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Motivation

» Best algorithm For a dense linear algebra problem?

e LU
Cholesky

Eigenvalues
« SVD

« Highly used for:

 Interpolation of functions
« Solving systems of equations
 Optimization



ldea: Automatically build it!

PrObIem Y > function [A] = choleskyL1( A , nb )

AN J [ ATL, ATR,
ABL, ABR ]

FLA_Part_2x2( A,0,0,’FLA_TL’);

%% Loop Invariant

%% ATL=choleskyL [ATL]
%% ABL’=0

%% ABL=ABL

%% ABR=ABR

while( size(ATL,1) = size(A,1) | size(ATL,2) “= size(A,2) )
b = min( nb, min( size(ABR,1), size(ABR,2) ));

[ AOO, AO1, AOD2,
A10, Al11, Al12,
A20, A21, A22 ] = FLA_Repart_2x2_to_3x3(ATL, ATR,...
ABL, ABR,...
b, b, 'FLA_BR’);

z* EE R EE R R E R L EE R R E R RS R AR EEE RS E R EEE RS EE R EE LR T *’fu
A10 = A10 . inv(A00)’;
A11 = choleskyL(A11 - A10 . A10°);
z* EE R EE R R E R L EE R R E R RS R AR EEE RS E R EEE RS EE R EE LR T *’fu
[ ATL, ATR,
ABL, ABR ] = FLA_Cont_with_3x3_to_2x2(A00, AO1, A02,
A10, A11, A12,
A20, A21, A22,
'FLA_TL’);
end;
A = ATL;
return;

http://www.aices.rwth-aachen.de:8080/~pauldj/pubs/CC-2009.pdf
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Building a new algorithm



Steps needed
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Layout of the algorithm




Example: Cholesky Factorization

A % Cholesky \ L
I['(A)=L

 How do we compute L, so that A=LL"?



. PME P
//

Problem to PME i=L1

(ATL‘ATR>_(LTL )(L%, LEL)
ABL ‘ ABR LBL ‘ LBR

4 A 4

A

_ ( LTLLTL ‘ LTLLBL )
LprLi; ‘ LrLy; + LerLip



Problem to PME a=Lr

" PME >

Ny

4 N A\ 4

A

(ATL‘ATR>:(LTL 0 )(L%J‘LEL)
Apr | ABr Lpr | LBr 0 | Lsg
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 PME

A=LL'
Problem to PME K

(-ATL Argr )zz:(-LTL 0 ) (.L¥L\.L£L )
ABL ABR LBL LBR 0 ‘LgR

‘ 4 N A\ 4
Vv ' '
A

L LT

::( Lrp Lt | LriLg; )
LBLL%L‘-LBLLEL**LBRLER

A = LTLLgL = L1, = F(ATL)

ABL — LBLL;L — LBL — f'ilBLLf]_”il;1
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 PME

A=LL'
Problem to PME K

(ATL‘ATR>:(LTL 0 )(L
Apr | ABr Lpr | LBR

A\ 4 N A\ 4

A L LT
_ ( Lrp Lt | LriLg; )
LBLL%L‘_LBLLEL%ﬂLBRLER

A = LTLLgL = L1, = F(ATL)

ABL — LBLL%L = LBL — ABLL’_Z_”%;

Apr — LprLL, = LpprLip= Lpr =I'(Agr — LprL5;)
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" PME

Problem to PME

A = LTLLgL = L1 = F(ATL)
App = LprLy, = Lpr = AprLz]

Apr — LprLh; = LgrLbspr= Lpr =T'(Apr — L L5;)

_ Lrr | 0O . '(Arr) | 0 )}
PME: {( Ly | LBr ) - ( ABLL;E | F(ABR—LBLLEL) |
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—(IX) — PME,Loop Code

Loop-invariant

* Holds before, at the begin and after the loop




—(IX) — PME,Loop Code

Loop-invariant

* Holds before, at the begin and after the loop

15



L-Inv.

