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Today

m Spiral: Can we teach computers to write fast libraries?
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You Already Know the Problem ...

Discrete Fourier Transform (DFT) on 2xCore2Duo 3 GHz
Performance [Gflop/s]
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m A straightforward implementation of a numerical algorithm is typically
10-100x slower than the fastest available

m  Minimizing operations count # minimizing runtime

m Developing high performance numerical code has become a nightmare
m Expertise in algorithms, programming, architecture
m Optimization for the memory hierarchy, vectorization, parallelization
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... And the Cause R
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High performance library development has become a nightmare
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Current Solution

m Legions of programmers implement and optimize the
same functionality for every platform and whenever a
new platform comes out.
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Better Solution: Automation

m Automate (parts of) the implementation or optimization
c0000
4 A4 A4 A4 A4 Ad
m ATLAS:
= Automatic generation of BLAS
= Optimization for the memory hierarchy
m Sparsity/Bebop:
= Automatic platform adaptation of sparse MVM
= Mainly register blocking

m FFTW:
= Adaptive DFT library
= Code generator for unrolled basic blocks
m Spiral (today):
= Library generator for linear transforms
= Complete automation (computer does everything)
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www.spiral.net



http://www.spiral.net/
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Organization
m Spiral: Base system
m Parallelism
m Libraries (general size)
m Beyond transforms

m Conclusions

Markus Plischel, José M. F. Moura, Jeremy Johnson, David Padua, Manuela Veloso,
Bryan Singer, Jianxin Xiong, Franz Franchetti, Aca Gacic, Yevgen Voronenko, Kang Chen,
Robert W. Johnson, and Nick Rizzolo, SPIRAL: Code Generation for DSP Transforms,
Proceedings of the IEEE 93(2), 2005
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Vision Behind Spiral
Current Future

Numerical problem Numerical problem
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= C code a singularity: Compiler has = Challenge: conquer the high abstraction
no access to high level information level for complete automation
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Spiral

m Library generator for linear transforms
(discrete Fourier/cosine/wavelet transformes, filters, ....) and recently more ...

m Wide range of platforms supported:
scalar, fixed point, vector, parallel, Verilog

m Research Goal: “Teach” computers to write fast libraries
= Complete automation of implementation and optimization
= Conquer the “high” algorithm level for automation

m When a new platform comes out:
Regenerate a retuned library

m When a new platform paradigm comes out (e.g., vector or CMPs):
Update the tool rather than rewriting the library

Intel has started to use Spiral
to generate parts of their MKL/IPP library



Carnegie Mellon

Electrical & Computer

A BReienme

How Spiral Works

Problem specification (transform)

Spiral: 1
Complete automation of the

implementation and Algorithm Generation
optimization task

controls

Algorithm Optimization

Key ideas: algorithm

Declarative, mathematical Implementation
representation of algorithms

controls

Code Optimization

Rewriting systems to
generate and opt.lmlze Compilation
algorithms at a high level

of abstraction Compiler Optimizations

performance

Spiral

Fast executable
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Web Interface (Beta Version, @spiral.net)

Program Generation Interface collapse

Target platform for optimization: 2x Intel Xeon 3.6 GHz with 2048K L2 cache v
parameter wvalue explanation
DCT2 (Discrete Cosine Transform. type 2) | The transform for which you want
Transform

to request C code

double The data type of input and cutput
Data type vector
6 |+ The size of the transform = the

Transform size length of the input vector

.. runtime v What you want to optimize the
Optimize for code for
Dvnamic Pragrammin w The search method SPIRAL uses
Search method L 9 9 (Dynamic Programming is a good
chaoice)
gec-03 ~ Compiler and compiler options

Compiler profile

Generate code

uszed for compilation

Browse Archive expand

Filter by Platform: | All Platforms Selected v
Filter by Transform: | All Transforms Selected A4
Filter by Size: All Sizes Selected v

Query Database


http://www.spiral.net/
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What is a (Linear) Transform?

m Mathematically: Matrix-vector multiplication

Yo 0
Yy = y:l Yy — Tx r = x:l
Yn—1 T Ty—1
Output vector Transform Input vector
= matrix

m Example: Discrete Fourier transform (DFT)

DFTn — [e—QkETFZ'/TL] O§k7€<n
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Transform Algorithms: Example 4-point FFT

Cooley/Tukey fast Fourier transform (FFT):

