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Abstract

This is the last in a series of three papers. The first
paper [3] discussed the modeling of conductive as well
as convective flows of a single homogeneous substance
through a homogeneous medium. The second paper
[4] discussed the phenomenona associated with phase
change, i.e., it discussed, from a bond-graphic perspec-
tive, phenomenona such as evaporation and conden-
sation, solidification, melting, and sublimation. This
third paper deals in particular with the difficult prob-
lem of modeling multi-element systems. Together they
offer a general methodology for modeling thermody-
namical phenomenona using true, rather than pseudo-,
bond graphs. No quasi-stationary or flow-equilibrium
assumptions were made, such that the models gener-
ated using the proposed methodology would be kept as
general as possible.

Keywords: Thermodynamics; multi-element sys-
tems; chemical reactions; pressure cooker; bond
graphs.

1 INTRODUCTION

Bond graphs enable the modeler to describe the dy-
namics of a physical system in a modular fashion using
energy storage, dissipative power flow, energy source,
and transformation elements. The basic bond-graphic
icon library enables the user to model, in a system-
atic fashion, physical systems, the dynamic behavior
of which is governed by power flows alone.

Systems with macroscopic mass flows add addi-
tional complexity to the modeling task, since the mass
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that flows through the system carries with it its stored
internal free energy, which is thus transported from
one location to another in a non-dissipative fashion.

In the most general sense, thermodynamics ought
to be described by distributed parameter models.
Since bond graphs are geared to be used for the de-
scription of lumped parameter models only, a simpli-
fying assumption will be made, in that the system to
be modeled is compartmentalized, whereby each com-
partment is considered to be homogeneous.

New bond-graphic macro-elements were introduced
in the first two papers to describe the energy storage
within a compartment as well as the mass (and energy)
flows between neighboring compartments.

This paper discusses primarily issues surrounding
the thermodynamic modeling of multi-element sys-
tems.

2 BACKGROUND

In the previous papers [3], [4], systems were discussed
that only included a single component. For deal-
ing with multi-element systems, this paper needs the
assumption of homogeneous, ideally mixed compart-
ments. ‘Ideally mixed’ here means that the molecules
are distributed at random, i.e., a prediction of what
molecule becomes a neighbor of which other molecules
is not possible.

A possible way of modeling an ideally mixed compart-
ment would be, to define a single C-field (CF-element)
representing the mixture, while changing its internal
equations as a function of the composition of the mix-
ture. However, such a decision would necessitate the
definition of C-fields with n + 2 instead of 3 external



cuts (n being the number of components in the mix-
ture).
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Figure 1: Modified CF-element, using n + 2 external
cuts

Such an approach would carry the advantage, that
no constraint equations would need to be introduced
and that the topological structure of the model of
a complex system would be simpler and more easy
to comprehend. However, the approach would also
be characterized by serious disadvantages, namely
that the previously introduced structure of the C-field
would have to be extended, that the internal equations
of the C-field would change in accordance with the
composition of the mixture — an unnecessary complex-
ity especially in the case of simple systems, and that
processes would be hidden that the authors would like
to make visible. However, as this would have been the
classical thermodynamic approach to modeling multi-
element systems, one could certainly have done so.

3 MONO PHASE SYSTEMS

The model discussed in this paper is based on the fol-
lowing idealizations. Let us assume the system to be
considered contains n components that are mutually
separated by moveable membranes. Let us further as-
sume that the eigendynamics and the friction are ne-
glected. We now make each compartment infinitely
thin while preserving its volume. Thereby the surface
of the boundary layers to the neighbors become in-
finitely large. We want to assume that each of these
infinitely thin compartments is in contact with every
other compartment, such that all compartments are

direct neighbors of each other. Thence, if the ini-
tial temperature and pressure in the different com-
partments were distinct, the exchange between the
compartments would guarantee that they would equi-
librate infinitely fast. A system modeled in this fash-
ion can be considered ideally mixed.

This conceptual system has been modeled by introduc-
ing one CF-element for each component of the mix-
ture and by connecting them, using DVA- and CD-
elements’. Stability analysis shows that the cor-
responding transfer rates cannot be chosen infinitely
large. In fact, they must be limited such that the ex-
change between neighboring components is relatively
slow for the simulation to work. Consequently, the
temperature and pressure of different components of
the ideal mixture can assume, in the simulation, some-
what different values, although if left alone, they will
equilibrate eventually.

