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Scientific Computing

Physics/biology simulations

Consumer Computing

Audio/image/video processing

Embedded Computing

Signal processing, communication, control

Computing
= Unlimited need for performance

m Large set of applications, but ...

= Relatively small set of critical
components (100s to 1000s)

= Matrix multiplication

Discrete Fourier transform
Viterbi decoder
Filter/stencil



The Problem: Example DFT

DFT on Intel Core i7 (4 Cores, 2.66 GHz)
Performance [Gflop/s]
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Direct implementation
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m Same number of operations
m Best compiler



The Problem Is Everywhere

Matrix multiplication WiFi Receiver
Performance [Gflop/s] Performance [Mbit/s]
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Why is that?



DFT: Analysis

DFT (single precision) on Intel Core i7 (4 cores, 2.66 GHz)
Performance [Gflop/s]

40
35
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25
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@ threading

15
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@ vectorization
5

o o e — —
16 64 256 1k 4k

m Compiler doesn’t do it
locality optimization
m Doing by hand: Very tough



And There Is Not Only Intel ...

Arm Cortex A9 Nvidia G200
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Current

Numerical problem

C program

~

algorithm selection

human effort

implementation

compilation

©
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Computing platform

Future

Numerical problem

algorithm selection
implementation
compilation

automated

Computing platform

C code a singularity:

* Compiler has no access to
high level information

* No structural optimization

* No evaluation of choices

Challenge: conquer the high abstraction
level for complete automation




Current Solution

Algorithm knowledge

DISCRETE-TIME

ﬁuftware PROCESSING

Optimal program
(Repeated for every processor)



Our Research:
The Computer Writes the Program

Processor knowledge

software
defined radio

Automation:

Spiral

Optimal program
(Regenerated for every processor)



“Computer Writes the Program”

Select transform

Transform DCT2 -

Size 7 -

Pruning

Input unpruned =
Output unpruned -

Select implementation options

Data type double precision -
Scaling -unscaled- -

transform

number of samples

number of non-zero iInput samples

number of non-zero output samples

data type

output scaling

Generate Code || Reset |

“click”

= Computer writes close to optimal code

m Vectorized, parallelized, etc.



Organization

Spiral: Basic system
Parallelism

General input size
Results

Final remarks



Linear Transforms

Output

Example: T = DFT,, = [e 2R/ ™o 1,



Algorithms: Example FFT,n=4

Fast Fourier transform (FFT)

1 1 1 1 1 - 1 -1 - - Q[ 1 - -7 - .

1 i —1 —i -1 - 8 T T IR [T I PR
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Representation using matrix algebra
DFT, = (DFT>®1)T5(1o ® DFT,) L3

m SPL (Signal processing language): Mathematical, declarative, point-free

m Divide-and-conquer algorithms = breakdown rules in SPL



Decomposition Rules (>200 for >40 Transforms)

DFTn = P50, (DF T2, @ (I jo—1 ®i Com tDF T (i/k)) ) (RDET), ®In), K even,

RDFT,, RDFT,,, rDFT5,,(i/k) RDFT/,
RDFT/, - RDFT), ' rDFT>,,(i/k) RDFT),
pHT, | ~ Fe2m @ 12) | prr,,. | © | T/2-18i Dam | ipprry)” (i71) pHT/, | & Im |-k even,
DHT/, DHT), . rDHT>,,(i/k) DHT/,
rDET2,(u) | ron (1 o [FDET2,((i +w)/k) |\ (ItDFToi(w)| o
rDHT,,,(u) m kS DHT 5, (G 4 v) /)| ) \ tDHT o, (w)| < ™)

RDFT-3, — (Q} 5, ® [2) (I, ® TDFT2,,) (i + 1/2)/k)) (RDFT-3; 1), k even,
DCT-2, — P55, (DCT-20,, K3 @ (I},5_1 ® Noy RDFT-35,)) Bu(L}5 ® 1) (Im ® RDFT})Q,,, /2 1,

Decomposition rules = Algorithm knowledge in Spiral
(from =100 publications)

(=N m—
DCT-4, — SpnDCT-2,diagp<k<n(1/(2cos((2k + 1)7/4n)))

