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1 Preface

The thesis title ” Support for Dymola in the Modeling and Simulation of Physical Systems
with Distributed Parameters” could appear a little bit confusing. In short, the goal of the
master thesis is to provide Dymola with a Partial Differential Equations (PDE) Package,
with which it will be possible to simulate physical systems for example. The PDE area
is huge and it is therefore not possible to implement everything. For instance, the
methods of solving PDEs are many, ranging from analytical to semianalytical to fully
numerical. The methods implemented in PDE Package are Method of Lines (MOL)
and Finite Volume Methods (FVM). Among many types of PDEs we considered only
time-dependent PDEs, because Dymola was conceived mainly to simulate the quantities
in time. Recently, however, a time independent problem, the Poisson equation, was
also implemented and works well. The PDE Package provides necessary blocks for
the implementation of PDEs, such as integrators and space derivatives blocks. Many
examples were implemented with both MOL and FVM to show the use of PDE Package.
Some examples are implemented together with the corresponding analytical solution so
that the user can see the error of the approximation. To make everything transparent to
the user the methods are implemented in such a way that user must not understand the
details of the numerical methods that solve the PDEs. What is required from the user
is that he knows the complete problem (PDE, initial condition, ...) that he wants to
implement. The blocks necessary for the implementation of the problem are provided,
and explanations of how to use them is described in the corresponding documentation.
As already said, many PDEs, ranging from simple, like advection equation, to more
complex, like Euler equations, are implemented to show the user the correct use of the
package.



2 Partial Differential Equations

Partial differential equations are the main topic of this thesis. In the following a very
short introduction is given with the purpose to show some important aspects of these
huge field. In the next Chapters two numerical methods, the Method of Lines and the
Finite Volume Methods for solving these equations will be discussed more deeply.

2.1 Introduction

Many phenomena in nature are described by PDEs. Some examples are [4]:

e Navier-Stokes equations

The Navier-Stokes equations describe the fluid behavior by prescribing the re-
lationships among its velocity, density, pressure and viscosity.
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Later we will see how these equations are derived and how to simulate them.



e Schrédinger ‘s equation

This equation of quantum mechanics describes the wave function of a particle
by prescribing the relationships among its mass, potential energy, and total en-
ergy. The time independent Schrodinger equation is

hr 0%p 9% 0%

_%(81‘2 Oy? * 072 )+ VY =Ey (6)

and the time dependent Schrédinger equation is

R? 0%y 0% 0% e
_%( ox?  Oy? * 022 )+ VY= Zhﬁ (7)

where i = y/—1, m is the mass of the particle, E its energy, V the potential, ¢ the
wave function, h = % and h is the Planck constant (h = 6.626076 - 10734.J - 5).

e Maxwell “s equations

Describe the behavior of an electromagnetic field by prescribing the relationships
among the electric and magnetic field strengths, magnetic flux density, and electric
charge and current densities.

0
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VxE 5 (10)
. OF
VXB:MOJ+M05OE (11)

where B is the magnetic field, E the electric field, ¢ the electric charge, j the
current density, uo magnetic permeability and g the dielectric constant.

In an ordinary differential equation the unknown function depends on only one vari-
able. In PDE, the unknown function depends on several variables. Example: the one-
dimensional heat equation:

qt — Qex = 0 (12)

Here we are searching the unknown function ¢(x,t) that depends both on space and
time.



Definition PDE [4]:

A partial differential equation is an equation involving partial derivatives of an unknown
function with respect to more than one independent variable.

PDEs can be classified according to order, linearity, homogeneity, and so on. In Figure
1 (taken from Farlow) the main classifications of PDEs are illustrated. Another classifi-

Linearity Linear Monlinear
Order 1 2 3 4 n
Kinds of coefficients Constant Variable
Homogeneity Homogeneous |Monhomogeneous
Mumber of variables | 1 2 3 4 m

Figure 1: PDE classification

cation that is very important concerns the linear equations of the form

Aqee + Bgey + Cqyy + Dgz + Eqy + Fqg=G (13)

where A, B, C, D, E, F, G are functions of x, y or just constants. This kind of equations
can be classified according to the value of B? — 4AC:

parabolic, if B2 —4AC =0
hyperbolic, if B2 —4AC > 0 (14)
elliptic, if B2—4AC <0

The names come from the conic sections theory (Figure 2), where the general equation
for a conic section is

ar? + by +cy’ +dr+ey+ f =0 (15)

and the conic is

parabolic, if b> —dac =0
hyperbolic, if b*> — 4ac > 0 (16)
elliptic, if b2 —dac < 0



Examples of such equations are:

parabolic PDE: u; = a?u,, (Diffusion equation)
hyperbolic PDE: uy = c?ug, (Wave equation)

elliptic PDE: V?u = 0 (Laplace "s equation)

Parabola- cutting plane
parallel to side of cone.

b2 — dac =0 b2 — 4ac < 0 b2 — dac > 0

Circle and Ellipse Hyperbolas

Figure 2: Conic sections (picture taken from Wikipedia
There are many methods to solve a partial differential equation. Some are analytical,
some semi-analytical and some numerical. In practice, there are few PDEs that have an
analytical solution, many interesting PDEs that arise in science don “t have an analytical
solution. In the following some of the methods to solve PDEs are listed:

Separation of Variables

This method transforms a PDE in n variables into n ODEs, that can be then solved
with ODE solvers.

Integral equations
Transforms a PDE to an integral equation which is then solved by various techniques.

Calculus of Variation Methods



The PDE equation is reformulated as a minimization problem. The minimum of the
obtained expression is equal to the solution to the PDE.

Numerical Methods

There are many numerical methods to solve PDEs. Finite Difference Methods, Finite
Element Methods and Finite Volume Methods are only some examples. We will later
see a more detailed view of some of the most used numerical methods, in particular the
Finite Volume Methods and the Method of Lines.

2.2 Constructing PDEs with Blocks

One of the goal of this master thesis is to construct basic blocks with which it is possible
to construct almost any partial differential equation. As analogy let us take the example
of the Lego game (Figure 3). In this game we have many building blocks of different
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Figure 3: Lego analogy

types with which it is possible to construct complex objects, such as castles, planes, and
so on. In the case of the partial differential equation the situation is more complicated,
but the idea is the same: we have blocks like %, (6%)2, integrators and so on and we

want construct the PDE.



3 Computational Fluid Dynamics

3.1 Introduction

When studying fluids (liquids and gases), we are interested in how the properties of the
fluid, such as velocity or pressure, change in space and time. To find a solution means
to find the space-time change of these properties. When trying to describe the behavior
of the gas in a tube for example, we must think of what ingredients are necessary to
describe such a system. And here comes physics into play. We can start by saying that
mass must be conserved for sure. This is right, but not enough. What are the other
actors in this system? Well, it can maybe be surprising, but the fundamental equations
to describe such a system are based on conservation laws:

1. Conservation of mass
2. Conservation of momentum
3. Conservation of energy

Fluids are governed by these conservation laws. The system of equations (PDEs), that
result from these conservation laws, gives the ”Euler equations” for gas dynamics. Be-
cause there is no analytical solution to this problem, it must be solved numerically. This
is the task of computational fluid dynamics. As said in [8]: Computational fluid dynam-
ics (CFD) is the art of replacing such PDE systems by a set of algebraic equations that
can be solved using digital computers. For what is the CFD useful? For aerodynamics

Figure 4: CFD visualization of vortices created by leading edge extensions on the F-18
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purpose for example (Figure 4). By knowing the behavior of the flow around the airplane
we can study and perfectionate the aerodynamics of the plane.

Sometimes we can perform simulations in a laboratory, by doing experiments, but there
are many simulations that are not possible to do, or that are too expensive to perform
in a laboratory. Say for example that an architect wants to know how, in the case of an
accident, the fire will propagate through the building. This knowledge would allow the
architect to decide for example where to position the windows and fire extinguishers.
The distribution of the temperature will allow to differentiate regions with high temper-
ature and influence maybe the choice of materials for the construction of those regions.
Many other issues come into play. This kind of simulation cannot of course be done in
reality. Nobody will position temperature sensors in the whole building and then burn
it down.

CFD allows us to simulate situations that would otherwise be impossible to do, and give
us a qualitative and quantitative description of the simulation. Of course, we must face
problems that we have not in reality, such as the boundary conditions. By constructing
the building in the virtual world by using for example the commercial CAD (Computer
Aided Design) programs, we must specify the boundary conditions. This is a very dif-
ficult task, because there are no guidelines for this kind of problem, and the variety of
materials and other factors are crucial for the simulation. In reality we would not have
such problems, because the nature "knows” the boundary conditions whereas computers
do not.

Before starting to derive the equations that describe the conservation laws, we must
apply these physical principles to some model. There are two different ways of studying
the problems in mechanics: Eulerian and Lagrange approach.

Eulerian Description

The Eulerian description tells us how the property changes at some place at some time.
Say for example that we are interested in the behavior of the velocity field V' at the
point (xp,Yp, zp). Then the Eulerian description will describe the behaviour of the ve-
locity field at this particular point over time: V' (xp,yp, 2p,t) (Figure 5).

Lagrangian description

If instead of the velocity at the particular point we are interested in the behavior of
the velocity of the particle as it moves through the flow, then we are talking about the
Lagrangian description (Figure 6).

In describing the Eulerian and Lagrangian approach we have considered the veloc-
ity field. This field is very important, because its knowledge allow us to determine many
other properties of the fluid. In the following we list some of these properties that can
be derived using the velocity, V:

11



Figure 5: Eulerian approach: Velocity field

Displacement vector

z= / Vvt (17)

Acceleration
av
-2 1
a=— (18)
Angular velocity
1
w= §V xV (19)

where V is the nabla operator.

Until now, we have considered only the density, pressure and velocity of the fluid. Inter-
nal energy, enthalpy, entropy and specific heat are other properties that become impor-
tant when dealing with energy, work and heat. Additionally, the coefficient of viscosity

12



Figure 6: Lagrangian approach: Velocity field

and the thermal conductivity govern the friction and heat conduction. These nine ther-
modynamic properties are listed below:

1. Density
2. Pressure

Temperature

- W

Internal energy
Entropy
Enthalpy
Specific heat

Viscosity

© 0o N o oo

Thermal Conductivity

These quantities can be determined by the thermodynamic state of the fluid. For
example for some substances, knowing the pressure and temperature is enough to de-
termine the value of all the other quantities. We shall now concentrate on deriving the
equations of conservations laws. As a model we choose an infinitesimally small fluid
element that is fixed in space.

3.2 Euler Equations
3.2.1 The Continuity Equation

Consider the flow of the fluid through an infinitesimal small fluid element that is fixed
in space (Figure 7). Let p be the fluid density and v its velocity. By using the Taylor

13



expansion (and neglecting higher order terms) we can derive the mass outflow for each
space component:

{pv, + (8pv,/ey)dy)dxdz

-

(pv, + (8pv,/éz)dz)dxdy

pv, dydz

— . (pv, + (3pv, ex)dx)dydz

Figure 7: Mass outflow out of infinitesimal small fluid element

(pvz + 88'0;‘% dx)dydz — pvydydz = 3§;x dxdydz (20)
(pvy, + ag;’y dy)dzdz — pvydrdz = ag;’y dedydz (21)
dpu; dpv,
(pvs + g:: dz)dxdy — pvdxdy = g: dxdydz (22)
Hence the total mass outflow is given by

Opvy  Opvy ~ Opu,
dxdyd 23
(8x+8y+8z)xyz (23)

Since the mass of the infinitesimally small fluid element is pdxdydz, the change of mass
over time inside the fluid element is

ap

24
T dxdydz (24)

The mass conservation law, applied to the infinitesimal small fluid element fixed in space,

14



states that the total mass outflow of the element must be equal to decrease of mass in
time inside the element. By using the expressions we derived above, this could be writ-
ten as:

dpvy  dpuy  Opu, _ Op
( o + 9y + 5 Ydxdydz = T dxdydz (25)
or
9p _

This is the partial differential equation of the mass conservation law, called the continuity
equation.

3.2.2 The Momentum Equation

We all know Newton s second law

F =ma (27)

which in the case of the fluid element states that the net force applied to the fluid el-
ement equals the mass of the element times its acceleration. Because we consider only
one dimension, we write

F, = ma, (28)
What kind of forces can act on a fluid element? There are two kind of forces [Andrew]:
e Body forces

This kind of forces act directly on the volumetric mass of the fluid element. Ex-
ample of these forces are gravitational and magnetic forces.

e Surface forces

Act directly on the surface of the fluid element. They are due to only two sources:

— Pressure

The pressure distribution acting on the surface, imposed by the outside fluid
surrounding the fluid element.

15



— Viscous

The shear and normal stress acting on the surface.

The schematic representation of these forces is presented in Figure 8. In Figure 9 a
detailed view of forces acting on an infinitesimally small fluid element is illustrated.

Forces

Body forces Surface forces

Weight Electromagnetic Pressure Viscous

1

Normal Shear

Figure 8: Forces that act on a fluid element

Let us denote the body force per unit mass acting on the fluid element in x-direction by
fz. Then we have:

Body force = pf,dxdydz

As explained in [9]: The shear and normal stresses in a fluid are related to the time
rate of change of the deformation of the fluid element. The shear stress, Ty, is related
to the time rate of change of the shearing deformation of the fluid element, whereas the
normal stress, Tp., is related to the time rate of change of volume of the fluid element.
As a result, both shear and normal stresses depend on velocity gradients in the flow. The
notation 7;; denotes a stress in the j direction exerted on a plane perpendicular to the 1
axis. The net surface force in x direction is

9p 0Tz

(p— (p+ 5_dw))dydz + ((Tex + 5 =dz) = Tuz)dydz+ (29)
OTyx OTog
((Tya + a—ydy) — Tye)dxdz + ((Tzz + o dz) — Ty )dxdy

The total force in x direction, F}, is the sum of the body force and the net surface force:

16



1, dxdy (1, t (91, /ay)dy)dxdz

F—
pdydz —— = ——— (p+ (dp/ox)dx)dydz
tdydz T (1, + (@1, /x)dx)dydz
T, dxdz (1, * (o1 /dz)dz)dxdy

Figure 9: Forces acting on an infinitesimal small element

Op n OTex n OTya . OT sz

Fa = (_8? Ox oy 0z )

dzxdydz + pfrdxdydz

For the term ma in the Newton s second law we have

0pvy

Pl 4V - (p02) (30)

And so Newton “s second law assumes the following form for the fluid element

Opvy
ot

O | Oua | Oyw | OTswy s v pfodadyds  (31)

V- (pvg) - (_ﬁix Oz oy 0z

This is the momentum equation. If we neglect viscous effects and body forces, the equa-
tion simplifies to:

0pvy
ot

+ V- (pv?) = —gidxdydz (32)

This is exactly the second equation in our Euler system.

3.2.3 The Energy Equation

The first law of thermodynamics says that energy is conserved. In the following we shall
apply this principle to the fluid element: The rate of change of energy inside the fluid
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element is equal to the net flux of heat into the element plus the rate of work done on the
element due to body and surface forces [9]. In Figure 10 we consider again the scheme
illustrating the principal actors for the derivation of the energy equation.