The primary advantage of this kind of modeling lies
in the fact that the previously introduced structure of
the CF-elements can be retained and that the disclo-
sure of “imagined” flows among the components may
improve our understanding of what is going on in mix-
tures.

4 IDEAL GASES

Let us start with the simplest case: a mixture of ideal
gases. According to Dalton’s law[l], ideal gases do
not influence one another. When mixing such gases,
their masses, volumes, and entropies simply add up.
Therefore, the above model can be used for the most
general case of such a mixture. However, the modeler
must provide a consistent set of initial conditions, as
the sum of all partial volumes must be identical to the
volume itself.

Furthermore, some elements (e.g. phase transitions)
are more conveniently expressed in terms of partial
pressures than partial volumes. In multi-element sys-
tems, these elements have to be extended by an in-
terface equation that determines the partial pressures
as a function of the partial volumes and the overall
pressure.

IThe DVA- and the CD-element [3] represent the exchange
of volume and entropy, respectively, driven by the difference of
the corresponding potentials (pressure and temperature, respec-
tively).
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5 RF-ELEMENTS IN MULTI-
ELEMENT SYSTEMS

The R-field (RF-element), describing dissipative phe-
nomena of mass and energy transfer between C-fields,
can easily be generalized to multi-element systems. If
a mixture is being transported from one set of C-fields
to another, each component of that mixture is trans-
ported as well. Consequently, an RF-element can be
placed between each pair of CF-elements representing
the same component of the two mixtures, and the flow
rates across these RF-elements are computed in accor-
dance with the volume fractions (EV—’;*) of the mixture
of the emitting C-field. '

Therefore, the multi-element transportation system
can be identified as a parallel connection of single-
element transportation systems, the throughput of
which is determined by the composition of the emit-
ting system (fig. 2).
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Figure 2: Multi-element transportation system as a
sum of coupled single-element systems. The decom-
position illustrates the difference between horizontal
(spatial transport) and vertical (mixture) exchange.

6 IDEAL MIXTURES

Let us now proceed to the next more difficult case of
a mixture. It is called “ideal mixture.” An ideal mix-
ture is defined in such a way that masses and volumes
still add up, but additional entropy is produced in the
process of mixing the components. Together with the
entropy, also the free enthalpy changes.

At this point, the previously proposed way of model-
ing leads to a problem: CF-elements are not supposed
to know about each other. Yet, the additionally gener-
ated entropy and free enthalpy need to be distributed
among the participating components. To this end, we
either need an additional bond graph element that dis-
tributes the newly generated entropy and free enthalpy
among the participating CF-elements, or alternatively,
each CF element needs to know its own molar fraction
to compute the appropriate correction terms.

In our implementation, we chose the latter route. The
required information is provided to the participating
CF-elements by the Mixture Information (MI) ele-
ment. Contrary to all previously introduced elements,
the MI-element does not carry any energy (flows). It
only provides information flows (Fig. 3). Pure in-
formation flows are dubious from a physical perspec-
tive, but they are justified when they are used locally
among bond graph elements that, in the physical real-
ity, model different aspects of one and the same phe-
nomenon, as is the case here.

Figure 3: Mixture information element for ideal mix-
tures shown here for the case of only two components

When mixing two or more different components
(chemical reactions are not being considered in this
paper), their energy must be preserved. However in
the case of an ideal mixture, irreversible processes are
being considered, leading to an increase in entropy.
Since the volume, pressure, temperature, and mass
are conserved in an ideal mixture, the energy balance
can be written as:

_Asrir(fixed T = Ag:gized -M (61)
(:> AHrir(Liiaced = Agfgixed'M_f_T'Asigized = 0) (62)

As requested, the enthalpy H is conserved. The
change in specific entropy due to mixing can be writ-



ten as [5]:
Asitipea=—R- Y ax-In(wy) (6.3)
k

where zj, is the molar fraction, and consequently, the
change of free (Gibbs) enthalpy can be evaluated as:

Agitivea =T Ry - In(wy) (6.4)
k

How are these changes modeled using bond graphs?
Evidently, as additional entropy is being generated ir-
reversively, thus using an RS-element, the correspond-
ing heat flow must come from somewhere. The above
equation shows, where the energy comes from. It is
deducted from the mass flow, as the free enthalpy of
the mass undergoing the mixture is reduced. This is
shown in Figure 4.
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Figure 4: Entropy of mixing (the 0-junctions asso-
ciated with each of the C-fields were suppressed for
simplicity)

The left hand side of Figure 4 shows two compo-
nents before mixing, represented by their correspond-
ing CF-elements. The right hand side shows the same
two components after mixing. The two RS-elements
represent the generation of mixing entropy at the ex-
pense of free enthalpy.

