax],YAl)[cmax]),YEA[](cmax],Db;

{

double krlrmax].kxilrmax],rr[rmex],rilrmax],x;

int 1=0;

rrl{ll= -0.545536819194096; ri(1]= 0.320561263141258;
rr{3]= -0.332022027996957; ril{3]« 0.923264468330181;
rr{5)= -0.428516755789870; ri[5)= -2.023367642157935;
rr(7)= -47.637848784037956; ri[7)= -5.551115123125783E-17;
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rr{8]l= 0.0; ri(gl= 3.0;

kr(ll= 0.583447195445384; xi[l]l= 1.786846174581650;
kr{3)= -0.9216092193431197; ki[3)= -1.0621357297T73727;
kr(6)= 0.367460028418060; ki[B]l= -0.197269455199473;
Xr{7]= -5.002417010178724E-09; ki[7]= -2.802874149785409E-37;
kr{8]= -0.034815027886039; ki[8)l= ~-0.058661177389016;

wh%le (Tl4] « b)

x=kr{7)*exp(rr(7)*T[1])+2%exp(rr(1]*T[1])*(xrl1)*cos(ril1]*T(1])-
ki[1])*sin(ri(1)*T[1]))+2%exp(rr(3]*T(41))*(kr(3]*cos(xd[3]*T[1]))-
ki{3)*sin(ri(3]*TI1)))+2%exp(rr[5]*TIi])*(kr(B]*cos(ri(B])*T[1i]))~
xi[5)}*sin(ri(5)*T{4]))+2%exp(rrial*T(i]))*(xri8l*cos(ri[8])*T{1]))~
xif8]*sin(ri[8)*T(1]));

Yal1l(i] = x;

EEA[1][1] = fabs(Yal1l[4]) - ¥[11{1]));

++;

}
}
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/lllllllll!t'lltt".tllttttlttttlt.tllttlllllll33l'l‘lllt'llll!l"tlltll't/

void ELECAN4(T,Y,YA,YEA,b) /* solution with r4=D 3/
double T[1,Y[)[cmax]),YAl)llcmax],YRA[][cmax],b:

{

doudble kr{rmax),xi{rmax]),rr{rmax],ril{rmax],x;

int 1=0;

rr(ll= -0.416518822192015 ; rifl]= 0.286901247571467;
rr(3l= -0.280959536111124; ri{3]l= -0.907053864275100;
rr(5)= -0.104828707647075; Ti[5]= -2.1635626796844431;
rr(7)= -47.645385868099570; ri{7)= 0.000000000000000;
rr(8le 0.0; rilal= 3.0;

kr{l]l= -0.676542807200635; ki{l)l= -0.391754378830445;
xr(3]= 0.999958803345352; xi[3)1= 0.568965280607208;
kr(5l= -0.462256900894519; ki[5]l= -0.616478613594744;
kr{7]= .237204748228758e-6; xi[7]= 0.000000000000000;
kr(8)l= 0.138840786147429; ki[8l= -0.218672044418416;

while (T{i] « b)

x=xr{7)*exp(rr(7]*T(1])+2%exp(rr(1]*T[4]))*(xr[1]l*cos(zi(1])*T[1]))-
xi[11%sin(ra[1]*T[1]))+2%exp(rr[3)*T(4]))*(kr(3)*cos(ri[3)*T[41])-
xi{2)*sin(ri(3)*T{1]))+2%exp(rr(8)*T(4]))*(xr(5)*cos(ri[B]*T[4])-
xi(8)*sin(zil8)*T[1]))+2*exp(rr{8)*T[1))*(kr{8)*cos(ril8]*T[1])-
xi[8)*sin(ri(8]*TI(11));

YA[11([4]) « x;

YEA[11[4) = fabs(YA[1][1] - Y[1][41);

144,

}
)

/llltltlltllll.l'l“‘!l.l'l'llll“"'ltl“lllll'll!'llltlt.ll'l“illlll'll/

void ELBCANS(T,Y,YA,YEA,b) /* solution for small system */
doudble TI[3,¥Y[)lemax]),YAl]llcmax]),YEAl] [cmax],b;