)1dy)dy)dxdz

v, 1 dxdy (vr +(a(v1

XX

Xy

q,dydz (0 + (da/ox)dx)dydz

v,pdydz | 7~ (Vp - (@ (v,p)ldx)dx)dydz
v, dydz «—— B }—Zs (v, 1, + (9 (v,1,)/0x)dx)dydz
V,1,dxdz (v,1. + (@ (v,1,)/dz)dz)dxdy

Figure 10: Energy in infinitesimal small fluid element

Here ¢ is the rate of volumetric heat addition per unit mass. After following the same
approach as for the continuity and momentum equation, we find the energy equation:
0 V2 V2 )
FrPle+5) + V- (ple + 5)V) = pi+ (33)
o . oT o . oT o, JT
ey ey (e
8x( 8:6)+3y( 8y)+3z( 82)

Ouzp  Ouyp  Oup 4 OV Tog . 0V Tye . OV Ton

Ox oy 0z ox oy 0z +
OVyTry — OVyTyy — OVyTy .
Ox oy 0z

00Ty, 00Ty,  OV.T,,
-V
oz + oy * 0z +of

3.3 Navier-Stokes and Euler Equations

The equations derived so far govern the viscous flow. In the viscous flow the transport
phenomena of friction, thermal conduction, and mass diffusion are included. To sum-
marize what we have derived and by adding the other components not considered in
the derivation we obtain the governing equations for an unsteady, three-dimensional,

18



compressible, viscous flow, called the Navier-Stokes equations:

dp

hlld . = 4

5 +V-(pV)=0 (34)
0pvy B @ OTea 87—ym 0Tz
5 TV (pv,V) = 5 s 9 + + pfa (35)
dpu, Op | Oty | Omyy | 0Ty

+V - (v, V) = + + + + pfy (36)

ot Jdy Oz oy 0z
dpv, B @ 0Tz 8Tyz 0T,
5 V. (pv.V) = 5t . T 3y + 5 +pf- (37)
0 V2 V2 )
oo+ )+ (ple + V) = pi (3%)
o, 0T o, 0T o, 0T
53R g ) T @<k@) +o (ko)
OVzp B Ovyp B 0v.p  OUpTpy  OUpTye 8vazx+
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0V, Ty,  OUTy,  OULT..
Ox oy + 0z 2

If however, we neglect the dissipative transport phenomena of viscosity, mass diffusion,
and thermal conductivity, then we obtain from the equations above the equations for
an inviscid flow. The resulting equations describe an unsteady, three-dimensional, com-
pressible inviscid flow:

%JrV-(pV):U (39)

3?:1’ YV (puV) = —gi +pfs (40)

ag:y + V- (pv,V) = —gz +pfy (41)
00y 2 e

gt(/?(e + ‘;2)) = pg — a(v;p) N 8(?})) B 8(1,);]9) A )

These are the Euler equations.
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3.4 Conservation Laws

In Chapter 3.2 we derived the conservation laws composing the Euler system. In this
chapter we will look at another way of deriving these equations (for simplicity we shall
consider only the continuity equation), which is more suitable for the understanding of
the finite volume method. Let us take as example a thin tube with section area A,
along which a fluid can flow. Consider now some portion of the tube [z, x2] of length L
(Figure 11). We are interested in how the fluid quantity changes in this portion of the

. —_
. —_
—» —_»
* ] ¥
X4 Xy

Figure 11: Tube

tube. Let d be the three dimensional density of the fluid. Multiplying it by the section
area A we get the density ¢(z,t), which tells us the quantity of the fluid per meter. If we
take now the small volume in the section [x1, zo] with the length dx, the fluid quantity in
the volume Axdz will be equal to ¢(z, t)*xdz. The total quantity in the section will be then

/:2 q(x,t)dz (44)

1

How does this quantity change? If we assume that the fluid is neither created nor de-
stroyed in the section, then the quantity of the fluid in the section can only change due
to fluxes through the points x; and x9. Let F(z;,t) be the flux at the point z; at time
t. Then we can write:

CZ/M q(z,t)dr = F(z1,t) — F(x2,t) (45)

1

This is the integral form of the conservation law. It says that the rate of change of the
total mass is due only to fluxes through the endpoints. It is important to note that al-
though in this example ¢ is the mass density, we can consider in general ¢ as the density
of some quantity.

If we assume that ¢ and f(q) are sufficiently smooth, we can derive the differential form
of the conservation law by using the integral form.

20



57:/:2 o(z,O)de = F(1,t) — F(2,1) (46)
[ atwrts == [ 2 st e (47)
/:(aﬂ(x’ Pz + ;Uf(q(a:, £)))dz = 0 (48)

Since this integral must be zero for all values of x1 and s, it follows that the integrand
must be identically zero

ol + (g, 1)) = 0 (19)
and we obtain the differential form of the conservation law. It is important to note that
if ¢ has a discontinuity at some point, like in the case of shock waves, then the differential
form of the conservation law does not hold. The integral form of the conservation law,
however, continues to hold. This is the basic idea of the finite volume method, which is
based on the integral form instead of the differential form that is used for example in
the finite-difference method.

It remains to establish the relation between the flux function and the density.

In the case of fluid flow, the flux at any point x at time ¢ is simply the product of the
density ¢(z,t) and the velocity v(z,t):

fluz(z,t) = v(z, t)q(z,t) (50)

Since the velocity v(z,t) tells us at which velocity the particles move through the point
x, say m/s, and the density q(z,t) tells us the quantity of mass in a meter of fluid,
say g/m,then the product v(z,t)q(z,t) gives us the the rate at which the mass is pass-
ing through the point . Consider for example the tube in Figure 12. In time At
the particles moved a distance v(x1,t)At from the point x;. The volume of the red
piece is Av(x1,t)At. Hence the mass contained in this piece is d(z,t) Av(z1,t)At. Since
d(xz,t)A = q(z,t), we have g(x,t)v(x1,t)At, and if we take At = 1 (unit of time), we ar-
rive finally at g(z,t)v(z1,t) which tells us the rate at which the mass is passing through
the point x1. In the particular case where the velocity is constant, v(x,t) = v, the flux
at the point x in time t is

fluz(x,t) = f(q) = vg(,t) (51)

Thus the flux at the point x at time ¢ depends in this case directly on the conserved

21



Figure 12: Tube: red volume contains the quantity of mass entered through the point
21 in time At

quantity ¢ at that point and time. In this case the equation is called autonomous.
So far we assumed that the cross-sectional area is constant. In Figure 13 we see an ex-
ample of a tube with four different cross-sectional areas. In this case the cross-sectional

Il

Figure 13: Tube

area varies with space. This has an impact on the velocity of the fluid, which will be
now different in different regions of the tube. In the following we shall not consider this
case but the interested reader can consult the chapter 9 of the Randall LeVecque book
[2].

By following the same approach we can find the momentum flux and energy flux and
obtain in the end the following system of equations:

pt+ (pv)z =0
(pv)e + (pv* +p)e =0 (52)
Ei+ ((E+p)v), =0

where
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e Mass flux: pv
e Momentum flux: p’U2 +p
e Energy flux: (F + p)v

Thus we are searching the unknown functions p, v, p and E that satisfies simultaneously
the three equations. In other words, at each time, at every location in the domain the
three conservation laws must be all satisfied.

The system just obtained has four unknowns p, v, p and E and only three equations. In
order to complete the problem we need the fourth equation. This can be obtained from
the equation of state of ideal gases. For example, for the polytropic gas we have:

U2

p=0-DE-p7) (53)

where v = 1.4 for air. In polytropic gases internal energy is simply proportional to the
temperature. With the fourth equation we have now the complete system:

pt+ (pv)z =0
(pv)e + (pv* +p)a =0
Ei+ ((E+p)v), =0

p=(y—1)(E~p%)

(54)

In the following chapters we will solve this system with the Method of Lines and Finite
Volume Methods.
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4 Method of Lines

4.1 Introduction

The Method of Lines (MOL) technique solves numerically a PDE by discretizing the
space variable but leaving the time variable continuous. By doing so we obtain a system
of ordinary differential equations (ODEs). The MOL method converts thus a PDE into
a set of ODEs. This is advantageous because efficient ODE solvers are known. Consider
for example the one dimensional heat equation problem:

u 2u
gt =o0- gzz (55)
u(x,0) = cos(mz) (56)
w(0,t) = e10 (57)
ou
%(1, t)=0 (58)

where o is a constant value in this problem. The solution to this equation is a function
u(z,t). The MOL technique discretizes the spatial variable and looks at the solutions
u(x;,t). In Figure 14 the basic idea of the MOL approach is illustrated: the solution is
computed along a series of lines, resulting in cross sections of the solution surface. We
replace the second-order derivative by a finite difference

OPu w1 — 2ui 4 ui

hliaPV 59
Ox? dx? (59)
where dx is the grid width. Inserting into equation 55 we obtain
du; Uiyl — 2U; + Ui
=0- 60
a dx? (60)
Thus we changed the PDE in u into a set of ODEs in .
In the case of five grid points we have:
—t
up = exp1o (61)
n2
Ug = 107‘(‘2 (U3 — 2U2 + Ul) (62)
n2
us = W(Ugl — 2U3 + UQ) (63)
n2
Uqg = W(U5 — 2U4 + UZ) (64)

24



Figure 14: MOL solution of heat equation (picture taken from [4])

n?

Us = 107r2(

ug — 2us + U4)

9
n
ug = W(_Uﬁ + us)

with the initial conditions:

(t—1Dm

u; = cos( .
i

)

(65)

(66)

(67)

for i = 2, ..., 5. With this boundary and initial conditions, we can now apply ODE

solvers to find the solution.

In Figure 15 the Modelica solution of this problem is illustrated. The system of ODEs

we obtain above can be written in matrix form

-2 1 0O ... 0
1 -2 1 ... 0
ag
v I
0 o 1 =2
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Figure 15: Modelica solution of the heat equation to the six grid points

The Jacobian of the matrix A of this system has eigenvalues in the range [ﬁ]’ which

makes the ODE very stiff as the grid size Ax decreases. This stiffness, which is typical
of ODEs derived from a parabolic PDE in this way, must be taken into account in
choosing an appropriate ODE method for solving the semidiscrete system. Although it
seems that the MOL and finite-difference techniques are completely different, because
the former does not discretize the time variable, whereas the latter does, there is no
real difference between the two approaches, because the time variable is discretized in
both methods. Whereas in MOL approach it is the ODE software package that has the
task to appropriately choose the time step in order to maintain stability and achieve the
desired accuracy, in finite difference technique the task of choosing the time step is left
to the user. In Figure 16 the basic MOL steps are illustrated. Let us see these points in
more details.

4.2 Discretization

In 1D the discretization step is easy, we must only decide how many grid points we need,
say n, and the domain will be partitioned into n — 1 intervals of length ﬁ It is also
possible to subdivide the domain non uniformly, or better, discretize the domain during

26



Discretization of the spatial variable

¥

Interpolation

¥

Solving the system of ODEs

Figure 16: The MOL process

the simulation run according to some criteria. This way regions which are interesting
could be subdivided finer. This topic is discussed in chapter 5. In the following we will
adopt the uniform discretization.

4.3 Interpolation

In the above example we used the second-order central difference formula to approx-
imate the second-order derivative. What if we need a more accurate approximation?
We could interpolate by using more points. Consider for example the Newton-Gregory
polynomials and say that we want to fit a polynomial of the fourth order. From algebra
we know that five points are needed to fit the fourth order polynomial. If we use the
central differences, this means that we fit the polynomial through the five points z;_o,
Ti1, T, Tiy1 and Tiyo.

If we use Newton-Gregory backward polynomials, we need to write the polynomial
around the most right point, which in our example is x;49. After some calculations
we obtain the following discretization formula for the second-order derivative at point
Ty

9%u —Ujyo + 16u;41 — 30u; + 16u;—1 — u;—2

B == 2522 (69)

which is the fourth-order central difference approximation. Let us first take a quick look
at how Newton interpolation works. Newton polynomial has the following form:

Py(x) =bg+ b1(x — x9) + bo(x — zo)(x — 1) + ... + bp(x —20) - oo - (. — 2p—1)  (70)
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Because this polynomial must fit the points xg, ..., z,, , we have the system of equations:

f(zo) = bo (71)
f(x1) = bo + bi(z1 — z0) (72)
f(xg) =by + bl(l‘z — 330) + bg(l‘g — xo)(xg — xl) (73)
Solving for b; we obtain:
bo = f(zo) =: flzo] (74)
by = W —: flwoa] (75)
b2 = f[woxal] - onwl] =: flzoz122] (76)

Thus we obtain the following polynomial:

n

P(z) = flzo] + Z flzo-..xp](x — z9) - oo - (¥ — Tp—1) (77)

k=1

which is called Newton “s interpolatory divided-difference formula. This polynomial as-
sumes a simpler form if xg, ..., x, are spaced equally, that is, if h = x;11 — x; for each
1=0,...,n—1:

P(z) = P(xo + sh) = f[zo] + fj (Z) E\R® flzo...xp) (78)
k=1

The polynomial is further simplified by introducing the forward difference Af(zy) =
f(xg+1) — f(z) notation which substitute f[zg...zx| by

Flao..zx] = ﬁA’“ F(wo) (79)

and enables us to write the polynomial in the following form

P(@) = fluo] + Y <k> A* (o) (80)
k=1

which is called the Newton forward-difference formula. If the interpolating nodes are
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written as x,, ..., xg we can write

P(z) = flzp] + ... + flzo...xp](x — xp) - oo - (x — 1) (81)

If the interpolating nodes are equally spaced, with x = x,, + sh the polynomial can be
written as

P(x) = flep]+ ..+ s(s+ 1) oo (s+n—1)A" flzg...z) (82)

and by introducing the backward difference V f(xy) = f(k) — f(k — 1) we can substitute
flen—...zn] by

fln_g-n] = ﬁlhkvk f(zn) (83)

and write the polynomial in the form

P(x) = flaa] + 3 (=1 (‘;) VH () (84)
k=1

which is called the Newton backward-difference formula.
Having the polynomial we can compute its first derivative. For the Newton backward
difference formula this is

d 0 ds

1 1 352 + 65 + 2
(TP (o) + (s + 5) VAP (o) + (C 5 VP (ag) + )
and the second derivative is
. 1, 3 2 3s 11, _4
P(x) ~ ﬁ(v P(xo) + (s + 1)V’ P(x0) + (5 + 5 + E)V P(zo) + ...) (86)

We can now use this information to solve the heat equation. If we desire a second-order
central difference approximation, then we need to fit the polynomial through the three
points z;_1, ; and z;+1. By using the Newton-Gregory backward polynomial, we write
the polynomial around the point z;11 and obtain for the second derivative

B 1
P(x) ~ ﬁ(V2P(afi+1) + (s + 1)V3P(wi41)) (87)
To evaluate the second derivative around the point x; we have to set s = —1 and we
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obtain

(V2P (2i+1)) = %(P(xm) — 2P (i) + P(xit1)) (88)

°P 1
a2 =~ g

Say that we want now a fourth-order central difference approximation. In this case we
need to fit the polynomial through the five points x;_9, x;—1, z;, ;41 and z;1o. If we
use the Newton-Gregory backward polynomial, we need to write the polynomial around
the point z;12. The second derivative will then be:

. 1 s 3s 11
Bla) 55 (VP(ris) + (s + DV P(aisa) + (5 + 5+ 15)V P(aisa) +.)  (89)
and if we want to evaluate the second derivative at the point x;, we just set s = —2 and
obtain
o*p 1 1
B2 la=ai & ﬁ(VQP(ng) — VP(i12) — EV4P(%‘+2)) = (90)

5 (Pl@iss) = 2P(wia1) + P@0) — (P(ris2) — 3P (i) + 8P() — Plai 1))

1
_E(

(P (@i12) + 16P(w11) = 30P(w:) + 16P(v341) — Plai-2)