What happens to temperature and pressure? It
would be possible to compute the temperature 7" and
the pressure p as functions of the specific enthalpy h
and the specific volume v. Since neither A nor v are
changed in the process, T and p cannot change either.
In our code, we compute T and p as functions of the
specific entropy s and the specific volume v:

T =T(s,v) (6.5)
p=p(s,0) (6.6)

Since s changes its value, the formulae T'(s,v) and
p(s,v) must get modified in the process of mixing,
such that 7" and p remain constant. Alternatively, it is
possible to keep the formulae the same, but calculate a
modified entropy value (a coordinate transformation)
that corrects for the different formulae being used:

T = T(v,s™erm) (6.7)
p= p(v Sintern)'
where:
sintern . — s — Agid, (6.9)

It may be of interest to briefly discuss causes and
effects in Figure 4. Let us assume we start out with
a pure substance M7, and we now start to mix to it a
substance M. Initially, the C-field C F55 inherits all of
the properties of C'F»;. However, as material flows in,
CF», computes the change in free enthalpy Ag'd,
in accordance with Equation 6.4, and thereby, the free
enthalpy g5 of C' Fyy changes. This change produces
the required Ags, which in turn leads to an entropy
flow A l’géz into C Fb», which changes the specific en-
tropy of the mixture.

What happens to C'F127 Since there is no mass flow
of component M;, no mixing entropy is produced. Yet,
the entropy of the mixture changes, and consequently,
T and p of C'F15 will temporarily change. Now the
equilibration elements between CFi5 and CFys be-
come active, which equilibrate T" and p, and in the pro-
cess generate the additional mixing entropy required.
In steady state, the temperature T' and the pressure
p of both CFi» and CF55 resume approximately their
original values, and the total mixing entropy added
to the mixture corresponds to that needed in accor-
dance with Equation 6.3. The equilibration acts as a
P-controller. There may remain a final bias, because,
as soon as the total mass transfer into the mixture has
taken place, there is no mechanism left to equilibrate
the free enthalpy values, and a Ag, # 0 may remain
that does not generate any entropy flow, since by now,
the mass flow M, is equal to zero.

In the worst case, the entire mass M is added to
the mixture in a single Dirac event. Consequently, the
mass flow M2 is zero except during the event, when it
is infinitely large. During the event, the entire mix-
ing entropy should be generated, but numerically, our
code has no way of accomplishing this. In the simula-
tion, the mixing entropy will remain zero, and the tem-
perature 7' of the mixture will assume a lower value
accordingly.



7 NON-IDEAL MIXTURES

Non-ideal mixtures are defined in such a way that now,
changes in volume due to the mixture are also consid-
ered. For example, if wine is mixed with water, the
volume of the mixture is smaller than the sum of the
volumes of the components. However, if the mixing
takes place in a closed system, the volume of the mix-
ture must be the sum of the individual volumes, and
consequently, the pressure of the mixture will now be
smaller than the pressure of its components.

Figure 5 shows the generation of mixing entropy
in this case. Since T and p are no longer constant,
additional enerev flows Ap-g and AT'-S are generated
!
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Figure 5: Entropy of mixing in non-ideal closed mix-
tures

It can be seen that the process of mixing makes use
of the general RF-element as introduced in [3]. Evi-
dently, entropy gets generated by means of the mRS-
elements until the temperature of the mixture equals
that of the components. If the components are at
different temperatures (cold milk getting poured into
hot coffee), the temperature of the mixture assumes a
temperature in between those of the two components.
Since the entropy flow is dictated by the mass flow, one
of the mRS-elements “consumes” entropy (assumes
a negative R-value), whereas the other generates it.

Notice that the entropy “consumption” in one of the
mRS-elements of the thermal domain is perfectly con-
sistent with thermodynamics, since it is always over-
compensated for by the generation of entropy in the
other mRS-element. The reader is reminded that the
separation of a mixture into component C-fields is only
a mathematical construct, not physical reality.