IMDCT5,, - (Un@Im®In®Im) (([_ﬂ ® Im> D ({: ﬂ ® Im>> Jo,, DCT-45,,
t
WHT,, — H (12k1+"'+ki—1 ® WHT 1, ®12ki+1+'"+kt)7 k=Fky+ - +k
=1
DFT2 — F2
DCT-2, — diag(1,1/v2)F,
DCT—42 — JQ R137T/8

Combining these rules yields many algorithms for every given transform



SPL to Code

Im ®An —

SPL S§ Pseudo code for y = Sz
<code for: t = Bx>
A, B, r X
<code for: y = At>
for (i=0; i<m; i++)
I A 2 2
m @ An <code for:
yli*n:1:i*n+n-1] = A(x[i*n:1:i*n+n-1])>
for (i=0; i<n; i++)
A I 2 2
m @ In <code for:
y[li:n:i+m*n-n] = A(x[i:n:i+m*n-n])>
D, for (%=0; i<?; i+T)
y[i] = D[il*x[i];
for (i=0; i<k; i++)
l)ﬁnl for (j=0; j<m; j++)
y[i*m+j] = x[j*k+i];
y[0] = x[0] + x[1];
Fo
y[1] = x[0] - x[1];

Correct code: easy

fast code: very difficult




Program Generation in Spiral

Transform

Algorithm
(SPL)

Algorithm
(3-SPL)

C Program

DFTg

1 Decomposition rules

(DFT5 ®14) TS (I ® ((DFTo Q1)
T3 (I; ® DFT2) L.3)) L3

| |

> (8 DFT2 G5) Y- (3 (Skydiag(ty,) DFT: Gi)
> (Smdiag(tm) DFT2 Gm))

| |

void sub(double *y, double *x) {
double fo, f1i, f2, f3, f4, {7, 8, fie, fi1;
fo = x[0] - x[3];
f1 = x[0] + x[3];
f2 = x[1] - x[2];
3 = x[1] + x[2];
f4 = f1 - f3;
y[@0] = f1 + f3;
y[2] = ©.7071067811865476 * f4;
f7 = 0.9238795325112867 * f0O;
< more lines>

parallelization
vectorization

locality
optimization

basic block
optimizations

+ Search or
Learning



Organization

Spiral: Basic system
Parallelism
General input size
Results

Final remarks



Example: Vectorization in Spiral

= Relationship SPL expressions €2 vectorization?

y = DFTo

Y

-
<
» — 9

S

X
o

one addition one (4-way) vector addition
one subtraction one (4-way) vector subtraction



Step 1: Identify “Good” Vector Constructs

m Vector length: v

m Good (= easily vectorizable) SPL constructs:

AR
2
LY", L3Y,L2Y pase cases

SPL expressions recursively built from those

m /dea: Convert a given SPL expression into a “good” SPL expression
through rewriting (structural manipulation)



Step 2: Find Manipulation Rules

L — (In/V®L52)(LZ/V®Iy)
B o (Len) (k6 LF)

Ly — ( mn/y@ly)(mn/v2®L52>(In/V®Lm/V®Iy)

LoLEmel, - (LOLFQLy ) (LTI,
LRI — (LML )(L[eLimrgl,

Manipulation rules = Processor knowledge in Spiral

Lzzn(lm@)Anxn) N ( mn/V®Iy)(Im/V®(Anxn®I >Ln1/>
<Ik®<1m®A”X”) Lmn)Lgmn = (L @L ) In@ (L, @A™ ™) Lin ) (L ey,
Lﬁlmn(lk@Lg%n(Im@Anxn)) = (Lol ) ( In@ LA (I,@47") ) (LEm @1, )

AB — AB
ATRT, = (IneL2 ) (AWMl ) (I, eL3)
Im®Aan — Im®Aan
D — (In/V®L§V)5<In/V®L%V>
P — P(X)IQ