P(wiy2) — 4P (wiy1) + 6P (x;) — 4P(zi-1) + P(wi—2))) =

Let us now consider the boundaries of the domain. If we use the second-order central
difference scheme, then we see that the formula we derived above does not apply for the
points x; and x,, because in either cases we need points that lie outside the domain.
The same applies to the fourth-order central difference scheme where the ”special” points
are r1, T2, Tnp_1 and x,. In this case we can use biased formulas. For the fourth-order
central difference scheme we can find the formulas for the point z; by using the Newton-
Gregory polynomial around the point x5 and then set s = —4 and for x5 set s = —3.
The same ideas apply to the other points. Finally we obtain

O*P 1
Egiu:zl:?E%EQ—UJ%xQ-—56P@M)+]l4P@g)—]D4PQ@)+&%PK¢Q) (91)
0%pP 1
ngb:xz::iﬂﬁ(—f%x@-+4f«x@-+6fwxg-—20P@a)+11fxxg) (92)
0%pP 1
Wh:an = W(HP(%) —20P(xp—1) + 6P(xp—2) + 4P(xp—3) — P(zp—4)) (93)
0%pP 1

s loma, = 155 (85P(20) ~104P (1) + 114P (@) ~56P(—5) +11P(x-0)) (94)

In the following we will use the notation w;, indicating the value of the function u at
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the grid point x;. The approximation to the second-derivative discussed so far is imple-
mented in wu,, block (Figure 17). We can proceed the same way to find the formulas for

if bel == -1 then
y[1] = (1/{l2*deltax~2))* (-2%u[3] + 32*ul2] - 30*u[l]);
y[2] = (1/({12*deltax~2))*(-ul4] + 1&*ul[3] - 31*u[Z] + l&*u[l]);
elze
y[1] = (1/({12*deltax~2))*(11%u[5] - 5&*ul4] + 1l4*u[3] - 104*u[2] + 35*u[l]);
y[2] = (1/{l2*deltax~2))*(-u[5] + 4*ul4] + &*ul3] - 20%ul2] + 1l*u[l]};
end if;

for 1 in 3:n-2 loop

y[i] = (1/(12%deltex~2))*(-u[i+2] + 1&*u[i+l] - 30*uli] + l&*u[i-1] - w[i-2]);
end for;
if ber == -1 then
yln-1] = (1/(1Z*deltax~Z})*(16*u[n] - 31*u[n-1] + lé*u[n-Z] - uln-3]j;
y[n] = (1/(12*deltex"2))*(-30*u[n] + 3Z*u[n-1] - Z*uln-2]};
elze
y[n-1] = (1/{1Z*deltex~Z})*(1l*u[n] - Z0*u[n-1] + &*u[n-Z] + 4*uln-3] - uln-4]i;
y[n] = (1/(12*delcex"2))*(35*u[n] - 104*u[n-1] + 1l4*uln-2] - 56*uln-3] + ll*u[n-41);
end if;

Figure 17: Portion of wu,, block code

the first-derivative. If we wish to obtain the second-order central difference scheme, we
use the formula (94) to write the polynomial around the point x;11 and set s = —1. In
this way we obtain

. 1 1

P(z) = +(VP(zi11) = 5VP(wi1)) = (95)
1 1 Uj — Uj—
ﬁ(ui—i—l — U — 5( it1 = 2u; +ui-1)) = %

For the boundary point 1 we use the biased formula by interpolating around us and
then setting s = —2:

2s+1

P(xy) = %(VP(:@,) —( 5 )V2P(3)) = %6)
%(VP(:U?,) - gWP(xg)) -
l(ui” U2~ §(U:’, —2ug +up)) = —ug + duz — 3wy

h 2 2h

In the same way we obtain the biased formula for the boundary point x,:

. 3u,, — 4u,_ _
P@n)% U, u;h1+un 2

(97)
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In the same way we obtain the fourth-order central difference scheme

oP —3us + 16uyg — 36us + 48us — 25uq

B lr=n = 12h (98)
oP us — 6ug + 18uz — 10us — 3uy
B =2 = 12h (99)
oP — Uiy + 8Uijnq — Suy—1 + ui—
%h:mi _ i+2 z+112h 1 i—2 (100)
oP 3wy, + 10u,—1 — 18uy_9 + 6Up—3 — Up—
%b:xn_l _ n n—1 12nh 2 n—3 n—4 (101)
oP ~ 25uy, — 48uy—1 + 36uy—2 — 16U, 3 + 3up_4 109
67‘””:’”” - 12h (102)
and the sixth-order central difference scheme
oP 265u7 — 478ug + 50us + 400wy — 450us + 360uy — 147uy
D l=n = 60h (103)
oP —3463u7 + 13845ug — 20740us + 13760uy — 3315u3 — 77us — 10uq
B = = 60h (104)
oP _ —ur+ 8ug — 30us + 80uy — 35ug — 24us + 2uq 105
ox lo=rs = 60h (105)
oP _ Uiy3 — Yuipo + 45uip1 — 45u;—1 + u—9 — u;—3
ox o=z = 60h (106)
oP _ —2up + 24up—1 + 35uUp—2 — 80Up—3 + 30Up—g — BUp—5 + Up—¢ 107
% |I:$n_2 - 60h ( )
oP ~ 10up + TTup—1 — 150Uy, —2 + 100U, —3 — 50wy g4 + 15U, 5 — 2u, ¢
B =1 = 60h (108)
Gj’ 147wy, — 360up—1 + 450Uy, —2 — 400U, —3 + 225uUp—4 — T2Up—5 + 10u,—¢
ox Tt 60h
(109)

For the first-order derivative, the second-order central difference scheme together with
second-order biased formula for the boundary points are implemented in block uxC' D2B2
(Figure 18 shows some portion of the uxCD2B2 block code), whereas the fourth-order
central difference scheme with fourth-order biased formula and the sixth-order central
difference scheme with sixth-order biased formula are implemented in blocks uxC' D4 B4
(Figure 19 shows some portion of the uxCD4B4 block code) and uxCD6B6 (Figure 20
shows some portion of the uxCD6B6 block code) respectively. These three blocks are
combined together in Derivator block (Figure 21).  Which one will be used is specified
by the user in the WorldModell block through the parameter gss: ¢gss = 1 for the
uxCD2B2, qss = 2 for uxCD4B4 and gss = 3 for uxCD6B6.
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if bel == -1 then
¥[1] = 0;

glze
¥[1]

end if;

{-u[3] + 4*u[Z] - 3*ull])/(Z*deltax);

for 1 in Z:n-1 loop
y¥li]l = (u[i+l] - w[i-1])/(2*deltax);

end for;
if ber == -1 then
yin] = 0;
glae
¥[n]l = (3*uln] - 4*uln-1] + uln-2]1)/(Z*deltax);
end if;

Figure 18: Portion of uxCD2B2 block code

if bel = -1 then

y[ll =05

y[2] = (-u[4] + B*u[3] + u[Z] - B*u[l])/(li*deltax);
elae

y[1] = (-3*u[8] + le*u[4] - 3e*ul3] + 48*u[Z] - Z5*u[l])/(1i*deltex];
y[2] = (u[5] - &*ul4] + 18*u[3] - 10%u[2] - 3*u[l])/(li*deltax);
end if;

for i in 3:m- loop

y[i] = (-u[it?] + B*ulitl] - B*uli-1] + u[i-Z])/(1E*deltax);
end for;
if ber = -1 then
yin-1] = (8*uln] - uln-1] - B*uln-2] + uln-3])/(12*deltax);
yln] = 0;
elae

yin-1] = (3*un] + 10%u[n-1] - 18*uln-2] + €*u[n-3] - uln-4])/(12*deltax);
y[n] = (25*u[n] - 48*u[n-1] + 36*u[n-Z] - l&*u[n-3] + 3*uln-4]}/(li*deltax);

end if;

Figure 19: Portion of uxCD4B4 block code

33



if bel = -1 then
y[1] = 0;
y(2] = (u[8] - 9*u(4] + 44*u[3] + S*u[Z] - 45*u[l])/(0*deltax);
y(3] = (u[€] - 9*u(8] + 45%ul4] - 4&*u[2] + *ull])/(80%deltax);
else
y[1] = (285*u[7] - 478*u[€] + 50%u[5] + 400%u[4] - 450%u[3] + 3€0*u[2] - 147*u[l])/(60*deltax);
yl2] = (-3483*u[7] + L3845*ul€] - 20740%u(8] + L37€0%u[4] - 3315*ul3] - TThulE] - 10%u[l])/(60%delsax);
y[8] = (-ul7] + B*ulg] - 30*ulB] + BO*ul4] - 85*ul3] - Z4*ulZ] + Z*ulll)/(60¥deltax);
end if;

for iin 4:n-3 loop
y[il = (ulitd] - S*ulit?] + 45%u(itl] - 45*uli-1] + $*uli-Z] - uli-3])/(60%deltax);
end fox;

if ber = -1 then
ylo-i] = (-%*uln] + d6*uln-1] - 45*uln-3] + Puln-4] - uln-51)/(E0%deltax);
ylo-1] = (45*uln] - %uln-1] - dd*uln-2] + $*uln-3] - uln-41)/(€0*deltax);
ylnl = 0;
elae
ylo-] = (-2*uln] + Ed*uln-1] + 35*uln-2] - 80%uln-3] + 30%uln-4] - 8*uln-5] + uln-€1)/(€0*deltan);
yln-1] = (10%uln] + TT*uln-1] - 150%u(n-Z] + 100%uln-3] - 50*uln-4] + l5*uln-5) - Z*uln-€])/(&0%deltax);
y[n] = (147+u(n] - 3&0*u[n-1] + 450%u[n-Z] - 400%u[n-3] + ZE5*u(n-4] - Ti*u[n-5] + 10%u[n-&])/(&0*deltax);
end if;

Figure 20: Portion of uxCD6B6 block code

cDz2B2

CD4B4

CD&6B6

Figure 21: Derivator block
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4.4 Solving ODEs

The system of ODEs we obtained above for the heat diffusion problem can be written
in a more compact form:

x=A-z+b-u (110)
where
-2 1 0 0 0 0 0
1 -2 1 0 0 0
n2 0 1 -21 0 0 0 11
T : : (111)
0 0 0 O 1 -2 1
0 0 0 O 2 =2
—t
exp(1g)
0
b-u= ) (112)
0

The matrix A is a band-structured matrix and its eigenvalues are real and strictly neg-
ative. In general, all parabolic PDEs converted to a set of ODEs by using the method
of lines have this property. If we consider the stif fness ratio, defined as

maz|e;|

Stif fness = (113)

min|e;|
then it turns out that this ratio depends on the number of segments, more precisely it
grows quadratically with the number of segments. The more accurate we wish to solve
the diffusion equation, the stiffer the corresponding ODE problem will become. Since
the diffusion problems are usually quite smooth, the BDF algorithms are optimal for the
simulation of the resulting set of ODEs. [1]

How can we solve the system of ODEs just obtained? Well, there is a reason why we
transformed the heat PDE into a set of ODEs: Dymola provides many methods to solve
ODEs. For instance, I used the DASSL method to solve all of the examples of PDEs in
this thesis. DASSL implements the backward difference formula (BDF) of orders one to
five and is the default simulation algorithm in Dymola. For more details about DASSL
see [1].

4.5 Boundary Conditions

Generally a PDE has many solutions and some additional information must be specified
to define the solution uniquely. Besides the initial condition, boundary conditions are
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needed. There are many possibilities to specify boundary conditions:

e Dirichlet

The solution u of the function at the boundary point is specified.

¢ Neumann

The derivative du/dx of the function at the boundary point is specified.

e Robin

a combination of the solution and derivative values of the function u at the bound-
ary point is specified.

The inputs BL and BR in the integrator block accept either constant values or time
dependent values. Both can be specified by the source block in Modelica— > Blocks— >
Sources (see Examples). The Neumann type of boundary condition can be specified
directly in the derivative block. Setting bcl or ber to —1 activates the Neumann boundary
condition du/dx = 0 at the left or at the right part of the domain respectively. Of
course the Package does not offer a complete treatment of boundary conditions. Some
problems would for example need boundary conditions that ”appear” or ”disappear”.
This boundary condition, called nonlinear boundary condition, says that at some time
we either have a boundary condition at the corresponding grid point or not. If we have
one, then its value is specified by the boundary condition, if not, we have an equation
for this grid point. Depending on the method, we need special formulas for either one
or more grid points at each end of the domain. So the boundary grid points are treated
in a special way. In the FVM Chapter, we will see another way of implementing the
boundary conditions that does not require this special treatment.

4.6 MOL Implementation in Modelica

As mentioned in Chapter 2, one of the main goals of the thesis was to provide Modelica
with basic blocks that enable the construction of the PDEs along with the numerical
solution. The kind of the numerical method used should be transparent to the user. In
the present thesis two numerical methods are implemented: Method of Lines and finite
volume method. This chapter is only concerned with the method of lines. In order
to solve a PDE with the method of lines, the Integrator block was built (Figure 22).
This block could be seen, as many others, as a black box that takes some inputs and
provides outputs. What is happening inside the box must not concern the user. When
constructing some specific PDE, we must connect correctly the inputs with outputs and
initialize the block parameters. If everything is done correctly, we can start with the
simulation. In Figure 23 some portion of the integrator block code is shown. As can be
seen, the boundary conditions are checked and initialized, the initial conditions are set
in the ”initial equation” section. Under ”equation” the values at the grid points at each
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’R Var [>

Figure 22: MOL Integrator

Rezl £[nl;

egquation

vo= £;

if becl =— 1 then
£I[1] = uZ;

end if;

if boer = 1 then
£lnl = u3;

end if;

for i in wvb-wve loop
der{f[il) = ulil:
end for;
initial eguation
for i in ick:ice loop

£[i] = ullil;
end for;

Figure 23: Portion of integrator block code
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time step are computed.
The integrator block computes the equations of the form

up = fu, g, Ugg, -..) (114)

If the equation has another form, we must reduce it to this form before giving it to the
integrator. The vector of grid points is given as output by the integrator. We can use
it to construct the right part of the equation and at the end give the whole to the R
input of the integrator (see for example the heat equation in Figure 24). We will now
see many examples of how to use these blocks in order to construct PDEs.

product

.
N -

—}R Var [

DIC H Ic

BCR

BC

Figure 24: MOL construction of the heat equation in Modelica

4.7 Examples

In the previous chapter we illustrated how to implement the heat equation with the
method of lines. Many other examples were implemented and they can be found under
PDE — MOL — Examples. In the following we shall illustrate some of them. Let us
start with the advection equation.

4.7.1 Advection Equation

The advection equation is one of the most simple PDEs. Nevertheless, it plays an im-
portant role as we will see in the Finite Volume Method chapter. Given a speed ¢, the
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advection equation has the form

ou ou

If we have as initial condition some function u(zx,0), then the advection equation will
just shift this function with the speed ¢ without changing its shape. Thus the solution
of the advection equation is

u(x - ct, t)

In Figure 25 the MOL implementation of the advection equation with speed ¢ = 0.1 can
be seen.

product

@ : Ad. .