In practice, the non-ideal mixture usually takes
place in an open environment, i.e., the pressure re-
mains constant, whereas the volume gets reduced.
This process can be modeled as depicted in Figure
6.
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Figure 6: Entropy of mixing in non-ideal open mix-
tures

The CD-elements to the environment ensure that
the temperature of the mixture approaches that of the
environment, whereas the DVA-elements ensure that
the pressure of the mixture, in steady state, equals
that of the environment.

In the simulation code, these bond graphs are im-
plemented as follows. The specific excess volume vE®
and the specific excess entropy sF* of a non-ideal mix-
ture is tabulated in the literature as a function of tem-
perature and pressure. Given the current temperature
T and the pressure p of the mixture, these quantities
can be computed. Using these values, T and p can be
corrected as follows:

T =T+ 0P, s - s7) (7.1)
p=pv+0F" s — )

A non-linear iteration takes place until 7" and p no
longer change. These are the values that the mixture
CF-elements put out initially. In general, both the



temperature and the pressure will reduce their values
during the initial iteration.

As a consequence, the RS-elements start to generate
entropy, which flows into the mixture, and raises both
the temperature and the pressure again. As long as
the mass flow into the mixture continues, the temper-
ature and pressure will rise, as additional entropy gets
generated. In the steady state, the sum of the three
entropy flows into the CF-element, AS, adds up to
zero. At that time, the temperature is above that of
the ideal mixture, whereas the pressure is still below
that of the ideal mixture. The lower pressure is what
is expected to happen in a closed system. The higher
temperature is needed to compensate for the entropy
generated by the difference in pressures of the unmixed
and the mixed components. This phenomenon is of-
ten referred to as the heat of mizing. Temperature
and pressure only get adjusted to the values of the en-
vironment if the CF-elements of the mixture exchange
energy with the environment, as shown in Figure 6.

8 MULTI-ELEMENT
PHASE SYSTEMS

MULTI-

The authors propose, to model each phase indepen-
dent of the others (cf. Section 5), and neglect influ-
ences of secondary importance as needed. This ap-
proach is meaningful, as the equilibration elements
(the CD-elements and DVA-elements) have a tendency
to stabilize the system and to reduce the importance
of secondary effects.

By decoupling the phases, the fluid and gaseous phases
may assume different flow velocities, which is com-
monly the case.

Figure 7 shows a system consisting of two compo-
nents, each with a fluid and a gaseous phase traveling
along a pipe that is compartmentalized. Only two
compartments are shown.

The bottom half of the graph shows the fluid phase,

whereas the top half depicts the gaseous phase. The
left half shows one compartment, whereas the right
half shows the other.
The vertical bonds show the exchange of energy be-
tween the different phases of the same components.
Beside the usual equilibration elements, thermal con-
duction and volume equilibration, also condensation
and evaporation are being modeled [4]. Activated
bonds are used to indicate that the condensation and
evaporation elements require knowledge of the overall
volume to determine their own partial pressures.
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Figure 7: Model of a two-element two-phase two-
compartment convective system.

The horizontal bonds show the convective flows from
one comparment to the next. Beside from the
equilibration elements, each phase uses coupled RF-
elements to describe the convective flows.

The diagonal bonds show secondary effects of tem-
perature and volume interchange between two com-
ponents, one in its fluid phase and the other in its
gaseous phase.

Mixture information (MI) elements are shown for the
fluid phase only, as the gases are assumed ideal.

9 MODEL OF A PRESSURE
COOKER

As an example of the theory discussed in this paper,
the model of a pressure cooker is being presented.
The pressure cooker represents a multi-compartment,
multi-element, multi-phase system. In a first approx-
imation, the pressure cooker can be represented as
shown in Figure 8.

When the pressure cooker is heated, more and more
of the water turns into steam by means of evaporation.
The air component of the gas phase is needed to pro-
vide the pressure cooker at room temperature with the
pressure of the environment. Without the air, some
water would have to evaporate even at room temper-
ature in order to produce equilibrium pressure, which
would be considerably lower than 1 bar.

A more complete, yet more stylized, model is shown
in Figure 9. Here, each bubble represents one com-
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Figure 8: Simplified pressure cooker model with two
gaseous and one fluid phases.

ponent, i.e., one C-field together with its vector O-
junction. Beside from water, steam, and air, two more
gaseous components were added, representing both air
and steam in the boundary layer close to the wall of
the pressure cooker. Thus, the gaseous phase has now
two compartments, one representing the inside of the
pressure cooker (the bulk), the other representing the
boundary layer close to the wall. This compartmen-
talization was necessary, since the assumption of the
entire gaseous phase being homogeneous is untenable,
as it would lead to poor simulation results. At some
point in time, the authors also considered the inclu-
sion of air bubbles in the water and of water droplets in
the air, but it was decided that the influences of these
additional components were of second order small.