{

doudle x;
int 4=0;

Figure B.12 GODANAL.C
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wh%le (T[] « D)
x=exp(-.5*T[1]1)*(3.287671%cos(.866*T[1])-2.37267234*sin(.866*T[1])))
EBj?8?67l‘cos(3.0'T[1])+1.2329767‘51n(3.0'T[i]);
Yall)[dil=x;

YEA[1) [il1=fabs(YAL13[4]-Y[23[4]);
i++;

}

/llltlltlltl‘."l‘.'!lll“"lll'l'lllllllt'lltl‘ll"“t’lll""‘tl.lltlltl/

void EPDEAN(T,Y,YA,YEA,D)
doudble T[1,Y[]l[cmax],YAl][cmax),YBA[])[cmax],b;

{

/*double x[rmex])(cmax];*/
int 1=0,3;

wh%le (Tl1) <« B
/t
for (?-1;j<-10;3++)
x(3]{il=sin(piz*(doudble)j*dx)*cos(pi2*T(1));
5/
YA[1)[4il=sin(pi2*l.)*cos(pi2*T[1]):

YEA[1][1]=fabs(YA[1][4]-Y[1][41));
1++;

)

/ll!llllltlltl.lllllllll'lltll't‘ltllll.tl'tll‘lltll'lt‘l‘ltllll'tl.l'l‘.‘/

void STABPEANAN(T,Y,YA,YEA,b)
double T[]),Y[l[lcmax]l,Yal)lcmex],YBA[) [cmax],Db;

{
int i=0;
wvhile (T[1] <= > )
§A[1][1]-(exp(-si *T[1))*sin(omeg*TIi])))/omeg;

YEA[1)[1]=fabs(YAT1)[41]-Y[1104]);
1++;

}

/lttlllttl‘tlt'lll!lll'l.'.‘tltlllll.tllltl“ll"C‘l‘ll"tll'lllltlll"l‘./

void SINGORAN(T,Y,YA,YEA,D)
double T[]),Y[)lcmaxl,YAl])[{cmax]),YBAl]l[cpax],b;

{
int 4=0,);
double x;

vh%le (T[4] «= b)
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fOf (J=1;3<=R-1; J++)

x=ab+dx*{double);
YA[3l[1)=4*atan(exp((x-.5*T[1]))/pow(.75,.5)));
¥EA{J][1]-f&bs(YA[JJ[i]-Y[jJ[i]);

i++;

}

/l‘l.l‘ll3"l'l.lttltlllll“ltltll"l'38llllttlt'St‘lltl.l.l.llll‘l'ltlll'/

vold ELECSMALLAN1(T,Y,YA,YEA,D)
louble T(1,Y¥[)(cmax],YAl])[cmax],YBAl][cmax],b;

{

int i=0;

wh%le (T{1] <= Db)
YA[1)[i]=2.0%exp(~.5*T[1]1)*(0.006321108438466%cos(1.658312395177700*T(1])
+0.329056688876620*sin(1.658312395177700*T[411))+2.0*(~-0.006321108438466*
€0s(9.424777960769380*T(1])-0.057562972100881*51n(0.4247778607692380*T[11));
YEA[1][4]=fabs(YA[2}[4]-¥Y[1]([4]1);

1+4;

}

/llltt)t'ttllllt!tl'lll!'ttltlitltt!llt‘ll‘t!lt'tttll'l.tllttt.t.t.‘tllll!/

void ELECSMALLANZ2(T,Y,YA,YEA,D)
double T(1,Y[l[cmax],Yall{cmax),YBAl]) [(cmax],b;

{

int 1=0;

vh%le (T{i] <= D)
YA[1)[41]=2.0%exp(~1.226698825758202*T[1))*(-0.415506500842584*
cos(1.467711508710224*T[1))-0.172305600546402*
E1n(1.467711508710224*T(1}))+2.0*(0.01138195221837"7*
cos(9.424777960769380*T[1])-0.0038102750571688*s4n(8.424Y77060769380*T[1])))
+0.8082490987248413%exp(~0.546602348483596*T[1));