Example

DF Ty — (DFTrm®L) T (Im @ DFT,) LT

vec(v) Veg(u)

mn

— (IM ® LEV) (DFTm Rn ® 1,,) T

2 - mn
(Im ® (L") (Ig_n ® LY ) <Ig QL ® 1,,) (DFT, ® 1,,)) (Lm’“ ® L%V)

v

vectorized arithmetic
vectorized data accesses



Automatically Generate Base Case Library

m Goal: Given instruction set, generate base cases
y=4: {L4, L®Ls Lixl,, LS, Li}

m /dea: Instructions as matrices + search

100000007, _
_|looo0oo01000 o
Y=|o1000000]||a
y = _mm_unpacklo ps(x0, x1); 00000100 " *-
100000007,
y = _mm_shuffle_ps(x0, x1, _MM_SHUFFLE(1,2,1,2)); y = 8 é 8 8 Cl’ 8 8 8 0o
X
_00000100_-1-
y = _mm_shuffle_ps(x0, x1, _MM_SHUFFLE(3,4,3,4)); 5010000 01.
_ 100010000 20
Y=loooo00010]||a
000O0OOUOT1]" ~-
"1 0 0 0 0 0 0 07
8 $ 8 8 g 8 8 8 y® = _mm_shuffle_ps(x0, x1, );
000 0O 100 _MM_SHUFFLE(1,2,1,2)); 7’ L4®12
0O 0 I 0 0 0 0 O - 2
yl = _mm_shuffle_ps(x0, x1, . se case
500060010 _MM_SHUFFLE(3,4,3,4)); ° B8 THsé
| 00000 0 O0 1|




Same Approach for Different Paradigms

Threading:

DFTyn — ((DFTm ®In )Tgm(lm ®@DFTy) LZ:H)
smp(p,u)

smp(p,p) vec(v)

— (DFTm®L) Tp" (n®DFT) Lpn
S— S——

smp(p,u) smp(p,u)

smp(p,p) smp(p,u)

= (L@ L,p,) @l ) (@) (DFTm®L,,) ) (L @ 1,y,) @1 )

p—1 )
( I Tm”) (%)t ®DFT)) (1 @) Linil? ) (LE" ©Ty ) @)
=0

GPUs:

k—1 .
k k k— 3 k
(DFT.) — | I] L5 (Laa®DFT ) (Ll y(Le®@ Th i) Ll ) | RE (DFT,.) —
—_— i=0 = \—’_s’
gpu(t,c) vec(c) stream(r9)
apu(t,e)
s <Ly 2" -
= | M2 8n) (1), ®x (DFT, L) L) T;
i=0 shd(t,c)
nio n—1 o
(L2811 )p0x L2 (R EI)
shd(t,c) N

m Rigorous, correct by construction
m Overcomes compiler limitations

(DFTmn) =

Vectorization:

((DFTm ®1n) T (In @ DFT,) L")

vec(r)

p ) —_—
(DFTm®@1Iy) (T ) (I;m ® DF Ty) LI
e —— o — e \—,—/

vec(v) vec(v) vec(v)

(I-mn/u ®\I;§_I:) (DFT?W @ In/u® L) (sz :
sse sse
(T ©CES L Ty (L BLI T2 8 L) (LB’ B1)) (DF Tu6 L)
sse
(L@ L)L ) (L ®§§:,)

Verilog for FPGAs:

k—1

[k—1 .
& & ki k 3
1] L& (Ir‘-_1 @DFT, ) ( Ligia(Li ® Tl i) Lliga ) R
li=o
stream(ré)

L= rk ok pk—i ok ok
i—0 bf-* ([7“‘*1 ®DFT") (L,‘k—z—l(lrt' @ T p—im1) Liita ) ET-« ‘
=Ustream(r®)  stream(rs) stream(rs) stream(r*)

k k
I L (Les1@ss,1®DFTy)) T} R]
41 g < L
_'1*0 stream(+%) stream(r®) | stream(+¥)



Algorithm knowledge Processor knowledge

DISCRETE-TIME
SIGNAL

software . PROCESSING
defined radio

Automation:

Spiral

.

Optimal program
(Regenerated for every processor)



Decomposition rules Manipulation rules

DF Ty — B5 5, (DF o @ (-1 ®; Com tDF T2y, (i/k) ) ) (RDFTY, @11 An @y = (L@, ) (Le(An @ L)) (LyP ®1, ;)
rDF T2, (1) FDF T, (i + u) /k) ) ( rDFTo(u)| m) smp(ps) st
rDHT5, (1) rDHT 2, ((i + w)/k)|J \ [FDHT 21 (u) Ln ®An — L) (I:m/p ®An)

RDFT-3, — (@) /3, ® I2) (I ® rDFT5,,)(i + 1/2)/k)) (RDFT-3; @1,n) Smp(ra0)
(Pal)— (PoL,,) 8l

smp(p,it)

— Lgln (II\: ®i

Automation:

Spiral

.