11 1 1} f1- 212 v f2z - g - - -
1 j -1 -j| -1 - 2y-2 - -fjl2 2 - - -1°-
1 11 <2l =2 -1 -1l
B T A N (R R ) | R I | R R | R

DFT, — (DFT,®1,)T5(I, @ DFT5) L3

= Algorithms are divide-and-conquer: Breakdown rules
= Mathematical, declarative representation:

SPL (signal processing language)
= SPL describes the structure of the dataflow
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Examples: Transforms (currently =60)

DCT-2, = [cos(k(ze+1)w/2n)]

DCT-3,
DCT‘4n

0<k,f<n’
DCT—2£ (transpose),

[cos((zk + 1) (20 + 1)7T/4n)]0<k’£<n,
IMDCT,, = [cos((Qk +1)(20+ 1+ n)vr/4n)]

0<k<2n,0</<n’
2kl n
cos=T%, k< |3

e 2kl ni|’
—sin===, k> |5

RDFT, = [rrido<ke<n ?“keZ{

WHT,, WHT,
WHT, , —WHT, ),

DHT = [cos(mw/n)+sin(2k£w/n)}

WHT, = { ] WHT, = DFT>,

0<k,l<n’
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Examples: Breakdown Rules (currently =220)

DFT, — (DFT,®Ly) T (I, @ DFTy)LY, n=km
DFT, — Po(DFT.,®DFT,)Qn, n=*km, gcd(k,m)=1
DFT, — R!(I; ®DFT,_1)Dp(l; ®DFT, 1)R,, p prime
DCT-3, — (I @ Jm) L™ (DCT-3,,(1/4) © DCT-3,,(3/4))
(F2®1m) [Im 3;11 é’g"gj)] . n=2m
DCT-4, — S,DCT-2,diaggo<p<pn(1/(2cos((2k + 1)7/4n)))

1
IMDCT5,, — (Jm@Im@Im@Jm)(([_ll ®Im) ® (

:ﬂ ® Im)) J5,, DCT-45,,

t
WHTy: — ‘H1(12k1+---+ki_1 ® WHT, ®12k¢+1+---+kt)a k=1Fky+ -+ Kk
1=

DFT, — Fo \
DCT-2, — diag(1,1/v?2)F5 Base case rules
DCT-4, — Jo R137r/8 /

Combining these rules yields many algorithms for every given transform
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Breakdown Rules (220)

BSkewDFT 4
BSkewDFT_Base2
BSkewDFT_Base4
BSkewDFT_Fact
BSkewDFT_Decomp

BSkewPRDFT 1
BSkewPRDFT_Decomp

BSkewRDFT 1
BSkewPRDFT_Decomp

Circulant 10
RuleCirculant_Base
RuleCirculant_toFilt
RuleCirculant_Blocking
RuleCirculant_BlockingDense

RuleCirculant_DiagonalizeStep
RuleCirculant_DFT
RuleCirculant_RDFT
RuleCirculant_PRDFT
RuleCirculant_PRDFT1
RuleCirculant_DHT

CosDFT 2
CosDFT_Base
CosDFT_Trigonometric

DCT13
DCT1_Base2
DCT1_Base4d
DCT1_DCT1and3

DCT25
DCT2_DCT2and4
DCT2_toRDFT
DCT2_toRDFT_odd
DCT2_PrimePowerlnduction
DCT2_PrimeFactor

DCT35
DCT3_Base2
DCT3_Base3
DCT3_Base5
DCT3_Orth9
DCT3_toSkewDCT3

DCT4 8
DCT4_Base2
DCT4_Base3
DCT4_DCT2
DCT4_DCT2t
DCT4_DCT2andDST2
DCT4_DST4andDST2
DCT4_lterative
DCT4_BSkew_Decomp

i

DCT51
DCT5_Rader

DFT 22
DFT_Base

o
DFT_CT_DDL
DFT_CosSinSplit
DFT_Rader
DFT_Bluestein
DFT_GoodThomas
DFT_PFA_SUMS
DFT_PFA_RaderComb
DFT_SplitRadix
DFT_DCT1andDST1
DFT_DFT1and3