Choosing a Loop-invariant

| e | o ) Ftrs) | ; )}
| R {( Lpr | Lr ) - ( AprLy; | I'(Apr — LerLgy) |

4

#| Loop-invariants for Cholesky Factorization

* Any subset of the —
PME (R =)

LTL = F(ATL) *
 Some blocks can be |2 (LBL:ABLL;ELBR:O)

Ox0-matrices ( Lrs — [(Ars) | ,
Lpy = ApL7Y|Lyp = Apr— L LgL)
e Has to respect the E— — VQ

dependencies Lm—0 | =
’ (LBL_ABLL;;{\LBR_U

http://www.aices.rwth-aachen.de:8080/~pauldj/pubs/CC-2009.pdf 16




—(TX) ) — PME,Loop Code
Choosing a Loop-invariant
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—(TX) }— PME,Loop Code
Choosing a Loop-invariant

» At the beginning:
(P { (=0 )
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Choosing a Loop-invariant

, Lrp =T(Arr) | Ltr =0
i { (e )

* At the beginning:
{ Pinv }: {( P I Ler=L =0 )}

e At the end:

{Pz'n'v}: {( Lrp = U(Are) = L = I(A) |

|LBR:O><O

))



N
N
L-lnv.

Ensuring progress




Construction of the loop




DTS 5
Construction of the loop

I'(Arr) | 0 )}
AprLy; | T'(Apr — LerLpy)

)=




DTS 5
Construction of the loop

I'(Arr) | 0 )}
AprLy; | T'(Apr — LerLpy)

)=




Recap

rx) PME L-Inv.m

1. Building the PME
2.Choosing the Loop-Invariant

3. Construction of the loop

 Repartioning
 Computation of one step
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Recap

rx PME L-|nv.i>

1. Building the PME
2.Choosing the Loop-Invariant

3. Construction of the loop

 Repartioning
 Computation of one step

v
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Recap

AN
I'(X) PME L-Inv.i

>

1. Building the PME
2.Choosing the Loop-Invariant

3. Construction of the loop

 Repartioning
 Computation of one step

v
v
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Recap

X PME L-Inv.i

1. Building the PME
2.Choosing the Loop-Invariant

3. Construction of the loop

 Repartioning
 Computation of one step

A G N
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Prototype
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Code

Prototype system

* Takes loop-invariant, returns loop-algorithm

 Generates worksheet, Matlab- or C-code

* More than 300 algorithms for the Level-3 BLAS
library

* Found 50 algorithms for the triangular coupled
Sylvester equation (3 previously known)
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—(rx))—>PME >L-Inv. Loop,

Prototype system

choleskyL1( A , nb )

function [A]

[ ATL, ATR, ...

ABL, ABR ] = FLA_Part_2x2( A,0,0,’FLA_TL’);

while( size(ATL,1) ~= size(A,1) | size(ATL,2) ~= size(A,2) )
b = min( nb, min( size(ABR,1), size(ABR,2) ));

[ A0O, AO1, AO2, ...
A10, A11, A12, ...
A20, A21, A22 ] = FLA_Repart_2x2_to_3x3(ATL, ATR,...
ABL, ABR,...
b, b, *FLA_BR’);

%* khkkhkkkhkhkhkhkhhhhkhhhhkhkhhkhkhkhkhkhkhkhhhkhkhhhkhhhhkhkkhkhkkhkhkhkrkhkhkkkk *%

%* Fhhhkkhhhhhhhhhrdhdrdhddddhddddhdddrdhdrddhdddhdhdddddddrdddddrrsdd *%

[ ATL, ATR, ...
ABL, ABR ] = FLA_Cont_with_3x3_to_2x2(A00, A01, A02, ...
A10, A11, A12, ...
A20, A21, A22, ’FLA_TL’);

end;
return ATL;

http://www.aices.rwth-aachen.de:8080/~pauldj/pubs/CC-2009.pdf s
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Conclusion

+ Problem description (A = LLT) sufficient for
automatic algorithm generation

+ Possible to generate proof of correctness side
by side with generation of algorithm

+ Performance: Familiy of algorithms =>
autotune these

- Numerical stability is not ensured. /|
Proof for every algorithm needed. | | —

http://kaichido.com/wp-content/uploads/2010/10/Fotolia_733842_XS-Balance-scale1.jpg : = 32


http://kaichido.com/wp-content/uploads/2010/10/Fotolia_733842_XS-Balance-scale1.jpg

Thank you!

Are there any questions?
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