Optimal program
(Regenerated for every processor)
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Final remarks



Challenge: General Size Libraries

So far: Challenge:

Code specialized to fixed input size Library for general input size

DFT 384 (x, y) { DFT(n, x, y) {
Eor(i = .) { “for(i = .) {
t[2i] = x[21i] + x[2i+1] DFT strided(m, x+mi, y+i, 1, k)
t[2i+1] = x[2i] - x[2i+1] }

}

« Algorithm fixed  Algorithm cannot be fixed

. * Recursive code
* Nonrecursive code

e Creates many challenges



Challenge: Recursion Steps

m Cooley-Tukey FFT

y = (DFT), @) T (I}, ® DFTy,) LM

= Implementation that increases locality (e.g., FFTW 2.x)

void DFT(int n, cpx *y, cpx *x) {
int k = choose_dft_radix(n);

for (int i=0; i < k; ++i)
DFTrec(m, y + m*i, x + i, k, 1);

for (int j=0; j < m; ++3j)
DFTscaled(k, y + j, t[j], m);



2>—SPL : Basic Idea

m Four additional matrix constructs: >, G, S, Perm

= > (sum) explicit loop

" G (gather) load data with index mapping f

" S (scatter) store data with index mapping f

" Permg permute data with the index mapping f

m X2-SPL formulas = matrix factorizations

3
Example: y = (4@ Fo)z — y= »_ Sy, F2Gy.x
j=0
ij g =20
_FQ F - = ]:1
_ 2 y
y = " x Fy
) F> ) J =2




Find Recursion Step Closure

{DFT,}

|

({DFT,, 3} © )T} (I, © {DFT DL,

1

E—1 n/k—1
(ZO Shi,k{DFTn/k}Gh@.,,ﬂ) diag(f)( > Shjk,l{DFTk}Ghjk,l) perm(¢;: ;)
1= 1=

k—1 l’ n/k—1

> S ADFT, ;}y diag(fohi) Gp, . >, Sh;{DFT} Gy,

k—1 n/k—1

z:O{Shi’kDFTn/kdiag(fohi,k) Ghy s | ZO {Shjk’1 DFT, Ghj,n/k}
1= J=

Repeat until closure



Recursion Step Closure: Examples

DFT: scalar code

dft

dft_scaled ——» dft_scaled_bc

dft_strided

dft_strided_bc

DFT: full-fledged (vectorized and parallel code)

Base
dft B Tad2
ase
/ Case? Bsuffe?r
ize /
Thfeggs? strided dft
w basecase
OpenMP Ioop of

scaled dfts Jize?



Summary: Complete Automation for Transforms

* Memory hierarchy optimization
Rewriting and search for algorithm selection
Rewriting for loop optimizations

* Vectorization
Rewriting

* Parallelization
Rewriting

* Derivation of library structure
Rewriting
Other methods general input size library



Organization

Spiral: Basic system
Parallelism

General input size
Results

Final remarks



DFT on Intel Multicore

Complex DFT (Intel Core i7, 2.66 GHz, 4 cores)
Performance [Gflop/s] vs. input size
18

16
14
12
10

Spiral generated

Intel IPP 6.0

o N B O o0

Spiral generated

(1 thread)

256 1k 4k

DFT,, — (DFT}, ®In)T} (I ® DFT,,) L}
DFTy — Blj5 5, (DF T2 & (T2 1 ®; Comn ¥DF T2, (i/k) ) ) (RDF Ty, @11m)

RDFT, — (B, @ I2) (RDF T2, & (151 @; Doy tDFTo,,(i/k) ) ) (RDFTy, ®~

Spiral

rDFT5,(u) — L%TL (I, ®; rDF T, ((i + 'u,)/k’)) (rDFTop(u) @ Im)

16k 64k 256k 1M

5MB vectorized, threaded,
general-size, adaptive library



Often it Looks Like That

DCTs on 2.66 GHz Core2 (4-way SSSE3)