DFT CT Inblace

DRDFT 1
DRDFT_tSPL_Pease
DSCirculant 2

RuleDSCirculant_Base

51 Cooley-Tukey FFT

DST1_Base2

DST1_DST3and1
DST23

DST2_Base2

DST2_toDCT2

DST2_DST2and4
DST42

DST4_Base

DST4_toDCT4
DTT 15

DTT C3 Base2

Filt 10
RuleFilt_Base
RuleFilt_Nest
RuleFilt_OverlapSave

RuleFilt_OverlapSaveFreq
RuleFilt_OverlapAdd
RuleFilt_OverlapAdd2

RuleFilt_KaratsubaSimple
RuleFilt_Circulant
RuleFilt_Blocking
RuleFilt_KaratsubaFast

IPRDFT 5
IPRDFT1_Basel
IPRDFT1_Base2
IPRDFT1_CT
IPRDFT1_Complex
IPRDFT1_CT_Radix2

IPRDFT2 4
IPRDFT2_Basel
IPRDFT2_Base2
IPRDFT2_CT

INDAFTA AT D~diuA

Breakdown rules in Spiral:

PDHT22
PDHT2_Base2
PDHT2_CT

PDHT34
PDHT3_Base2
PDHT3_CT
PDHT3_Trig
PDHT3_CT_Radix2

PDHT43
PDHT4_Base2
PDHT4_CT
PDHT4_Trig

PDST4 2
PDST4_Base2
PDST4_CT

PRDFT 10
PRDFT1_Basel
PRDFT1_Base2
PRDFT1_CT
PRDFT1_Complex
PRDFT1_Complex_T
PRDFT1_Trig
PRDFT1_PF
PRNFT1 T Radiv?

({) Electrical & Computer
ENGINEERING
PolyDTT 4

PolyDTT_ToNormal
PolyDTT_Base2
PolyDTT_SkewBase2
PolyDTT_SkewDST3_CT
RDFT 4
RDFT_Base
RDFT_Trigonometric
RDFT_CT_Radix2
RDFT_toDCT2
RHT 2
RHT_Base
RHT_CooleyTukey
SinDFT 2
SinDFT_Base
SinDFT_Trigonometric
SkewDFT 2
SkewDFT_Base2
SkewDFT_Fact
SkewDTT 3
SkewDTT_Base2
SkewDCT3_VarSteidl
rative

se

= “Teaches” Spiral about existing algorithm
knowledge (=200 journal papers)
* Includes many new ones (algebraic theory)

DFT43
DFT4_Base
DFT4_CT
DFT4_PRDFT4
DFTBR1
DFTBR_HW
DHT 3
DHT_Base
DHT_DCT1andDST1
DHT_Radix2

DWT_Base2
DWT_Base4
DWT_Base8
DWT_Lifting
DWTper 4
DWTper_Mallat_2
DWTper_Mallat
DWTper_Polyphase
DWTper_Lifting

MDDFT_Tensor
MDDFT_RowCol
MDDFT_Dimless
MDDFT_tSPL_RowCol
PDCT42
PDCT4_Base2
PDCT4_CT
PDHT 3
PDHT1_Base2
PDHT1_CT
PDHT1_CT_Radix2

PRDFT4_Basel
PRDFT4_Base2
PRDFT4_CT
PRDFT4_Trig
PolyBDFT 5
PolyBDFT_Base2
PolyBDFT_Base4
PolyBDFT_Fact
PolyBDFT_Trig
PolyBDFT_Decomp

rolution

WHT'8
WHT_Base
WHT_GeneralSplit
WHT_BinSplit
WHT_DDL
WHT_Dirsum
WHT_tSPL_BinSplit
WHT_tSPL_STerm
WHT_tSPL_Pease
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SPL to Sequential Code

SPL construct code

. t[0:1:n-1] = B(x[0:1:n-1]);
y = (AnBn)z y[0:1:n-1] = A(t[0:1:n-1];)
y= (I ® Ap)w  —°F (S0idamidds) Example: tensor product

yli*n:1:i*n+n-1] =
A(x[i*n:1:i*n+n-1]);

for (i=0;i<m;i++) f47l
yliin:i+m-1] = Im ®A’)’L —

A(x[i:n:i+m-1]);

y= (Am ® In)x

e —1 i for (i=0;i<m;i++) | ]
y= (O 5 4h) @

y[i*n:1:i*n+n-1] =

A(i, x[i*n:1:i%*n+n-1]1);

— D - for (i=0;i<m*n;i++)
y— ~mn y[i] = Dmn[il#x[i];

for (i=0;i<m;i++)
y= LMy for (j=0;j<n;j++)
y[i+tm*jl=x[n*i+j];

Correct code: easy  fast code: very difficult
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Program Generation in Spiral (Sketched)