DIC b—pprc

BCL

cos(-0.1*time)

Figure 25: Advection equation with MOL
The initial and boundary conditions that were used are:
Initial condition: cos(x)
Boundary condition: cos(—ct)

Note that only one boundary condition suffices (the one that is upwind). What is
amazing is that already with only ten cells we have a very good approximation (Figure
26). The greatest error values are reached in the seventh cell (Figure 27). The maximum
error is of order 1073.
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Figure 26: Advection equation: numerical versus analytical solution (10 grid points were
used)
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Figure 27: Advection equation: error of the 7-th grid point (10 grid points were used)
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4.7.2 Wave Equation
The wave equation is the hyperbolic PDE

Pu_ i

a2~ ¢ o (116)

At first glance it seems that we cannot solve this equation with our integrator block.
We can however transform this second-order PDE into two first-order PDEs:

% =0 (117)
v 0%u
5 = 62@ (118)

Now we have reached the form that is appropriate for our integrator block. The com-
plete problem, that is implemented in Modelica, together with the initial and boundary
conditions is listed below:

ou

o 0%u
u(z,0) = sm(ga:) (121)
ou
5 (@.0) = 0.0 (122)
u(z1,t) = 0.0 (123)
ou
5 (@, 1) = 0.0 (124)

The process of solving this system of equations is the same as described above, we start
with discretizing the spatial derivative and in the end we reach the set of ODEs:

uy = 0.0 (125)
iy = vy (126)
g = v3 (127)

(128)
iy = Un (129)
v1 = 0.0 (130)
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Vg = 77,2(U3 — 2uo + ul) (131)
03 = n%(uy — 2u3 + u) (132)
(133)
On =12 (Un_1 — Up) (134)
and the initial conditions are
G
ug = szn(%) (135)
uz = sin(=) (136)
5T n
(137)
_(n—1m
n — 1
Uy, = sin( o ) (138)
vs = 0.0 (139)
v3 = 0.0 (140)
(141)
U = 0.0 (142)

In Figure 28 we see how the wave equation is implemented in Modelica. Figure 29 shows
the implementation of the initial condition for the first equation. The good news are
that for this problem there is an analytical solution

m(x —t)) 1 w(z+1))

5 )+ =sin( 5 )

1
u(z,t) = ism( 5

(143)

The analytical solution is implemented in Modelica too. In Figure 30 the graphs of the
two first and two last grid points are shown. The analytical solution can be seen in red
and the solution provided by the method of lines in blue. As can be seen, if we discretize

the domain with only ten grid points, we have already a good approximation (error of
order 1072).
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Figure 28: Wave equation in Modelica
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Figure 29: Initial conditions
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Figure 30: Comparison of the analytical and numerical solution of the wave equation.
The solution of the first two and last two grid points is shown (10 grid points
were used).

4.7.3 Vibrating String Equation

Another interesting problem is that of the vibrating string. The finite vibrating string
of length L is described by the wave equation together with special boundary and initial
conditions. The complete problem is

O _ 0%

72 = C 9 (144)
w(0,t) = 0 (145)
u(L,t) =0 (146)
. TX 1 3rx
u(z,0) = sm(f) + ism(T) (147)
ug(z,0) =0 (148)

The MOL implementation of this problem can be seen in Figure 31. The analytic solu-
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Figure 31: Vibrating string equation in Modelica

tion to this problem is given by

t 1 3 3met
u(z,t) = Sin(ﬂ—;)cos(ﬂc )+ §sm( mj)cos( e

L

L

) (149)

Figure 32 shows the numerical together with analytical solution for the second grid
point and the point in the middle of the domain. The approximation in not satisfactory
enough. With 40 cells (Figure 32 below) better results are achieved. The error of the
solution for the second grid point with 10 and 40 cells can be seen in Figure 32. As can

be seen from graphs, the error decreases dramatically if we increase the number of cells
from 10 to 40.

4.7.4 Shock Wave Equation

Let us now consider a more complicated example taken from [1]: Euler equations. Prob-
lem description:

A thin tube is located at sea level, i.e, the surrounding atmosphere has a pressure of
po = 1 atm. The current temperature is T = 300 K. At time zero, the tube is opened at
one of its two ends. We wish to determine the pressure, velocity and density at various
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Figure 32: Vibrating string equation: Comparison of errors for the second grid point
with 10 and 40 grid points

places inside the tube as functions of time.

The problem is described by the following system of PDEs:

ap op v
ov v a
Op ov
TR A B (152)
op Oq
a:% %—i-f (153)
= ﬁ-éwQ-p-(%)Q ifa—g<0.0 (154)
0.0 ifgs > 0.0
a-p-v-|v
e s

where

e p: gas density
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e v: gas velocity

e D: gas pressure

e (: pseudo viscous pressure

e f: frictional resistance

e ~: ratio of specific heat constants (Z—i =14)
e «, (3: fudge factors

The initial conditions are

p(z,0) = p; (156)
v(z,0) = 0.0 (157)
p(z,0) =p; (158)

where p; is determined by the equation of state for ideal gases:

piMair
_ 1
Pi RT (159)
where T'= 300K, R = 8.314=.— and My;, = 28.962.
and the boundary conditions are
v(0,t) = 0.0 (160)
p(1,t) = po (161)
- 2(po—p(Lt) .
v(l,t) = — %, ifv(1,t) < 0.0 (162)
p(1,t) = po, ifv(1,t) > 0.0

Implementing this kind of boundary condition involve checking at each time the condition
v(1,t) < 0.0 and changing accordingly the boundary conditions. This would require
together for each boundary condition input in the integrator block, the boolean input,
that tells whether the condition is satisfied or not. Depending on this condition the
boundary condition input will receive either a value or the equation. For this reason we
will use, for simplicity, the boundary condition

p(1,t) = po (163)

The implementation of the Euler equations is shown in Figure 33. Here we used as initial
conditions
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pPo = 1.0
Vo = 0.0
Po = 1.0

and boundary conditions

p(xn,t) = 0.125
v(z1,t) = 0.0
p(zn,t) = 0.1
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Figure 33: Shock wave equation in Modelica

The pseudo viscous pressure and the frictional resistance are implemented in v and f
blocks respectively (Figure 34 and 35) The viscosity together with the friction term are
integrated into the a block (Figure 36). The analytical solution to this problem does
not exist. In Figure 37 the numerical solution of the density, velocity and pressure in
the second and middle grid point, where 10 grid points were used, is shown.
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Figure 36: a block

4.7.5 Diffusion Equation

We have already seen how to construct the diffusion equation in Modelica. In the fol-
lowing we will consider the diffusion equation with the initial condition

1
u(x,0) = sin(mx) + isin(?m:c) (164)
and boundary conditions
u(x1,t) = 0.0 (165)
u(zp,t) = 0.0 (166)

The diffusion equation with this initial and boundary conditions has the analytical so-
lution

u(z,t) = e*(”‘/‘;)%sin(mc) + %67(371-\/5)%{9@%(371'37) (167)

In Figure 38 the numerical solution is compared with the analytical solution. The
parameter o is set to 0.1.
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Figure 37:

4.7.6 Transmission Line Equation

Transmission line equation is a PDE
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Numerical solution for density, velocity and pressure to the second and middle
grid points (10 grid points were used)

Ut = C2um; — huy — ku

(168)

The name derives from the equation that describes the electric current along a wire

where

e C = capacitance/unit length of wire

CLit = igy —

o1

(CR+ GL)i; — GRi

(169)
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Figure 38: Numerical (blue) and analytical (red) solution of diffusion equation for the
second and middle grid points (40 grid points were used)

L = self-inductance/unit length of wire

R = resistance/unit length of wire

G = leakage conductance/unit length of wire

current along the wire

The Modelica implementation of the transmission line equation can be seen in Figure
39. As already seen for the wave equation, transmission line equation was converted into
two ODEs:

ug = v (170)
v = gy — hug — ku (171)

The following initial and boundary conditions were used

u(z,0) = sin(nx) (172)
Oou

5 =0 (173)

u(z1,t) = 0.0 (174)

u(xn,t) = 0.0 (175)

The analytical solution is not implemented. In Figure 40 the solution for the grid point
in the middle of the domain with 10 and 40 cells is shown.
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Figure 39: Transmission line equation in Modelica
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Figure 40: Transmission line equation: Solution for the grid point in the middle of the
domain with 10 (blue) and 40 (red) grid points.
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4.7.7 Burger’s Equation
The Burger equation is a nonlinear PDE

2

u
Uy + (?)z = €Uy

If we neglect the viscosity we obtain the inviscid form of the Burger equation

2
u

The complete problem together with initial and boundary conditions is

2
u
u(x, 0) =x
u(ry, t) =0
u(zy, t) =

The analytical solution of this problem is

T
14+t

u(x,t) =

(176)

(177)

(178)

(179)

The MOL implementation of the Burger equation is shown in Figure 41. In Figure 42
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Figure 41: Burger s equation in Modelica

the comparison of the analytical and numerical solution is shown. Already with 10 cells
we have satisfactory results. The biggest error is of order 10~%.
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Figure 42: Burger 's equation: analytical vs numerical solution for second and sixth grid
points, together with their respective errors (10 grid points were used)

4.7.8 Buckley-Leverett Equation

Buckley-Leverett equation is a nonlinear PDE

42

T (1) (150

This equation can be found in PDE— > MOL— > Examples. In Figure 43 MOL

implementation of the Buckley-Lever equation is shown.
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Figure 43: MOL implementation of the Buckley-Leverett equation

The initial condition used is

u(x,0) =1.0 (181)
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and boundary conditions are
u(z1,t) = 0.0 (182)

u(zp,t) = 0.0 (183)

In Figure 44 we can see the solution of Buckley-Leverett equation for the second and
middle grid point respectively, where ten grid points were used.
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Figure 44: Numerical solution of the Buckley Leverett equation for the first (left) and
middle (right) grid points (10 grid points were used)

4.7.9 Simple Supported Beam Equation

Simple supported beam PDE is an interesting problem because it involves the fourth
space derivative of the unknown function:

Ut + Uggze = 0 (184)
The initial conditions are
1

u(z,0) = sin(mx) + 552’71(37793) (185)
ut(x,0) =0 (186)

and boundary conditions are
u(z1,t) =0 (187)
Ugg(x1,t) =0 (188)
u(zp,t) =0 (189)
Uy (Tp,t) =0 (190)

To solve the beam problem with the PDE Package, we must transform it in another
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form. Through the variable transformation v = u; and w = wu,, we reach the system of

equations:
Vi = —Wgy (191)

Wy = Vgy (192)

The complete problem is implemented in PDE — MOL — Ezamples (Figure 45). The

) R Var

SSBIC
BCLu ' &
0.0 BCL

BCRu BCR
0.0

R Var

Figure 45: MOL implementation of the simple supported beam problem in Modelica

analytical solution to this problem is also implemented and is
1
u(z,t) = cos(n’t)sin(mx) + 5005(97r2t)3m(37r$) (193)

The numerical solution for the first and middle grid points, with 10 and 60 grid points
respectively, can be seen in Figure 46. As can be seen, ten grid points give a very poor
approximation. To reach good approximations we need to partition the domain with at
least 60 grid points. However, small oscillations at the pics still remain. Higher order
discretization schemes, such as the fourth-order central difference approximation, do not
help.
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Figure 46: Numerical versus analytical solution of the simple supported beam problem
for the second (left) and middle (right) grid points with 10 (above) and 60
(below) grid points

4.7.10 Poisson Equation

In the following we consider the problem

Ugy = —sin(mx) (194)
u(zy1) =0 (195)
u(zy) =0 (196)

This is the Poisson problem. Poisson problem is a time independent PDE, which means
that the solution to this problem does not change with time. For instance, the solution
to the above problem is

u(z) = W—sin(wx) (197)

Until now we considered only PDEs that are time dependent. But how can we implement
time independent PDEs such as the Poisson problem above? Is it possible still to use
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the integrator block? The answer is yes, but we must transform our time independent
problem in a time dependent problem that reach with time a steady state corresponding
to the solution of the time independent problem. The time dependent version of the
problem above is

Ut = Ugy + sin(mx) (198)
u(z1,t) =0 (199)
u(zp,t) =0 (200)

and additionally we have now the initial condition
u(z,0) = sin(3nx) (201)

This can be interpreted in the following way: we start with the function sin(37z) that
reach with time the steady state #sin(mc), that is the solution of the time independent
Poisson problem. The implementation of the problem above can be seen in Figure 47.
In Figure 48 the analytical and numerical solution of the Poisson problem is shown.
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Figure 47: MOL implementation of the Poisson problem in Modelica

=

As expected, the time dependent Poisson solution approaches the solution of the time
independent Poisson problem. Poisson problem is the only time independent problem
implemented in the PDE package.
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Figure 48: Numerical (blue) versus analytical (red) solution of the poisson problem for
the second (left) and middle (right) grid points (20 grid points were used

5 Adaptive Method of Lines

5.1 Introduction

In many practical problems we must refine the grid in order to achieve the required
accuracy. Unfortunately this has high storage and computation costs. Sometimes we
need the high accuracy only in regions of interest and it would be ideal to refine the grid
in this region of interest while keeping the grid size in other regions coarse. This is the
idea of adaptive grid refinement. Adaptive grids are often used in practice and give good
results. In Figure 49 we see an example of adaptive grid: Delaunay triangulation around
an airfoil. (The grid is finer near the airfoil because this is the region of interest). Many
grid generation algorithms exists, but most companies try to keep the secret of certain
algorithms for themselves. Nevertheless, there are open source projects, such as

www.openmesh.org
www.cgal.org

that allow to download software and documentation and encourage their further devel-
opment. In practice usually the Delaunay Triangulation is used to generate the grid. In
2D Delaunay Triangulation partitions the domain in triangles while in 3D in tethrae-
dras. When generating an adaptive grid, we need some criteria that tell us where the
grid must be refined. So, during the simulation time, these criteria must be checked,
and when satisfied, grid refinement must take place. In contrast, if the refined region is
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Figure 49: 2D Delaunay Triangulation (picture from www.cerfacs.fr/mueller)

not interesting anymore, that is the refinement criteria are not satisfied, then we would
like to eliminate the refinement. This is an important point in adaptive grid refinement,
which tells us that the process is not static but dynamic: refinement is ”created” or
”eliminated” at simulation time. It remains now the question of which criteria must be
satisfied. In the following we shall describe the process in 1D. Mack Hyman proposed
in [10] the following approach: we operate on a fixed grid but we pay attention that the
following criteria are satisfied at all times:

S5(1) | 9% (1,1)] < o (202

This suggests that we must decrease dx;(t) if at time ¢ the absolute spatial gradient
at point z; is big enough so that the criteria 202 are not satisfied anymore. We do
that by introducing a new grid point between two existing grid points and initializing
its value (initial condition) by using spatial interpolation. The process is illustrated in
Figure 50. Note that by introducing a new grid point, we introduce a new differential
equation for this point and by eliminating a grid point we eliminate the differential
equation associated with this point. The generation/elimination of the auxiliary grid
points happens during simulation time and is fully transparent to the user. At the end
of the simulation only the solution for the grid points that the user specified in the
beginning of the simulation is given.
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Figure 50: Grid refinement: the auxiliary points (in red) are created. The arrows shows
the grid points used for interpolation

5.2 Implementation

As already said, the nature of the adaptive grid refinement algorithms require that
the auxiliary points are created/removed dynamically at run time. This creates a big
problem in Dymola because it is not allowed to create/destroy instances at run time in
Dymola. To overcome this problem, we can try the following ways:

1. Declare an array with known size (as a parameter variable in Modelica), so that
the user can modify the size of the array at the beginning of each simulation.
Problem: the user doesn’t know how many auxiliary points would be necessary
for the simulation. It is possible to declare a big array in order to be sure that
there is enough space for auxiliary points, but this requires high storage.

2. Write an external function that solves the problem of creating the auxiliary points
and computing their solutions. Problem: external help is needed.