Performance [Gflop/s]
12

Spiral-generated

10

Available libraries

32 64 96 128 160 192 224 256 288 320 352 384
input size n



Computer generated Functions for Intel IPP 6.0

ad & 3 LpparTrud_CToc 37 g4 e, 3 = s =1 m r LTI ST 0833,
LppuPTPw A T

EEREEERE

ApPr TP CTac 6 fr,

OGN ST 04
- N = LTI ST o0,
LppgorTrd T _23 3z fe, r Lppgorr d_rror_oe_pa fe, % r r S e, m erar I on__
Lot TFwdETex_24 32 fc, chac LoD TP T st 84 fc, . KTt 5.5 41, LGP TFw i aci_55 LPOGETIN ST 0421
LopgteThd_ETor_28 sz fc, chac LoD TP T 62 84 1c, — TN ¢ X inagartles pEEH Th_KTOE 5 6 6.4F, LopGF Thud_Tof acs_54 X L a2_i2f, T CEST e
AP TFwd CTaC_% c AP TFwd_CTal 53 54t ot a2 APREEFTIa v_(Tok i 6 I v Wt SRBFTETC s T s APPGEFTFw d_RToP act s PRI ECST o3
Lppxor TP CTec 37 12 e, P E s LopnrTrwd T 4 4 e, o e i, e e e Syt ef, BT 5 e 4, T e - = D el
Lot Thwd o _8 32 fe, 5 Lchc. Lopgue Thwd_ETex._8af, . _ KT 059 647, T T Ty patpabinyyssiiny
LopgtFThud_ETo 29 32 fc, 5 X LGP TIn T _32f, X T 1ppgEF TP KTot £4_th_s4f, ¥ i 5 OGN CrST 2
AP TFwd_ T o AP TIR_CTaC 3 337, " APREEFTIa v_(Tok i G- ¥ ApPREF TFwd_Tod C5_LL_ 64t E T a7, GO TIR . ECST oh_3)_
1, IppEr T e a0 e v, Iy T T £3_L2_ 84, m T PR TI o CCT A

3984 C functions

1M lines of code
Transforms: DFT (fwd+inv), RDFT (fwd+inv), DCT2, DCT3, DCT4, DHT, WHT
Sizes: 2—-64 (DFT, RDFT, DHT); 2-powers (DCTs, WHT)
Precision: single, double
Data type: scalar, SSE, AVX (DFT, DCT), LRB (DFT)

mputer generated

Results: SpiralGen Inc.

Lot TP ETex 35 32 fc, cha IIOgEF TInve_CToc 3_12f o Y 3 Ko ac_is_3ze, huesiorytrpiry REFThd_WToh e, 51._8af, LPOGUTIN o CEST 04_37_ 4
AEETI T 3_33¢ €, : c c5_M_ w2 Inwu.n RTokack_ti_13f, APGEFTFwd_RTafarm3_ 33 APPEEFTFwd_RTob arw,53_847, GO TIR_CCST oh__ g4,

AP TIR_CTaC 3 337, Y R c 05 m_ w2 ¥ APGEFTFwd_RTafarmy 133 APPEEFTFwd_RTob arw, 53541,

AP TP TP army 4, AppRCF TP ToP arm 545,

T LopgF Thd o arm 5_ 321, 1ppEEF TR KTl arw_ 55847,

R TIn Y 30 636 T, : c 05 M2 T r a1 APPEEFTFwd_RTob arw, 541,

PRI T ) i T, i c 05 %2 T Y T 7w APPEEFTFwd_RTob arw, 57_sdf,

Lopene Thwd_E T _13_ e

1ppgEETFw z ¥ F

APPEEETFd Tt c et 3w c a L T ¥ X al_aaf, 5 - ST v_Pac Tek 3 -‘1‘

P T CTaC 463 AP T P Tof M,

LREE TR T ¥ T T s AP _Pace Toe_88 s,

1ppgEFTFwd i " Y APPgFETIn T 5w 3 x Inwu.m RTob ack_% 33, T » 1PPEEFTRwd_RToP are, 3 _SdF, - ¥ PRI _Facs Tok 21,

tperTrud o _9_32 %, ApgEeTIn s CTac 3 x AppgEr Thud FToP ack_2_13¢, ApPyErTRud FToP are 1 f, p PRI v_pact TeR_IT A,

ipepErTrud CTo 5 13 #c, SoaTTRE T 3 Bt AP TIn s CTac 4 x PR TI  ET 05 32, AppUEH Thud FToP ack:_38_33¢, ApPYEFTIn . CCST R 2 33, PP TIn A0S o8 51 644, AP T P Tof 20, o TIn Farn Tok M,