YRA[1)[1)=fabs(Yal1)(1)-Y[1104));
1+4;

}

/l"ll".l33l"'l...l'l‘8“‘..".‘ll8‘ll‘ttlCllllllllllllt"lll'tllll.l3!./

void ELECSMALLAN3(T,Y,YA,YEA,D)
double T![]},Y[llcmax),YAl)[cnpax),YBA[)[cpax],b;

{
int 4=0;
vh%le (T[1) <= D)
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YA[1][1)=2.0%exp(~-0.5*T[1]))*(0.530448482176386*
cos(0.866025403784439*T(1])~-0,313228660033139*
£in(0.866025403784439*T[1]))+2.0*(-0.530448482176386*
cos5(9.424777960768380*T[41]))+0.056923167856408*51in(9.424777960769380*T[41]));
YEA[1])[1)=fabs(YA[1)(4)-Y[1][41]);

1+4;

)

/!ll!tl!t‘l3‘3'.lll3‘0lltlltlll'tttt“tl'tl“'"l88lt'l'tltl"l’t‘i"‘!tt!/

void ELECSMALLAN4(T,Y,YA,YEA,D)
double T[],Y¥[)(cmax]),YAl){cmax],YEAl)lcmax],b;

{

int 1=0;

while (T[i) <= D)
iA[l][i]-2.0'exp(-0.75'T[1])'(0.004516224340959*
cos(0.968245836551854*T[41])+0.275044848789804*

£in(0.968245836551854*T[1]))+2.0*(~0.004516224340059*
©05(9.424777960769380*T[1]))-0.027897088137722*61n(8.424777960769380*T[1]));

YEA[1)(4)=fabs(YA[1)[4)-Y[1][4]));
144
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APPENDIX C - ANALYTIC SOLUTION DERIVATIONS

1) The Wave Equation %’t—gv = %:g’)

The general form of the solution to the wave equation is U(z,t) = f(z —
t) + g(z +t). The functions f and g can be found by using the initial conditions

and the boundary conditions of the problem. Initial conditions of

U(z,0) = sin%z ,

oU(z,0) 0
a7
and boundary conditions of
v,ty=0 ,
oU(1,t) _
oz 0

were used for this example. f and g are found by substituting the general solution

into the initial conditions and boundary conditions:

U(z,0) = f(z) +9(z) = singz so f(z)= sin%z —g(2) (C.1)
W0 o )49 =0 s0 1'(z) =4 (c-2)
U(0,t) = f(~t) +9(t) =0 so f(-t)=—g(t) (C3)
BULY _ - +d+y =0 . (C.4)
Differentiating (C.1) and then substituting into (C.2):
f'(z) = Zeoszz—¢'(z) = ¢'(a)
or %cos-’-zr-z = ¢'(z)
so that g(z) = lsinz:z +c . (C.5)

2 2
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Substituting (C.5) back into (C.1) gives:

f(z) = sinsz— -l—sinlm —c= -l—sinzz —c
T 2T 272 2772

Since f and g have been found using only the initial conditions, we need to check
that they satisfy the boundary conditions and the differential equation. We can
check the z = 0 boundary condition by substituting f and g into (C.3),

f(-t)= l.sz'n(—-';—rt) —c= —l.sinI

2 fingt—e=-9lt) ,

and we can check the other boundary condition by substituting f and g into (C.4)
so that

ffi=-t)+¢'(1+1)

= -}cosg(l —t)+ gcosg(l +t)
”[coswco pit-i—s'n’rsin,rt] + 7l.[co.s"rcosﬂ't sinwsinwt]
= — —_ — n— — - - -t — —_ —_
4% 2 W T g0 0%% 2°'"2
=0