Although the second idea solves the problem of adaptivity, the process doesn’t happen
in Dymola. It is as trying to ask somebody else for help. For this reason the adaptive
grid refinement wasn“t implemented at all in this thesis. Yet future research projects
will hopefully solve this problem in Dymola and maybe in the future it will be possible
to implement adaptive grid refinement directly in Dymola, without the need of external
help.
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6 Finite Volume Method

6.1 Introduction

In one dimension, the finite volume method consists in subdividing the spatial domain
into intervals, ”finite volumes” (or cells), and approzimate the integral of the function
q over each of these volumes at each time step [2]. Denote the i-th finite volume by

Ci = (wi_1/2,Tit1/2) (203)

Then the approximation to the average of ¢ in the cell C; at time ¢, which we denote

with Q! is
O~ 1 / o(z, t)dz (204)
Az e, ’

Remains the question of how to find this approximation. If we think about the conser-
vation law, we note that the average within the cell can only change due to the fluxes at
the boundaries (if we assume that no source or sink is present in the cell). The integral
form of the conservation law is

d
dt /C q(w, t)dx = f(q(z;-1/2,1) = f(a(@it1/2),1) (205)
If we integrate this expression in time from t to t + At, we obtain

/ (x,t + At)dr — / (x,t)dx = /t t fq(x; t))dt — /t t f(q(xipq/0),t)dt
Ciq ) Ciq ) ] a\Ti—1/2, ] a\Tir1/2),

and dividing by Axz we reach the form

s / (z,t+At)d =z / (x,t) :5—(/t+Atf(Q(sz'H/zat))dt_/tHAt flq(zi_1/2,1))dt)
(207)

which gives us an explicit time marching algorithm. This is more clearly seen if we
rewrite the expression using the notation we introduced above:

QI = Qi - (zt+1/2 Fi_1)5) (208)

where Fit_1 /2 approximates the average flux along the interface z;_yo:

. 1 t+At
Flip~ /t F(a(@iy o, ))dt (209)
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As can be seen from the equation 208, in order to find the average at the next time step
we need to find the fluxes at the interfaces. The flux at the interface x;_; 5 for example,
depends on q(7;_1/2,t), which changes with time along the interface and for which we do
not know the analytical solution. For this reason we need to find some approximation
to these fluxes in order to calculate the averages at the next time step. Let us now see
some simple flux approximations.

Advection Equation

Consider the advection equation ¢; + ug, = 0, where @ is the fluid velocity. We have
seen in the previous chapters, that the flux of the contaminant at some point x, at some
time t, could be written as ug(z,t). Consider now the flux through the interface z;_ .
If w > 0 then the flux will be u@;_1, otherwise, if u < 0, the flux will be u@;. Inserting
it into the average update rule, we obtain the finite volume method for the advection
equation:

Q=@ - Q- QL) (210)
if w >0, and

e ) (211)
if u <0.

Diffusion Equation
In the advection equation, the flux depends on ¢: f(¢q) = ug. The flux in the diffusion
equation depends on the derivative of ¢:

f(4e) = =B (212)

where 3 is the conductivity. If § is space dependent then the flux will depend on space
too (f(z,qz) = —0B(x)qy). In the following we will assume for simplicity that 3 is con-
stant.
Now remains the question of how to approximate numerically the diffusion flux. One
possibility might be:

Qi — Qi1

TPE 12 = —Q(T) (213)

By inserting this flux approximation into the average update rule 208, we obtain:
t+At ¢, At ¢ ¢ ¢
QI =0+ @5( i1~ 2Q; + Qiy1) (214)

It is interesting to note, that after some algebraic manipulations, we can write the aver-
age update rule in the form
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QY -Ql 1 t
= agFire — Fiip) (215)

which is equivalent to the finite difference discretization of the conservation law equa-
tion ¢; + f(q)r = 0. As said in [2]: Many methods can be equally well viewed as finite
difference approzimations to this equation or as finite volume methods.

Another form of the average update rule is

d 1,

%Qi = _Fx(ﬂ+1/2 - Fit—1/2) (216)

which gives us an ODE for each average cell. This form is more suitable for the imple-

mentation in Dymola, and all Finite Volume Method blocks are based on this form of
update rule.

6.2 Unstable Method

The unstable flux just takes the arithmetic average of the fluxes based on either side of
the interface z;_1 5

1
Fl 1y = 5(F(Qi-) + £(QD) (217)
By using this flux, the average update rule becomes:
t+At ¢ At ¢ t
Qi = Qi — 5 (f(@i) = f(Qiny)) (218)

This method is generally unstable.

6.3 Lax-Friedrichs Method
The Lax-Friedrichs flux is defined as:

L@ + £(@QY) @ -Q ) (219)

Fit—1/2 = 9

At
2Azx
inserting it into the average update rule, we obtain the Lax-Friedrichs method:

A
QA = 2@y + Q) — g a (@) — F(@11)) (220)

If we take a closer look at the Lax-Friedrichs flux, we notice that it is similar to the
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unstable flux, but with the addition of some correction term. This correction term looks
like the diffusion flux 7?7 with

(Az)?
2AL

8= (221)

The Lax-Friedrichs flux can thus be interpreted as the unstable flux plus a numerical
diffusion. This numerical diffusion dampens the instabilities that arise in the unstable
method, however, it dampens it too much. Later we will see another method, the Lax-
Wendroff method, that adds less diffusion.

6.4 Implementation

The finite volume method in its general form is implemented in the ”FVMIntegrator”
block (Figure 51). In Figure 52 the principal code of this block is shown: The treatment

P Q>

)u:

<&
P o

Figure 51: FVM integrator block

of boundary conditions (at the beginning of the code) will be explained later. For now,
the important thing to say is that each entry ¢ of the array ¢ is the i-th average. The
parameters vb and ve, as well as icb and ice are specified by the user.

6.5 System of Equations

Until now we have seen how to solve one equation with the finite volume method. Many
interesting problems in practice are described as a system of equations. The Euler sys-
tem of equations that we described in the previous Chapter is an example of such a
system:
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Rezl glntgeltgerl;

equation
¥ = g5

for i in l:gcl leop

gli]= u3[i];
end fox;
if becl = 1 then
glgel+l] = glgell;
end if;

for i in l:ger loop
glgel+nt+i] = u4[il;

end for;
if ber == 1 then

glgel+n] = glgel+ntl];
end if;

for i in vb:ive loop
derigl[i]l) = -{l/delte_x)*{uli-gcl+l]l-uli-gell);
end for;
initial equaticn
for i in icbk:ice loop

gl[i] = wuZli-gcll;
end for;

Figure 52: FVM integrator code

(p0)i + (pv* +p)a =0 (222)

The Euler system is a nonlinear hyperbolic system. There are other systems that are
much simpler. We can have for example a system with linear constant coefficients. An
example of such a system are the acustics equations:

Pt + Kovz =0
Pr _ (223)
{ Ut po 0
where p is the pressure, v the velocity and Ky, pg are constant values.
Consider in general a system of the form
q+ Age =0 (224)

where A is an m X m matrix. Such a system is called hyperbolic if the matrix A is
diagonalizable and has real eigenvalues.
For example in the acoustics system considered above we have

A:( v Ig") (225)

%0
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The matrix A is diagonalizable and has real eigenvalues

)\1 = —Cp (226)
)\2 = C (227)

where ¢y = \/% is the speed of sound in the gas.

In the following we will study hyperbolic system of equations. The remarkable property
of the hyperbolic system is that we can rewrite it in a way which is simpler to solve.

If a system is hyperbolic then we can rewrite it as

gt + Agz =0 (228)
¢+ RAR ¢, =0 (229)
R'¢+AR ¢, =0 (230)

With a simple variable transformation

w=Rlq (231)

the system can be rewritten now as

w + Awy, =0 (232)

where A is the eigenvalue matrix.

This is a very important fact, because now from a coupled system 224 we obtained,
through variable transformation, a decoupled system 232. Moreover, the individual
equations of the new system are advection equations! Because we now have a system of
decoupled equations, we can solve each equation separately

w! 4+ Aw', i=1,..,.m (233)

and combine the solutions w'(z,t) into a vector w(x,t). The solution to the i-th advec-
tion equation is, as already seen in Chapter 4,

wi(z,t) = w'(z — A\'t,0) (234)

Finally, we obtain, through the variable transformation

q(x,t) = Rw(z,t) (235)
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the solution q(x, t). If we write the solution q(x, t) in the form

i wl(z,t)
q(z,t) = Rw(x,t) = Do : = (236)
plo g w™(z,t)
riwt(z,t)+ ... +rPw™(z,t)
rwl(z, )+ .0 +rmw™(x,t)
ri r" m
D el | e (@) = 3w @
l . i=1
m m

we see that the solution q(x, t) can be expressed as the linear combination of the right
eigenvectors 1, ..., 7™ at each point in space-time, and hence as a superposition of waves
propagating at velocities A* [2].

6.6 The Riemann Problem

Consider the piecewise constant data with a single jump discontinuity:

) oa ifx <0
a(@) = { g ifx >0 (237)

The Riemann problem consists of this data as initial data, plus a hyperbolic equation.
Example: Let us take the scalar advection equation

gt +ugz =0 (238)

For this example, the Riemann problem is this equation together with the discontinuity
237. The solution is the discontinuity ¢, — ¢; that propagates along the characteristic
with the speed wu, that is:

q(z,t) = qo(x — ut) (239)

The same reasoning applies to the system of equations. Let us decompose the g; and g, as:

m
q = wari (240)
i=1
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qr = Zwiri (241)

With this decomposition we have for the i-th advection equation:

i wf, ifx<0
“o = { wi, ifx >0 (242)
and this jump propagates with speed A’. The solution is thus
i _ wf, ifx—)\’:t<0
w'(@,t) = { wh, ifz— Nt >0 (243)
If we let P(x, t) be the maximum value of i for which x — A% > 0 then [2]
P((E,t) m
gz, t)y= D wi(ztr'+ > wi(z, )’ (244)
i=1 i=P(z,t)+1

Consider the example of Figure 53 in which w! = w} and w? = w}. The solution at the
point (zp,t,) is then

q(p, tp) = w;TI + wIQTZ (245)
A =0 A=0
\ q, /
q (Xp, tp) q
-‘.“‘ .
“/
0

Figure 53: Riemann problem at (zp, 1))

The different regions are colored with different colors. The value of ¢ in each region is
constant, but as we cross the i-th characteristic, we have a jump from w; to w;..

70



Since

m . . m . . m . . .
G —q = Zw,ﬁr’ — Z wyrt = Z(wﬁ, — wj)r* (246)
i=1 i=1

=1

we see that across the i-th characteristic the solution jumps with the jump in ¢ given by
(wh, — whr® = alrt (247)

and this tell us that the jump in ¢ is an eigenvector of the matrix A. This condition is
called the Rankine-Hugoniot jump condition.

As said in [2]: For the case of a linear system, solving the Riemann problem consists
of taking the initial data (g, ¢,) and decomposing the jump ¢, — ¢; into eigenvectors of A:

g —q = art + .+ (248)

This requires solving the linear system of equations

Ra =g —q (249)

for the vector a.
Since o is the jump in ¢ across the i-th wave in the solution to the Riemann problem,
we introduce the notation

W= alr! (250)

for these waves. The solution q(x, t) can then be written in terms of waves in two
different forms:

gz, t)y=q+ >, W=g—- Y W (251)
LA <z /t iXI>x/t

Let us look at an example. Figure 55 and 54 illustrates an example with three charac-
teristics that part at the origin with A! < 0 and A?> > 0, A> > 0. Consider the point
(xp,tp) as illustrated in the figure. What is g(zp,t,)? We can answer this question in
two ways:

e The value of ¢(xp,t,) is ¢ plus all the jumps that are on the way from ¢; (yellow
region) to q(zp,t,) (Figure 54).

e The value of ¢(z,t)) is ¢, minus all the jumps that are on the way from ¢, (blue
region) to q(xp,tp) (Figure 55).
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xMt=0 XM=0  xAt=0

P

%

Figure 54: From ¢; to q(zp, yp)

xAt=0

0

Figure 55: From ¢, to ¢(xp, yp)
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Example (taken from [2]): Coupled acoustics and advection

p vo ko O p
v | =5 w O v (252)
¢ ), 0 0 w ¢ ).

The matrix A has eigenvalues

M=y —co (253)
M2 = g (254)
N =+ (255)
and eigenvectors
—Z 0 Zy
rt= 1 |[,»”=0]|, =] 1 (256)
0 1 0

Pr — Di —Zy 0 Zo
vy—v | =al 1 +a2| 0 |[+2| 1 (257)
¢7” - ¢l 0 1 0

By solving this system we find

1 1

a = TZO(—(I% — ) + Zo(vr — vp)) (258)
a2 = ¢r - ¢ (259)
@ = 37 ((pe = 1)+ Zor = ) (260)

So far we have seen what influence the initial data has at some point xg on the solution
q(z,t). At any particular time, the data at this point will affect the solution along the
characteristics at some set of points (Figure 56). This set of points is called the range
of influence of the point xg [2]. Consider now the inverse problem: we have a point
(xp,tp) and we are interested in which initial values influence the value of ¢ at this point
(Figure 57). In the figure we see that three points influence the point value at the point
(2p,tp). This can be seen algebraically too, if we write g(z,t) in terms of the initial data.
This set of points is called domain of dependence of the point (zp,t,) [2]. The initial
values at other points have no influence on the value at the point (z,,t,). In general,
for hyperbolic equations, the domain of dependence is always a bounded set.
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X, +Mt=0 Xy + Mt

0

Figure 56: Range of influence

XD'A»]p:O Xp_l\ztp=0

Figure 57: Domain of influence
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6.7 Godunov’'s Method for Linear Systems

Until now we discussed how to approximate fluxes at the interfaces. But how does
the entire process work? The answer to this question is the reconstruct-evolve-average
(REA) algorithm. At each time step, we repeat the following process [2]:

Reconstruct-Evolve-Average Algorithm

1. Reconstruct a piecewise polynomial function ¢*(z,t) defined for all x, from the cell
averages Q.

2. Evolve the hyperbolic equation exactly (or approximately) with this data to obtain
G (z,t + At) a time At later.

3. Average this function over each grid cell to obtain new cell averages

1

t+At
Q" =X

/ q'(z,t + At)dx (261)
C;

Until now we have seen the simplest case, in which the average is constant across the
cell. Other approximations are often used in practice, such as the linear approximation
(see Flux Limiter Chapter). In this thesis we will use additionally another average re-
construction scheme, the local double logarithmic reconstruction. We shall start in the
following with the constant reconstruction.

If we take as ¢'(x,t) a piecewise constant function, we can use the Riemann problem
theory seen so far in order to solve the hyperbolic equation in step 2 of the REA algo-
rithm.

For this purpose, we need to determine the flux at the boundaries. Remember from
section 6.1 that the numerical flux F Ll /2 approximates the time average of the flux at
T;_1/p over the time step At.

. 1 (A
Fi 1= Kt/t fla(@i1y,1))dt (262)

The density q(z;_;/2,t) in general varies in time and we do not know this variation of
the exact solution [2]. If we choose constant piecewise reconstruction as ¢'(x,t) in the
REA algorithm, however, we can compute then this integral exactly. For better under-
standing, consider the Riemann problem centered at x;_;/; in the case of the example
shown in Figure 58.