Mapping to FPGAs

DFT 1024 (16 bit fixed point) on Xilinx Virtex-5 FPGA

throughput [ million samples per second] performance [Gop/s]
3000 150
\ best
2500 125
Spiral generated
2000 100
1500 75
Xilinx Logicore 4.1
1000 50
500 25
0 Y Y T Y 0
0 2,000 4,000 6,000 8,000 10,000

area [slices]
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Beyond Transforms

Matrix-Matrix Multiplication

MMMy 11 — ()1
MMMm,n,k - (®)m/mbx1 ® MMMmb,n,k

MMMm,n,k - MMMm,nb,k ® (®)1><n/nb
MMM, nk — ((Zk/kb ° (')k/kb) ® MMMm,n,kb)o
k/k

(TR @ 1) X i)

MMM, i — (L™ @ I, )o
((®)1><n/nb ® MMMm,nb,k)o
kn/ny,
(Ik:m X (Ln/nb

JPEG 2000 (Wavelet, EBCOT)

® In,))

entropy coding

DWT quantization (EBCOT + MQ)

SC(Xm,n-. ‘Tm,n) : (Zg X Zg] — (NZQJ

[Ixxorg)o(TgcxI)o[Hx‘p"xI)O(LiXG4)O(.( 1 ) x (

HV:(Z) xZ3) — N
H: ho(fx[)o(GrxCgxGyxGrxCoyxGryoLio((])
Vi ho(fxf)o(GaxCaxG3xGsxC_gxGs)oLio((})
frmuly o (I x subg) o (I x C; x muly) o
L ming o (C; x maxa) o (C_y x sums)

Viterbi Decoder

— — |
one stage one butterfly

r

K-—1
FK,F — H ((IQK—2 ®jBFi,j)L%K2)
i=1

Synthetic Aperture Radar (SAR)

h
r;;la'c:aii:: = 4 interpolation 2D iFFT

SAR — 2D-iDFT o Interpl ¢ MatchFilt o prep

2D-iDFT — iDFT®iDFT

MatchFilt — Filto (I X Cf)

Filt — (I®())
—

Interpl (X ®1) o (I1®;Ss,ay,) oFilto (I®1®1) x1)o(Ix Cug,g,)



Related Work: Autotuning

m Goal: (Partial) automation of runtime optimization

m Projects

ATLAS (U. Tennessee)
FFTW (MIT)

BeBop/OSKI (U. Berkeley)
Spiral (Carnegie Mellon)

Tensor contractions (Ohio State)
Fenics (some universities)
FLAME (UT Austin)

Adaptive sorting (UIUC)

<many others>
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Spiral: Summary

Spiral:

Successful approach to automating
the development of computing software

Commercial proof-of-concept

= i NNS—— m—dg

Key ideas:
Algorithm knowledge:
Domain specific symbolic representation

Platform knowledge:
Tagged rewrite rules, SIMD specification

DFTg,

!

void dfté4 (float *Y, float *X) {

_ m512 U912, U913, U914, U915,...

_ m512 *a2153, *a2l55;

a2153 = ((__m512 *) X); s1107 = *(a2153);

51108 = *((a2153 + 4)); t1323 = _mm512_add_ps(s1107,s1108);

t1324 = _mm512_sub ps(s1107,s1108);
<many more lines>

U926 = _mm512_ swizupconv_r32(..);

s1121 = mm512_madd231_ps(_mm512 mul_ps(_mm512_mask_or_pi (
_mm512_set_1tol6_ps(0.70710678118654757) ,0xAAAA,a2154,U926) ,t1341),
_mm512_mask_sub_ps(_mm512_set 1tol6é_ ps(0.70710678118654757),..),
_mm512_swizupconv_r32(t1341, MM SWIZ_REG_CDAB)) ;

U927 = _mm512_swizupconv_r32
<many more lines>

}

DFT,; — (DFT>®1)T5(I,  DFT) L

I @Ay, — Iy @) ( 1,/ ®An)
smp(p,u)
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