We check to see that f and g satisfy the differential equation by substituting into

the general solution and differentiating: *

U(z,t) = —;—[sin-;[(:c —t)+ sin—;[(z +t))

aU(Iat) -—
at
2 2
T = ~loing@ =0 +ainZ e+ )
alU(z,t) _
dz
8?U(z,t) _
atz

%[—cos-;s(z —t)+ cosg-(z + )]

-}[cos%(z —-t)+ coszzr-(z + )]

8%U(z,t)

2 .o« .
——s—[smE(z —-t)+ sm;(::-}- t)] = 5¢7

* We can let ¢ be equal to zero since it does not affect either the initial

conditions, boundary conditions or the differential equation.
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2) The Mechanical Model of the Human Body.

Applying Newton’s Law to the system of Figure (2.2) results in four 2nd

order differential equations:

- by . k b . k
11+—l—$1+—131——1—12—-—1$2=0
m, m; m; my
by . k . by + by + b3,
_._Lzl — _..Lzl + L3 + ._1__....__2._3..z2
mz m2 m2
ki + kg + k3 by . bs . ka
2~ —Z3—~ —IT4— —24=0
ma ma ma ma
bo . k - b, . k
~ iy~ L+ i3+ ——d3+ —z3=0
ms ma mg ma
b3 k - b3 k3 1
——Ty = —Z+ Ty + —Zy+ —2Zy = —1u
ms 4 m4 4 my

where z; = d;, 23 = dg, 23 = d3, 24 = d( and u = f = 10stnxt. Since initial condi-
tions are chosen to be zero, the use of Laplace Transforms on the above differential

equations will result in the equation:

"sz+—3};s+,—f-f - -~ 0

0
m; m;
—b g Kk g2 bidbadbag kitkatks B2 o k2 —ba g ko
ma ma m;b k mza MQb m:k ma ma
22 0 K2 2 4 2 £z
0 Tas Ta 8 +m3s+m3 bO ,
—b3 o Ea 2 La k3
. 0 ot Rl 0 4+ s+ 2
/X1(S) 0
Xz(s) 0
Xa(s) UO
\X4(S) _Ll’

my

X1(s) and X2(s) can be solved for by the use of determinants and then expressions
for z;(t) and z,(t) can be found immediately by the use of partial fraction expan-
sibns and then inverse Laplace Transforms on X,;(s) and X,(s). This leads to an

expression for the output,
y(t) = z1(t) — z2(t) = .1306e~ 3543 — 0038 ~3-095¢

+ 2¢7-3328¢( 0524c0s(.3638t) — .19067sin(.3638t))

— 2e99%%(\112¢c0s(.27t) + .023255in(.27t))

+ 2(—.00374cos(nt) + .0029sin(nt))
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3) The 7th Order Passive Electrical System.

Application of Kirchoff’s Current Law to each of the five nodes of the circuit

of Figure (2.3) results in five integro-differential equations:

00 90 4 L [0~ vt = 409

220+ 20 4 L f(wafe) — @) dt 4 - [ w20 - ma(8) &t =0

dv;t(t) + va(t)l—z-sw(t) + Lig /(vs(t) —vy(t))dt =0

c, dv;t(t) + v4(t)};3”3(t) + Li;; /(m(t) —us(t))dt =0

294 5 JIOROEE

Gy

C>

Cs

Using initial conditions of zero and Laplace Transforms on the above equations
will result in an equation in the s-domain similar to that found for the mechanical
system but omitted here due to lack of space. Using the same technique as was used
for the mechanical system, an expression for vs(t) is then easily found by using the
method of determinants, then partial fraction expansions and then by the use of

inverse Laplace Transforms. An expression for the output, vs(t), is then given by
vs(t) = —5.09107 %~ 47-64% | 2¢7-4285¢( 3675¢052.0234t — .197sin2.0234t)
+ 2¢7'332%(— 9161¢05.9233t + 1.06215in.9233t)
+ 2¢7-5455¢( 5834c05.3296t — 1.78685:n.32961)

+ (—.0348co0s3t + .0597sin3t)
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