Transform DFTg Optimization at all
user specified B abstraction levels
Fast algorithm (DF T, ® I4) 75 (Io ® ((DFTo ® o) parallelization
in SPL T3 (I; ® DFT2) L3)) L3 vectorization
many choices 1B
>-SPL: > (S DFT» G (Z (Sk 1 diag tk 3) DFT> G;) loop

(Sm diag(tm) DF T2 Gy, m)) optimizations

- =

void sub(double *y, double *x) {
double fo0, £1, f2, £3, f4, £7, £8, £10, f11;
fo = x[0] - x[3];

[
C Code: o i%i% i i constant folding

£3 = x[1] + x[2];

f4 = £1 - £3;

ylo) = £1 4 £3, scalar replacem.
y[2] = 0.7071067811865476 * f4; .

£f7 = 0.9238795325112867 * f0; SChedUIlng

f8 = 0.28268343223650898 * f£2;

y([1] = £7 + £8;

f10 = 0.38268343236508%98 * f0; . esssses

f11 = (-0.9238795325112867) * f2;

vI[2] = f10 + f11;
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Organization
m Spiral: Base system
m Parallelism
m Libraries (general size)
m Beyond transforms

m Conclusions
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SPL to Shared Memory Code: Basic Idea [SC 06]

= Governing construct: tensor product

y = (Ip ®A):1:

Processor O

Processor 2

Yyvvyvyvyyvyy

YYyvyvYyyvYyYvY VY

Processor 3

X y
p-way embarrassingly parallel, load-balanced

= Problematic construct: permutations produce false sharing

Task: Rewrite formulas to
extract tensor product + keep contiguous blocks
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Step 1: Shared Memory Tags

m ldentify crucial hardware parameters
= Number of processors: p
= Cachelinesize: u

m Introduce them as tags in SPL

A

=~
smp(p,u)

This means: formula A is to be optimized for p processors
and cache line size u
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Step 2: Identify “Good” Formulas
m Load balanced, avoiding false sharing
= ([, @A)z with A Cmmmm
y = (pé Ai) x with A; ¢ C"#rxmu
y = 6;; I,)z with P a permutation matrix Blackboard

N TaggEd Operators (nO further rewriting necessary)
p—1
Ip ®||A, @HA?;, P@I#
1=0

m Definition: A formula is fully optimized for (p, p) if it is
one of the above or of the form

I,, A or AB

where A and B are fully optimized.
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Step 3: Identify Rewriting Rules

m Goal: Transform formulas into fully optimized formulas

= Formulas rewritten, tags propagated
= There may be choices
48 - 4 B
smp(p,pr)  smp(p,u) smp(p,u)
An @1y ﬁ§L$p®In/p)(Ip®(Am ®In/p))(L?p®In/pl
smp(p:p) smp(p,i1)

(Ip® Lmn/p) ( Lgn @Im/,p ),
Lmn smp(p.p1) smp(p.)
N’ pm mn/p
smp(p,u) ( Lin @ln/p )\( lp & Lm )
[ smp(p.p) smp(p,u)
Im @An — I ®|| ( Im/p ®An)
smp(p,u)

(PRI, — (P ®1,/,)81,
smp(p,u)
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Simple Rewriting Example

1 Loop splitting + loop exchange

(L @Lyy ) (@) (Am ® 1) ) (L @1y p )
fully optimized

parallel for (1=0; 1<p; 1++)
for (§=0; j<n/p; J++)
yv[i*n/p+j:n:i*n/p+j+m-1] =
A(x[i*n/p+j:n:i*n/p+Jj+m-1]) ;
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Parallelization by Rewriting

DFTwmy —  ((DFTm®L) T (In @ DFTn) L")
smMp(p,p)

smp(p,u)

. \(DFTm@)In) T (In®@DFTy ) Lt

vl \W_/ ~ vl
smp(p,p)  STP@A)  smp(pu)  SMP(P:u)

— ((me ®L, /pu) O Iu) (Ip ®|(DFTp, ® In/p)) ((Lgm Ly /pu) Op Ly )

p—1 _
(G—% Tm) (1)t @ DFT) (I @) L1 ) (L5 @ L) @1l )

Fully optimized (load-balanced, no false sharing)
in the sense of our definition
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Same Approach for Other Parallel Paradigms
Message Passing: [ISPA 06] Vectorization: [IPDPS 02, VecPar 06]