Air and steam were modeled as ideal gases. The in-
accuracies associated with this assumption are of sec-
ond order small. The assumption has the advantage,
that the partial pressure of the steam can be com-
puted easily as psteam = VZ e‘:m The disadvantage of
this solution is that the temperature and pressure ta-
bles for liquid water had to be slightly corrected in the
vicinity of the boiling point in order to provide a clean
transition to the gaseous phase.

The usual equilibration elements (the CD-elements
and DVA-elements) were included between water and
steam, between water and air, as well as between
steam and air, both in the bulk and in the boundary

layer. Only CD-elements were used between the two
compartments (bulk and boundary layer), because the
convective transport between these two layers (RF-
elements) is driven primarily by the pressure difference
between these two layers. Hence the DVA-element and
the RF-element would be competing for the equilibra-
tion of pressure, and a DVA-element is not needed
since the RF-element will accomplish the desired equi-
libration of pressure. Additional CD-elements were
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Figure 9: Stylized bond graph model of the pressure
cooker.

included between steam in the bulk and air in the
boundary layer and vice-versa. Evaporation and con-
densation (KV-element) take place between the wa-
ter and the steam in the bulk. Condensation takes
also place along the wall, i.e., between the steam in
the boundary layer and the water. The SE-element
at the bottom of Figure 9 represents the heating el-
ement, whereas the SE-element at the top represents



the cooling of the pressure cooker by letting cold water
flow over it.

The following simulation experiment was con-
ducted. At time = 0, the pressure cooker, which
at that time is at room temperature, (T' =~ 293K),
and has just been closed, (p ~ 101kPa, humidity
~ 0.5), is placed on a hot surface (T' = 393K). As ex-
pected, both pressure and temperature rise. The pres-
sure release valve, that would prevent a real pressure
cooker from exploding, was omitted from the model.
It was assumed that the walls are strong enough to
withstand arbitrarily high pressure values. After half
of the simulation period, the pressure cooker is re-
moved from the stove and is placed under cold water
(T=293K). Dew forms immediately in the boundary
layer, whereas condensation in the bulk starts some-
what later.

Figure 10 shows the temperature trajectories of the
five components as functions of time. During the heat-
ing phase, the five temperatures are almost identical.
During the cooling phase, the boundary layer cools
down most rapidly, the bulk follows somewhat more
slowly, and the water cools down last.
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Figure 10: Temperature graphs of the simulated pres-
sure cooker.

Figure 11 shows the pressure trajectories. The pres-
sure of the bulk is indistinguishable from that of the
fluid phase. Only the boundary layer exhibits tem-
porarily a pressure different from that of the other
components. During the heating phase, all pressures
are indistinguishable from each other. The knee in
the curve (roughly at time 150 sec) represents the

Pressure/kPa

N
S

point where the water begins to boil. At that point in
time, the temperature has reached a value of roughly
382 K, which, at a pressure of 130 kPa, indeed corre-
sponds to the boiling point of water. During the cool-
ing phase, the pressure in the boundary layer drops
temporarily below that of the bulk, because water con-
densates more rapidly in the boundary layer, and the
two RF-elements cannot resupply the boundary layer
with air/steam mixture from the bulk arbitrarily fast.
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Pressure graphs of the simulated pressure

10 CONCLUSIONS

The paper discusses different aspects of the rather
complicated processes of modeling multi-element sys-
tems. It was found that modeling each element sepa-
rately as a storage element (a C-field), and connecting
them by means of dissipative elements (R-fields) sim-
plifies the modeling task, offers insight into the physi-
cal functioning of multi-element systems, and leads to
mathematical models that can be simulated in a nu-
merically stable and highly accurate fashion.

The modeling methodology, as discussed in this pa-
per, is still limited to multi-element systems without
chemical reactions. The discussion of the latter may,
in the future, form a paper on its own. The thermo-
dynamics of chemical reaction systems were discussed
already in [2].

The example of a pressure cooker was used to illustrate
the functioning of the methodology, and to demon-



strate the practicality of the advocated approach to
modeling.
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