Because the interface x; ;5 is situated in a region between the characteristics and we
know that g(x,t) is constant in each region between characteristics, then consequently
q'(x,t) is constant at the interface ;_1 /o over the time interval (¢, + At). If we denote
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xMt=0 XMt =0

G G

Figure 58: Godunov

this value by ¢'(Q%_;, Q%) we can write the numerical flux Fitf1 /o 88

Fop=a [ S@@L Q= i@ [
=1/27 At J, \Y-1, & N T \&i-1, & . =

QL @A = f(a QL. QD)

The Godunov method becomes then [2]

e Solve the Riemann problem at x;_; /5 to obtain q( t,QY
e Define the flux Fit_l/g = f(¢"(Q_,, Q)

e Apply the average update rule Qf*m = Q! — %(FMUQ — Fi_1)2)

(263)

We will now look in detail how to develop formulas for Godunov “s method on linear sys-
tems of equations. For this purpose consider the example in Figure 59. In this example
we have two waves, one propagating with the velocity A < 0 and one with the velocity
A2 > 0. By using the notation introduced above, we can write the jump in ¢ given by

each wave as

1 _ 1 1
Wilip = i1yor

2 _ 2 2
Wi—1/2 = QG197

(264)
(265)

As can be seen from the figure, only the right-going wave from z;_;/, interface and the
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ANAt  A2At NAt  AAt

«— —» «— ————»

t+At

Q4 Q Q.

X112 Xis112
Figure 59: Waves

left-going wave from z;,/; interface affect the cell average @Q);. After time step At the
W1 wave has moved a distance A'At or a portion %ﬁt of the cell and W? a distance

A2At or a portion /\ At of the cell.
The W wave changes thus the cell average value by the amount

AAL
", Wi (266)
and the wave W?2 by
N2At
- Az Wz+1/2 (267)

The process is visualized in Figure 60, where we took a positive velocity u. The total
change in the cell average is just the sum of these independent changes contributed by
each wave.

/\ At N2At
QHN Qt Wz 1/2 — Txmfﬁrlp = (268)

At
Qi — Ax —WwL 1/2 +)‘2Wz+1/2)

This can be generalized to arbitrary hyperbolic systems of m equations. If we introduce
the notation

AT =min(A,0) (269)
AT = maz(),0) (270)

we can write 268 as
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i+1
X112 i Xis1/2
ult
Q| 1 Qi Qi+1
X172 Xi+172
Figure 60: Waves
t+At t At & it1ad - -1
Qi = Qz - E(Z(A ) Wi71/2 + Z()‘ ) Wi+1/2) (271)
j=1 Jj=1

Only the right-going waves from the x;_; /5 interface and the left-going waves from the
T;y1/2 interface affect the cell average ;. We introduce the symbols:

ATAQ; 12 = Z()\j)_Wi];l/g (272)
j=1
AYAQi =Y (M)W, (273)
j=1
In this way we can rewrite 271 as
t+At ¢ At -
Q; =Q; - E(A AQi_1/2+ATAQi41)2) (274)

The symbols ATAQ,;_; /2 and ATAQ;_1 /5 should be interpreted as the net effect of all
right-going waves, respectively left-going waves, from the interface z;_; 5.
Define now the matrices
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AT = ooy : , A= 0 (A.Q‘)_ L (275)
0 0 ()t 0 L0 ()
and
At = RATR™! (276)
A= =RAR™! (277)
we find that
AT+ AT =RAT+A )R '=RAR' =4 (278)

Thus we can split the matrix A in A* + A~. Why is it useful? To answer the question
we go now further and do the following:

AYAQ; 1/ =RATR™Y Qi — Qi—1) = RATay_y )0 = Z()\j)Jro‘gfl/sz = NTAQ;—1/2
=1
(279)
In the same manner we find that
ATAQ; 12 = N"AQ; 1) (280)

What does it tell us? It states that for the linear constant-coefficient hyperbolic system,
the net effect of all right going waves from the interface x;_;/,, can be calculated by
simply multiplying the matrix A" by the jump in Q. Similarly, we can find the net
effect of all left-going waves from the interface x;_; /5 by multiplying the matrix A~ by
the jump in Q.

Let us now look at the numerical flux function. We know that the value of ¢ in the
Riemann solution along the interface x;_; /o is

Qf,l/g =" (Qi-1,Q:) = Qi1+ Y Wij,l/z (281)

J:AI<0

Because in the linear case f(Qé_l/z) = AQ%_UQ, we have

Fl oy =AQi 1+ %:OAWZ?_W = AQ;_1 + ;(Aj)*wg_l/z (282)
TN < J=
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t

Proceeding the same way we find F! and inserting both in the average update rule

i+1/2
we obtain
At
QYA = Qf - Ax (Fiiajp = Fioipp) = (283)
t At & =17 - N+
Qi — Fm(Z(/\ ) Wi—l—l/? - ZO‘ ) Wi—l/Q)
j=1 J=1

Note that if we use A = AT + A~ in

Ff 1y =AQi1 + > AWZ'J;l/Q = AQi-1 + Z(V)_Wf_m (284)
J:AI<0 Jj=1
we obtain
Fi 1y =ATQin +A™Q; (285)

This shows us the important difference between taking the average of AQ;_1and AQ); as
in the unstable method and the average in which we take the part of AQ;_1 correspond-
ing to right-going waves and combine it with the part of AQ); corresponding to left-going
waves in order to obtain the flux in between [2].

6.8 Boundary Conditions

In our derivation of the cell average update rule we used information from the neighbor-
ing cells. In the upwind method, we need the information from the cells @; and Q;_1 if
the velocity is positive and we need cells Q; and @;11 if the velocity is negative. So if our
domain consists of n cells @1, ..., @, then to update the first average cell for example
we would need information from the previous cell if the velocity is positive. But there
is no previous cell. We do not have information outside the domain. So to complete
the problem, we need this information at the boundary of the domain, the boundary
conditions. In the Method of line chapter we used special formulas or assigned values
for the cells at the boundaries, that is, we treated them in a special way. Finite Volume
Method follows another philosophy: extend the domain with additional cells, the ghost
cells (Figure 61). As the name already suggests, ghost cells are not part of the domain,
they are only used to provide necessary information for the computation of the bound-
ary cells. By introducing ghost cells, we do not have to write special formulas for the
boundary cells, we just use the same formula for all cells in the domain. At the start
of each time step we have the average values for the cells in the domain obtained either
from the previous time step or from the initial condition if ¢ = 0 and we fill the ghost
cells with the boundary values before applying the method on the next time step. What
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Figure 61: Boundary conditions: ghost cells and domain cells

kind of boundary values can we have? In the following we will consider some of the most
used boundary conditions.

6.8.1 Periodic Boundary Conditions

Assume that we are using a 3-point stencil method. In this case we only need one ghost
cell at each end of the boundary. Periodic boundary conditions set the value of the left
ghost cell to the value of the last domain cell and the value of the right ghost cell to the
value of the first domain cell (Figure 62).

Q| Q | | Q| .| Q | q

Figure 62: Periodic boundary conditions

In this way what leaves the domain at the right, enters the domain from the left. The
same for the other direction. The same reasoning applies to the higher order stencil
method.

6.8.2 Inflow and Outflow Boundary Conditions

In the following we will analyze the inflow and outflow boundary conditions by taking as
an example the advection equation. This is a reasonable choice since as already seen, a
linear constant-coefficient hyperbolic system can be transformed into a decoupled system
of advection equations. We will begin with the outflow boundary condition. In practice
usually the domain cells are used to assign the boundary condition. The simplest way
is to extrapolate by a constant function, a ”zero-order” extrapolation:
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Qi1 = QN (286)
Qvy2 = Qly (287)

The ”zero-order” extrapolation works well in practice and is preferred to ”first-order”
extrapolation, where a linear function is used, which can lead to instabilities.

Let us now discuss the inflow boundary condition. For this purpose we consider the
advection equation with the positive velocity. Say, that we have at the left boundary a
boundary condition that changes with time:

q(a,t) = go(t) (288)

How can we compute the flux at the boundary /5?7 One possibility would be to com-
pute it exactly by using the formula for the flux:

, N
Fijp = E/t fla(@yy2,1))dt (289)

Since f(gq(z,t)) for the advection equation is vg(z,t), we have

. 1 t+At T (LAt

Now that we have the flux at the interface x1/o we can use the average update rule.
What if we have more than one ghost cell at the left side of the domain? We would need
the flux at the interface z_3/5 too. At a first glance it seems impossible to compute this
value, because the solution is not defined outside the domain. But if we consider the
fact that we have some function that enters the domain and is simply advected, then
we could use this information to find out the value of the function outside the domain.
Consider an z in the interval [a — Ax,a]. Because we are dealing with the advection
equation, the value of ¢(x,t) at the point x is
a—x a—x

Q(x>t) = Q(aat + o ) = gO(t + o ) (291)

and the average Q} can then be computed as

1 a a—z TR
t -
Qo = Ar /a_Az go(t + = )dx Ax/t go(T)dr (292)

Now we have enough information to pass to the system of equations. Let us take as an
example, the acoustic system

pe + kovg =0 (293)

82



povs + Py =0 (294)

This system has the characteristic variables:

wnet) = 5 (b -+ Zav) (205)
wi(e,t) = ;ZO@ 4 Zow) (296)

where Zj is a constant value (impedance). The problem that we encounter here is that
the acoustic system has both negative and positive eigenvalues. This means that each
boundary will have both incoming and outgoing characteristics. How can we set the
boundary conditions in this case? Well, in the ideal case we would wish that waves that
leave the domain, do not influence waves that enter the domain. This way we avoid
back propagation of the spurious reflections into the domain. Boundary conditions that
achieve this task are called absorbing boundary conditions.

It turns out that we can implement absorbing boundary conditions by just using the
zero-order extrapolation, that is by setting

Qh=q! (207)
Q' =qQ! (298)

Other boundary conditions that we could have are the incoming waves. In our example,
say that we have some incoming signal that varies with time:

wa(a,t) = g(t) (299)

and we set nonreflection boundary conditions, that is no reflection of any outgoing sig-
nal. In the acoustics example the incoming signal comes from the second characteristic
variable. By decomposing the average cell value )1 into

Ql = WllT‘l + W22’I"2 (300)

and using wa(a,t) = g(t) we have that the incoming wave at the interface z; /5 is g(t)r?
and by using the property of the advection equation we obtain for the average Qo:

Ax
Qo =Wir +g(t+ TCO)T2 (301)
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6.9 High Resolution Methods

Consider the linear constant-coefficient system ¢; + Ag, = 0. If we expand q(z,t + At)
in a Taylor series, we obtain:

o(z,t+ AL = g, 1) + Dtar(z, 1) + %(At)tht(m, £+ .. (302)

From the equation ¢; + Ag, = 0 we know that

a = —Ag (303)

and differentiating ¢; with respect to time, we also find

qit = (_AQm)t = (_AQt)x = (_A(_AQm))x = A2CJm (304)
Inserting now ¢; and ¢ in the Taylor expansion gives

1
q(z,t + At) = q(x,t) — AtAg(z,t) + §(At)2A2qm(az, t)+ ... (305)

If we truncate the series from the fourth term and substitute the spatial derivatives
with the central difference scheme, we obtain a second order accurate method, called the
Lax-Wendroff method:

At 1 At?
QG =Qi- QAxA( 1~ Qic) + 2 Az A%(Qi_y —2Q) +Q%yy) (306)

Although we used a finite difference method to derive the Lax-Wendroff method, we can
rewrite it in the flux-differencing form with the flux

Y

2
S AAQL - QL) (307)

1
Fl 1= §A(Q1{—1 +Qh) -

This looks like the unstable flux plus a diffusive flux, like in the Lax-Friedrichs flux,
but this time the diffusion chosen exactly matches what appears in the Taylor series
expansion [2].

Lax-Wendroff approximates well the smooth functions, but not the discontinuous ones.
In fact, the Lax-Wendroff Method leads to an oscillatory solution near the discontinu-
ities. This can be explained if we consider again the Taylor series expansion. Because
we truncated the expansion from the fourth term, the dominant error results from the
fourth term:

gttt = _A3mec (308)

84



which is the dispersive term that causes the oscillations.

6.10 Piecewise Linear Reconstruction

Until now we have reconstructed a piecewise constant function from the cell averages.
By applying the REA algorithm with this reconstruction we derived the upwind method.
This approach is, however, first-order accurate. In order to achieve better accuracy we
must use another reconstruction. In the following we will explain the piecewise linear
reconstruction.

Given the cell averages @); at some time ¢, we can use these averages to construct a
piecewise linear function

q'(z,t) = Qf + o} (z — z;) (309)

where z;_1/5 < * < 341/, ®; is the center of the grid cell and o; is the slope on the
i-th cell (Figure 63). It is important to note that over the cell C; the value of ¢*(z,t) is

Figure 63: Linear reconstruction

@;. Once we have the reconstruction, it remains to solve the hyperbolic equation with
this reconstruction and to compute the new cell averages. In the following we consider
the scalar advection equation in which the velocity is positive, 7 > 0. In this case we have

G (z,t + At) = §'(z — DAL, t) (310)

And the new cell averages can be computed in the following way
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TAL 1At

Q- S0 (@ - QL) - 5 (Br — BAN(o! — oly)

To understand this equation, consider Figure 64.

( i— 1+ (AQ?—’UAt) O;— 1)+(1 )(Qt_fiAtU)

-
m\i/ (Ax-v At)g;

Q.q-0,(124x) || Q° Q™ [ Q, + o(-1/2 Ax)
vAL Ax- vAt

Figure 64: Linear cell average reconstruction

The new cell average, Q§+At

Ql‘&At _ QI + QII
v Az

, is the sum of the two parallelepipeds Q! and Q'/

((Qg—l + Ui—l(%Al'» + (Q§_1 -+ Gi_l(%ALIZ —i—@At)))@At _

o= 2
(Qizq + (%(Ax + DAL))oi_1 )AL
Q' — ((QF + 0i(—3A7)) + (Q} + Zi(;m —TAL))(Az — TAY) _
(QF — %EAtai)(Ax — TAL)
and thus
QUHAt — %A;( b s (Aac—vAt) ol )+ (1 %)(Qt _ :Atg)

(311)

(312)

(313)

(314)

(315)

We have seen how to compute the new cell averages, but what about the new slopes
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af+At? How can we compute them? The simplest choice would be to set Uf+At to zero,
which would lead us to Godunov’s method seen in the previous chapters. Thus this
choice would give us first-order accuracy. To achieve second-order accuracy we choose
the nonzero slopes such that they approximate the derivative over the i-th grid cell.

t t
Qi«kl_Qifl

AL Fromm
Lt
o = % Beam — Warming (316)
t gt
L*&x i Lax-Wendrof f

The cell average update rules that result from the application of these slopes are

Fromm ‘s Method

1TAt 1 At
QIR = Q! - iﬂ( L +3Ql—5Q_ + Qi) — Z(E)Q( Qi — Qi+ Qi)
(317)
Beam-Warming Method
1TAt 1 vAt
QA =l - 5@(3@ —4Qi_ 1 + Qi _y) + 5(@)2(@; —2Q 1 +Qi_5) (318)
Lax-Wendroff Method
1vA¢ 1 vAt
QIR =t - 55( - Qi)+ 5(5)2( i1 —2Q + Qi) (319)

Although more accurate, the second-order approximations create oscillations near the
discontinuities.

To understand this better, let us consider the following example (Figure 65). If we ap-
ply Lax-Wendroff to choose the slopes on this data, then we obtain the piecewise linear
function in Figure 66. The situation in the next time step is illustrated in Figure 67. As
can be seen, the oscillations are created near the region of the discontinuity.