(DFTun) — ((DFTw@L)TH" (L ® DET,) Lj )

DF Ty, — (DFTn®L) T (I, @ DFT,) Lo"
par(p)  par(p—q)  par(q) par(g)  par(g—p) vec(r) vec(r)
e Vo rdd
n, — (DFTm®Ly) (T77) (L, ®DFT,) Lp"
mn/p 2 n ( m n m n m
- (Ip BOLy/p ) ( Ly ® I?‘?H/PQ) (Iq @y @ Ly ®If”/;ﬂ)) (Iq @/ ® DFT”")) vec(v) \:gg(j) vec(v)
par(p) par(p+q) par(q) par(q)
(1q®|_::_%q) (ng B2 ) (le®(LY @1y.)) I (1 @(1,,/y ® DF T2)) . ) 3
par(q) par(q) par(q) par(q) par(q) — Umnﬁﬂ9&&)(DF77n®Lﬁu®LJ(IEE)
, . sse sse
(1‘7 B/, ® L::u/p)) ( ng B Loy 2) (I’) @(Lp ®Imf'p)) — = 2 - S
par(q) = Dar(q:?))p par(p) (I'T”/V ®(L;’}®IV)(IH/L, ®(L3V®I”)(Iz ®|CE—~)(L%V®IV))(DFTTL®IV))
sse
. . . (L @12)& Ty ) (L, ®L3Y)
With Bonelli, Lorenz, Ueberhuber, TU Vienna (i G =

Cg/OpenGL for GPUs: Verilog for FPGAs: [DAC 05]

[k—1 .
k-1 ) K ok pk—i ok Pk
k k k— k ke DFT LY (1.1 ®@DFT L (L@ Th ) LT, R
(DFT,) — (‘H L7 (L1 @ DETy ) (L7 1 (L ® T7 1) L’r;,ﬂ)) R (t Tﬂ:) - _il;lo P (L @DFT, ) (L 1 (i @ TTi) Ll ) | RY
gpu(t,c) =0 vec(c) stream(r) stream(r*)
gpu(t.c)
Rt k k ph—i ok ok
k-1 2 o . o - H \Il';/ (Irk—l ®DFT-;«) (I—rk—i—l(ITl ® T hio1) er+1) B,,D
— H (Ly ®12)(17.n,1/2 @x (DFT, @12) Ly ) T; i=0 stream(r+) stream(rs) stream(rs) stream(r¢)
i=0 shd(t,c) -
2 o -1
28D A0pex LT R E1) =
shd(t.c) - T v (L2802 9DFD)) T R
4 rk—s S\ ips 3 T
_i:Ostre;g(rﬁ) strem(rs) stream(r?)

With Shen, TU Denmark . .
With Milder, Hoe, CMU
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DFT (single precision): on 3 GHz 2 x Core 2 Extreme
performance [Gflop/s]

30
—o—Spiral 5.0 SPMD

Spiral 5.0 sequential 25 Gflop/S-’
25  —e—Intel IPP 5.0

——FFTW 3.2 alpha SMP 4 processors

20 —4+—FFTW 3.2 alpha sequential - —
2 processors ¢ - 4 processors
5 = 2 processors
— c' - = ~ — O
10

Memory footprint < L1S$ of 1 processor

0 - - - - - - - - - - -

256 512 1024 2048 4096 8192 16384 32768 65536 131072 262144
input size

4-way vectorized + up to 4-threaded + adapted to the memory hierarchy



Carnegie Mellon
({) Electrical & Computer
ENGINEERING

Other Transforms

DCT on 2.66 GHz Core2 (single-precision, 4-way SSE) FFT on 2.66 GHz Core2 (single-precision, 4-way SSE)
performance [Gflop/s performance [Gflop/s]
12

u Spiral interleaved
B FFTW 3.1.2 interleaved

10

8 —

—e—Spiral DCT4
/ —«Spiral DCT3
& Spiral DCT2
——FFTW 3.1.2 DCT4 (e11)
—FFTW 3.1.2 DCT3 (e01)
4 ——FFTW 3.1.2 DCT2 (e10)
——Intel IPP 5.1 DCT

32 64 96 128 160 192 224 256 288 320 352 384 16 9 176 256 336 416 496 576 656 736 816 896 976
input size n input size (all multiples of 16 up to 1024)