This observation shows that the slopes proposed above give second-order accuracy for
the smooth data, but create oscillations near the discontinuities. We could avoid this
problem if we set the slope to zero in the above example, but this will take us back
to the first-order accuracy. We are now in front of a dilemma: we want second-order
accuracy for the smooth data and we do not want oscillations near discontinuities that
the second-order accuracy methods create. A solution could be to apply methods like
Lax-Wendroff and Beam-Warming in regions where the solution is smooth and limit the
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Figure 65: Initial data

Figure 66: Lax-Wendroff applied to the initial data

Qi-'l Qi Qi+1

Figure 67: Lax-Wendroff: situation at the next time step
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slope in regions where we have the discontinuities in order to avoid oscillations. Methods
that incorporate this ideas are called ”slope limiters”, because they limit the slope. Re-
mains the question of how much to limit the slope. This leads us to the ”total variation”
concept, which we will not develop further. To summarize it shortly, the total variation
measures oscillations in the solution. For the grid function, it is

“+oo
> Qi — Qi (320)

1=—00

It turns out that the REA algorithm does not increase the total variation, provided that
the first step of the algorithm, the reconstruction step, does not increase it. This is be-
cause the evolving and averaging steps do not increase the total variation. Thus we can
focus our attention on the reconstruction step. One of the slope-limiter methods that is
second-order accurate for smooth functions and does not increase the total variation is
the "minmod slope”:

Qﬁ - Q§71 Q§+1 B Qf

t — mi 21
o; = minmod|( e Az ) (321)
where the minmod function is defined as
x if |z] < |y| and zy > 0
minmod(z,y) =< y if |z| > |y| and zy >0 (322)

0 ifzy<O0

Although the minmod slope method gives us what we desire, it limits the slope too
much. The superbee method allows sharper resolution near a discontinuity while still
giving second-order accuracy in the smooth regions. The superbee method compares
each one-sided slope with twice the opposite one-sided slope and chooses the maxmod
function to decide which slope to take:

Ol —Q  Qt—Qt
o} = minmod( H_IAg; 0 2( zsz—l)) (323)
Ot t_ Ot
0?2 = minmod(2( Z+1A$ Q%),QZ Aw%—l) (324)
ol = mazmod(o},o?) (325)

The superbee limiter approximates the solution sharper near discontinuities in compar-
ison to the minmod slope method.
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6.10.1 Flux Limiters
We have derived in the previous section the average update rule

Q- Q) — A Ao oty (326)

TA

Qt-i-At Qt

This formula can be manipulated to obtain the flux Fit_1 /2 S0 that we can write the
formula in the form

QA = Qf — (zt+1/2 Fi_1)5) (327)

Alternatively, we can compute F 172 by using the definition of the flux. In either case
we obtain for the advection equatlon

0
0 (328)

IA IV

v
Rt — % (A:v + vAt)ot if v

7

o Q! 1+ 0(Az —DAt)ol_ | if
—-1/2 f

Until now we associated the slope with the cell. Another idea would be to associate the
slope with the interface. Since across the interface x;_; /5 we have the jump

AQf'_1/2 = Qi — Qi (329)

we can approximate ¢, by dividing the jump by Az. In this way we can rewrite the flux
formula just seen as

_ __ 1_ OIAY
Fi 1y =7"Qi 1 +7 Qi + §\U|(1 - |Tx|)5f—l/2 (330)

where 55_1/2 is a limited version of AQ?_I/Q. It is interesting to note, that if 5;_1/2 =
AQz 1/2 then we obtain the Lax-Wendroff method. Other second-order methods can
be obtained from 330 by an appropriate choice of 5;.571 /2° The slope limiter methods can
then be reinterpreted as fluz-limiter methods by choosing (55_1 /2 to be a limited version
of Ainl/Q [2].

What we need now is some smoothness measure, §. There are many possibilities to
define it, one of which is

AQ?
. Ag;*"’/z if v >0
— i—1/2
9171/2 = AQ;H;Q <0 (331)
AQ§—1/2
55—1/2 = ¢(9§—1/2)AQ§—1/2 (332)
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In this way 0;?71 2 R 1 near smooth data (exception made for the case in which we have

extrema) and far from 1 near a discontinuity. The function ¢(0) is called the flux-limiter
function. In general we wish to have ¢(f) ~ 1 for smooth data and values far from
1 near a discontinuity. If we play around with the values of ¢(f) we find interesting
results. Suppose for example ¢(f) = 0. In this case we obtain the upwind method. In
the following, some methods are shown that result from assigning particular values to

¢(0):
Linear Methods
e Upwind method: ¢(0) =0
e Lax-Wendroff method: ¢(6) =1
e Beam-Warming method: ¢(0) = 6

e Fromm method: ¢(6) = (1 +0)

High Resolution Methods
e Minmod method: ¢(6) = minmod(1,6)
e Superbee method: ¢(0) = max(0, minmod(1,20), min(2,0))

e van Leer: ¢(0) = %

The flux-limiter method with the notation introduced above could be written as

Qi = QF = v(Qf = QfLy) — 5v(1 = V)(3(0L,1 ) (@41 — Q) — D07 5) (@} — @} 1)) if >0
QIR = QL — w(Qly, — QY + 31+ 1) (B0l ) (@1 — QL) — $(0!_, n)(Q — QL)) ifT <0
(333)

where v = %Axt is the Courant number.
We can extend the flux limiter method to systems of equations. First let us take the

Lax-Wendroff method and rewrite its flux as
Fii1g=(ATQi1 + A Qi) + §|A|(I - EMD(Q@' - Qi-1)) (334)

This can be viewed as the upwind method together with an additional correction term.
Our attention is now focused on how to limit the magnitude of this term according to
the data variation.

This is achieved by decomposing the jump

Qi — Qi—1 (335)
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into a sum of jumps according to the eigencomponents

m ) '
>yt (336)
j=1
and limit each component separately
&y pr! = G0 p)al_y 1 (337)
where
o . )
| TN >0
0 1 =9 o " , (338)
—H2 N <0
a]
i—1/2

In this way we obtain the limited flux function

Fiajp=ATQii + A" Qi+ F 1) (339)
where
qu/z ’A\ (1- 7’A‘ Zaz 1/27” (340)
This can be rewritten as
Fisja =3 3 W10 = eIV (341

which results from the definition of the eigenvectors (|A|r/ = [N |r?).
Conclusion: each wave is limited independently of other wave families.

6.10.2 Flux Limiter Implementation

The PDE package implements the flux-limiter methods for constant-coefficient linear
system. At first glance we can say that what we need is to compute the matrices AT, A~
and |A| once and then use them in the formulas given above. However, because we need
to decompose the jump AQ;_;/, into waves ai_l/er and we need the A too, then it
is reasonable to use these informations to compute the new cell averages. The average
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update rule can be rewritten, after some algebraic manipulations, as

At _ At ~ ~
QA =@t - E(AJFAQi—lm + ATAQiy1/2) — E(Fi—&-lﬂ —Fi_1/2) (342)
As can be seen from this formula, what we need is A*AQi_l/Q, ATAQ;_1/2 and f‘i_l/Q.
All of these terms can be computed by using only w? and M:

i—1/2
ATAQi1pp =Y (W)W, (343)
j=1
ATAQi =3 (V)W ), (344)
j=1
~ 1 At
Fioig =5 V(1= L INOWL, ), (345)
=1

Now we shall explain how everything is implemented in the package by following the
bottom up approach. We start by computing AQ and then give it together with the
eigenvector matrix R as input to the Riemann block, which will compute the « for each
interface (Figure 68). Note that the eigenvector matrix R and the eigenvalues M are

P 20
’ &Q [ Riemann [
> R

Figure 68: Blocks AQ and Riemann

given by the user. Once we have «, we can compute 6 according to M. This is done by
the 6 block (Figure 69). Once 6 has been computed it remains to choose the method
that we wish to use. If we wish to use the upwind method, we pass then 6 to the
Upwind block, which will give us ¢(6) as output (Figure 70). The upwind method and
many others are incorporated into a FluxLimiterSolver block (Figure 72). As in the
Derivatives blocks in the M OL package, the choice of the method is triggered through
the parameter variable, fls, in the WorldModel block which tells to this block which
method we wish to use (Figure 71). Per default the upwind method is used. With this
information it is possible to compute the limited alpha, & and later the corresponding
waves, which is done by the blocks Limited Alpha and WaveP, respectively (Figure 73).
Finally, we pass the waves and eigenvalues to the FluxLimited block and the output to
the Fluctuation block (Figure 74). After summing the + outputs and the — outputs of
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0

Figure 69: 6 block

Upwind

> P

LaxWendroff

> P

) Fromm

BeamWarming

N

van Leer

Figure 70: Upwind and other method blocks

LinearMethods.Upwind upwind if method == 1;
LinearMethods.Lax\Wendroff laxWendroff if method == 2;

LinearMethods.BeamWarming beamWarming if method == 3;
LinearMethods.Fromm fromm if method == 4;
HighResolutionMethods.vanLeer vanLeer if method == 5;

Figure 71: Portion of FluxLimiterSolver block code
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Figure 72: FluxSolver block

>
>

¥

p-th Wave
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Figure 73: & and Wave blocks




> L

Fluctuation

> p-th Waves >

Figure 74: Fluctuation block

the Fluctuation blocks, we can pass them to the + and — input of the F'Lintegrator
block (Figure 75) respectively, together with the flux and initial and boundary condi-
tions. To illustrate the use of the blocks, a complete example of the acoustic system is

> -

> Flux

P acl
P gor

Figure 75: FLIntegrator block

implemented (Figure 76). To understand better the example, three yellow regions are
visualized in the figure. In region 1 the Riemann problem is solved. Region 2 computes
the two fluctuations and finally, region 3 computes the flux. In this example the eigen-
vector matrix and eigenvalues are constant and provided by the user. In Euler system
eigenvector matrix and eigenvalues changes with time and space. In order to use the
FluxLimiter package we might try to provide new eigenvalues and eigenvectors at each
time step . For the Euler system of equations the eigenvalues are
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Figure 76: Acoustics example
A =v—c (346)
)\2 =0 (347)
A3 =v+c (348)
and the eigenvector matrix R is
1 1 1
R=| v—c¢c v wv+c (349)
h —ve %’L)Q h +ve

where ¢ = ,/% and h = %. Unfortunately the blocks implemented in FluxzLimiter

package cannot be used, because the eigenvector matrix R changes also in space and we
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have consequently a different matrix R for each interface that changes with time. For this
purpose blocks implemented in FluxLimiter package are modified accordingly and can
be found, together with Euler example, in PDE — FiniteVolume — FluxLimiter —
Examples — EulerSystem. FluxLimiter package is not required for this master thesis
and because of lack of time Acoustics and FulerSystem were not tested in depth.

6.11 Limiter-Free Third Order Logarithmic Reconstruction

In previous chapters we have approximated the cell averages by constant functions or by
linear functions with nonzero slope (Figure 77). Other possibilities were to use polynomi-

i-1 i+1
----.._._‘_‘_‘_|
n...,_‘__h_‘.--"'""-—
i-1 [ i+1

Figure 77: Constant and linear cell average reconstruction

als. However, polynomials are not an optimal choice for hyperbolic problems. As said in
[7]: "polynomials are unable to take on very large slopes followed by a flat region, which
frequently occur in the piecewise smooth solutions to hyperbolic conservation laws. It
is thus reasonable to consider other approximating functions.”

In this chapter we consider the reconstruction of an unknown smooth function with local
double logarithmic reconstruction (LDLR) method. It is local because it uses informa-
tion from only the central cell and its neighbors and it is double logarithmic because it
uses two logarithmic functions to reconstruct the unknown function. In particular, we
reconstruct the values of the flux at the interface ;1 /o in the following way:

u- (wiﬂ/g) =u; + 63h77+(61) + C4h77+(02) (350)
u't (le/z) = Uj+1 + cshn (c1) + cahn™ (¢2) (351)
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where

(@) = 20 (32)
_ x—Dlog(l —x) — =
() = E D092 0) (353)
2|d;]9|d2]? + tol

= (1 —tol)(1 + tol — 354
(&1 ( 0)( + to |d1|2q—|—’d2’2q+tol) ( )
co = p— (355)

—1)(do(1 —c2) — d
oy = = (21— ) = di) (356)

C2 —C1

Cq4 = d1 — C3 (357)

with tol = 0.1h? and typically ¢ = 1.4. The lateral derivatives are obtained in the
following way:

= L for (@) (358)

Ujr1 — Uj Uit — WUjt1
dlz 1+ Z,d _ 1+ 1+

- 2 . for u™(zi41)2) (359)

Once we have reconstructed the values at the interfaces, we can pass these values for
example to the unstable numerical flux procedure

Frvrje = 5P (oo, ) + (e (i o 1) (360)

to obtain the flux at the boundaries and at the end use the average update formula

du; (t)
dt

= ——(Fuvaje = Fimre) (361)
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to compute the average u; at the next time step. As already seen, the unstable numerical
flux is unstable. For this reason, a modified version of it is used, Lax-Friedrichs flux,
where some correction term with a parameter « is inserted in order to avoid spurious
oscillations.

fi—i—l/Z = %(f(u_(xi-i-l/%t)>+f(u+(xi+1/2vt)))_%O‘<u+(xi+l/27t)_u_(xi-i-l/%t)) (362)

The parameter « is not given and must be estimated, which turns out to be a diffi-
cult task. This additional term is the so called numerical diffusion and serves to dampen
the instabilities that arise in the unstable flux. Although this numerical diffusion is used
to avoid instabilities, it introduces much more diffusion than required. This has as a
consequence smeared numerical results. However, this problem vanishes when the grid
is sufficiently fine.

6.11.1 LDLR Implementation in Modelica

Now that we have seen how the LDLR method works, we can start with the description
of the implementation done in Modelica. As already seen the starting point for the com-
putation are the lateral derivatives di and ds. The lateral derivative D1minus block for
the average v~ is shown in Figure 78. As input the D1minus block takes the average

Averages d,- values at each interface

gl noger N1

Figure 78: Computing lateral derivatives: D1minus block

vector along with the ghost cells and as output we obtain an n + 1 vector of d; values
at each interface. A similar procedure is applied to the blocks Dl1plus, D2minus and
D2plus. Once we have the lateral derivatives, we can compute the constants cl, ¢2, ¢3
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and c4, which is done by the corresponding blocks (Figure 79). The functions n~ and

d1

) J

c1 > Pt C2 [

dz2

) J

di
dz

di
c3 > c4 >
. >

A 4

Y¥Y ¥YY¥

Figure 79: ¢1, co, c3 and ¢4 blocks

nT are implemented by the blocks n— and n+ respectively (Figure 80). With blocks

P n+ > n- >

Figure 80: n~ and n™ blocks

Rminus and Rplus we compute

cshn™(c1) + cahn™(c2) (363)

and
cshn™ (e1) + cahn™ (c2) (364)

respectively and the reconstruction is completed with the blocks upinus and wuylus
(Figure 81). In order to simplify the construction, additional blocks are implemented:
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p >

Figure 81: u~ and u™ blocks

LDLRminus and LDLRplus. At the end we can pass the fluxes and reconstructed values
to the Lax-Friedrichs flux block for example (see next section).
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6.11.2 LDLR Implementation of the Euler System with Lax-Friedrichs Flux

Let us now look in detail how to implement the Euler equation with the LDLR method.
We start with the first equation, the continuity equation. In the continuity equation
the average of interest is density p and the flux is pv. We first reconstruct by using
LDLR the values p~ and p* by using the blocks v~ and u™ respectively. We do the
same for the momentum. After we have reconstructed the densities p~ and p* and
velocities v~ and v+ at the interfarce z;,,/, we can compute the two fluxes p~ v~ and
pTvT at this interface. The reconstruction value process is shown in Figure 82. With

Density
- a

IC

;3'3' | ]  LDLR+

[ =] LOLR-

cr

Momentum
- a [= LDLR -

pIC

gcl
:g or | g LDLR +

L5 L L

Figure 82: LDLR Reconstruction of density and momentum

the reconstructed value we can construct the fluxes, which are passed together with the
reconstructed density values to the Lax-Friedrich block (Figure 83) For the momentum
equation we have pv? + p as flux. The reconstruction process of the momentum flux is
shown in Figure 84. To compute the values of the pressure p™ and p~ we use the formulae

2
vt = (- nEt - ot L

(v0)?
5 )

(365)

p=0-1DFE —p (366)

Finally, we reconstruct the energy flux (E+p)v (Figure 85). Now that we have the fluxes,
we pass them to the Lax-Friedrichs flux blocks along with the corresponding averages
and connect the output of the Lax-Friedrichs flux blocks to the corresponding average
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Figure 83: LDLR: Continuity flux
Momentum - “L_._,.mdum
Velocity - ”i——bz: » e
Pressure - ‘b !-:+1:

Momentum +

Velocity +

Pressure +

producta

[
ui .@_:;_

add1

+1
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Figure 84: LDLR: Momentum flux
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u3 add1
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s
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Figure 85: Energy flux

integrator. The construction of the Euler system is now complete (Figure 86) and we
can start to simulate it.