Less popular transforms or sizes often means suboptimal code
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Organization
m Spiral: Base system
m Parallelism
m Libraries (general size)
m Beyond transforms

m Conclusions
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Ultimate Challenge: General Size Libraries

Spiral so far: Challenge:
Fixed size code Recursive general size library (FFTW, MKL)
DFT 384 (x, y) { DFT(n, x, y) {
Eor(i = .) { Eor(i = .) {
t[2i] = x[2i] + x[2i+1] DFT strided(m, x+mi, y+i, 1, k)
t[2i+1] = x[2i] - x[2i+1] }
} .
}
}
« Algorithm = recursion fixed at * Algorithm = recursion fixed at time of use
code generation time * Requires infrastructure (search,

precomputing, base cases = codelets)

* Many other challenges

Possible? .
(DFT; ®1Lyn) T, (I, @ DFTy,) LY ‘ Vectorized, parallel,
general-size, adaptive library
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Challenge: Recursion Steps

m Cooley-Tukey FFT

y = (DFTE, QL) TE™ (1}, ® DFTy,) L™

m Implementation in FFTW 2.x

DFT (int n, complex *Y, complex *X) ({
k = choose_factor(n);

for i=0 to k-1
DFT_strided(n/k, k, 1, Y + (n/k)*i, T + (n/k)*i)

for i=0 to n/k-1

DFT_scaled(k, n/k, precomputed £, Y + i, Y + i)
}

DFT strided(int n, int is, int os, complex *Y, complex *X) {..}

DFT_scaled(int n, int s, complex *F, complex *Y, complex *X) {..}

2 additional functions (recursion steps) needed
How to discover automatically?
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> —SPL : Basic Idea

m Four central constructs: 2, G, S, Perm
m > (sum) — explicit loop
" Gs (gather) — load data with index mapping f
= 5 (scatter) — store data with index mapping f
= Permg — permute data with the index mapping f

m 2-SPL formulas = matrix factorizations

3
Example: ¥y = (I2 Q@ Fo)zr — y= »_ Sy, F2 Gy,
7=0
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Find Recursion Step Closure

m Input: transform T and a breakdown rule
m Output: recursion step closure + implementation of each recursion step

m Algorithm:
{DFT,}

1. Apply the breakdown ruleto T 1
({DFT,,;} ® 1) T} (L, ) @ {DFT}) Ly )
2. Convert to 2-SPL

E—1 n/k—1
(Z Sj, {DFT, .} Gm) diag(f) ( > Sh,,{DFT.} Ghjk_l) perm(£2 ;)
3=0

i=0
3. Apply loop merging + index simplification rules.
k—1 n/k—1
> Sh; ADFT,, ;} diag(fohiy) Gp,, D Sh; {DFTL} Gy,
1=0 7j=0
4. Extract required recursion steps 1
k—1 n/k—1

>~ {Sh, DFT, diag(foh;x) Gp,, } > {Sh“DFTEGh }

:—D 3=0

5. Repeat until closure is reached
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Recursion Step Closure: Example

DFT: scalar code

|2: S(h:7*)DFT, G(h:7*) |

U S

JS S(hiZ") DFT. diag (pre( P)) h;’,j*)l

|4 S(h:7*) DFT. diag (pre(+*—¢)) G(h! )I

U

DCT4: vector code

1: Vecy(DCT-4,,)
2t Veco(GT(diag (N2ug ) RDFT-3], rediag(pre(us ™ * = =), hé"f:?“c o (28 ré”ﬁr? g LU13})
RS 1 3 Vecy(GT(RDFT-3,, diag {‘\‘m s TO et wgr P wets 1%101))
/ \ 4: VIamy(GT(diag (Nay,) RDFT-33,, rediag (pre(u, = <210 Byy Fﬁu?zq”is o (2, réuﬂgqilg e 12 1141))
RS2 RS 3 5: GT(diag (_NENQ) RDFT"?’LQ rediag(pre(ug® >0~ ")), hff-fgl—tt(? c f'i;[g, tzxillzg—uzlefl g {u15})

6: Vlamo(GT(RDFT-3,, diag (N,,), rf{lu—;”ﬁl ug? h;)n;;tlsz {2, u10}))