6.11.3 Roe s Flux

We have seen in the previous section how to solve the Euler system by using the Lax-
Friedrich flux. Many other flux methods could be used instead.

In the following we will use another numerical flux: Roe’s flux. We have already seen
that when decomposing a hyperbolic system of equations with eigenvalue decomposition,
we obtain a system of decoupled advection equations each with the velocity A;. This
information can be used to implement upwind schemes. In Roe’s flux method the flux
difference at z;; /5 is decomposed in the following way

Fr—f=wr+w- (367)

where the traveling waves are decomposed according to velocities \; as

Wt =>"aW, (368)
Ai>0
W= => aW, (369)
;<0
fori =1, ..., 3 and the strengths a; together with waves W; are computed as
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Figure 86: Euler system with LDLR reconstruction and Lax-Friedrichs flux
1 —
ay = ﬁ(ﬁp — palu) (370)
L
as = ?(a Ap — Ap) (371)
1 —
as = ﬁ(ﬁp + palu) (372)
1
W, = v—a (373)
h —va
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Wy = v
i
1
Ws = ~5+’d
h + va
where
Ap=pt—p-
Np=p"—p~
Av=v"—ov~
and
AMl=U—a
Ay =70
A3=v+a

a= -1 - o)

The logarithmic reconstruction procedure can be summarized in Figure 87.
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Averages

Logarithmic Reconstruction

Reconstructed values

Flux

Average update formula

Figure 87: Logarithmic Reconstruction

6.11.4 LDLR Implementation of the Euler System with Roe s Flux

In the Roe’s flux we start by computing the averages p, v, h and @. This is done by the
Daverage, Vaverage, Haverage and Aaverage blocks respectively (Figure 88). These

»~ 51 Bl
o <
:?i,:«,’a}
< -

Figure 88: Average blocks

blocks receive as inputs the required information, for instance, the Daverage block re-
ceives as input densities p~ and pT at each interface, and gives as output the averages
at each interface, /pTp~ in Daverage case. By using this average we can compute the
wave velocities \; and the waves W;. Blocks Lambdas and Waves achieve this task (Fig-
ure 89). The output of the Waves block are three mxn + 1 matrices. The first matrix
contains the W7 waves for each interface, the second the W5 waves for each interface,
and the third the W3 waves for each interface. Each wave is an m-component vector.
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Figure 89: Lambdas and Waves blocks

The strengths a;, az and a3 of the waves are computed by the a block (Figure 90). With

” at [ LEE W+ [
Ap d a2 [ p W
a3 [ M W- [

Figure 90: a and FluxDiff blocks

i, a; and W; we can, as already explained, decompose the traveling waves:

Wt =>" aW, (386)
Ai>0

W= =>" aW, (387)
<0

This task is achieved by the FluxDif f block. Each FluxzDif f block produces one wave:
either W or W~. In the Euler system we have three waves, that means that we need
three FluzDif f blocks, each of which will give us W+ or W~ according to the \. At
the end we must sum the outputs in order to obtain

W+ W~ (388)

Finally we give this sum to the integrator which evaluate the update rule. The complete
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construction of the Euler system with the LDLR reconstruction and Roe’s numerical
flux is illustrated in Figure 91.
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Figure 91: Euler system with LDLR reconstruction and Roe’s flux

6.12 Examples

The LDLR implementation of the Euler equations by using Lax-Friedrichs and Roe’s
fluxes was already shown in the previous chapters. We illustrate in the following some
other examples implemented by using the logarithmic reconstruction method. All ex-
amples can be found under FiniteVolume — Examples. As in the MOL chapter, we
start with the simplest PDE implemented, the advection equation.
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6.12.1 Advection Equation

The advection PDE was explained in the MOL chapter. Its implementation with the
Finite Volume Method by using LDLR can be seen in Figure 92. Lax-Friedrichs flux

Advection
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Figure 92: Advection PDE implementation by using FVM with LDLR and Lax-
Friedrich s flux

was used, with o = 0.2. Other values of « lead to unsatisfactory results. In general, the
results are not as good as in the MOL implementation. Forty cells were used to achieve
good results (Figure 93). And the last cells presented quite accentuated dissipation.

Advection.g[3] advectionAnalytic.y[2] Advection.g[42] advectionAnalytic.y{39]

.
N,

,/f_‘\\
05 \\ //’ \\
7 \ // \
SN N\

S

Figure 93: Analytical (red) and FVM (blue) solution of the advection equation for the
first and last cells (40 cells were used)

This could be caused by the Lax-Friedrichs flux. Conclusion: Advection equation is
better simulated with the method of lines. The finite volume method with LDLR and
Lax-Friedrichs flux needs considerably more cells in order to achieve comparable results.
However, if we implement the advection equation with the upwind method (Figure 94),
the results are better. In Figure 95 the analytical and numerical solution for the first
and last cells (10 cells were used) is shown. The accuracy is better than in the case of
the Lax-Friedrichs method, moreover, there is less dissipation in the solution of the last
cell. Additionally, we must not search for an optimal parameter when using the upwind
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Figure 94: Advection PDE implementation by using FVM with LDLR and Upwind flux

advectionAnalytic.y(2) Advection.q3] Advection.g[12] advectionAnalytic.y(10]

Figure 95: Advection PDE implementation by using FVM with LDLR and Upwind flux
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method.
A third implementation of the advection equation uses Lax-Wendroff flux. The results
are however not as satisfactory as in the case of the upwind flux.

6.12.2 Diffusion Equation

The diffusion problem was already discussed in the Method of Lines Chapter. In Figure
96 the FVM implementation of the diffusion equation can be seen. The Diffusion Flux

Diffusion

Q H Diffusion Flux e

vy
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oo P8
ger

BCR
0.0

Figure 96: Diffusion PDE implementation with FVM

block implements the numerical diffusion flux discussed in the beginning of the Finite
Volume Method Chapter. In Figure 97 we can see the comparison of the analytical
solution and the FVM solution of the diffusion PDE for the second and middle cells of
the domain, where 10 cells were used. As can be seen, ten cells are already enough to
reach a good approximation. The situation with 40 cells is illustrated in Figure 98.
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Figure 97: Comparison of the analytical and FVM solution of the diffusion PDE for the
first and middle cells of the domain (10 cells were used)

—— Diffusionq[3] —— diffusionAnalytic.y[2] —— Diffusion.q21] —— diffusionAnalytic.y{20]
0.25
0.74
0.20 S
0154 064
0.10 05
ha ]
0054 \\\\
044
U'OU T T T 1 T 1 T 1 T T T 1 1 T T 1
0 5 10 0 5 10

Figure 98: Comparison of the analytical and FVM solution of the diffusion PDE for the
first and middle cells of the domain (10 cells were used)
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6.12.3 Burger s Equation

Burger s equation was also implemented with LDLR reconstruction and Lax-Friedrichs
flux (a = 0.9). The corresponding implementation can be seen in Figure 99. The Finite
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Figure 99: Burger PDE implementation by using FVM with LDLR and Lax-Friedrichs
flux

Volume Methods solution of the first and middle cells compared with the respective
analytical solution in the case of 10 and 40 cells is shown in Figure 100. As could be
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Figure 100: Numerical versus analytical solution of the Burger ‘s equation for the first
and middle cells with 10 (left) and 40 (right) cells

expected, the accuracy increases when more cells are used.
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6.12.4 Euler with Lax-Friedrichs and Roe “s Fluxes

Simulation of the Euler equations requires considerably more cells than other examples.
To compare the two implementations, Euler with Lax-Friedrichs flux and Euler with
Roe’s flux, sixty cells were used. In Figure 101 the comparison of the density for the
59-th cell and 61-th cell can be seen. In Figure 102 the same comparison in the case

integrator.g[1, 59] Density.q[59]

integrator.q[1, 61 —— Density.q[61]
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T
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T
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Figure 101: Comparison of density with Euler Lax-Friedrichs (red) and Euler Roe’s
(blue) fluxes (60 cells used)

of momentum for the 59-th cell is done. By using more cells, for example hundred, the

integrator.g[2, 58] Momentum.q[S9]

0.004 4

0.003 4
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Figure 102: Comparison of momentum with Euler Lax-Friedrichs (red) and Euler Roe’s
(blue) fluxes (60 cells used)

situation is almost the same. Another problem are the big oscillations in the Roe’s
implementation. A possible cause might be the violation of CFL condition (see Section

6.14).

116



6.12.5 Buckley-Leverett Equation

Buckley-Leverett equation is implemented with LDLR method in FiniteVolume—Examples.
The initial condition used is

u(x,0) =1.0 (389)
and boundary conditions are

u(x1,t) = 0.0 (390)

u(zp,t) = 0.0 (391)

The FVM implementation with LDLR and Lax-Friedrich “s flux is illustrated in Figure
103. In figure 104 we can see the MOL and FVM solution of the Buckley-Leverett PDE
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Figure 103: Buckley-Leverett PDE implementation with FVM (with LDLR and Lax-
Friedrich s flux)

for the first and middle cells of the domain (10 cells were used). The difference is big

and by refining the grid the situation is not better. One reason could be the wrong «
parameter in Lax-Friedrich’s flux.
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Figure 104: MOL and FVM solution of Buckley-Leverett PDE with LDLR and Lax-
Friedrich “s flux

6.13 General Block

The idea of the GeneralBlock (Figure 105) is to incorporate two numerical methods,
MOL and FVM, into a single block. This way we assure more transparence to the
user, that can now just use one single block and choose the desired numerical method,
without caring about details of each method. For this purpose, General Block contains

Figure 105: General Block Integrator

two integrators, the MOL and FVM integrators. Which one must be used is specified
by the user through the parameter integrator: integrator = 1 for MOL and integrator
= 2 for FVM. In Figure 106 the implementation of the advection equation with the
GeneralBlock is illustrated. In this example we chose MOL method. For this purpose
the R input and Var output of the block is used, just as in the MOL Integrator. If we
wish to solve advection equation with the FVM method (Figure 107), we just set the
integrator parameter to 2 and use the F' input and @ output of the block.
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Figure 106: MOL implementation of the advection equation with GeneralBlock
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Figure 107: FVM implementation of the advection equation with GeneralBlock

119



6.14 Courant-Friedrich-Lewy Condition

When studying numerical methods we must consider many criteria, such as [8]:

e Consistency

The discretization of a PDE should become exact as the mesh size tends to zero
(truncation error should vanish).

e Stability

Numerical errors which are generated during the solution of discretized equations
should not be magnified.

e Convergence

The numerical solution should approach the exact solution of the PDE and con-
verge to it as the mesh size tends to zero.

e Conservation

Underlying conservation laws should be respected at the discrete level (artificial
sources/sinks are to be avoided).

e Boundedness

Quantities like densities, temperatures, concentrations etc. should remain non-
negative and free of spurious wiggles.

The theory is very complicated and we will not analyze all these criteria in this thesis.
We will however look at the Courant-Friedrich-Lewy (CFL) condition.

The CFL condition is a necessary condition that must be satisfied by the finite volume
method if we expect it to be stable and converge to the solution of the differential equation
as the grid is refined [2].

Consider the scalar advection equation

Gt + gz =0 (392)

with the positive velocity 7 and say we are using the finite volume method where we
need only three values Q!_;, Q! and Q! 41 in order to compute the cell average Q§+At at
the next time step. In this case the exact solution moves a distance TAt over one time
step. In Figure 108 we see two cases: one in which this distance is less than the cell size
and one in which it is greater than the cell size. If TAt < Ax, that is if the distance
moved by the exact solution is less than the cell size, then it makes sense to use the
values Qf_; and Q} to compute the flux at the interface z;_1 /5. If however, TAt > Az,
that is if the distance moved by the exact solution is greater than the cell size, then we
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Figure 108: CFL: stable (above) and unstable (below) cases

see that the value Q!_, comes into play. The flux at the interface z;_; /2 depends now
on the value Q!_,.

The finite volume method would certainly be unstable when applied with such a large time
step, no matter how the flux was specified, if this numerical fluz depended only on Q%_,
and QY. This is a consequence of the CFL condition.

CFL Condition: A numerical method can be convergent only if its numerical domain
of dependence contains the true domain of dependence of the PDE, at least in the limit
as At and Ax go to zero.

Note: The CFL condition is only a necessary condition for stability. It is not always
sufficient to guarantee stability [2].

When using DASSL, CFL condition cannot be always satisfied because adaptive time
step procedure is used. We can use instead methods that use a fixed time step proce-
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dure, like Runge— Kutta methods of different orders in Dymola. This way we can adjust
width grid used in our implementation by looking, after the simulation, the maximum
time step used by Runge-Kutta.
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7 Conclusion

In general Method of Lines gives better results than Finite Volume Methods and it
is simple to use. First-order Finite Volume Methods methods are not as accurate as
first-order Method of Lines methods. Only conservation laws, like the Euler system,
are not simulated well enough. For these methods, Method of Lines introduces too
much spurious oscillations. It is however possible that this is due to the particular
implementation done in the MOL Package.

Finite Volume Methods is very complicated to understand and to implement. In order
to use it, you have to know something about this method. For example, in the case of
FluxLimiter Library, the Riemann theory must be understood in order to use correctly
the blocks. Moreover, equations must be rewritten in conservation form. Finite Volume
Methods is mainly used for conservation laws and does not introduce much oscillations.
Euler system of equations for example contains three conservation laws: conservation of
mass, conservation of momentum and conservation of energy. This system of equations
is implemented in three different ways. One implementation uses the Lax-Friedrichs flux
and works quite well. Another implementation uses Roe s flux and is instable. The third
implementation modified the FluxLimiter Library to solve the Euler equations. Because
of lack of time it was not possible to test and debug the last two implementations, that
are for now instable. One possible cause might be the violation of the CFL condition,
that cannot be assured at all time steps, when using methods such as DASSL. Another
disadvantage of Finite Volume Methods are the fluxes. In the case of Lax-Friedrichs flux
an optimal parameter, o, must be chosen. This is very cumbersome, especially for time
expensive simulations.

A third method, Adaptive Method of Lines, was originally planed, but dropped because
of the problem in Dymola of creating/destroying instances at run time that is required
in adaptive methods.

General block combines both methods, Method of Lines and Finite Volume Methods,
into a single method. Only one equation, the advection equation, is implemented by
using this block and works well.

Although originally only time dependent PDEs were considered, an example of time
independent PDE, Poisson equation, is also implemented and works well. Consequently
PDE Package can be theoretically used to solve time dependent and time independent
PDEs.

In the present thesis all examples were implemented in one dimension. It is however
possible to extend the package to more dimensions. Maybe future works could achieve
this task.
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