/ l i \ 7: GT(RDFT-3,, diag (Ny, ), 'r‘:fi—tfgal o h::iu—.:{kfl.l’ {u12})

o . e o 8: S(hyi 2 ) RDFT-3,, diag (Ny, ) G(ril 547 )
9: S(rivs v diag (Nawy,) RDFT—?.ZH13 rcdiag(prc(ugz“”*R]}G(hz“”*’“1 o (2us)
l l i \, 10 : Viamy(GT(diag (Nau, ) RDFT-35, rediag(pre(u = "0~ R)), hiropie o foue p2iomvie | 121))
RS10 RS9 RS 11 RS 8 112 Viamy(GT(RDFT-3,, diag (Ny,). ril 7ot 0 Bitous 10 {2))
/ H / \:\ 12 1 GT(diag (Cyy ) rDFToy, (A-wrap(A 2 F7F)) RS R2NOUT o (pin 10 54), {u1a})
13 : Vlamy(GT(diag (Cy, ) rDF Ty, (M- wrap( A I ETRYy F{f‘rmufu,,. hi?é?;:‘ﬂ (P gy 1wy @ 22)5 {2,216))
B B e 141 V3amy(GT(RDFT-3y, diag (Nu,). 75l e’ ur g Mty i tusgr 12014 1)
l l 15 : GT(RDFT-3,, diag (Nuy ), r 55, s Rl {uin})
as 17 S 16 16 : Sihigp—;m o (T‘;ff—ef;rug % 19))diag (Cug ) l.'DFT-zuG[/\—W'I‘El.p(}-lz_'k\ﬂ\)G”l%tl{i_ims}

17 : VIamy(GT(diag (Chy ) rDF Tay, (A-wrap(A ZE7R)) | p2us st p2iat us o (pii =il o gy), [2}))

g, w10 "Tug, win,l 113, Ui14, U1E
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Generated Full Libraries

Input: breakdown rules (a few are not shown)

DFTﬂ — P;'Q,Qm (DFTQT}] q‘,' (Ili'.;;'z_l '::>:<::"é, (_"rﬂ',rn FDFT‘E??; ('li;;uli:\}])} (RDFT; '::>:<::|I‘}'H) y vlt' geven,

E

RDFT,, RDFT>,, rDF Ty, (i/k) RDFT,
RDFT,| .t RDFT,, | rDE Ty, (i /K RDFT,| o
DHT, | — (PA‘;'Q,m Y I.?\J DHT,,, S?) IA‘;'?—l ®i Dam rDHTS,, ('if;-l.') DHTIR @ Im |, keven,
DHT/, DHT),, rDHTo, (i /k) DHT,

I'DFTQ‘H (’”.-j o L‘_}n I oy I‘DFTz;»n ((J + '”.-\J J.";;t') [‘DFT.}R (?f.-j o I

rDHT 2, (u)| — =™ U2 b DHT 0 (i + ) k) rDHTo (u)| = ™

RDFT—gn — (Q;Ll‘—;':?,m '(:\' I}) (I,l'-; ':g:'é, I‘DFT;}H: )(e’ + ].J.n'fg)_l.n;nli:jj (RDFT—gk ':g:'_[]n) . liu' EVEILL.

DC]T—gn = Pg}?,?'m (D(:T—22m I":—gﬂl ib (Ik;’;}_l 'ZEG P\'T‘.}.rn RDFT—S;n)) Bn (L;j.{:j '::>:<::' -!T'.?)(I'm 'E(::' RDFT;‘-)(—Q?H;'E,k-
DCT-3, = DCT-2, .

DCT-4, = Q;cr;’z,zm (lri.-;'-z & Nam RDFT—S'ET'—'H) By, (L?#j @ I2)(Im @ RDFT-31)Q,, /2,1
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Generated Full Libraries

12
10
257 y
6 o w «Me |PP 5.2 & ~¥ |PP 5.2
* --#-- FFTW 3.2alpha2 --#-- FFTW 3.2alpha2
ol . Generaled Ilbrary . Generaled \lbrary

Or
4 B 16 32 64 128 256 512 1k 2k 4k Bk WBK 32k 64k 4 B 16 32 64 128 256 512 Wk 2K 4k Bk 16k 32k 64k

2 w36~ |PP 5.2
D FT - FFTW 3.2alpha2
mem Generated library
0 T T T T T T T T T T T 1 X » - p“_ alpha: .f‘i - F}"ﬂ%az\phaz" S
== Generated library o - ted librar

/
/ eneraled lbrary mmm Generated liorary
4 8 16 32 64 128 256 512 1k 2k 4k Sk 16k 32k 64k na 8 16 32 64 128 256 512 1k 2k 4k 8k 16k 32k sdkaa 8 16 32 B4 128 256 512 1k 2k 4k Bk 16k 32k 54k04 8 16 32 64 128 256 512 1k 2k 4k Bk 16k 32k 6dk

- FTW 3 2aeha2

* 2-way vectorized, 2-threaded : ;:/ - /\/ AN \14

* Most are faster than hand-written libs -

. 10 - H gt
* Recursion steps: 4-17 o b A o i, Fi, e £
: A VL N e ok N
* Code size: 8—120 kloc or 0.5-5 MB ; VL M o
P82t 53 dosbie
* Generation time: 1-3 hours jm = St eme jm = S e
10 éO 3’0 4’0 5’0 S'C 10 20 3rO ';0 ;0 6‘0

Total: 300 kloc or 13.3 MB of code generated in < 20 hours
from a few breakdown rules
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Going Beyond Transforms

m Transform =
linear operator with one vector input and one vector output

m Key ideas:

® Generalize to (possibly nonlinear) operators with several inputs and
several outputs

= Generalize SPL (including tensor product) to OL (operator language)
" Generalize rewriting systems for parallelizations

Basic operators Operations (higher-order operators)
name definition name definition

stride L™ : R™" — R™; M — MT composition (Bo A)(x,y) = B(A(x.y))

vector sum T R™ S R; x o Sl Cartesian product (A x B)(x,y,z.t) = A(x,y) x B(z,t)
point-wise multiplication (), : R™ x R™ — R™; (x,y) — (0¥0s -+ Tm—1¥m—1) o
Kronecker product (@)mxn : R™ x R? — R™; (x,y) — 20¥ @ - .. ® Tm_1Y R e (A®B)(x,y) = > Aleper;) ® B(<',y')

0<i<p,0<j<r
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Breakdown rules capture various forms of blocking:

breakdown rule description

MMMy 11— (1 base case

MMM,k — (@) jmyx1 @ MMMy, i horizontal blocking
MMM, — MMM 1 @ (@) 15 /b interleaved blocking
MMM, .t — ((Zk/kb o (-)k/kb) ® MMM, 5, 1, )0 accumulative blocking

k/k
(Ll @ I,) % Tin)
MMMm,n,k - (L;;';n/nb @ Inb)O
((@)1xn/n, ® MMM, . )0 vertical blocking

k 4
(o % (L™ @ Iny)

Parallelization through rewriting

MMMm.n,k
\_v_/

smp(p;u)

- (Im ® LE ) o ( MMMm_n/p‘k 8‘(®)1><p%p) o (Ikm X (IA' ® L.:ilfp))
smp(p,pu)

— (Im & Lfgl ) o ( MMMm.n;"p.k ®(®)1 XPHP) e (Ikm x (I'i" ® L?lfp))

smp(p,p) smp(p,pu) smp(p,p)
— (L ®L3) o L1, o((@)1xpp B MMM, 1) 0 (T X L") 0 (T x 0L ) Load-balanced
—— N —
smp(p,p)  smp(p.p) smp(p,pu) smp(p.p)

No false sharing

_,((L;:;P ®In,«"(p;(.))®1#) © ((®)1Xp%p | MMMm.n./p..k) o ((Ikm;’,u ®Tu) x ((Li\;p@In;’(pp))@IH))
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First Results

MMM performance on 2x2 core2 3Ghz (nxn Matrices, float)

performance [Gflop/s]
48

GotoBLAS

1 2 4 8 16 32 64 128 256 512 1024 2048 4096
n

m Other numerical problems we currently study
= SAR imaging
= Viterbi decoding
= JPEG 2000 decoding
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Organization
m Spiral: Base system
m Parallelism
m Libraries (general size)
m Beyond transforms

m Conclusions
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Summary

m Spiral: The computer writes fast transform libraries
= Complete automation

" Including memory hierarchy optimizations, vectorization, parallelization

m What we have learned
= Declarative representation of algorithms (mathematical domain-specific language)

=  QOptimization at a high, “right” level of abstraction using rewriting
" |t makes sense to use math to represent and optimize math functionality

" |t makes sense to “teach” the computer algorithms and math
(does not become obsolete)

= Domain-specific is necessary to get fastest code

" One needs techniques from different disciplines .....
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Programming languages

Program generation Symbolic Computation
Rewriting
Automating
High-Performance
Software Numerical Library .
L : Development Algorithms
Scientific Computing Mathematics

Compilers



